ABSTRACT EVOLUTION EQUATIONS OF PARABOLIC
TYPE IN BANACH AND HILBERT SPACES

TOSIO KATO

Introduction

1. The object of the present paper is to prove some theorems concerning
the existence and the uniqueness of the solution of the initial value problem

for the evolution equation

(E) du/dt+ A(t)u = f(t), 0<t<T.

/\

I

Here the unknown # = «(#) as well as the inhomogeneous term f(#) is a func-
tion on the closed interval [0, 7] to a Banach space X, whereas A(¢#) is a func-
tion on [0, TJ to the set of (in general unbounded) linear operators acting in
X. Before stating the results to be proved in the present paper, it is convenient
to give a brief survey of the results so far obtained on this “abstract Cauchy
or mixed problem”.

In this survey we restrict ourselves to abstract theories, disregarding results
obtained primarily for the case in which A(#) is a concrete differential operator.
Nor shall we mention the results for the case in which A(#) does not depend
on t; such a case belongs properly to the theory of generating one-parameter
semigroups of operators (Hille-Yosida theory).

With these reservations, the first author to discuss an equation of the form
(E) was Phillips [25]; he assumes that the main part A of A(#) is independent
of , — A being the infinitesimal generator of a strongly continuous, bounded
semigroup exp ( —tA), while the variable part of A(¢) belongs to B[X¥] A
more general case was considered by the present author [3]. Here the essential
assumptions are that

1) — A(t#) is for each ¢ the infinitesimal generator of a contraction semi-

group, and

Received April 20, 1961.
D We denote by B[X] the set of all bounded linear operators with domain ¥ and
range in %.
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2) the domain DLA(#)1 =D of A(t) is independent of ¢,

with some auxiliary assumptions implying the smoothness of A(#) and f(t) as
functions of . One of the merits of this result is that it is applicable to
parabolic differential equations (such as the heat equation), to the Schriodinger
equation (in which #A(¢) is selfadjoint) and to certain kinds of hyperbolic
equations (written in the form of a first order system). But it was felt that
the assumptions 1), 2) were still too restrictive, and an attempt was made
(Kato [4]) to remove these restrictions, with a not very satisfactory result.
See also Mizohata [21] for the relaxation of the assumption 1).

Recently an essential improvement on 1) was attained by a series of papers
by Tanabe [31, 32, 33]. Here a new assumption is introduced that

3) — A(t) is for each ¢ the infinitesimal generator of an analytic semigroup.
(That is, exp ( —sA(#)) has an analytic continuation to a sector including the
positive s-axis.) But this new assumption is compensated for by the following
relaxation of other assumptions: the semigroup exp( —sA(t)) need not be
contraction (even for s>0), and the smoothness assumption on A(#) as func-
tion of ¢ can be weakened considerably. Owing to the new assumption 3), the
Tanabe theory is not applicable to the Schriodinger equation or to hyperbolic
differential equations, but it is more powerful than the result of [3] when
applied to parabolic equations. In particular, the initial value #(0) is allowed
to be an arbitrary element of X, whereas #(0) €® was assumed in [3]. On
the basis of the Tanabe theory, Komatsu [7] was able to prove that the solu-
tion #(¢) of (E) is analytic in t if A(t) depends on ¢ analytically in a certain
sense and if f(#) is analytic. This result of Komatsu has an interesting ap-
plication on the unique continuation property of solutions of parabolic differential
equations (see also Yosida [38]).

The condition 2) that ®[A(¢)] be independent of ¢ is retained by Tanabe
and Komatsu. This assumption was weakened to a great extent by Sobo-
levskii [29]. Here A(¢) are restricted to be positive definite, selfadjoint operators
in a Hilbert space, a very strong assumption, but 2) is replaced by the assump-
tion that

4) DLA(#)"] is independent of ¢ for some constant % such that 0<h < 1.
As long as A(?) is positive selfadjoint, this condition is weaker than 2) in

virtue of the Heinz inequality. One of the objects of the present paper is to
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generalize the result of Sobolevskii to the case in which A(#) operate in a

Banach space.

2. The works described above are concerned with strict solutions of (E),
in the sense that the solution #(#) constructed satisfies (E) everywhere in the
semi-open interval (0, 7J. More precisely, «#(#) belongs to ®LA(¢)] for each
t< (0, T, has a strong derivative du(t)/dt € X which is strongly continuous in
(0, TJ] and (E) holds true. On the other hand, there are a large number of
works which are aimed at obtaining generalized solutions of (E).

Visik and LadyzZenskaia [13, 14, 15, 34, 35] write (%) in the form

Su = f, Su(t) = du(t)/dt + A(t) u(t),

and consider the problem as an operator equation in a larger space X consist-
ing of functions #(¢) on [0, T to X. (Actually they assume X to be a Hilbert
space and ¥ is the set of u(¢) with integrable ||«(¢)[?; as regards A(t), they
assume that the dominant part of A(¢) is positive selfadjoint.) To this end
they extend S to a closed operator and prove that this closed extension has a
bounded inverse in an appropriate topology.”’ The solutions obtained by them
are generalized or weak solutions of (£). The degree of weakness denends on
the assumptions made; they may be “almost everywhere” solutions, satisfying
(E) for almost every ¢t< (0, 71; they may be weak or “hyperweak” solutions.
“Almost everywhere” solutions could be regarded as not much different from
strict solutions, but it is interesting to note that, in constructing such solutions,
these authors also assume that D[A(¢)] is independent of ¢. Weak and hyper-
weak solutions are constructed under weaker assumptions, but it is not clear
how near they are to strict solutions.”

Generalized solutions of (E) have also been considered extensively by Lions
[16, 17, 18, 19, 201. In principle the method of Lions is similar to that of Visik

?) Their method depends essentially on the “energy principie." For applications to
hyperbolic differential equations and to the Schrédinger equation, they also consider the
abstract equations of the forms d?u/df*+A(t)u=f(¢) and du/dt+iA(t)u=0.

% It may be said that the distinction between strict and generalized solutions of (E)
is not very important if one is exclusively concerned with the application of (E) to linear
partia! differential equations, where a weak solution can often be proved to be a strict
solution. Since, however, we are primarily interested in the abstract equation (E), whose
application is not restricted to partial differential equations, it seems rather important
to investigate under what conditions (E) has strict solutions.
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and Ladyzenskaia, but Lions start from a sesquilinear form ¢:{L u, v]in a Hilbert
space X, to which A(t) is formally related by (A(#)u, v) = ¢Lu, v]. The basic
assumption in his earlier work is that the domain of ¢; is independent of ¢;
if A(t) is positive selfadjoint, this is equivalent to that D[ A(#)"*] is independent
of ¢ and, therefore, weaker than the assumption 2) stated above but is a special
case of the assumption 4) of Sobolevskii. In a recent paper of Lions [18] this
assumption is eliminated, and the existence and the uniqueness of a generalized
solution (almost everywhere solution) are proved under very general conditions.
In most of these papers, however, the initial value #(0) is subjected to more or

less severe restrictions.”

3. In the present paper we want to deduce several results that comprise
and strengthen most of the results stated above. except those of [3] and [18].
More precisely, we shall prove the existence and the uniqueness of a strict
solution to the initial value problem for (E) for any initial value #(0) €%,
under the assumptions that

i) for each #, — A(¢) is the infinitesimal generator of an analytic semigroup

of operators in a Banach space
(as in Tanabe’s theory) and
ii) DLA(H"] is independent of ¢ for some h=1/m where m is a positive
integer
(as in Sobolevskii’'s theory, though % was arbitrary in the latter theory), with
certain additional smoothness assumptions on A(#) and f(#) as functions of .

Thus our results generalize the results of both Tanabe and Sobolevskii.
Furthermore, it will be shown that the solution of (E) is analytic in ¢ if, in
addition to i) and ii), f(¢) and A(#)™" are analytic in #. This generalizes the
result of Komatsu stated above.

