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The questions concerning the dimension of the tensor product .{& xI" of
two K-algebras have turned out to be surprisingly difficult. In this paper we
follow a method using spectral sequences (§§1-3) which in some concrete cases
yields complete results (§§4-5). In particular, complete results are obtained
when I' is a ring of matrices, triangular matrices, polynomials or rational func-
tions, so that in the first three cases .1& x/™ is respectively the ring of matrices,
triangular matrices or polynomials with coefficients in the arbitrary algebra .1.

Similar techniques yield additivity theorems for the dimensions associated
with a tower of three algebras when one of the extensions is special.

At the end (§§6-8) we venture into the domain of semi-primary rings, where
the behavior no longer seems to be controlled by spectral sequences. The key
result here is Proposition 11 dealing with the case when I is semi-simple.

We adhere throughout to the setting and notation of H. Cartan and S. Eilen-
berg, Homological Algebra, Princeton 1956. References to this work are indicated
as follows [C-E, V, 4.1.2] meaning Chapter V, Proposition 4.1.2. Other refer-
ences are made by number referring to the bibliography at the end of the
paper.

We have concentrated our attention on the functor Ext and the resulting
notions of dimension. All the results have analogues for Tor and the weak
dimension. With very few exceptions we have not bothered to state those

analogues explicitly. They supply a series of exercises for the willing reader.
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§ 1. Associativity formulas
We shall reexamine here the spectral sequences of [C-E, XVI, §4] and
obtain them under slightly more general conditions.

We begin with the situation described by the symbol (Aa.r, aBs, Crs)
where A, I and I are K-algebras, K any commutative ring. We consider the

functor?
T(A, C) =Homagr (A, Homs (B, C)) =Homrgs (AR 1B, C).

Let X be a A& I-projective resolution of A and let Y be a I'& J-injective

resolution of C. Then we have the double complex
T(X, Y)=Homagr (X, Homz (B, Y))=Hom;gs (X& B, Y).

We have

H(Homs, (B, Y))=H(H0m|‘®z(r®3, Y)) =Extrgs \/'&B, C)
H(X®\B) = HX® aegr (I'&B)) = Tor*®" (4, I'& B).

This implies

Hy(T(X, Y)) =HomA®p(X, EXtr@z (r&B, C))
H/(T(X, Y)) =Homrgs (Tor*®T (4, r&B), Y).

Consequently

H H (T(X, Y)) =Extagr (4, Extrgs (IrF'& B, C))
Hu H(T(X,Y)) =Extrgs (Tor*®" (A4, I'® B), C).

Thus we obtain the spectral sequences

Extigr (A, Extlgs (IF®B, C)) = R"T(4, C),
Extlgs (Torp®" (A, T'®B), C) = R"T(4, O),

valid without any assumptions.

Now assume that
I is K-flat, ie. Torf (I, X) =0

for all » > 0 and all K-modules X.

We shall prove that we then have the natural isomorphisms

2 Unadorned % and Hom are always taken over K.
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(i) Extles (I'®B, C) =~ Ext (B, C)
(ii) Torp®" (A, i"& B) = Torp (A, B).

Thus the spectral sequences become

(1) Extigr (A4, Exti (B, C)) T}R"T(A, C)
(2) Ext?gx (Torp (A, B), C) —?R"T(A, C).

These are the spectral sequences given in [C-E, XVI, §4] but under the stronger
assumption that 7" is K-projective.
Before we establish (i) and (ii) we shall prove a lemma that will also be

useful later.

LemMma 1. In the situation (ABs, +-sC) assume B is A-flat and C is I"® 2-
flat. Then B&sC is A& I-flat.

Proof. We must show that the functor T(A) = AR Agr(B&sC) is exact
for Ax-r. Since T(A) =(A%1B)&resC, T is the composite 7= VU of the
exact functors U(A) =A% 4B and V(A" = A'®resC.

Now assume that /" is K-flat. Applying the lemma to (xlk, z-x&) we find
that 's S is J3-flat. Consequently, the change of rings J - I"% Y implies by
[C-E, VI, 4.1.3] the isomorphism (i). Similarly A& I' is A-flat and the change
of rings .1 -» AR T implies by [C-E, V, 4.1.2] the isomorphism (ii).

Quite analogously starting from the associativity rule

T(A, C)=A&rer (B :C) = (AR rB) & r:sC
in the situation (Aa-r, aBs, r-3C) we obtain the spectral sequences
Torp®T (A, Tor;®* (1'% B, C)) = L.T(4, ©),
Torj &* (Torp®" (A, B 1), C) == L.T(4, C).
q

Under the assumption that 7' is K-flat these reduce to

(1a) Torp®" (A, Tor; (B, C)) = L,T(A, C),
»
(2a) Tory®* (Tory (A, B), C) :q:'LnT(A, o).

§ 2. Spectral sequences
We apply the spectral sequences (1) and (2) to the K-algebras (I, I'*, 1%)
in the situation (I'r-1+, rBa+, Ca-r+), and under the assumption that I" is K-flat

(thus also I"" is K-flat). The spectral sequence (2) then collapses and gives
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Exti-g (B, C) = R"T(A, C). The spectral sequence (1) thus becomes

Extlgr (I, Exti (B, C) = Extl.g (B, O).

