Matsumoto, H. and Yor, M.
Osaka J. Math.
38 (2001), 383-398

A RELATIONSHIP BETWEEN BROWNIAN MOTIONS
WITH OPPOSITE DRIFTS VIA CERTAIN ENLARGEMENTS OF
THE BROWNIAN FILTRATION

Hiroyuki MATSUMOTO, and Marc YOR
(Received May 27, 1999)

1. Introduction

Let B ={B,,t =2 0} be a one-dimensional standard Brownian motion starting from
0. To B® = {B" = B, + ut,+ > 0}, a Brownian motion with constant drift, we
associate the exponential additive functional

t
AW = / exp(2B)ds, t >0,
0

which is the quadratic variation process of the corresponding geometric Brownian mo-
tion e = {e = exp(B"), 1 = 0}.

These Wiener functionals play important roles in many fields; mathematical fi-
nance (see, e.g., Yor [33], [34], Geman-Yor [10], [11], Leblanc [17]), diffusion
processes in random environment (Comtet-Monthus [5], Comtet-Monthus-Yor [6],
Kawazu-Tanaka [16]), probabilistic studies related to Laplacians on hyperbolic spaces
(Gruet [12], Ikeda-Matsumoto [13]) and so on. The reader will find more related top-
ics and references in [37].

However, even for fixed , the joint law ofA"), B!) or, equivalently, that of
(A, = AQ), B,) due to the Cameron-Martin relationship betwegft) and B is fairly
complicated, although it is quite tractable (see [33]). As an example of the description
of this law, we present the following conditional Laplace transform ([2], [13], [18]):

£ u’A, B = 1 x?
o5 [5=4] gmee(-5)
- /wLex “2 hy(uo(r. d
= | \/W P 2 o\Up\x, z2))az,

whereu = 0, Jy is the Bessel function of the first kind of order 0 aggx,z) =
V2¢*/?(coshz — coshr /2, z > |x|.

A quite different description of the law oﬁf“) is as follows (Geman-Yor [10],
Yor [34]). Let T, be an exponential random variable with parametemdependent of
B. Moreover letZ,,, Z, be a Beta and a Gamma random variables with parameters
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(1, a), b, respectively, and/ be a uniform random variable on [0 1]. We assume that
Z1, and Z, are independent and thzg is also independeidt of . Then it holds that

Z14 (law) 1 — yt/a
11 Ay (@0 710 (e 1 U7
(&.1) T 27, 27,
wherea =6+ u)/2,b = (k — p)/2 andk = /2 + p2.
In any case, despite this complexity, a number of identities aout AYr for
different ’'s are known. In particular, let us recall the simple Bougerol's identity ([4]):

(law)

(1.2) sinh@; )"=" 4,

for any fixedr , where{~,, s = 0} is another Brownian motion independent Bf . This
formula makes it easy to calculate the Mellin transform of the probability law of
See Alili-Dufresne-Yor [1] for a simple proof of (1.2).

The main result of the present paper goes into another direction, in that it exhibits
a relation — in terms of exponential functionals — betwegn* and B(), which we
present in the following way, strongly inspired by Dufresne [9].

Theorem 1.1. Let x> 0. Then one has the identity in law

1 (law) { 1 1 }
1.3 —,t >0, "= —+=——,t>0;,

where ACC# is a copy of A", independent o8,

In fact, Theorem 1.1 is a reinforcement of Dufresne’s result [9]. He showed that
the identity (1.3) in law holds for any fixed time from the knowledge of the laws of
A(Tf“) as given in (1.1) above and some algebraic identities in law between Beta and
Gamma random variables ([8]).

As a check on Theorem 1.1, let us discuss how we became convinced that (1.3)
may hold at the process level. Indeed, assuming Theorem 1.1, we find that

1 1 1 (aw) [ 1 1
(2.4) <A§‘“) S A(og“)) - (AE“)’ Zx&z”)

and, consequently,

ACH — AT (aw) AGH

1.5
( ) AE—M) AEH)

holds for any fixedr . But now, (1.5) is easily checked by using the Markov property
of B-# and the time reversal fofB{™",0 < u < ¢} at time . Note, on the other
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hand, that the identity in law (1.4) for fixed does not seem obvious a priori. In the
end, the conjunction of the facts that (1.5) holds and that the identity in law holds for
fixed ¢ in (1.3) according to Dufresne [9] made us think that the full identity in law
between processes in (1.3) might hold.

