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§ 1. Introduction

Let G be a simple, connected, compact and simply-connected Lie group.

If k is the field with characteristic zero, then the algebra of cohomology

H*(G k) is the exterior algebra generated by the elements x19 , xt of

the odd dimension n19 ,nt the integer / is the rank of G and n= 2 w*

is the dimension of G. Let X be the direct product of spheres of dimension

î> ,nl9 then there exists a continuous map / : G—>X which induces

isomorphisms of H\X k) to H\G fc) for all i (cf. [8]). From this we

deduce by Serre's C-theory [8] that /* : π^G) — > π^X) are C-isomorphisms.

for all /, where C is the class of finite abelian groups. Therefore the rank

of πq{G) is equal to the number of such i that nt is equal to q, and

particularly if q is even, then πq(G) is finite. It is a classical fact that

7Γ2(G) = 0 and τr3(G) = Z.

According to Bott-Samelson [6]

πlEs) = 0 for 4 < i < 8 , π9{E6) = Z,

/r,( 7̂) = 0 for 4 < ί < 10, πn(E7) = Z,

TΓ^^S) = 0 for 4 < z < 14, τr15(£8) = Z.

where Eζ,E7 and E8 are compact exceptional Lie groups.

In this paper, using the killing method we compute the 2-components

of homotopy group πj{G)9 where G =E59E7 and Zs8. The resuls are stated

as follows;
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All spaces that we concider in this paper are those which have the

homotopy groups of finite type. Let G be such a space, then π^G) is

isomorphic to the direct sum of a free part F and the ^-components of

τri(G) for every prime p. We denote by π^G : p) the direct sum of a

certain subgroup Fr of F and the ^-component of 7rt(G), where the index

[F F'] is prime to p.

Given an exact sequence for such A,B and C

then we can form the following exact one in our case

>πt(A :p)-—>πi(B:p)—>πi(C : p)—> . . . .

The author is indebted to Professor H. Toda for his advice during the

preparation of the paper.

§ 2. The cohomology of the 3-connective fibre spaces of E&, E7 and

E*.

H. Cartan and J.P. Serre introduced a method to calculate the

homotopy group in [7]. Let K(π,n) be an Eilenberg-Mac-Lane space of

type (τr,n).

T H E O R E M 2. 1. Let X be an arcwise connected topological space, then there

exists a sequence of in — l)-connected spaces [X, ή) {n = 1,2, - , and [X, 1) = X)

and continuous maps fn : [X, n + 1) — > {X, n) such that:
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( I ) the triple {{X, n + 1), fn, {X, n)) is a fibre space with a fibre K(πn{X), n - 1).

(II) there exists a fibre space X'n over the base space K{πn{X), n), where X'n and

(X,n) are of the same homotopy type, such that the fibre is {X, n + 1).

Hence fx o / 2 o . . . o fn_x defines the isomorphism of π^X, n) to π^X) for

i > n.

LEMMA 2. 2. Let X be a 2-connected topological space. Assume that X

satisfies the following conditions,

(1) π3(X) is isomorphic to an infinite cyclic group,

(2) H*(X;Z2)=A0®A1® . ®Ar(g)B

where xz is a generator of H\X Z2) ̂  Z2, Ao = Z2[xz]l{xz)
s\Ai = Z2[Sq2iSq2i~ι

Sq2x3]l{Sq2iSq2i-χ Sq2x3)
2Si (s, > 1) 1 < i < r, and Sq2r+ίSq2r Sq2xz = 05

then

H*((X, 4) Z2) = ZJίw] (x) J(αβ, α l f , ar) (x) B'

where the deg.at = (2 ί + 1 + 1)(2S^ — 1) + 22% deg.w = 22r+1, J{aQ,a19 , ar) indicates

a submodule having aQ, ,ar as a simple system of generators and Bf is

isomorphic to B by (Λ o / 2 o / 3 ) * : H*(X Z2) — > H*((X, 4) Z2).

Proof From the above theorem, there exists a fibre space ({X, 4),

/ j o / j o / , , ! ) with a fibre K(Z,2). Since ϋC(Z,2) is the infinite dimensional

complex projective space, its mod 2 cohomology structure is H*{Z, 2 Z2)

«Z 2[«], where ^ is a generator of H2(Z,2 Z2). Let {E**} be the mod 2

spectral sequence associated to the above fibration ((X,4),X,K{Z,2)), then

E** = Ao (x) Λ (x) (x) Ar (x) 5 (x) Z2[«].