The functors Ext are treated here as functors of right modules. Replacing all

rings by their opposites and reverting to left modules we obtain
(I H*(I, Ext(B, C)) = Extigr (B, C)

in the situation (o-rB, A-rC). This is the first fundamental spectral sequence,
valid under the assumption that I" is K-flat.

We now consider the triple of K-algebras (K, 1'%, .f°) and assume that I is
K-flat. Then I'* also is K-flat and Lemma 1 (applied to A=7I=2X=K) shows
that I"*=1"%1" is also K-flat. Thus the spectral sequences (1) and (2) may
be used. We shall apply them to the situation (Ipe, Aae, Ape_re). Then (2)

collapses and gives
Extlegac (I'® A4, AY = R*T(T, A).
Thus the spectral sequence (1) becomes
Extfe (I, Ext%e (4, A)) ?Ext}"e@w(l'@zi, A).

Again replacing right Ext by left Ext and replacing I'® 4 by AX T we obtain

the spectral sequence
(I1) HA(Ir, H (4, A)) ﬁ——:?H"(A@I‘, A)

valid for any two sided .4& I*module A, under the assumption that I is K-flat.

This is the second fundamental spectral sequence.

ProrosiTion 2. If A and I" are K-algebras and I’ is K-flat then

(1) l.dimagr B < dim I' + 1. dima B (a-rB)
(21 l.inj. dimagr C £ dim I'+ 1. inj. dim, C (A-rC)
(3) l.gl.dim A% 7T < dimI'+1. gl. dim .1

(4) dim A& 1" < dim I' + dim A.

If further I is K-projective and contains a direct K-summand K' isomorphic
with K then®

3 The finitistic left global dimension, f.1.gl.dim A, is defined as the supremum of all
l.dim\ B, for left A-modules B such that l.dimas B <.
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(3) f.l.gl.dim .t £{f. L gl.dim (&I £dim7"+f. 1. gl.dim .
(6) l.gl.dim.1 €lLgldim A& 1"
(7) dim.f = dim (X T.

Proof. Inequalities (1), (2), (3) follow from (I) while (4) follows from
(II) (cf. beginning of §3).

When 7' is K-projective, we can apply [C-E, VI, 1.1.4] and [C-E, VI, 4.1.3]
to the change of rings .1 » A&/ to get

8 l.dimy B = l.dimagr B (s-rB)
(9) l.dims B' 2 l.dimagr B'& I (\B").

Assuming 1" has a K-direct summand isomorphic to K, B'® [  will have a .I-
direct summand isomorphic to B’, so that 1.dim, B’ £ l.dim, B'& . Combining
this with (8) applied to B= B’& I and with (9) we obtain

(10) l.dims B' = Ldimagr B'&I” (AB").

From (10) we get (6) and the left inequality in (5). If B is a .1& I-module
of finite dimension then (8) shows that B is also finite dimensional over .I so
that the right inequality in (5) follows from (1).

By (10), dim A =L dimy .1 =1l dimser A& and by (8) Ldimygr X1 <
Ldimagre A & T=dim .A1®7. This proves (7) and completes the proof of
Proposition 2.

Remark 1. All the hypotheses of Proposition 2 are fulfilled when I is K-
free or when I' is a K-projective, supplemented K-algebra.

Remark 2. The inequalities (1)-(.4) can also be proved by induction, without

using spectral sequences, following the method given in [5, Proposition 3].
Remark 3. Taking A=K in (3) we find
l.gl.dim 7" = dim 7'+ 1. gl. dim K.
This generalizes [C-E, IX, 7.6] where K was assumed semi-simple.

Remark 4. The statement (4) is contained in [C-E, IX, 7.4] when both .1

and I' are assumed K-projective.
Remark 5. Assuming .1 semi-simple in (I) we find

H™T, Homa (B, C)) = Extisr (B, C)
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in the situation (a-rB, A-rC) provided I is K-flat. This generalizes [C-E, IX,
4.3]. If further, dim I"=0 then A& I is semi-simple.
§3. A new spectral sequence
Consider ring homomorphisms
42 r 20

(here .1, I" and 2 are not assumed to be algebras), and let K be a left .4-module
such that

(1) Tor/ (I, K)=0  for 7r>0.
Assume further that we are given a left I™isomorphism
(2) a er@“AK=('3,)K.

Apply the change of rings given by ¢ to the situation (gB, r2q, rC). There
results [C-E, XVI, §5, case 4] the spectral sequence

(3) Ext? (B, Ext% (2, C)) =p>Ext? (B, C).
In view of (2) we have
(4) Ext! (2, C) = Ext] (I'® A\ K, C).

We now apply the change of rings given by ¢ to the situation (K, rls, rC).
There results [C-E, XVI, §5, case 3] the spectral sequence

Extl (Torp (I, K), C) =q=>Ext'}\ (K, C)
which in view of (1) collapses to
(5) Ext? (r'® oK, C) = Ext4 (K, C).

Combining (4) with (5) and substituting into (3) we obtain the spectral
sequence

(6) Extf (B, Ext} (K, C)) = Extr (B,0), (aB, r0).

The operators of 2 on Ext} (K, C) are defined using (4) and (5) and
depend upon a.