It should be noted, however, that these results may not necessarily be
stronger for smaller values of %, for the Heinz inequality has not been proved
for non-selfadjoint operators. Furthermore, the question arises how the assump-
tion i) can be verified in applications. In fact, the fractional power A" of an

operator A is defined in an abstract fashion, which will be quite complicated

4 For other results on the equation (E), see Foias et al. [1, 2], Krasnosel’skii ef al.
[8, 9, 10], Krein [11], Krein and Sobolevskii [12], Mlak [22, 23, 24], Sobolevskii [26, 27,
28], Solomiak [30].
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when applied to, say, a differential operator. At present the author has no
answer to this question that is general enough to be useful in the case of
Banach spaces, but it can be shown that the operator function A(¢) defined in
terms of a sesquilinear form ¢ #, v] with constant domain (as in Lions’ theory)
satisfies the condition ii) with #=1/3. In this way we are able to prove the
existence and uniqueness of the strict solution of (E) in this case. By making
use of the uniqueness of the generalized solution, it can then be shown that
the generalized solutions in the earlier works of Lions, and those of Visik and
Ladyzenskaia, are actually strict solutions, provided the inhomogeneous term
f(t) is smooth, at least for certain initial values #(0) € X.

T3 s analytic in ¢ if ¢duw, ] is

Furthermore, it can be shown that A(¢)
analytic in ¢ for each u of the constant domain of ¢:. It follows that the
solution of (E) is even analytic if ¢; is analytic in the stated sense and if f(#)
is also analytic.

The specific results for the case in which A(#) is defined in terms of the
sesquilinear form ¢: depend on the results of a separate paper of the author
[6], in which the fractional powers of dissipative operators in a Hilbert space

are studied in detail.

4. The content of the present paper is as follows. In §1 we state the
assumptions and the main theorems (Theorems I and II), together with some
inequalities required in the following sections. The proof of these inequalities
is given in Appendix at the end of the paper. As a preliminary step in the
proof of the main theorems, we consider in §2 the special case in which A(#)
belongs to B[X]; the evolution operator U(#, s), which plays a central role in
the theorems, is constructed and a number of estimates on it are deduced.
The general case is treated in §3, where the evolution operator U(# s) is
constructed as the limit of a sequence U,(t, s) corresponding to bounded A,(t)
that approximates A(¢) in an appropriate sense, and where the proof of
Theorems I, II is completed. In §4 the main theorems are applied to the case
in which A(?) is defined through a sesquilinear form ¢; in the way described
above, the results being contained in Theorems III and IV. Here an essential
use is made of the results of [6]. The final section §5 is devoted to some
remarks and examples, with discussions on possible (and impossible) extensions

of the results of this paper.
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§ 1. Assumptions and results

In what follows we consider the evolution equation (E) in a Banach space
X. Our main purpose is to construct the evolution operator (or fundamental
solution) U(t, s), defined for 0< s< ¢ < T, such that the solution of (E) can be
expressed in the form

3
(1.1) u(t) = Ut, 0) u(0) +50U(t, s) F(s)ds.

To this end we make two assumptions on A(£). Roughly speaking, the
first assumption requires that — A(#) be the infinitesimal generator of an
analytic semigroup of operators, and the second that A(#) change smoothly
with #. More precisely,

1) For each t<[0, T), A(t) is a densely defined, closed linear operator in
X with its spectrum contained in a fixed sector Sy: |arg z| <6<mn/2. The
resolvent of A(t) satisfies the inequality

(1.2) I[z— A1 < Mo/ z] for z& S,,

where M, is a constant independent of t. Furthermore, z= 0 also belongs to the
resolvent set of A(t) and

(1.3) [A@®)™ < M,
M, being independent of t.

As is well known (see, for example, Yosida [36]), (1.2) implies that — A(#)
generates a semigroup exp ( —sA(#)) which is holomorphic in a sector contain-
ing the positive s-axis. When (1.2) is satisfied, the two conditions (1.2) and
(1.8) are satisfied if A(¢)+1 is replaced by A(t) (possibly with a different
M,). Therefore, (1.3) is not an essential assumption as long as one is concerned
with the evolution equation (F); we assume it only for convenience.

Furthermore, (1.2) implies that the fractional powers A(¢)" can be defined
and have a similar property as A(t), with 6 replaced by 78 (see Appendix).

Our second assumption is concerned with such a fractional power:

ii) For some h=1/m, where m is a positive integer, DLA)"1=D is in-
dependent of t, and there are constants k, M. and M, such that

(1.4) NAB" AGs) ™" < M, 0<t<T,

(1.5) FTAD A = 1l< Mslt —sl*,  0=s=<T,
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(1.6) 1-h<k<l1.

As- is well known, the independence of ®LA(#)*] of ¢ implies that
A" A(s) " eB[¥]; (1.4) means that it is uniformly bounded. Note also
that (1.4) and (1.5) are equivalent to that A(#)" A(0)™" is uniformly bounded
and is Holder continuous in norm with the exponent k.

Our main theorem now reads

TueoreM 1. Let the conditions i) and ii) be satisfied. Then there exists a
unique evolution operator U(t, s) = BLX] defined for 0<s<t< T, with the fol-
lowing properties. Ult, s) is strongly continuous for 0< s<t<T and

(1.7) Utt, r) = UL, s)U(s, 1), r<s<t,

(1.8) Ut 1) =1.

For s<t, the range of U(t, s) is a subset of DLA(t)] and

(1.9) AU, s)eBlX], AU, 9l Mt~-s|™,

where M is a constant depending only on 0, h, k, T, M,, M, M, and M.

Furthermore, UA(t, s) is strongly continuously differentiable in t for t>s and
(1.10) dU(t, s)/ot+ A() U(t, s) =0.

If us®, UL, s)u is strongly continuously differentiable in s for s<t. If in
particular ue DL A(s))], then

(1.1 (UL, s u/3s)s-s, = Ul2, s0) Also)u.

If F(t) is continuous in t, any strict solution of (E) must be expressidle in the
form (1.1). Conversely, the u(t) given by (1.1) is a strict solution of (E) if
f(t) is Holder continuous on [0, T1; here u(0) may be an arbitrary element
of X.

Here we mean by a strict solution of (E) a function #(#) such that u(#)
is strongly continuous on [0, T, strongly continuously differentiable in (0, T
and (E) is satisfied for t< (0, 771

We have also a number of estimates concerning U(#, s), which will not
be listed here but which can easily be read off the proof of the theorem given
below.

Our second theorem is concerned with the case in which A(#) is analytic
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in ¢t in a certain generalized sense.

Tueorem II.  Assume that A(t) can be continued to a complex neighborhood
4 of the interval [0, T1 in such a way that the conditions i)., ii) are satisfied
for t, s 4. Furthermore, let A(+)™" be holomorphic for t< 4. Then the evolu-
tion operator Ult, s) exists for s <t, satisfies the assertions of Theorem I and
is holomorphic in s and t for s<t. (Here “s<t’ should be interpreted as
meaning “t —s< 37, where I is the sector |arg t| < X -8 of the t-plane, and
“s<t” as “s<tors=t".) If f(t) is holomorphic for t < 4, +>0, and Holder
continuous at t =0, every solution of (E) has a continuation holomorphic for
ted, t>0.

The proof of these theorems will be given in the following sections. Their
applications to dissipative evolution equations in a Hilbert space will be given
in §4 (Theorems III, IV).

We collect here some immediate consequences of the assumptions i) and ii).

As noted above, i) implies that
(1.12) ICz = A 1Y < My/| 2] for z & She.

Here and in the following, the constants M, M; ... are determined by 6, &,
k, T and the preceding ones M,, My, . ... It follows from (1.3) that z2=0

also belongs to the resolvent set of A(t)", with

(1.13) lA@®) ] < M.