We also take this opportunity to note that the identity (1.3) gives a very simple
check on the identities (101) and (102) in Comtet-Monthus-Yor [6], which are nothing

else but
E 71 = F —1 +E 71
AE—#) - AE#) A(ozﬂ) .

We now give a detailed plan of the rest of this paper. In Section 2, we present a
number of variants and consequences of Theorem 1.1. Among them, the most impor-
tant result is Theorem 2.2, which expresss*) in terms of B and an independent
Gamma variable.

In Section 3, we give two proofs of Theorem 2.2: the first one relies upon the
enlargement of the filtration oB(—*) with the variableA(;*), whereas the second one
uses Lamperti’s representation

exp(B,(’“)) = Ri?_“,f), 120,
where R(-#) = {Rff“), u 2 0} denotes a Bessel process with index and we condi-
tion RC-#) upon its lifetime

TO(_”) =inf{u; RCW =0} = ACH.

In Section 4, to show the versatility of our approach, we enlarge the filtration of
a 2D -Brownian motion, that of B, 4()), with the variable

oo
Y = / exp(BCH) dy¥)
0

by using recent results about the law &f**) obtained by Paulsen [24] and redis-
covered by Yor [36]; see also [3]. Although, in thi®D2 case, the results are not so
striking as that expressed by Theorem 1.1, they are still easy enough to present and
we compare them with thel  story.

As a conclusion to this Introduction, we would like to indicate, apart from its own
interest which we have discussed, that Theorem 1.1 is the essential starting step in our
proofs of the following extension of Pitman's\2— X theorem ([26]): for anyc > O,
the stochastic process™-< = {L# ¢ > 0} defined by

! 2
L% = clog (/ exp(—B‘g“)) ds) — ¥
0 C
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is a diffusion process and has the same distributio.@$)-¢. Moreover we give two

quite different proofs of this result in [20] and [21] which, we think, would be easier

to read once Theorem 1.1 has been presented separately, hence the present paper. See
also [19], where the above result has been announced together with related topics. Fi-
nally, a multi-dimensional extension of Theorem 1.1 or rather Proposition 3.1 below is
being used in [23] in connection with some queueing problems.

2. Brownian Motions with Opposite Drifts

Let B® = {B") ; > 0} be a Brownian motion with drify, € R starting from 0
as in the Introduction. Then, thanks to the Cameron-Martin theorer¥,(#f denotes
the probability law of B*) on the canonical path spase C= ([@);R), then for any
w, v € R the lawsW®, W) are related by

42— 12
WL, = exp (e =X, = 50 ) WOl

where X, ) =w ¢ )¢ = 0, is the coordinate process ad, = o{X,;s < ¢} is its
natural filtration. In particulark x ) = exp(&) is a harmonic function foB(~*) and
B is the Doobh -transform oB(—#),

We give another relationship betwe@&¥” and B(—#),

Theorem 2.1. Letting 1o > 0 and v, be a Gamma random variable with param-
eter ;, independent oB™), we set

1
AW = / exp(2B¥)ds and B™W = BW _ |og (1 + ZV#AE“)) )
0
Then the following identity in law holds
2.1) {B,(_“),t > o} (iaw) {fa,‘“),t > o}.

The following remark explains how the Gamma variable comes into the pic-
ture. For this purpose, note that

00 R o} ZBSM)
/ exp(zBéﬂ))ds = / L)st = i
0 0 (1+2y,AW) 2y,

Then, assuming that (2.1) holds, we recover the known result

o0 1
2.2) ACH = / exp(2BC M) ds ‘) _—
0 27;1

(cf. Dufresne [9], Yor [35]).
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This remark can be developed so as to provide a method for a proof of Theorem
2.1, which we now present in the following equivalent form.