As a first application consider a homomorphism
AT

of supplemented K-algebras. Assume that
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(1" Tor (I, K) =0 for >0

which is certainly true if I" is .I-flat. Let I(.1) be the kernel of the supple-
mentation .1 - K and assume that the left ideal 7"+ I(.1) of I" is two-sided.
Define the K-algebra 2 =TI/I"+ I(.1) with its supplementation induced by that of
I, and let ¢ : '~ @ be the natural map. From the exact sequence 0 — I(.1)
- .1 —> K- 0, there follows the exact sequence I'& rI(A4) »I'> IO K- 0.
Thence results an isomorphism 2 = I' X y K of left I-modules. Thus the spectral
sequence (6) applies, and yields the spectral sequence of [C-E, XVI, Thm. 6.1]
from which are derived the Hochschild-Serre spectral sequences for groups and
Lie algebras.

The new application of the spectral sequence (6) that interests us here
deals with the case of a K-algebra .f such that K itself is an L-algebra. We

shall assume that

(1) Tory @ (4% 4%, K)=0  for »>0
or equivalently

(1'"a) HHEK, AR,.1 =0 for 7> 0.

The superscript L indicates that we take the homology groups of K regarded
as an L-algebra. The condition (1") holds if .1 is K-flat, for by Lemma 1 applied
to the situation (xA., x-z.1*), with K and L treated as L-algebras, .1& ;1" is
then K& ; K-flat.

We now consider the L-algebra homomorphisms

K@LKJ:—) A@L.i,‘ i) A@]{A*

where ¢ is induced by the natural map K - A while ¢(1,&125) = LhQ«x4s. We

define a left A& ;.1"-isomorphism
(2" a i AR x A" T (AR A" Rxg K
by setting

alh @A) = (L&A1

Its inverse /3 is given by AL(11 & 145 £ Bl=4k % x4 . Thus all the conditions

above are met and the spectral sequence (6) yields

(6" ExtRz,n (B, HIK, C)) ?Extﬁgg,_\- (B, C)
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in the situation (.5.\B, 15,3-C). Taking B= ! and replacing C by A we

obtain the third rundamental spectral sequence
(11 H (L, HUK, A)) = HiLl, A), (ag acA)

valid under the assumption (1), or in particular if .1 is K-flat.

A remark is needed concerning the operators of .I1& x.1" upon H(K, A).
Since Hi(K, A) =Extlg,x (K, A) it follows from general principles that
H7(K, A) will have operators of the same type as C = Homu¢,» (K, A). If A
is a .1&%;.4% -module, there results that C is a .1 % ;.i*-module. However the
operators of K on C may be derived using either the K-module structure of A
or of K. It follows that the left K-operators of C coincide with the right K-

operators of C. Thus C is a .i X x.1"-module. The same follows for Hi(K, A).

ProposiTioN 3. Let .1 be a K-algebra satisfying (1'") and let K be an L-

algebra. Then®
L-dim .1 £ L-dim K + K-dim A.

If further A is K-projective and contains a K-direct summand K' isomorphic
with K (as a K-module) then

L-dim K € L-dim .1
(ef. [10, Theorem 31.

Proof. The first inequality follows directly from the spectral sequence (IID).
To prove the second inequality assume H7(K, A) %0 for some x5 ,xA. Then
Extig,x (K, A) = 0. Since K' is a direct K-summand of .1 it follows also that
K'isa (K& K)-direct summand of .1 and K and K' are (XX ; K)-isomorphic.
Thus Extig, . ( 1, A) % 0. Now consider the change of rings given by ¢ : K® . K
> 1%, 1%, Since .1 is K-projective it follows that 4 ,.1" is K& ; K-projective,
and thus by [C-E, VI, 4.1.4] we have ExtRs,. (1, ‘"“A) =0. Consequently
H7, P AY % 0.

ProrosiTioN 4. Let 1 be a K-algebra and let K be an L-algedbra. If
L-dim K =0 then

L-dim .1 = K-dim _{

9 L-dim A means dim A where A is considered as an L-algebra, i.e., L-dim A
=Ldimag; v A,
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and for everv A&, 1 -module A we have
Hid, A= Hi(1, A"

where A' is the submodule of A consisting of all elements a satisfying ka = ak
for all k€ K. (Cf. [8, Theorem 10.11.)

Proof. Since L-dim K =0, condition (1”a) holds and the spectral sequence

(III) may be applied. It collapses to the isomorphism
HA, HY(K, A~ HIA, A)
which is precisely the required result since HL(&, A) = Homgg,x (K, A) = A’
Tueorem 5. Let I" be an integral domain which is a K-algebra and let .1
be the field of quotients of T, also treated as a K-algebra. Then
H™(4, A) = H™(T, A)
Jor any two-sided A-module A. In particular
dim .1 £ dim 7.
Proof. First we note the natural isomorphism

A(g\,‘[‘,!:::;i

[} 13
given by L ® 1% - "'TL.  This implies

T2 T2 272

(1) Hi(4, C) =0 for >0
(i) Hy (4, C)=C
for any A®rA-module C ie. for any 4-module C.

Since A is I'flat ([C-E, VII, §2, (1)]), we may apply the spectral sequence
(III with (L, K, .1) replaced by (X, 7} .1). In view of (i), this spectral sequence
collapses and gives

M4, HR(I, 4)) = Hi (1, A)
which in view of (ii) yields the result.
M. Auslander has proven a similar theorem for more general rings of

quotients (unpublished).