Furthermore, it follows from i) and ii) that

(1.14) TA@) exp( — AN | < Msl<|™%

(1.15) A exp( —rAB) — A(s)® exp( —tAls) < M;| <%t - s|®

Here jarg t] < .127_ -0, 0<a<ay; ao is a constant and it suffices for our purpose

to take ao=2. The constants M, M; can be chosen independent of a and r.

Another inequality to be useful is
(1.16) A [exp(—tA#)) —exp(—dA)) I < MsB ol * P —0l? -

0< < ao, 0<g<1, largalg—’;—-a,

-4, larg(r—a)| < = —0.

larg o| < 5

7
2
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The proofs of these inequalities are given in Appendix.

§ 2. The case of bounded A4(#)

In the present section we construct the evolution operator U(¢, s) and
deduce various estimates on ‘it, under the additional assumption that A(#)
e B[X]. The results will be used, in the following section, to construct the
U(¢, s) in the general case as the limit of a sequence U,x(#, s) corresponding
to an approximating sequence A,(#) = B[X] for A(¢).

1. Construction of the evolution operator

If A(t) is assumed to be bounded for a single = [0, T, in addition to the
assumptions i) and ii), it follows that A(¢) €B[X] for all £ In fact, the
boundedness of A(#) implies that of A(#)*, so that the constant domain
D =DLA(H*] must coincide with ¥. Thus A(¢)" € B[%¥] and hence A(¢) € B[X]

for all . Furthermore, it follows from (1.5) that

NA@" — A <T A" Al(s)" = 1] A(s)* A0) "I A0)" ]
< M M| A0V ]t — s 1%,

This shows that A(#)* is Holder continuous in the normed topology. Then the
same is true with A(#) itself in virtue of A(f) =[A(#)"T™
Under these circumstances, the construction of the evolution operator is

quite simple. It suffices to solve the integral equation
t

(2.1) Ut =1~ As)Us, r)ds.
r

Since (2.1) is of Volterra type, it can be solved by successive approximation.
The solution obtained satisfies

(2.2) Ut r)/ot = — ARUE, 1), U(t, t)=1.

Let us consider another integral equation
t
(2.3) Vit, =1~ Vit 5) As)ds;
r

the solution of (2.3) gives an operator function V({, ) with the properties
(2.4) oV(t, r)for= V(4 7) A(r), Vit, t)=1.

It follows that
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(/28)V(t, s)U(s, 7) = V(t, s)[LA(s) — A(s)]1U(s, 7) =0,
so that V(¢ s)U(s, 7) is independent of s. This gives immediately the follow-
ing results. V(¢ s) = U(¢#, s) and

U(t, s)U(s, ) = Ul(t, 7), Ut, t) =1,
U(t, s)/ot= — A UL, s), 2U(t, s)/os=U(t, s)A(s).

(2.5)

At the same time the uniquenéss of U(¢, s) follows.

2. First estimates on U(z, s)

We shall now deduce several estimates on U(?, s) in terms of the constants
T, 0, h, k, M,, ... that appear in our fundamental assumptions i), ii). We
still keep the additional assumption that A(¢) € B[X], but it is our object to
obtain such estimates as have no direct reference to this fact.

To this end, we construct several integral equations satisfied by U(t, s).
First we note that by (2.5)

(2.6) (2/2s) U(t, s)exp(— (s —7) A7)
=U(t, s)[A(s) — A(r)]exp(— (s —7) A(r)).

Now we make use of a simple identity, due to Sobolevskii [29],

m

(2.7) A(s) — A(r) = SSAG)P D(s, 7) A(#)?" (mh=1)
p=1

with

(2.8) D(s, r) = A" A(r) " = 1.

Integration of (2.6) with respect to s on (7, #) gives, after substitution of (2.7),
(2.9) U(t, ) —exp( — (t =1 A(7))

m t
= — Ef U(t, s) A($)"™""D(s, ») A(r)*" exp ( — (s - ) A(7) )ds.

p=1v7
Set
X, (8, s) = U, s) A(s)' ™9,

(2.10) . a=1...
Xoolt, s)=A(s) ™" exp( — (t—s) A(s)),

Multiplying (2.9) from right by A(#)'"%, we obtain a system of integral equa-
tions satisfied by X, ¢=1,..., m.

In writing down these integral equations, we find it convenient to introduce
the following notation. For any two operator-valued functions K'(t, s), K''(t, s)

defined for 0<s<¢< T, we define their convolution by
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t
K=K+K", Kt =\ Kt K, rds.

v

Then the system of integral equations for X, has the form

m

(2.1 Xo=Xp+ 20Xp* Kpg, g=1...,m,
p=1

where the kernels Kj, are given by
(2.12) Kpals, r) = — D(s, r) AV P exp (= (s —7) A(9)).

Suppose that the system (2.11) has been solved for X, by successive ap-

proximation in the form

(2.13) Xt s) = 20 X,(t, ),
i=0
(2.14) Xgiv1= EjXﬁ,'*pr,,.
p=1

We shall show that the series (2.13) are in fact convergent, with the rate of
convergence determined by the constants 7, 6, I, k, M, ... alone. For
convenience in this estimation, we further introduce the following notation.
We denote by Q(a, M) the set of all operator-valued functions K(# s). defined

and strongly continuous for 0 <s <t < T, such that
1Kt s)< M(t—s)70

In particular, K = Qta, M) with @ > 1 implies that K(¢, s) is continuous even
for s=t and K(t, t) =0. The following lemma is a direct consequence of the

definition.

Lemma 1. If K€ Qla', M) and K" = Q(a", M") with o' and a" positive,
then K'+K" < Q(a' +a", Bla', @' \M'M"). Here B denotes the beta function.”

Now we have from (1.5) and (1.14)
(2.15) Kpo= QUk —ph + qh, My M),
(2.16) Xp< Qlqh, M;);

in applying (1.14) note that 0<h<1+ph—qh<2 and 1 —gh>0. (2.15) and
(2.16) lead to the following estimates on Xj;:

5) The proof that (K'x K"”) (¢, s) is strongly continuous for s<t is not quite trivial,
but we may omit it since there is no particular difficulty,
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(2.17) Xy € Q(qh + ik, Li Ms(mM:M,)),
where {L;} is a sequence defined successively by
(2.18) Ly=1, Lis/Li=B(h+ik, B+ k—1).

(2.17) can be proved by mathematical induction. For i=0, it coincides
with (2.16). Assuming that it was proved for 7, we have from (2.14) and
(2.15), using Lemma 1,

Xpi* Kpg € Qlgh + (i + Dk, Cpyi),
Coai = Li Msmd' (M M3 ' B(ph + ik, k — ph+ gh)
< LiMem' (M M)V B(h + ik, h+k —1)

from which (2.17) follows for i replaced by i+ 1 in virtue of (2.18). Here it
should be noted that ph+ik>h+ik>0, k—ph+gh=h-+k—1>0, see (1.6).
It follows from (2.18) that L;::/L; is of the order i-***™V for i co. Since
h+k—1>0, we see from (2.17) that the series in (2.13) are absolutely con-
vergent for s<t, the convergence being uniform for { —~s=>a>0. Noting that

the first term in each of these series is estimated by (2.16), we thus obtain
the estimates

(2.19) X, € Qlqn, M), g=1,...,m,

where M, may depend, among others, on T.

We shall now extend (2.19) to non-integral values of q. To this end we
multiply (2.9) from right with A(7)'"" as before, but this time with not
necessarily an integral value of ¢; we assume only that 1 — gh>0. The result
is formally the same equation (2.11), where the summation is to be taken over
p=1,..., mas befecre. But it is easily seen that the estimates (2.15) and
(2.16) remain true for such non-integral q. Since X, for integral » have been

estimated by (2.19), we can estimate X, from (2.11) by using Lemma 1:
(2.20) X, € Q(gh, (E—1+ gh) ™" My) for k—14+qh>0,
where M, does not depend on ¢.* Writing a = 1 — gh, this gives

(2.21) o, s)A(s)*ll< (kB —a) " My(t—s)"% 0<a<kt.