Theorem 2.2. Let > 0. Then
() ALH® @y) 2

(i) Given ACH = 1/2¢, the process{B ™", > 0} is distributed as
{BM —log(1+2:A%), 1 = 0}.

We postpone the proof of Theorem 2.2 until the next section and we give some
consequences of it in the rest of this section. In particular, the following is an imme-
diate consequence of (2.1) and (2.2) and, considering the quadratic variation process
of e(=*) and its counterpart in (2.3) below, we obtain Theorem 1.1.

Theorem 2.3. Let u > 0 and A_# be a copy ofAC#), independent o3,
Then one has

— 1) (=) (1))
(2.3) AL e " =M >0 (law) (1) AL e t>0
: ACHw _ 4= TGO I DN R
oo t o) t

We next look at Theorem 2.1 from the point of view of stochastic calculus: The-
orem 2.1 gives a non-canonical semimartingale decompositioB(of), or, equiva-
lently, it tells us that the canonical decomposition of the stochastic process

B¥ = B® —log(1+2y,4A%), 120,

in its own filtration 2% = o{BM;s <t} is B, — ut, where {G,,1 = 0} is a (#™)-
Brownian motion. Thus we have the following two expressionsﬁﬁ’r):

. ' 2y, exp(2B)
B = B, +pt — / 20, XP(2B) o ) as
0o 1+2y,A;

=B — pt.

Therefore we obtain

(2.4)

5| exp(28M)
1+ 2y, A%

for everys = 0.
The following confirms and amplifies this identity:



388 H. MaTsumoTo, AND M. YOR
Proposition 2.4. For everys > 0, the following identity in law holds

25 (uexp(—BC), {BCH,u < 5})

(law)

=% (yuexp(BY), {BYY —log(1 + 2y, A1), u < 5}),

where on both hand sidesthe Gamma random variablg, with parametery is as-
sumed to be independent {)B,Ei”), u<sh.

Consequently, for any fixesl > 0, a simple algebraic manipulation in (2.5) shows
that v, exp(2BM) /(1 + 2,A%Y) is independent of#") and is distributed asy,,,
which confirms (2.4). It may also be useful for further studies about exponential Brow-
nian functionals to record the following two-dimensional consequence of (2.5):

6) (w exp(28) exp(B”) ) (a9

(—=w)
1+2y,A% " 142,400 ) (vu- eXP(B7))

The identity between the first members of each side of (2.6) may be understood as a
consequence of the following:

ACH = ACH + exp(2B M) A () 1 ’
whereas the identity between the second members of each side of (2.6) is the applica-
tion of (2.1) to one-dimensional marginals.

3. Two Proofs of Theorem 2.2

In this section we give two different proofs of Theorem 2.2. As was mentioned
in the previous section, (i) is known. Thus, it remains to prove (ii). The first proof
is based on the theory of the enlargements of filtrations (cf. Jeulin [14] and Yor [31],
Chapter 12) and the other one is based on Lamperti’s relation and some stability prop-
erties of the laws of Bessel processes under time reversal and time inversion. (See,
e.g., [32], where some of these arguments have been already used).

First Proof of Theorem 2.2. Le®") = ¢{B";s < ¢}, which in fact does not
depend onu, and @,(’“) = %,(’“) v o{ACM}. Then, applying the main result for
(semi)martingale decompositions in the set-up of the initial enlargement of filtrations
(cf. Yor [31]), we can show that there exists(&8! ")-Brownian motion{B;},>o in-
dependent ofA(_* such that

exp(ZB.S’“) )

— s,
ACH _ oG

t
(3.2) B =B* +put — /
0
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Therefore, under the conditioA(C*) = 1/2¢, {B™",t > 0} is the solution of

. ' exp(Z; )
P = B +put — s
¢ P /o 1/2c — [ exp(Z, Yu

As will be shown in the Appendix, this equation, considered as an ordinary equation
with the initial data{B; + ut,r = 0}, has a unique solution

z = B/% —log (1 + 2cAf(“)) ,
where B/ = B* + ut and

t
AF®) :/exp(ZBs*(“)) ds. O
0

To summarize this first proof and for the ease of future references, we give the
following.