§4. Applications

Given a K-algebra /, the following properties of /' may be considered :
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(P;) For every K-algebra .i

f.Lgl.dim 4& I"=dimI"+f. l. gl.dim .1

and
L. gl.dim AXT"=dim I"+1. gl. dim .1.
{P:) For every K-algebra .1
dim AR T =dim I" + dim 1.
(P;) If K is an L-algebra then
L-dim I" = K-dim I" + L-dim K.
If I' is commutative, we may also consider
(Py) If A is a I'algebra satisfying
HYT, A®xA*)=0  for r>0
I-dim A4 < o
then

K-dim 4 = K-dim I' 4- I'"-dim A.

Note that we have proved that the first condition in (P, is satisfied
whenever A is Iflat. Note also that (P;) implies 1. gl. dim /"= dim I"+ 1. gl. dim K.
Adding 1 gl. dim K to both sides of the equalities in (P;) we obtain

lLgldimK+flgl.dimA&I=1gl.dimI"+1£.1 gl.dim 4
l.gl.dim K4 1.gl.dim A® "= 1. gl.dim '+ 1. gl. dim 4.

TueoreM 6. Let I'=K[x, ..., xx] be the algebra of polynomials in inde-
terminates %1, . . ., %, with coefficients in K. Then dim I'=n and I" has proper-
ties (P1), (Ps), (Py) and (Py).

Tueorem 7. Let I'=K(%, . .., x,) be the algebra of rational functions in
indeterminates xi, . . . , Xn With coefficients in the field K. Then dim I =n and
I" has properties (P2), (P3) and (Py).

TueorReM 8. Let I'=T,(K), n> 1 be the algebra of all nx n “triangular”
matrices (kij) with entries in K satisfying k=0 for i <j. Then dimI'=1 and
I" has properties (Py), (P») and (P;).

The proofs of Theorems 6, 7, and 8§ will be given in the next section.
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THEOREM 9. Let I'= M,\K) be the algebra of all nxn matrices with
entries in K. Then dim I'=0 and I has properties (P)), (P,), and (P,).

Theorem 9 can also be proved in the spirit of section 5 but, since dim /"= 0
[C-E, IX, 7.8] and I" is K-free, this theorem is already implied by Propositions
2 and 3.

Theorem 9 has already been proved by Harada, [7, Theorems 1 and 2].

Remark 1. For I'= K(xi, ..., %), property (Py) actually fails. Indeed I
being a field we have 1.gl.dim I" =0, while (P,) would imply 1. gl.dim I" = n.

Remark 2. Note that A Klxi, ..., xd=4Alx, ..., 2:], A& Th(K)
=Tu(A) and A X Mu(K) = M,(.1). Furthermore, since every ring is an algebra
over its own center, Theorems 6, 8 and 9 imply results on .i1[x, ..., x.],
Tu(A) and M,(A) for arbitrary rings .. For example,

lL.gl.dim .t[x), ..., x»]=n+1gl dim .1

Remark 3. If K is an L-algebra we may use the device in Remark 2 to
write Klxi, ..., xnd=L{x, ..., 2.1 K, ThlK) =T, (L) . . K and M.(K)
=M,(L)% K. Thus in those cases, (P;) follows from (P.).

§5. Proofs of Theorems 6, 7 and 8
The proofs are based on the “maximum term principle” of spectral
sequences. This well known principle may be stated as follows: Let
E{" = H"
v
and let (py, q) be a pair of indices such that

(1) E?P?=0 if p>p, or q> q.

Then we may conclude that

(2) H"=0 for n>p)+ .,
(3) Hpo*qo ~ Eé’m‘lo.

First we note that (1) implies E7"?=0 for all 22, if p > p, or ¢ > qo. Thus,

because of convergence conditions, this also holds for » = <. Again, because of

convergence conditions, (2) holds, and moreover H”" % x E2»%  For every r = 2

the homomorphisms

=7, qurr=1 @r  mpyge Gr papeeroan-r -
Eﬁ( Qo &, E;’a o b{o n
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are zero and therefore Efv = Ef»%,  Thus E5"%=FE2 % and everything is

proved.

In each of the cases when I''is K[%, ..., x:] or K(x, ..., %) or Tx(K)
we shall exhibit a class % of special I'°modules with some of the properties
(Q), (Q)-(Qy) listed below. More specifically we shall show that

I'=Kl[%, ..., x:] satisfies (Q) with p=n, and (Q)-(Q,),
I'=K(xi, ..., %) satisfies (Q) with p =5, and (Q)-(Qy),
I'=Tx(K) satisfies (Q) with p=1, and (Q1)-(Qs).

(Q) dimI'=p<  and H? (I, A)= A for A€ ¥,
(Q:) If A4 is a K-algebra and f.l.gl.dim .{ = g < , then there exist AR TI-
modules B, C such that 1.dims B =g and

0=xExth (B, C)e U
(Q.) If 4is a K-algebra and dim A=g¢g < o then there exists a (AR )%
module A such that
0x HY4, A)e .
(Q;) If Kisan L-algebra and L-dim K = g < o then there existsa I'®I"*-
module A such that
0x HI(K, A)e .
(Q) If 4 is a I-algebra satisfying Hf(I, A®xA*) =0 for >0 and
I'-dim 4= q < o, there exists a 4&® ;4*-module A € A such that
Hi(4, A) 0.
From (Q) and (Q;) we prove (P;). Since each of our I''s is K-free we
may use Propositions 2 and 3 at will.
By Proposition 2 (3), g=f.l.gl.dim4 £f.l.gl.dim A®T. Thus, if g= oo,

the finitistic global dimension statement in (P;) is true. If g < o, apply the

maximum term principle to the spectral sequence (I) to obtain
(4) ExtR% (B, C) = H?(I', Ext4 (B, C)) ~ Ext4 (B, C)

if Exti (B, C)€ A. Now choose B and C as in (Q:) to get l.dimagrB2p+q.
But l.dimagrB £p+¢g< = by Proposition 2 (1) so that f.l.gl.dim AT
2> l.dimagr B> p+¢q. The converse inequality is Proposition 2 (3).
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r

To prove the second half of (P;) we note that by Proposition 2, (3, (6)
we have
Lgl.dim.1 < Lgl.dim.1%/7 < dim 7" +1 gl.dim .1

and this disposes of the case l.gl.dim .l = . If l.gl.dim 1 < 2 then f.l.gl.dim .