Clearly we have J3(l (x) u) = xz (x) 1. Hence if n is even, d3{l (x) ̂ n) = 0,

if n is odd, rf8(l (x) MΛ) = aj3 (x) un~\ and ^(α;?-1 (x) w71) = 0 for all n > 0.

Thus we obtain

where dQ = {x^*0'1 (x) u.

Let r be the transgression, τ{u2) = Sqzxz, since the transgression

commutes the Steenrod operation. Thus d5(l (x) u2) = Sq2x3 (x) 1. Since dt

is derivative, ds{l ® a2w) = 0 if w is even, d5(l ® ^2?ϊ) = Sq2x3 (x) M2Cw-Ό if n

is odd, and d,{{Sq2xz)
2^-1 ® u2n) = 0 for all n > 1. Thus



112 HIDEYUKI KACHI

w h e r e άx = {Sq2x3)
2S^~1 (x) a 2 .

Carrying on similarly, we have

£2**1+2 = Λ {dQ9 άl9 , ar) ® B (x) Z2I>2r+1]

where α, = {Sq^Sq*-1 Sg2^)2**-1 <8> **2<> * = 0,1, ,r, and s< > 1. Clearly

dc = 0 for all t > 2r+1 + 2. Thus we obtain

ET = /%0, «i, , ar) (x) B (x) Z2[w2r+1].

Since E£* is the graded algebra associated to H*({X,4) Z2), assume

that ai9w,B' correspond to άi9u
2r+ί,B respectively. We have the lemma.

Particularly, we can assume that B is mapped isomorphically onto Br

by the homomorphism (Λ o / 2 o / 3 )* i7*(X Z2) — > H*((X, 4) Z2). Thus

the relation of B are arranged in Br.

The mod 2 cohomology algebra of the exceptional Lie groups have been

determined by S. Araki [2] and S. Araki-Y. Shikata [3]. These algebra

are as follow.

(2. 1) H*(F> Z2) =

(2. 2) ff*(£β Z2) = Z2[a?,]/(aji) ® Λ(Sq*x3, Sq*Sq2x3, x15, Sq*Sq*Sq2x3, Sq*x15),

(2. 3) H*(E7 Z2) = Z2[xz, Sq2x,9 Sq*Sq2x3]/(xi, (Sq*x3Y, (Sq'Sq'x.Y)

® Λ(xli9 Sq'Sq'Sq'x,, Sq*xίζ9 Sq4Sq9xn)9

(2. 4) H*(ES Z2) = Z2[α;3, Sq2x39 Sq4Sq2xZ9 x15V(xϊ\ (Sq2Xt)s, (Sq'Sq'x,)4, x*5)

(x) Λ{Sq*Sq*Sq2Xs9 Sq8x159 Sq*Sq*x159 Sq2Sq4Sq*x15)

where xt denotes a generator of degree i.

(2. 5) In the inclusion F4 c E6 c E7 c ES9 every subgroup is totally non-

homologous to zero mod 2 in any bigger group containing it, where each

exceptional group denotes simply-connected one. (See, S. Araki and Y.

Shikata [3], Theorem 3).

If SquSq*Sq4Sq2x3 = 0 in E89 then this is a primitive element. By (2. 4),

there is no primitive element of degree 33. Thus SquSq*Sq4Sq2x3 = 0 in

Ez. Similarly we have SquSq*Sq4Sq2x3 = 0 in £ 6 , E7 and Sq4Sq2x3 = 0 in

C O R O L L A R Y 2. 3. Let G be the 3-connectwe fibre space over G : where

G = Fi9 E69 E79 E89 then
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H*{FA Z2) = Z2[y8] (x) J(y9f yn, y1B, y23),

H*{£6 Z2) = Z2[y32] <g) J(y9, yn, yls, yι7, y23, yu),

H*(E7 Z2) = Z2[y32] (x) J{yU9 y159 y19, y23, y27, ymyκ),

H*{E8 Z2) = Z2[yί59 yzi]l(yU) ® Δ{y239 y27, y2S9 y339 y359 y39, yi7),

where y% denotes a generator of degree i. By the naturality of the homomorphism

P* = (fΊΛΛ)*, we have

Sq*ylζ = 2/23 in E59E79E8 a n d ^ 4 ,

5^2/23 = 2/27 in 5 7 ^ 8 >

Sg22/27 = 2/29 in £ 8 .