Proposition 3.1. There exists a Brownian motiofi;%) = B* + ur,1 > 0, with
drift > 0, with respect to the fiItratior(%’,"“U > 0) such that

*(p) (=)
(—1) — p*u) A — ) A
(3.2) B; = B, log (1 + A(”)> = B, +log (1 A“”) .

o0

In particular, B*® is independent ofA{_*) and it holds that

A(*N) A*(N)
(3.3) 1- ﬁ 1+ ﬁ =1
A At

Note that (3.3) and some trivial algebra yield identity (1.3), where, instead of an
identity in law, we have an almost sure equaIiAfﬁ“) and A(_# being changed into
A and ACH, respectively.

Second proof of Theorem 2.2. By Lamperti's relation, for ang R there ex-
ists a Bessel proces{sR,(”),t = 0} with index v starting from 1 such that

e = exp(B,(”)) = RE;/E)”)’ veR.

We now use this relation for = +-4. Setting

~ ~ i‘ TA(#)
To = Agﬂ), H, = ~—O() and K, :~07[(),
To + At# To + A,‘u
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where, as usual with our tilde notatiofy is assumed to be independent of
{B" t > 0}; we have

A (Ogu) e,(“)

==t = H,R")
AS);IL) + Aﬁﬂ) !

AE;L)'
Therefore, if we show

_ (law)
{Risfﬁ),t > 0} . {H,R;’?i),t > 0}

or, equivalently,

_ law ~
34 (R0 = 1) Lo R0 < o)

for the inverse functiork, ofK, , we obtain the assertion of Theorem 2.2. Further-
more, noting that

A(M) - NToM _ u

u

To—u To

we can easily show (3.4) from the following lemma.

Lemma 3.1. Let {R™" 1 > 0} be Bessel processes respectively with indices
and —p both starting from1 and defineT, by

To = inf {u; R{*) = 0} .

Then the following identity in law holds

A

Cm oy <V (1- L) R
(35) {Ru U = TO} 1 TO RTgu/(To—u)’ u

T}
where on the right hand side7p is assumed to be independent R¥".

Proof. From D.Williams’ result ([27], [28], [29]) on the time reversal of Bessel
processes, and conditioning with respect to a last passage time, the law of
{R,(,_“), u < To}, conditioned on{Ty = ¢}, is that of the bridge oi{R,(,“), 0<u<t),
given R,(“) = 0. But, from Theorem 5.8, p.324 of [27], this bridge can be represented
as

u (»)
(1 - ;) Ry w <1,

which finishes the proof of (3.5). Ll
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In order to connect even better our two proofs and the existing literature on Bessel
bridges, let us recall thatrR{", u < ¢}, conditioned onR") = 0, is the solution of

@8 rw=1+,+(5en) [ 5 [ osuse
2 o r(s) o t—s
(see the equation (12.8) in [31], p.36).
Thus the arguments just developed in the proof of Lemma 3.1 show that the de-
composition of{Rf,_“), u < To} in its own filtration, originally enlarged withy, is

1 4 ds u R(—,u)
3.7 RUMW=1+8,+(Z+ - *ds,
( ) u ﬂu <2 M) /O R§_;L) /(; TO s S

where{3,, u = 0} is a Brownian motion in this enlarged filtration. On the other hand,
if we apply I's formula tOe,(”‘) = exp(B,(’“)), starting from the equation (3.1), we
obtain

! B 1 t t (e(—#))3
@8 d=1ef eg_“)st’r(—W) [ emas— [ 25—
0 2 0 0 AH — AyH

Now, Lamperti’s relation,el ™" = Ri?l‘ﬂ), yields AC# = To(REM) and the equation

(3.8) becomes, after time-changing it with the inverse{Af’“),t = 0}, precisely the
equation (3.7).