=l.gl.dim.f and the part of (P,) already proved shows that
dim/"+ Lgl.dim.=£flLgldim.lx { = lLgl.dim.f&I’

which combined with the inequality above yields the desired equality.
To prove (P.), write dim.f=g¢q. Once again if ¢= <, Proposition 2 (1)
implies the conclusion of (Ps). If g < o, apply the maximum term principle

to the spectral sequence (II) to obtain
(5) H(uasr, A= H(4, Ay if HY%f, 4) e

If A is chosen as in (Q»), then dim AT = p+q. The converse inequality is
Proposition 2 (4). .

As for (P3), Proposition 2 (with .1=1) allows us to restrict our attention
to the case L-dim K =g < «. Apply the maximum term principle to the spectral

sequence (III) to obtain
(6) HY (I A~ HUK. Ay if HUK, A)e ).

Choosing A as in (Q;) we get L-dim/ = p+¢q. The converse inequality is in
Proposition 3.

In proving (P;) we are assuming /-dim .f=¢g < < and H I 1&x.1") =0
for » > 0. Apply the maximum term principle to the spectral sequence (III)

with 7 replaced by K and KA by I” to obtain
(7) HY G, AV HICL A) i Aen

If A is chosen as in (Q,) we have A-dim .1 = »+¢. The converse inequality is
in Propcesition 3.

We are thus reduced to producing the class 3, proving (Q) and the ap-
propriate (Q.). We treat theorems 6 and 7 together, writing /', for either
Klx:, ..., xx] (K a commutative ring) or A(x:. ..., x;) (A a field). Now ¥

is to be the class of svmnetric 7“-modules:
N={Aira=a;y forall v/ and ac A/

Clearly it suffices to know x.a--ax, for i-=1, ..., n. Here Qi) is obvious.
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since any A& rA7-module is symmetric by definition. Thus (Q) implies (7) and
(P.y) directly.

A proof of (Q) for polynomial rings and rational function fields can be
extracted from [C-E, VIII, §4]. In the present situation, however, it is easy to
give an inductive proof along the lines of [10, Theorem 6]: If I =K[x:] we
consider the sequence

(8) 0— NM&N -2 N 2 I —0

where ¢ is multiplication by z=%®1—1&x; and 7 is the ring homomorphism
defined by 7(x:& 1) =3(1& %) =x,. The kernel of 7 is then the ideal generated
by z. To see that the sequence is exact it must be shown that ¢ is a mono-
morphism i.e. that z is not a zero divisor. This is clear if we identify IN& I
with K[x, ] using the identification ;&1 - x, 18 %4 »y. The sequence (8)
being a I'{-projective resolution of I we have dimI't £1. If A is any symmetric
I'$-module then Homr, (I3, A) =Homr, (I, A) = A. Further the map A~ A
induced by ¢ is zero. Thus H' (I, A) = A.

Essentially the same proof can be used to prove (Q) for It = K(x), or we
may use Theorem 5 and the property (Q) for the polynomial ring.

We now assume that 7, satisfies (Q) and hence also (7) and (P,). If we
take A= Ins1= Iplxne1] (or A =Tu(%n+1)) in (7) and (P;) and use (Q) for n=1,
then (Q) follows for I'n+i. This proves (Q).

To prove (Q), for I'=K[x, ..., x.] only, choose .{-modules B and C
so that 1.dims B =g¢g and Ext% (B, C) % 0. Convert B and C into .1& I-modules
by setting x;B=0, ;C=0,i=1, ..., n. Then Exth (B, C) is symmetric (i.e.
is in ).

For (Q:), let A be a A°module with H(4, A) =0, g=dim.1. Since I is
K-free, H' (4, A®T) %0 and clearly A® I'and H( A, A®T') both are symmetric
as I'*-modules.

For (Q;) choose a K& 1 K*-module A such that HI(K, A) %0, ¢=L-dim K.
Since I has a two-sided K-direct summand isomorphic to K, ARk has a
K& K*direct summand isomorphic to A. Thus H¥(K, A®xTI") %0 and, as
two-sided I-modules, AR xI and H{(K, A®xI") are symmeric. This completes.
the proofs of Theorems 6 and 7.

We now consider I'= T»(K). Here the class U is the set of I'>-modules A
satisfying
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e;A=Aew=0 for (i, 7)x(2,2), (kB 1)*x(1,1)

where the ¢'s are matrix units. We deduce that e acts as identity operator on
the left and e;; acts as the identity on the right.

We examine the sequence
(9) 0—> Xi —> Xo ~> T —>0

of I"'®modules:

X1=2reii®ei*—x,i-xr$ 1<i=zn
Xo=2Teii®eiIlr™" lgign
eleieilyi-1) =ei®eli-1—ei,i-1& ej-1, i

(e X efi) = eii.