8 The factor (k—1-+gh)~! has been taken out of B(ph, k—ph+qh) for p=m, which
appears on the application of Lemma 1 to the right member of (2,11), since this factor
tends to infinity for 1—gh—k.
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We further note that the X, with non-integral ¢ can also be written ex-
plicitly in an absolutely convergent series if 2 — 14 gh>0; this series is obtained
by substitﬁting (2.13) for X, of (2.11). We do not write down the result;
it will only be remarked that the integrals involved exist if £— 1+ gh>0.

3. Second estimates on U(Z, 85
We next form another system of integral equations, starting from the
identity
(2.22) (0/os)exp( = (t—$)AW))Uts, 7)
=exp(—(t—s)AUWNLAW) - A(s)1ULs, 7)
that follows from (2.5). Substituting the identity (2. 7), integrating with respect

to s on (7, ¢) and multiplying from left by A(#)?", we obtain from (2.22) a

system of integral equations

(2.23) Y(I: Yq0+ ZHQ[)"‘:YPy q= ly e, m,
=1
where

Yo(t, s) =A™ U, s),
(2.24) Yolt, s)=A(t)"exp( — (£ —s)A()),

(2.25) Hyp(t, 8) = A(t) " P exp( — (£ = s)A(2))D(t, s).

For the kernels H,, and the inhomogeneous terms Y, of (2.23), we have

the following estimates analogous to (2.15) and (2.16):
(2.26) quEQ(k"‘qh +_ph, A/aﬂl(;), YquQ(l—qh, Ms)

An essential difference of (2.26) from (2.16) is that 1— g/ in (2.26) becomes 0
for g =m (whereas gh in (2.16) was >0). This makes it difficult to deduce
estimates on the series obtained by solving the system (2.23) by successive
approximation in as simple a fashion as in the preceding paragraph.

Thus we have to deal with (2.23) more carefully. We set
(2.27) Yo=Yo+ Yq

and transform (2.23) into a system of integral equations for Y :

n

(2.28) Yo=Yu+ 20H;p*Y)

r=1

where
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m

(2.29) g0 = Elqu* Y po.
by

Let us now estimate Y4. For p<m, we have by (2.26) and Lemma 1

(230) qu* YfOEQ(1+k—qh, Mn), j><m.

To estimate Hgn* Ymo, we write it as the sum of the following three integrals
(note that mh=1);

L
Lt, 7) = 5 Hym(t, s)LA(s)exp (= (s —7)A(s)) — Alr)exp( — (s - 7) A(r))1ds,

t
Lit, 7) =§ Homlt, 7)A(r)exp( — (s — 7) A(r))ds
= Hyn(t, 7)[1— exp(— (t —7)A(7))],

t
In(t, 7) = § [Hon(t, ) — Hom(t, 7V IA(P) exp( — (s — 7)A(r))ds.

I, and I, can be estimated by (2.26), (1.14) and (1.15) with « =0, and Lemma 1:
LeQ(1+2k—gh, M; M M), LeQ(l+k—gqgh, MoM{(1+ M)).

I; is further divided into two integrals:

S t
Iit, ) =L+ Il =f +S with S= (7 +1)/2.

S
i’ can be estimated by (2.26):

t
'l < MsMéL[(t — ) L (= ) (s = ) THdS < Mp(t — 7)F

In I} we make use of the identity

(2.31) qu(t, S) "qu(t, T)
=A@ exp( — (t —s)A(t)) — exp( — (t—7)A())]ID(E, s)
- A" exp(— (t— 1) AW AW A(s) ™" D(s, 7).

This gives, in virtue of (1.4), (1.5), (1.14) and (1.16) with =4,

anm(t> s) "‘qu(t, T)ll
<E UMy Mi(t—s) % (s — )% (£ = $) + Mo My Mt — 7) "% (s — 7)¥
< Myt —7)" %" (s —7)* for r<s<S.

Hence

< MGMM&(t —7) P (s — ) (s —7) TV ds < Mt — r)¥ 7",
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Collecting the above results, we have

(2.32) Hyn*Ymo=L+L+L+1'e Q1+ k—qgh, Mp).
Combined with (2.30), we have by (2.29)

(2.33) Yhe Q1 +%—qh, M), q=1, ..., m

In (2.33) we have 1+k2—-gh>=%k>0. Since we have also k—gh+ph
>k ~-14 k>0 in the estimate of H,, (see (2.26)), it is now easy to solve the
system (2.28) for Y, by successive approximation as in the preceding paragraph.

In particular, we thus arrive at the estimates
(2.34) Y, Q(1+ k- gh, M), a=1,...,m.

We can deduce from (2.34) an estimate on Y, with not necessarily integral gq.
To see this, we note that (2.27) is valid also for non-integral ¢=0, where Y,
is again given by (2.29) and Y} is to be defined by (2.28) (in which p takes
integral values as before). Since Y, in (2.28) has been estimated by (2. 34),
(2.27) and (2.28) give an estimate of Y,. In this way we obtain an estimate
Y, €Q(l—gh, (B—qgh+h)""My); the factor (k—gh+h)™* comes from the
application of Lemma 1, the condition 2— qh+h>0 being required.” On

writing gh = «, we thus arrive at the estimate

(2.35)  JA@UW, s)i<(h+k-a) ' Ms(t—5)"% 0<La<h+k

Note that the range of a for which (2.35) is valid is slightly larger than in
(2.21); in particular (2.33) is true for a = 1.

4. Third estimates on U(?, s)

We also need estimates on the operators of the form A(£)*** U(t, s)A(s)™".
To obtain such estimates, we multiply (2.23) (written for the arguments £, 7)
from right with A(»)™* On setting

(2.36) Zyt, r) = AU, 7) Alr)7",

we obtain a system of integral equations satisfied by Z,:

m

(2.37) Zg=Zp+ DV Hyp* Zp, q=1,...,m,
p=1

where the inhomogeneous term is

) See footnote ©,
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(2.38) Zo(t, 7) = At)" exp( — (t —7) A1) A(r) ™"
=AD" exp(—(t—r) AW AD" A"
We have by (1.4) and (1.14)
(2.39) ZqOEQ(1+h—(]}l, MMG)-

Since 1+ k — qh> h>0, there is no difficulty in solving the system (2.37) for
Z, by successive approximation as before, obtaining estimates on Z,. Then,

again considering non-integral values of ¢ and proceeding as before, we have®

(2.40) AU, sYAGS) < (b= a) " My(t — )75 0<a<k.

5. Degree of continuity of U(z, s)
We next estimate the degree of continuity of U(# s) in terms of the basic

constants. For s;<#, s:<# and #; <% we have

(241) U(tz, Sz)"‘U(th 81)
= U(tg, Sz) - U(tg, S])+ U(fg, S;) - U(tl, 51)

Sz ¢,
= Ss [dU(t,, s)/oslds + St [oU(t, s;)/otldt

\Sp t,
= | vtn, s)A(s)ds—L A UL, syt
St 1
Hence
(2.42) [U(ts, s2) — Ult, s1)1A0)™"

S2
= Utts, ) A1) Al A) " s
t2
—jt AWM U®, 1) Als)™ Als)" A0) ™ at.

Making use of (1.4), (2.21) and (2.40) with a =1~k <k, we obtain
(2.43) LUk, s2) —U(t, s))1A0)7"])
) . .
S(h+k_1)_1[MZMO (tZ'—S)'I,—ldS;"'MM‘)S‘t (t—sl)h—ldt
S i .

SMo[l(tz—Sl)h" (tz—Sz)hl + 1 (t—s)" = (1, — Sl)hl]
< M !Sz"Sx!h’f‘ Itz—hlh)-

Here we have assumed that # < £, but the final result of (2.43) is” obviously

true without this assumption, provided that s;<¢; and s; < t.