4. Enlarging the 2D Brownian Filtration with a Subordinated Perpetuity

Let ) = {*) ; > 0} be another Brownian motion with drift which is in-
dependent of the original Brownian motia®). We consider the stochastic process
Xw) = {x®) ¢ > 0} defined by

t
x00 = [Cexp(s)ar, 120
0

The purpose of this section is, assuming that>- 0 and enlarging the original
filtration .%, = o{Bs, vs;s < ¢} with XS = lim,_ o, X", to obtain a canoni-
cal decomposition of the paifB,, ~;} in this enlarged filtration, which we denote by
Z,t 20,

Our hope in developing this identity was to obtain an identity in law between
some functionals of(B™, ) and (B-*, 4)), which might lead to further ex-
tensions of Pitman’s theorem just as (1.3) led to [19]-[21]; this, together with our
original interest in the enlargement of filtrations, motivated our derivation of Theorem
4.2 below. Unfortunately, we have neither discovered identities in law similar to (1.3)
nor further extensions of Pitman’s theorem involvingand exponential functionals of
B1 | which does not mean that such extensions do not exist!
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The above motivations being explained, we still find it of interest to develop the
enlargement formulae with respect {Q’%}. First we determine the law of the so-
called subordinated perpetuity{_*-"): it has recently been shown (cf. [24], [22], [36],
[3]) that it obeys the generic type IV Pearson distribution ([15], [25], [30]). Precisely,
the following is known.

Theorem 4.1. ([24], [3], [36]) For everyu > 0 and v € R, the probability law
of X(Z#¥) admits the density

174

_ G
(41) f;t,u(x) - m eXp(Z/ arCtan(C ))
where the normalizing constardi, , is given by

_P@/2+p+ V=12
- 22T (2p)

Cuv

Remark 4.1. We note that the familfC,, .}, enjoys the recurrence formula

c (u+ 122 + 02
PR 1)

The following functions will play important roles in the sequel:

_d _2V—(2,u+1)z
o(z) = EUOQ fu(@) = T’
2 1
P = o)+ 1= —2u+ %ZZZ“

The main result of this section is the following semimartingale decomposition of
the pair {B,, v} in {7}

Theorem 4.2. Let ;> 0 and v € R. Then there exists a two-dimensior(a;‘,)-
Brownian motion{(B;,¥,),t = 0} such that

! t
(4.2) B, =B, —/ Y(¥»)ds  and v, =7 _/ o (Y ds,
0 0
where
) = (X~ XE0) exp(~BE).

Proof. We first remark that the presentation of the initial enlargement formula
given in Yor [31], Chapter 12, pp.33-34, is applicable with only one change, made
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necessary by the fact that our filtratiqo#, } is generated by a two-dimensional Brow-
nian motion instead of a one-dimensional one. We may summarize as follows.

We denote by, (r) = ¢(z, x) the density of the conditional distribution af(_#*)
given .#, and write

6.0 = x50 [ (osts. 4B+ s x)) = 5 [ onlo. 7+ s 7).
Then, for a generic.%,)-martingaleM ={M,,t = 0} given by
M, = [ ena)is+matsiin)
there exists &.7;)-martingale = {i,, > 0} such that

13
M, = M, +/ {ml(s)pl(s, Xg“‘”)) +m2(s)p2(s, X((;“'”))}ds.
0

Thus, in order to prove Theorem 4.2, it only remains to findand p».
We first note

oo
XCm) = xmn) 4 / A ) () g ) | (i) ),

t

where X(_#¥) is a copy ofX*) independent of%,. Then, by virtue of Theorem 4.1,
we get, for every Borel functiog R — Ry,

/ ¢()bu(0)dx = / 2P (X + DR ¢ )
R R
= /Rg (X,(*“"’) + ef*“)y) Sfur(y)dy

(—p.v)
x—X; 1
= | g(x)fuv — —dx.
/R a e e

Therefore, the procesép,(r),r = 0} of conditional probability densities ok (_#*)
given {.%,} is found to be

1 x — XY
(1) = —=fur | ——3— | -
e{(—#) s et(—u)

Note, in particular, that this provides a family of7()-martingales.
Then, writing ¢, (¢) in the exponential form by usingds formula, we obtain

(—p.v) (=p.v)
x — X5 x — X5
(s, x) = = <7e(“) ) and pa(s, x) = —¢ <7e(“) ) ,
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which completes the proof of Theorem 4.2. Il