Clearly X, and X; are I"*projective. To see that the sequence is exact we

introduce the K-basis

ck,f,z=eki®ei*-1,1 nakxi>la1l
for Xi, the K-basis
Ar,i,1 = eri ® el nxkxixalxl

for X, and the usual K-basis ex, n>k>7>1 for I Then
¢(ck,i,1) = dp,i, 1 — dp,i-1,1 7(dk,i,1) = en.

Exactness is then obvious by fixing k2 and /. Thus (9) is a I'°-projective reso-
lution of I" and therefore dim17' < 1.

If A€%A we obtain an isomorphism Hompre(X;, A) <A by the
correspondence f - f(ex®e;). Further the homomorphism Homr: (X, A)

- Hompe (X3, A) induced by ¢ is zero. Consequently,
HYT, A) = Extte (I, A) =Hompe (Xi, A) = A,

for any A € 9. This proves (Q).

For (Qu), choose A-modules B and C such that 1.dims B = ¢ and Ext? (B, C)
%0. Convert B and C into A& Imodules by setting ¢;B =0, (4 j) = (1, 1)
and e, C =0 for (& D)= (2, 2). Then Exti(B, C) € .

For (Q:) choose a A°module A with H( A4, A) %0, g=dim A and convert
A into a (4&I')*module by setting e;jAer =0 for (7, j)%(2, 2), (&, )= (1, 1).
Then both A and H%4, A) are in .
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For (Q;) choose a K&, K*module A with Hi(K, A) %0, ¢= L-dim K.
Again convert A into a I"'® ;I"*-module by setting e;j Aew =0 for (¢, j) % (2, 2),
(B, )% (1,1). Then Hi(K, A) € %. Thus the proof of Theorem 8 is complete.

If Kis a field 1.gl.dim T, (K) =dim T,.(K) =1 is already proved in [6].

Remark 1. In proving (Q:) for I'=Tx(K) and I'=K[x, ..., xn] we
converted A-modules B and C into A® Imodules B, ¢C defined via supple-
mentations ¢ : I'> K and ¢ : I'> K. Similarly in proving (Q.) we converted

(or could have converted) A°modules A into (A& I")%modules A

Remark 2. The proof of property (P;) really shows somewhat more: If
A is any A[x, ..., %,]-module satisfying %,A=0, i=1,..., n (4 any ring)
then
1A =n+1.dims A.

.....

Similar remarks can be made about 7,(.) and M,(A).

§ 6. Application of products

Proposition 10. If K is a field, A and I are any K algebras, and (B, rB'),
we have

(1) l.dimy B+ w.l.dimr B’ £ l.dimygr B®B' £ 1.dim, B+ 1.dimr B’
(2) LgldimA+w.gl.dimI=1l.gl.dimA &I <1l.gl.dim 4+ dim I’
(3) dimA+w.dimI" € dim AT < dim A +dim T

Proof. The right hand inequalities result from [C-E, XI, 3.2], Proposition
2 (3) and Proposition 2 (4), respectively. If Exti (B, C) = 0 and Tor} (C', B')
% 0 then since K is a field we have

Hom (Torf (C', B'), ExtA(B, C)) % 0.
Thus by [C-E, XI, 3.1] the _-product shows that
Ext2&r (B® B/, Hom (C', C)) = 0.

Hence lL.dimagrB®B' 2 p+gq, proving (1), and also the left hand inequality
in (2).
Finally, (3) follows from (1) by replacing 4, I, B, B' by A, I'°, 4, I.

Remark 1. The analogue of Proposition 10 is equally true for weak di-
mensions ([C-E, XI, 3.2] no longer applies but may be replaced by the spectral
sequences (1a), (2a) of section 1 with I=K). Then (1) and (3) become equalitiés
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w.l.dimsgr BR® B' = w.1.dims B+ w. 1. dimpr B’
w.dimAR® T =w.dim A+ w.dim I’

Remark 2. If in Proposition 10 we know that w.gl.dimI"=dim I, then (2)
becomes
Lgl.dimA®I=dimI"+1 gl.dim A

i.e. the second conclusion of (P;) is valid. This is the case when I' is semi-
primary with (nilpotent) radical IV and with X=TI/N separable and of finite
degree over K ([4, Corollary 5 and Proposition 12] and [2, Corollary 9]1).

Remark 3. If in Proposition 10 we know that w.dimI'=dim I (i.e. that

w.l.dimpre I'=1.dimpe I") then (3) becomes
dimA®Ir=dimA+4+dim I

ie. I' satisfies (P;). This is the case if 1 is either left Noetherian or semi-
primary (see [C-E, VI, Exer. 3] and [2, Corollary 8]). With the stronger hy-
potheses [ : K1< = and [I': K]< « the result was proved in [C-E, 1X, 7.4].

Remark 4. In general it is not true that if K is a field
dimA®T=dimA+dimT.
For example, let .1 and I' be locally separable algebras over K with [.1: K]
=[I': K1=%,. Then A&T has the same properties, and [10, Theorem 4]
implies dim A =dim I"'=dim A& "= 1.
§ 7. Semi-simple algebras

ProrosiTioN 11. Let 3 be a semi-simple algebra over a field K with [Z : K]
< o and let A be any K-algebra. If in the situation (5-sB, r-sC) we have

Ext7es (B, C)%0, Ext?(B, C)=0

for some m > 0 then

Ext?&s (B, C) % 0.