% Set a=qh—h.
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§3. The general case

1. fl‘he approximating sequence A,(z).

We now turn to the general case in which A(#) is not necessarily bounded.
According to the program stated in the beginning of §2, we first construct a
sequence of bounded operators ‘A.(#) that approximate A(¢) in a certain sense.
We set

(3.1)  Adt) =AW Ju(t), W) =01+n4A®"T™ n=12....
This is equivalent to
(3.2 A =AD" T ) =nl1 = (¥, T =[1+n AW

The equivalence of (3.1) and (3.2) is a simple consequence of the “operational
calculus”, which can be justified with the aid of Dunford integrals representing
various “functions” of the operator A(#).® Obviously Ja(#)*, Ax(8)", J4(¢) and
An(t) belong to B[X], and it follows from (1.12) that (set z= —n)

(3.3) [Ja(D" < My, AL < n(My+1).

An important property of Ax(%) is that they satisfy the conditions i), ii) for
A(t), with possibly different constants. In other words, there exist positive

constants NV, to Ns, independent of ¢ and 7. such that

(3.4) Ilz = AT < No/l2l,  2€ Sy,
(3.5) A7 < NNy,

(3.6) I An(8)" An(s)™*I< N,

(3.7) LA An($)™" = 1| < N5 |t = s1".

To show this, we first note that a simple calculation based on (3.2) gives (for

simplicity we write A in place of A(#) when there is no ambiguity)
(3.8) (z= AN "= ~(n=2) '+ n(n—2) [nzin—-2)" - A"

But it is easily seen that z& Sy implies nz(n—2)"'€ Sy and |n—z|=

(n+|z])sin (k68/2). Hence we have, noting (1.12),

(3.9) lz— AR <ln -z +aMiln—2z|" 2|
<(n+|zDMlz||n—z] <M/ z|sin(h8/2) = Ni/|z] for z¢ Sho

9 An example of such a formula is (A 2) of Appendix, which represents A~ if z=0.
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with N;= M,/sin(h6/2); here we have used the fact that M;>1 (which is a
necessary consequence of (1.12)). (3.9) is an inequality corresponding to
(1.12). From this (3.4) follows directly. In fact, let z& S, and set
o =exp(2nih). Then w?2” & Sk, for p=0, 1, REE m— 1, so that | (0? 2" — A%) 77

< Nilz|™ by (3.9). Since (z— A,)7'= — pI;ID (A} - w?2")7Y, (3.4) follows with

Ny= N7
To prove (3.5), we note that (3.2) implies

(3.10) An) =AW+ a7l

Since ||A(£)™ "< M5 by (1.13), we have [A,(#)™*|<1+M; and (3.5) holds
with NV;= (14 M;5)™. Again, (3.2) and (3.10) give

(3.11)  AnB)An(s) " = An(H'LAGS) F + 0 0 =1+ LD AW A(s) " - 11.

Hence | A,(t)" Au(s) ™| <1+ M1+ M) by (3.3) and (1.4), and [ An(2)* An(s)™*
—1ll< M;Milt-s|* by (3.3) and (1.5). This proves (3.6) and (3.7) with
N, =14+ M1+ Mp) and N:= M> M.

The approximating property of A,(t) is based on the relation'”

(3.12) slim Ja(#)*=1  for #~ oo,
the convergence being uniform in #.'' This follows from

(1= Ta()") Al = n7 1 Tu(8) A()" AO) I < 7 MM~ 0,
considering that DLA(0)"]1=D is dense in X.

2. Construction of U(Z, s).

We have shown above that A,(t#) satisfy the fundamental assumptions i),
ii) and, moreover, that A,(#) € B[X¥]. Therefore, there exist the associated
evolution operstors U,(t, s) satisfying the fundamental equations (2.5) with
A(t) replaced by An(t), and all the estimates deduced in the preceding sections
are valid for Ua.(#, s), provided we replace the constants M, to Ms; by N, to
N, and, accordingly, the auxiliary constants M, M;, . ... by the correspond-
ing ones Ni, Ni .... It is important to notice that these constants are
determined by the fundamental constants T, 6, kh, k, M,, M, M,, M alone

10) 5-1im denotes strong limit.
1) The convergence s-lim B.(¢)=B(t) is uniform in ¢t if ||B.(t)u—B(t)u{l~>0 uniformly
in t for every u&¥.



ABSTRACT EVOLUTION EQUATIONS OF PARABOLIC TYPE 111

and do not depend on n. For example we have, corresponding to (2.21), (2.35)
and (2.40)

(3.13) - Uzt s)An(s)?| < (B—a)” Nyult—s)7% 0< a<k,
(3.14)  [AxB)*Ua(t, )< (h+k—a) 'Nult—5)"%  0<a<h+k
(3.15) [ An()*™" Unlt, s)An(s) ™" < (k= a) " Nplt—s)7° 0<a<k.

Also we have the estimate which corresponds to (2.43), but it is not necessary
to write it explicitly.

We shall now show that s-lim Uy,(¢, s) =U(¢, s) exists. To this end we
start from the expression X" given by (2.13), where X" are the X, of §2
associated with A,(¢), and show that s-lim X" exist for g=1,..., m. Since
U, = X3, this will give the desired result for g=m. Now the series on the
right of (2.13) has a majorizing series by (2.17) (where X, should be replaced
by X3P and Ms, M; by Ns, N; respectively), which is independent of . There-
fore, it suffices to show that each term of this series has a limit for n— .
But these terms are determined successively by a formula corresponding to
(2.14), where we have the estimates (2.15) and (2.17) independent of »n. In
view of the principle of dominated convergence, it then suffices to show that

(3.16) s-lim X5 (t, s) = Xpolt, s),
s-lim Kpp (2, s) = Kpglt, s)

for s<t and p, g=1, ..., m. Recalling the definition of X§' and Kp, (replace
A by A in (2.10) and (2.12)), the problem is finally reduced to the verifica-

tion of the two relations
(3.17) s-lim An(£)%exp( —tAalt)) = A(t) exp( —r A(2)),
(3.18) s-lim Ax()" Aa(s)™" = A" A(s) ™"

But these are simple consequences of the definition of A,(¢). (3.18) follows
immediately from (3.11) and (3.12). (3.17) also follows from (3.12); this is
a simple fact reléted to the approximation of semigroups and the proof will be
given in Appendix (see (A 8)).

Let us note that the convergence in (3.18) is uniform in s and ¢t and that
in (3.17) is uniform in ¢ and r as long as r is bounded from below. This is
due to the uniform convergence in # of (3.12). Hence it follows that (3.16)
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holds uniformly for t—s=>a>0. In virtue of Lemma 2 stated below, we see
that the convergence of Xii'(t, s) and, consequently, of X" is uniform for
t—s=a>0. Since Xy’ (¢, s) are strongly continuous in s and #, we conclude

that s-lim X" (¢, s) are also strongly continuous for s<¢.

LEMMa 212 Let H, H, = Q(a, M) and K, K,< Q(b, N) with a, b>0. Let
Hu(t, s)—» H(t, s) and Kn(t, s)-> KL, s), n-> o, strongly and wuniformly for
t—s=c for any ¢>0. Then (Hy*Ky)(t, s)>(H*K) (L, s) strongly and uni-
formly for t —s=c for any c>0.

A similar argument shows, more generally, that the same is true with non-

integral g(see §2.2). In other words,
(3.19) s-lim U,(t. s) An(s)* = V(¢ s: a), s<t, 0L a<k,

exists, the convergence being uniform for t—s>a>0, so that V(¢ s; a) is

strongly continuous in s, ¢ for s<t. In particular, we set
(3.20) U(t, s) =V(¢, s;5 0).

It will be seen that U(¢, s) is the required evolution operator.