Finally let us discuss the enlargement formula (4.2) by comparing it with the en-
largement formula for the filtration of B,, 7 = 0} enlarged with

AW = / exp(2BC1) ds.
0

which is presented in Section 3 and asserts that, setfifig= .%, V o {A_M}, there
exists a &;*)-Brownian motion{B,", r = 0} such that

I ex ZB(*IL)
B = g / p(28; ")
0

A((;N) _ Ag*#«)
or
t exp(2BM
(4.3) B= v - | o s
0 Aooﬂ _As M)

where B") = B* + ut.
Next let us consider the case= 0 in Theorem 4.2, so that the functiah be-
comes

1+2u

W@ = 2t

Let us further remark that the formula (4.3) is also an enlargement formulé* ir
FiN a{ATMYV a{4,, u = 0}, where {4,,u = 0} denotes the Brownian motion asso-
ciated with the martingale given by

1
X0 = xEr0 = /o exp(BS)d, = Ya-w-

Since.Z, = % v o{X( M} c ¢* for any s > 0, in order that the formulae (4.2)
and (4.3) be coherent, the following conditional expectation relation must hold:

(e)° _ 1+2
ACH — ACH s 1+ ((X((;“) _ ngu))/elgfﬂ))z
or, equivalently,
1 ~ | _ 1+2u
(4.4) E Lg}ou) — AT } T (Y (XCP - x )
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But, this relationship also follows from the known fact (see, e.g., Dufresne [7],
Yor [35]): conditionally on.Z;, the two-dimensional random variable
(xGm —xEM AW — ALY is distributed as(el " VHN, (eﬁ’“))zH), where, for a
Gamma(p) variablev,, H =1/2v, and N is a standard normal variable independent
of H.

Indeed, this fact being recalled, we may write (4.4) in the equivalent form

(4.5) E[H*l\N\/ﬁ:x} o L1r2

T 1+4x2
which is deduced from the following elementary lemma.
Lemma 4.1. Let~, be aGamma random variable with parameter and N be

a standard normal variableindependent ofy,.
(i) For any Borel functionf : R — R., one has

N N
el (Ga) 2 = 2ol ()]
|: 2’7& 2’7a+l
(i) The probability density of théStudeny variable N//2v, is given by

( ) _ Ca0 _ F(Oé"' 1/2) 1
Saolx) = (1 +x2)o+1/2 - NGAG) (1 +x2)a*1/2"
(i) One has
N _ 1_, flasnolx) _ 1+2
E |:2’Yo¢ ‘ \/2,}/70( - X:| - 20[ falo(x) = 1+x2 A

Appendix : On a simple ordinary differential equation

In this appendix we show that, given continuous functignand f , the ordinary
differential equation

(4.6) z = (1) +/0t explz) f (/OS exp(azu)du) ds

for z = {z/},>o has a unique solution; furthermore, it admits an explicit representation
in terms ofp and f .
For this purpose, we consider the primitive  6f

Flx) = /O " FO)dy.

=)+ F </0, eXp(ozzS)ds)

Then we have
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and

exp [—ozF </l exp(azs)ds)] explaz,) = explp(t)).
0
Hence, setting
6() = [ expt-ar(e
0
we obtain

G (/0 exp(azs)ds> = /0 explap(s))ds.

Therefore we can write the solutian  of (4.6) as

2= o)+ (FoGY ( /0 explag(s)) ds) .

In our example, which appeared in the first proof of Theorem 2.2, we have
a=2, f(x)=(x —1/2c)"1. Therefore we obtain

F(x) = log(1— 2cx), Gkx)= 2_10 <1 _126x — 1>

and, finally,

(F o Gil) (x) = —log(1+2Zx)

Note added in Proof. D. Dufresne: The integral of geometric Brownian motion,
Adv. Appl. Prob.,33 (2001), 223-241, presents an impressive survey of results on ex-
ponential Brownian functionals. In particular, his Theorem 3.1 and Corollary 3.3 are
the fixed-time analogues of our Theorem 1.1.
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