Proof. We begin by noting that X must be inseparable. For otherwise
dim 5 =0 [8, Theorem 4.1] and so the spectral sequence (I) collapses to

Ext%esx (B, C) = H(Z, Ext?(A, B))

contradicting the hypothesis.
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The rest of the proof breaks up into three steps. In the first, we assume
that X is simple and the center Z of J is a purely inseparable extension field
of K (i.e. there exists an integer / such that z” "' K for all z€ Z, where p=0
is the characteristic of K).

Consider the algebra 2 = X%, 3*. We have the natural K-algebra epimor-
phism J& x3* = 3° > 2 whose kernel M is the two-sided ideal in 3° generated
by elements 281 —1&z* for z€ Z. Now, (2&%1-1&z9 =27 91 - 1% 2#"*
and since z?’ € K it follows that (21 —-1%2z%)?/ =0. Since the elements z%1
—1& 2" generate M and are in the center of 3%, it follows that every element
of M is nilpotent. Since [Z°: K]< > we have [Z: K]1< « and therefore

M is nilpotent. There is therefore an integer % such that
M*=0, M=o

Since 2 =X® 2" is simple [1, Theorem 7.1F] every left 2-module D is a
direct sum of simple £-modules and all simple ©2-modules are isomorphic. But
2, being a simple ring, is a simple £-module. Thus D is a direct sum of copies
of X as a left 2-module. Consequently D& zB is a direct sum of copies of B
as a left 4&® X-module. Since the functor Ext converts direct sums (in the first
variable) into direct products [C-E, VI, 1.2] it follows that for each g the
relations

Extégx (D®:B, C)=0
Extlgs (B, C)=0

are equivalent if D =% 0. In particular,

(1) Exthgs (M*& B, C) 0.
Now assume

Ext7gs (B, C) =0.
Then from the above it follows that
ExtR&s (M /M ®sB, C)=0

for all £20. Thus from the exact sequence 0- M'™' - M' - M'/M'*' >0
(with M°= 2°) it follows that

ExtRgs (M'® 3B, C) > Ext¥ss (M '®3B, C)

is an epimorphism. Consequently (1) implies that
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Ext’gs (3@ B, C) = 0.

Now, 2°& sBxJ3& xB. Further, if we consider the change of rings ¢ : .i~ (RS

v

we have
(.?\B'—’"- (.1-?)2)8’_\3252(’(\}13.

Since .1 & X is A-projective it follows from [C-E, VI, 1.1.3] that ExtRgs (3& B, C)
~ Ext?(B, C). Thus ExtX(B, C) % 0, a contradiction.

In the second step we assume that X is simple. Let Z be the center of &
and let L be a maximal separable subfield of Z; then Z is a purely inseparable
extension of L. Setting ' = A& x¥L we have

AR T=A"% 2

Since L is separable and [L : K] < « we have K-dimL =0 and the spectral
sequence (1), applied with I'= L, yields

Ext¥ (B, C) = H'L, Ext% (B, C)).

n

Consequently Ext: (B, C)=0. The conclusion now follows from step one.
The third step reduces the case of X semi-simple to the case of X simple

by a trivial direct product argument.

CoroLrary 12. If Exthgs (B, C)*0 for some m>1.dim,B, then
Extlgss (B, C) %0 for all g = m.

CoroLLARrY 13. If l.dimags B > 1.dima B then l.dimpgs B = .

ProrosiTION 14. Let X be an inseparable semi-simple algebra over a field K
with [2: K]< . Then

HZ ) x0 for all n>0
(ef. [9, Theorem 11.1]).

Proof. Since H™(Z, I) =Extsss (I, 3) it suffices, in view of Corollary 12,
to prove the conclusion for n=1. By [C-E, IX, 5.3] we may assume that J is
simple. Let Z be the center of 5. It was proved by Hochschild [8, Lemma 4.1]
that H'(Z, Z)%0. Since Z is a field, X is free as a left (or right) Z-module.
It follows that as a Z& ;Z -module S is isomorphic with a finite direct sum of
copies of Z. Thus H'(Z, X)%0. We now consider the change of rings given
by ¢ : Z® ~ X° Since =° is Z%free we have [C-E, VI, 4.1.3]
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0% HYZ, 3) =Extye (Z, I) = Exte (3°R 2 Z, 2).
Now
3R Z=(ZX 3N R20:Zx (ZR:ZM & Zx I® 3™

We have seen in the first step of the proof of Proposition 11 thatasa & &z Z*-
module > & ;3% is isomorphic with a direct sum of copies of 2. A fortiori, this
is true if we regard T® ; 2* and 5 as J°modules. Consequently Exts: (2, 5) %0

as required.

§ 8. Semi-primary algebras

TueoreMm 15. Let I denote a semi-primary algebra over a field K, with

(nilpotent) radical N and X =T/ N (semi-simple and) finite over K. If we assume
dimI'>p=gl.dimr?®
then there exists a two-sided 3-module A such that
HP'XT, A) %0.
For any such module A we have
HYTI, A) %0 for all q>p.
In particular, dimI'= «.