LEMMA 2. 4. H^ ΛΛ^ ^ following relations,

( i ) Sqιy% = 2/9, Sg2i/9 = 2/ii in F 4 ,

(ϋ) Sq2y9 = yn, SqBy9 = y17 in £ 6 ,

(in) 5^82/π = 2/19 in J?7.

Proof, ( i ) From Theorem 2. 1, there exists a fibration (F4, K(Z, 3),F4),

where F 4 denotes the space which has same homotopy type as F 4 . We

consider the spectral sequence {Έ1**} over Z2 associated with the above

fibration. Then

ET = #*(Z,3 Z2) (x) H*(PA Z2).

It is known that

i7*(Z, 3 Z2) = Z2[v, Sq2υ, SqASq2υ, ]

where y is a fundamental class of H3{Z,3 : Z2). From the mod 2 cohomology

algebra of Fi9 Sq4v (x) 1, {Sq2v)2 (x) 1 and #4 (x) 1 must be dr-images for some r.

If p^rO and 0 < ^ < 8 , or tf=^0 and 0 < p < 3 , then E?'q = 0 for all r.

Since ^? 8 has only one element 1 (x) y8 for r < 9, Sq*Sq2v (x) 1 is not a

<ir-image for r < 8. Thus r be the transgression, we have τ(y8) = Sq*Sq2v.

Since E? 9 has only one generator Kg)y9 and (S^2y)2(x)l is not a Jr-image

for r < 10, we have that τ{y9) = {Sq2υ)2. Consider

dr : E?'q — > El2' ° for p + ̂  = 11 and r = q + 1.

From Corollary 2.3, we have E? 3 = 0 for #=¥8,9. But E2'9 = 0. £J 8

has one generator υ®ys and J9(z; ® ys) = υSqASq2v ( x ) H 0 , for rfβ(l (x) 2/8)
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= SqASq2v®l. Thus E^11 has only one generator Kg)yn and v4®! is

not a dr-image for r < 11. Therefore we have that τ{yn) = v4. Using

Adem's relation, from Sq'Sq^v = Sq*Sq2v = (Sq2v)\ Sq2(Sq2v)2 = Sq2Sq5Sq2v

= SqGSq3v = #4, we obtain S^2/8 = y99 and S#22/9 = y n

(ii) From Theorem 2. 1, there exists a fibration (Es,K{Z,3),£β) where £ 6

denotes the space which has the same homotopy type as E6. Let τ be

the transgression associated with this fibration. Let {E?'q} be the mod 2

spectral sequence associated with this fibration. Then

ET = H*(Z, 3 Z2) (g) #*(£ 6 Z2).

By the same argument as in Fi9 we have that τ{y9) = (Sq2v)2 and τ(t/π) = #4.

Concider

rfr Evr q — • El8' ° for j> + g = 17 and r = # + 1.

From Corollary 2.3, we have £ ? ' 5 = 0 for #=^9,11,15 and 17 (q < 22).

But £ ? ' 1 5 = 0 . £ ^ 9 has one generator {vSq2v)®y9 and du{{vSq2v)®y^

= z;(S52z;)3 ® H 0 , for rflo(l (x) 2/9) = (S^2z;)2 (g) 1. f̂̂ 11 has one generator

v2 (x) t/n and dn(v2 (x) yn) = z;6 (g) 1 =¥ 0 for rf12(l (g) yn) = z;4 (x) 1. Thus, since

^fV17 has one generator yί7 and (Sq4Sq2v)2(g)l is not a Jr-image for

r < 16, rf18(l <g) 2/17) = (Sq4Sq2v)2 (x) 1, i.e. τ(t/17) = (Sρ4Sg2ί;)2. Using Adem's

re la t ion, Sq2{Sq2v)2 = Sq2Sq5Sq2v = S#6Stf3*; = z;4 a n d Sq*(Sq2v)2 = SqsSq5Sq2v

= Sq*SqASq2v = {Sq4Sq2v)2. From the commutativity of the Steenrod operation

and the transgression, we obtain Sq2y9 = yn and S#82/9 = y17.