Since Ny is independent of #, it follows from (3.13) that
(3.21) IVt s; a)l< (k~a) ™ Nu(t-s)""
In particular U(¢, s) is uniformly bounded by
(3.22) lU, )< k™ Ny.
Next we see from (3.19) that

(3.23) U(t, s) =s-lim Un(t, s) = s-lim Ux(t, s) An(s)* An(s)™*
=Vi{t, s; a)A(s)7%,

where we used the fact that s-lim A,(#)"% = A(#)™® (for the proof see (A7) of
Appendix). (3.23) shows that

(3.24) U(t, s)A(s)*C V(t, s; a) €B[X];
in other words the opeartor U(t, s) A(s)”, defined with domain D[A(s)*], is

12) The proof of this lemma may be omitted since there is no difficulty. Only it
should be remarked that H.(t, s)K.(s, r)>H(t, s)K(s, r) strongly and uniformly for
r+c<s<t—c for any ¢>0. This is seen, for example, by Lemma 4 of [3].
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bounded if « <k, the bound satisfying the inequality (3.21).
In quite the same way, it can be proved that s-lim Y5 (¢, s) exists for s <¢,
uniformly for ¢ —s>a>0, where Y.” are the Y, of §2.3 associated with An(¢).

Again considering non-integral g, we have that
(3.25) s-lim An(D)* UL, s) =Wt s; a), s<t, 0<a<h+k,

exists, the convergence being uniform™ for —s>a>0, and is strongly con-
tinuous in s, ¢ for s<t. Then we see as in (3.23) that U(#, s) = A(H)*W(4,
s; a). This shows that

(3.26) AU, s)=W(L, s; a) B[], 0<a<h+k,

which implies that RLUL )TV CDLA)*] for a <h+k Since h+4£>1, a=1
is permitted and, therefore, A(t)U(¢, s) beolngs to B[X] and is strongly con-
tinuous in s, ¢ for s<t. Furthermore, (3.14) gives

(3.27) AR U, SIS (h+k—a) ' Nt —s)7%

This proves (1.9).
Now we have by (2.5)
. "
Unlts, 1) = Unlts, 1 = = [ Au(s) s, 7,
for r<t;<t.. Going to the limit »— o, we obtain

ty
(3.28) Ults, 7) = Ulty, 7)= -—L A(s)Uis, r)ds;

taking the limit under the integral sign is justified, for example, by the principle
of dominated convergence. Since A(s)Uls, r) has been shown to be strongly
continuous in s for s>7, (3.28) shows that U(t, s) is strongly continuously
differentiable for ¢>s and dU(¢, s)/dt= — A(t)U(t, s). This proves (1.10).

13 Actually the direct proof of this result would not be very easy, for the proof of
the uniformity of the convergence Y,\"(f, s)—>Y, (¢, s) requires rather complicated es-
timates (just as this was the case with the estimates of Y;o themselves, see §2.3). But
this difficulty can be avoided by first considering Z, instead of Y,. In fact, there is no
such difficulty in proving that Z;")(t, s)—>Z,(t, s) strongly and uniformly in s, ¢ for
t—s>a>0. As before, the consideration of non-integral g leads to the result that
A ()2 Un(t, s)AA0)'>W (L, s; a)=W(t, s; a) A(0) ", 0<a<lh+k, strongly and uniformly
for t—s>a>0. Since we know that Aan(#)eU.(?, s) are uniformly bounded for t—s>a>0,
it follows that A.($)*Ua(t, s)>Wit, s; a)oW't s; a)A(0)* uniformly for #—s=>a>0
(note that @=D[A(0)"] is dense in ¥).

) R[U] denotes the range of the operator U.
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Similarly we have from (2.5)
[t 72) = Uty 701400 = [ U, ) An()17 A0(9)" An(0) " ds
for r1<n<t. Taking the limit n- o, we have as above
(3.29) [0, 7) - U, WIAO"= [ Vit 53 1= 1) A A0 " ds.

Since V(¢ s; 1~ 1) is strongly continuous for s<¢ (note that 1—h<k), it

follows that U(¢, s)u is strongly continuously differentiable in s for s<t for
each #€ D, with

(3.30) oU(t, su/os=V(t, s; 1—h) A(s)"u.

If, in particular, e DLA(s)]CD, then A(s)"ucD[A(s)"™"] and, noting that
1—h<k, we see from (3.24) that the right member of (3.30) is equal to
U(t, s)A(s)u. This proves (1.11).

It remains to show that U(t, s) is strongly continuous in s, ¢ fors<t To
this end we recall (2.43), in which U and A should be replaced by U, and A,
respectively, and Ms by Nw. On letting #— oo, we obtain the same estimate
(2.43) with M, replaced by M. This inequality shows that U(t, s) A(0)™" is
Holder continuous in s, ¢ in norm for s<¢ This implies that U(#, s)u is
Hélder continuous in ¢, s for € ®=D[A(0)*]. Since U(t, s) is uniformly
bounded by (3.22) and ® is dense in %, it follows that U(t, s) is strongly
continuous for s<¢ The relations (1.7) and (1.8) then follows from the
corresponding ones for Ux(?, s) (see (2.5)) by taking the limit #n— .

This completes the proof of the first part of Theorem I. (The uniqueness
of U(t, s) can be proved as in §2.1.)

3. Solution of the inhomogeneous equation.
Suppose that =(t) is a strict solution of (E) in the sense stated in Theorem I.
Then we have, in virtue of (1.11),

(0/2s) U(t, sYu(s) = Ult, s)du(s)/ds+ U(t, s) A(s)u(s) = U(t, s) £(s).
Integration of this equation with respect to s on (0, ¢) gives (1.1).
Finally let us prove the last assertion of Theorem I. Suppose =(#) is
defined by (1.1); we may assume that #%(0) =0, for U(¢, 0) «»(0) satisfies the

homogeneous equation du/dt+ A(t)u(t) =0 by the properties of U(¢, s) already
proved. Set
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t
(3.31) () = SoUn(t, s) F(s)ds.
Since U,;(t, s) - Ult, s) boundedly, this gives

t
(3.32) lim u,,(t)=jou<t, s) £(s)ds = u(p).

n->w

In virtue of (2.5), (3.31) implies that dun/dt = — Ap()un+ f(¢) and us(0) =0,

so that we have, after integration,
t
(3.33) un(t) = Soff(s) — An(8) un(s)1ds.

We shall now show that
(3.34) Iim An(t) un(t) = A(E) u(t) uniformly in ¢,

so that (3.33) gives by (3.32)

t
u(t) = §°[f<s) — A(s) u(s)ds.

Differentiation with respect to # then gives (E), thereby completing the proof
of Theorem I (note that (3.34) implies that A(#)u(#) is strongly continuous
in #).

To prove (3.34), we write

(3.35)
4 - ot -
AnDunt) = | A8 Uit LS (5) = £(D1ds +[ § AnD) Tty ) |1 ().

We recall that A,(¢) Un(t, s)» W(t, s; 1) = A(t)U(t, s) strongly and uniformly
for ¢+ —s>a>0, being dominated by const. (¢—s)"' by (3.14). Since [lf(s)
— f(H)l< const. (t—5)", e>0, by the assumed Holder continuity of f(#), it
follows that

t t
SOA,,m U, $)IF(s) —f(t)]ds—»SoA(t) Utt, L (s) — £(£)1ds

uniformly in %
To deal with the second term on the right of (3.35), we note that (2.27)

gives for g=m

An(BDO Un(t, $) = An(Dexp( = (1 — ) An(t)) + YI(2, 5)
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7y,

where Y'(4, s) is majorized by const.(#--s)*! by (2.34). Hence
t t
[ An(D) U2, 5)ds =1 exp (= t4n0) + [ Y, s)ds
and
t 4
s»limSoAn(t) Un(t, $)ds=1—exp( —tA()) + jo Yi.(t, s)ds

uniformly in ¢.*

Thus we have shown that
(3.36) lim An(2) un(t) = v(t)

exists, the convergence being uniform in ¢. This implies, in particular, that

v(t) is continuous in #. Then
#(t) = lim ua(t) = lim Ax(£) " An(t) ua(t) = A " 0(2),

so that A(#)u(t) exists and is equal to »(¢). Thus (3.36) is equivalent to the

required result (3.34). This completes the proof of Theorem I.