Proof. There exists a two-sided />module A with H**'(I, A) 0. From
the consideration of the exact sequences 0 » N'*'A > N'A - N'A/N*'A > 0 it
follows readily that H?*'(I, A") %0 for A’'=N'A/N""'A for some 720, (cf.
[4, Proposition 3]). Applying the same argument to the right operators we find
H*'(I, A") %0 for

A"=A'N’/A'N’*' = N'AN/(N*"'AN? + N'AN7*™)
for some 7 > 0.
For any two-sided 2-module A we have [4, Proposition 8]
HYUT, A) =~ Extlgs: (2, A).

Thus it follows from Corollary 12 that the relation H?*'(I, A) =0 implies
HY I, A) %0 for all g> ».
The last part of Theorem 15 appears already in [3].

$ If I' is semi-primary 1. gl.dim I'=r. gl. dim I'=w.gl.dim I [2, Corollary 9]. We use
the notation gl.dim I' for this common number,
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THueorReM 16. Let K be a field, A any K-algebra, and I' a semi-primary K-
algebra with radical N and with X=1T'N finite over K. Then
flgldimA&TI=11gl.dim 1+ fl.gl.dimI.

Proof. In the situation (rB'), we have w.l.dimr B’ =1.dimr B’ [2, Corollary
8]. Thus Proposition 10 (1) becomes an equality and shows

flgldimARIsf.l.gl.dimA+1.1.gl.dimT.
Before we prove the reverse inequality we pause for a lemma.

Lemma 17. Let ¢ : £ 2 be an arbitrary ring homomorphism, and in the

situation (=B) assume that
Torf (2, B)=0 i>p.
Then there exists a left Q-module B' such that
ExtZ (B, C) = Ext{™? (B, O)
for all m> p and all left Q2-modules C.
Proof. Consider an exact sequence of Z-modules
0-D->Xp.1>»...»Xy>B->0

with X, projective for 7=0,1,...,p—1. The iterated connecting homo-
morphism then yields isomorphisms

(1) ExtZ (B, C) = ExtZ™? (D, C) m>p
Tory (2, B) = Torg-» (2, D) m> p.

Consequently Tors (2, D) =0 for » > 0. Thus by [C-E, VI, 4.1.3] we have
ExtZ? (D, C) =~ Extg? (..,,D, C)

which combined with (1) yields the conclusion with B’ = ,,D.

We now return to the proof of Theorem 16. Let l.dimygr B=m < .
Let p =1.dimr B. By inequality (8) of section 2 we have p < m and thus p < .
It follows that Tor{(X, B) =0 if i>p. Since K is a field [C-E, VI, 4.1.1]
shows that Torf (3, B) = Torf®" (4% 2, B), so that we may apply Lemma 17
with £= A& 71 and 2 =.1% % to obtain a .1& J-module B’ such that

Extds (B, C) = Exthgr (B, C) (ag30)
for all > p.
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This implies
p+1.dimags B' < l.dimagr B.
If p+1dimrgs B/ <s< o then it follows that Extigr (B, C) =0 for all (,e30).
Since the kernel of A& T - A& Y is nilpotent it follows (cf. [4, Proposition 3J)
that Exthgr (B, C) =0 for all (,erC). Thus LdimsgrB <s. We have thus
proved that
p+1.dimags B' = 1. dimser B.

Since l.dimygs B' < « it follows from Corollary 13 that 1. dimagx B’ =1.dim, B'.

Thus we have
p+1.dimy B' =1l.dimagr B.
This implies
p+1.lgldim.4=flgldimA®r

Since p =1.dimr B< < we have p 2 f.l.gl.dimI". Thus

flgldimr+flgldimA=flgldimA®r

as desired.
CoroOLLARY 18. Under the hypotheses of Theorem 16,

Lgl.dimA®Ir=1gl.dimA+4gl.dimrI"
or
Lgl.dimA® I = .

If X is separable the first alternative holds.

Proof. 1f either l.gl.dim A or gl.dim I is infinite, Proposition 2 (6) shows
that l.gl.dim A® I is, too. In the contrary case l.gl.dim A4 and gl.dim I are
equal to f.1.dim 4 and f.1. gl. dim I" respectively, which proves the first assertion
of the Corollary.

If ¥ is separable, and gl.dim7I" and l.gl.dimA are finite, then dimI"
=gl.dimI" [4, Corollary 5 and Proposition 12] and so l.gl.dim A® I < o, by
Proposition 2 (3). Thus all three finitistic dimensions are equal to the corre-

sponding global dimensions.
Remark 1. For a result overlapping Corollary 18 see [3, Theorem 2].

Remark 2. If [J: K]= o« the conclusions of Theorem 16 and Corollary
18 may fail. For example, let 4 =7 = K(x, . .= , %) so that gl.dim A4 =gl.dim I
=0 but l.gl.dim.1®I'=dim/I"=n [C-E, IX, 7.5].
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Remark 3. Under the hypotheses of Theorem 16, the ring 7° is semi-
primary. Indeed the kernel of I'* - X° is nilpotent, and 3° being of finite degree
over K is semi-primary. It therefore follows from Remark 3 of section 6 that
dim A& I"=dim .+ dim 7"

Remark 4. If under the hypotheses of Theorem 16 we assume that gl.dim I

is finite, a similar argument can prove several extensions of Proposition 11.
For example, let 1.dimy B < . Then

ExtXgr (B, C) = 0 implies Ext%gh (B, C) %0
if either
NC=0 and m>f.lgldim.+gl.dim/l
or

NB=0 and m > l.dimaB+gl.dim /7.
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