4. Proof of Theorem II.

If the assumptions of Theorem II are satisfied, the operators J.(¢)" are
holomorphic for t& 4. This is a direct consequence of a general theorem that
the resolvent (z— T(¢))™' of a closed linear operator depending on ¢ is holo-
morphic in ¢ for every z belonging to the resolvent set, if this is the case for
some particular value of z; in the present case this particular value is z=0.
(8.2) then shows that 4,(#)" and, consequently, A(#) = (A,(H)")™ are also
holomorphic in 4. It is now obvious from the construction of U,(#, s) described
in §2.1 that U,(¢, s) are holomorphic for s, t € 4X 4.

The various estimates deduced in § 3.2 remain true for these Ux(f, s) with
complex s, t provided that s<t¢ in the sense stated in Theorem II. To see
this, it suffices to note that these estimates can be deduced by considering the
integral equations satisfied by Ux(t, s) (such as considered in §2.2 to §2.4) in
which s, t are restricted to lie on a straight line in 4 that has an angle smaller

than *72'— — 6 with the real axis. For such s, ¢ the estimates can be deduced by

15 Here we have set Y (¢, s)=s-limY!("(¢, s). The existence of this limit and the

uniformity of the convergence for £--s>a>0 follows from that of lim Y.(¢, s)=W({4, s;
1). See footnote.!®
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making use of the inequalities (1.2) to (1.6) and (1.12) to (1.16) in which =
2
Un(t, s) > U(t. s) can be proved in the same way for s<t.

may be any complex number with |arg | <5 —#6. Also the convergence

Thus U(t, s) is the limit of a sequence {Ux(¢, s)} where Upn(t, s) are holo-
morphic and uniformly bounded in each compact subset of 4x 4 with s<¢.
Hence U(t, s) must be holomorphic for s<t  This proves the first part of
Theorem II.

To prove the second part, we note that the solution of (E) is given by
(1.1) as shown by Theorem I. The first term on the right of (1.1) is holo-
morphic in ¢ by what is proved above. Hence we may hereafter assume that
#(0) =0. Then we have u(¢) =lim u.(¢#) by (3.32). But u#,(¢) has a continua-
tion holomorphic in 3N 4, for it is given by (3.31) where U,(¢, s) is holo-
morphic in 4x 4 and f(s) is holomorphic in XN 4. Now it is obvious that
un(t) > u(t) =f: U(t, s) f(s)ds boundedly for ¢ belonging to any compact subset
of IN 4. Hence u(t) is holomorphic for t€ 3N 4.

§ 4. Application to dissipative evolution equations

in a Hilbert space

The object of the present secton is to show that Theorems I and II are
applicable with satisfactory results to the evolution equation (E) in which
— A(t) are closed, maximal dissipative operators in a Hilbert space ¥ defined
in terms of certain sesquilinear forms. The contents of this section depend on
the results of a separate paper of the author [6] devoted to the study of the
fractional powers of dissipative operators in a Hilbert space.

A linear operator A in a Hilbert space is said to be accretive (and — A
dissipative) if Re(Au, u)=>0 for ucD[A] A closed, maximal dissipative
operator — A is the infinitesimal generator of a contraction semigroup exp ( — tA)
(that is, exp(—tA)!<1). The fractional powers A" can be defined for such
operators. An important class of dissipative operators are defined in terms of
certain sesquilinear forms ¢l#, v] (linear in %, conjugate-linear in »). Suppose
that ¢lu, v]is defined for u, v €D =D[¢], the domain of ¢, which is dense in
X, and that flu]l=Re¢lul>=0 (we write ¢p[«] = ¢[u, #]). Suppose further that
the “quadratic form” f[%] is closed and |glul| < 3/ u] for e D, where glu]

=Im ¢[«] and 3 is a constant. Then we shall say that the sesquilnear torm
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¢ is regular. It can be shown that to each regular sesquilinear form ¢ is
associated a closed, maximal accretive operator A such that D[LAJCD[¢] and
(Au, v) =¢lu,p] for uePXLA] and ve D[¢p). Such an operator A will be said
to be regularly accretive.

If A is regularly accretive, the inequality (1.2) for A(f) is satisfied by
A with M, depending only on § (see Theorem 2.2 of [6]). If we further
assume that f[#]>¢ll«|® with -a constant >0, then A~ exists and is bounded
with |A™Y|<¢™". Thus (1.3) is satisfied by 4 with M; =01

Suppose now that A(#) is a family of regularly accretive operators such
that the associated regular sesquilinear forms ¢(#) have the constants 8 and ¢
independent of ¢. Then the condition i) is satisfied. ~Furthermore, suppose
that ¢(¢) have a domain ® independent of ¢ and ¢(#)[«] is Hélder continuous

in the sense that

(4.1) lp(t) [ul — ¢(s)Ladl < M1t —s|* £(s) (], ued,

where f(#)[#]l=Reg¢(t)[#]. Then it can be shown (see Theorem 4.2 of [6])
that, for 0 < a<1/2, A(¢)® have a domain 9, independent of ¢ and

(4.2) lA(#)*A(s)™* - 1ll< M' |t —s|~

Therefore, the condition ii) is satisfied with k =1/3 provided that #>2/3. In

this way we are led to the following theorem.

Tueorem IIl. Let ¢(t), 0<t< T, be a family of regular sesquilinear forms
in a Hilbert space . Let ¢(t) have a constant domain ®, and let

(4.3) lg O lall <BfDOLul,  f(DOLul=sllul,
Jor ue®, where f(t)[ul=Rep(t)[2], g(t) [ul=Im¢(2)[ul and =0 and 6>0

are constants. Furthermore, let ¢(t) be Holder continuous in the sense of (4.1)
with 2/3<k<1. If A(t) are the regularly accretive operators associated with
#(t), then the results of Theorem I hold true.

If, in addition to the assumptions of Theorem III, ¢(#) can be continued
to a complex neighborhood of the interval [0, 7] in such a way that ¢(#)[«]is
holomorphic for every #=®, it can be shown that A(¢#)™ is holomorphic for

0<a<1/2 (see Theorem 4.3 of [6]). Thus we have

Tueorem IV. Let ¢(t) be a family of regular sesquilinear jorms defined for
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each t of a complex neighborhood 4 of the interval 0< t< T such that D¢(¢)]
=D is constant and (4.3) is satisfied. Furthermore, let ¢(t)[u] be holomorphic

for te A Jor each us®. Then the results of Theorem II are true.

As we have mentioned in Introduction, these theorems strengthen some of

the earlier results of Lions and Visik-Ladyzenskaia.

§ 5. Remarks and examples

In the theorems proved above, we have been able to extend many of the
earlier results on the evolution equation (E) (see Introduction). Yet the
results are not satisfactory enough. In particular, the requirement in Theorems
I, II that DLA()*] be constant for some h=1/m, m=1,2, ..., appears still
too restrictive, and similar remark applies to the assumption in Theorems III,
IV that ®[¢(#)] be constant. The assumption that £>2/3 in Theorem III also
appears rather artificial.

It is highly desirable to see whether or not such assumptions on the domains
of A(¢)" or of ¢(#) can be eliminated. For example, one could raise the ques-
tiort whether or not the condition ii) can be replaced simply by the smoothness
of A(t)™ in .

In this connection the result of Lions [18] should be mentioned, in which
no assumption on DLA(#)*] is made. But he obtains only generalized solutions,
and it is not known how close these solutions are to strict solutions.

It should be remarked that the smoothness of A(¢)™' in ¢ alone is not
sufficient to ensure the existence of strict solutions of (E) unless the condition
i) is assumed, even when A(#) are the infinitesimal generators of contraction
semi-groups. This was shown by a counter example in an earlier paper of
the author [41].

With a slight modification, this example can be written

(5.1) At) =1+ (t—2)"2],

A(t) being a family of multiplication operators in the Hilbert space X = L*(a, b).
For convenience we assume that 0<g<b<7. In this example, there is no
strict solution of the homogeneous equation du/dt = — A(#)u other than «(t) = 0.

Nevertheless, A(#) are the infinitesimal generators of unitary groups (ZA(%)
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are selfadjoint) and, moreover A(¢)™"' is holomorphic in ¢ in the whole complex
t-plane. Of course the condition ii) is not satisfied, for DLA)*] is the set of
all (%) € L*(a, b) such that (£ - x)*"u(x) € L*(a, b) and this set changes with
t, at least for a < t< b, no matter how small 2 may be.

It is interesting to note that the same problem becomes well posed if the

factor ¢ in (5.1) is dropped, namely
(5.2) ARy =1+ (t—x)"2

Then A(t) are themselves selfadjoint and positive: A(¢)>1, so that the condi-
tion i) is satisfied. Again A(#)”' is holomorphic in the whole ¢-plane but
DI A(t)"] is not constant for any »>0. In this case, however, the evolution

equation (E) is solvable. In fact, the evolution operator exists and is given by

(5.3) U, $)ulx) = { expl(t—2)"" = (s — %) Tulx)
if x>t or x<s,
0 if s<x<t.

The difference in behavior of the evolution equation in these two apparently
similar examples lies in the fact that A(7) are the infinitesimal generators of
analytic semigroups (that is, the condition i) is satisfied) in the second example,
while this is not the case with the first. This suggests the possibility that

strict solutions of (E) could be obtained without assuming that DLA(#)*] is
constant.

A remarkable feature of this example (5.2) is that
(5.4) Ult, s)=0 if s<aand t=5

and U(t, s) =0 otherwise. This implies that U(¢, s) is not holomorphic in s

or in . Thus it appears that the constancy of ®[A(H)"] is rather essential
at least in Theorem II.

Appendix

In this appendix we prove several inequalities needed in the text. These
are mainly concerned with the infinitesimal generators — A of analytic semi-
groups and their fractional powers A”*. Assume that A satisfies the condition
i) for A(#) stated in §1. Then A® can be defined indirectly by

(A1) A= »5”?;‘1"ij G+ AL 0<a<],
4 0
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see Kato [5, 6]. The integral on the right of (A1) is absolutely convergent
by (1.2) and (1.3), so that A™*eB[¥]. [A™"[ can be estimated easily by «,
M, and M;. This proves (1.13).

For the resolvent of A% we have the expression
(A2) (z=a7= = L[ -eie-Ara zes,
e J¢

see [6]. The integration path C can be chosen so as to run in the resolvent
set of A from infinity in the lower halfplane to infinity in the upper halfplane,
just inside the boundary of S, (note that 6§<a/2). This is permitted since
(1.2) implies that the resolvent set of A penetrates into S, at least by a definite
angle determined by 34,, and that an inequality similar to (1.2) holds for
z2& Sy, with a §'<¢. This path C can then be deformed to the union C’ of
the two rays 7¢*'¥, 0<r< c. Then the inequality (1.12) can be proved by
using a similarity transformation ¢ = |z|”*¢’ of the integration variable.

We next prove the inequality (1.14). To this end we make use of the

formula
(A3)
A%exp(—7tA) = — zlm jcz“e'”(z—-A)"dz, a=0, largr|< ; -0,

which is also a simple consequence of the operational calculus with Dunford
integrals. Here the path C may be chosen as above; then we have |arg rz|
<n/2 for ze C and the integral converges. On changing the integration

variable by 7z =¢, we obtain

—a-1
a . _ _ T ¢ -¢ :; - -1
A%exp(—1A) = 5 jC,C e (r A) das.
Here it is convenient to choose the path C' in the following way as the sum
of four parts Ci, ..., Ci. Ci is the straight line from e "#2™® to —1,
where ¢ is a small positive number. C. and C; are the segments from —1 to
0 and back, making a turn of + 7 at 0. Cy is the straight line from -1 to
ooei(n,':—s)‘

Since |arg r| < g — 0, we have |larg ¢/t| =0 — >0 if ¢ is sufficiently

Ly

small, so that (f_ - A) i

< const.|7/¢| by the extension of (1.2) stated above.
In this way we obtain the estimate (1.14). The choice of the special path C’

has the advantage that a wumiform estimate valid for 0 <a < a, is thereby
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obtained («, is any fixed positive number), for the contributions to the integral
from the parts C; and C; tend to cancel each other for a - 0, which compensates

(=)

for the factor |¢|™' that arises from the use of the estimate i

< const.|7/¢].
To prove the inequality (1.15), we resort to another expression (h =1/m)

(A4) A%exp(—r14) = — *i];r—ijcz“”'e'"m(z - A"y,

which is also a simple consequence of the operational calculus. Here C is
similar to the one used above, except that ' is to be replaced by h#'. Sub-
tracting from (A 4) a similar expression with A replaced by B and noting that
(z— A" = (2= B") ' =(z2- A") (A" - B")(z— B")™, we obtain

(A5) A%exp(—1tA) — B*exp(—tB)

-1 5z“”‘e'"m(z—A”)'I(A"B’h—1)B"(z—Bh)'ldz.

Performing the change of the integration variable by "z =¢ and then choosing
an integration path C’ similar to that used above, it is easy to obtain from
(A5) the desired inequality (1.15). Note that [[(z— A")7'|l< M}|z|™* and
I1B*(z— B")™ || =ll-1+2(z-=B")""l<1+ M, for z& Spe,. Again the contri-
butions to the integral from the parts C; and C; of C’ tend to cancel each other
for a »0, so that the estimate is uniform in « for 0 < a < a,.

To prove the inequality (1.16), we start from the identity
(A6) A'lexp(—~7A) —exp(—cA)]= — j A" exp (—zA)dz,

where the integral may be taken along the segment joining ¢ and r. In virtue

of (1.14), the norm of the right member of (A 6) is not larger than
T it
J At exp(~za)lidzl < M. § 121" alzl/sing

118
= (Ms/ B sin 0)51 ]ax'“”"‘dx (|z] = a1%)

<M Mol (e P = al?) (Ms = M;/sin 6)
< MB ol (| = [a])?
<M ol Plr—aff

with an arbitrary 8 such that 0<3<1. This proves (1.16).
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Next we prove that
(A7) An(1)7*> A1), a=0,

strongly and uniformly in ¢, where A,(¢) are as in §3. Since Az*->A7" in
norm and uniformly in ¢ by (3:10), we have (A+ A%)™'> (A+ A")™* in the same
sense for A>0. An application of (A1) then shows that A.(#)™®-> A(#)™* at
least strongly for 0 <a <hk. Hence follows (A7) for an arbitrary a=0 by
considering appropriate powers of both sides.

Similarly we can prove

(A 8) An(t)*exp(—tAn(t)) > A(t)" exp( = tA(2)),

a =0, ]argrlg—grr-—ﬁ, 0.

To this end it is convenient to use (A5) with B=A4,. In view of (3.10),
this gives

A%exp(—r1A)— Asexp( —7tAnx)

—_,,-7];_ am —t2m Ak ahy=1 pho_  pAhy-1
== g ), e AN = A Az - An) Tz,

Thus (A8) follows immediately by noting that [|A"(z—A")7"<1+ M,
|A%(z— A%< 1+ N, (see the proof of (1.15) given above). Incidentally,
this shows that (A 8) is true in the sense of norm and uniformly in # and <

as long as |7|=46>0.
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