(iii) Consider the fibration (E7, K(Z, 3), jS7) of theorem 2. 1 (II), where E7

has the same homotopy type as E7. Let {E?'q} be the mod 2 spectral

sequence associated with this fibration. Then

ET = #*(Z, 3 Z2) ® ff*(£T Z2).

From the mod 2 cohomology algebra of £ 7 , v4®! and (S^2^)4®1 must be

the dr-images for some r. Since H*{E7 Z2) = 0 for degree < 10, we have

E? q = 0 for p =V 0 and 0 < ^ < 10. Thus we have that τ(yn) = v4, where r

is the transgression. Consider

dr £f q — > E2

r

0' ° for p + ^ = 19 and r=q + l.

From J7ι(i57 Z2) = 0 for i ^ 11,15 and 1 < 19, it follow that Evrq = 0 for

b»<7) =¥ (4,11) and (2,15). On the other hand H\Z93 Z2) = 0 for 1 = 2,4
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and i < 4. Thus E?'q = 0 for (p,g) = (4,ll) and (2,15). From this we

obtain τ{y19) = {Sq2v)4. By Adem's relation Sq*v4 = Sq*Sq«Sq3v = SquSq4Sqzv

+ SqιlSq3Sq3v = SqίQSq5Sq2 + Sq'^q^Sq'v = {Sq2v)K Thus we obtain Sq*yn

= 2/19.

LEMMA 2. 5. Let a topological space X be 2-connected and the homology of

finite type. Assume that H*(X Z2) has the additive basis aί9 ,asfor dim.<N.

Then there exist a finite cell complex K = * U ex U e2 U U es, where dim.e{

= degree aι = w* and a continuous map f K—>X such that f induces isomorphism

of H*(X Z2) onto H*{K Z2) for dim. < N.

Particularly if πtn-iiK"*-1) is finite, then we can assume that the class of

attaching map of βi belong to the 2-components. Here * denotes a vertex and K*

the n-skelton of K.

Proof. We prove this by induction on dimension N. Suppose that

there exist a finite cell complex Ko = KN~ι and a continuous map / 0 K$

— > X satisfying lemma 2. 5 for dim. < N. Here we may assume that

fo;KQ—>X is the injection by the mapping-cylinder argument. Suppose

that HN(X Z2) has generator as+ί, ,« r.

From the cohomology exact sequence for pair {X,KQ) and the assump-

tion of the induction, we have

H\X9 Ko Z2) = 0 for i < N,

H»(X,K0;Z2)^H»(X;Z2).

By the duality, we obtain

Ht{X, KQ Z2) = 0 for i < N

and

HN{X,KQ Z2) has the generators άs+ί, ,άr.

By Serre's C-theory [8], we have that πN(X, KΌ) (x) Z2—>HN{X,KQ)

(x) Z2 is an isomorphism. Let /< : {EN, S"'1) — > {X, Ko) (i = 1,2, , r — s)

be the generators of πN(X,KQ) such that they correspond to άs+i by the

above isomorphism and construct a cell complex K which is obtained from

the disjoint union of CiS^1 V V S?sϊ) and Ko by identifying

S Γ 1 V V S?sϊ with its image under a map (ΛlSf"1) V V (/r-«|Sίr/)

S?-1 V V Sir,1 — > AΌ» where CF is a cone over the space Y and Sf ~ι

is a (AT — l)-sphere. Using the map ft the inclusion map / 0 Xo — > X has
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an extension over K and we denote this extension by g : K—> X. Then

g : K—> X induce an isomorphism HN(K, ϋΓ0 Z2) onto HN(X, Ko Z2) and

from the duality between homology and cohomology, it follows that g* :

HN(X, Ko Z2) — > HN{K, Ko ;Z2) is an isomorphism onto.

Applying the five lemma to the diagram

H»-i(K0 Z2) — • HN(X, KQ Z2) — > H»(X Z2) — > H»(K. Z2) = 0

1 = I- I- I-
H»-\K0 Zt) — > H»{K, K, Zt) — • HN(K Zt) — • HN(K0 Zt) = 0,

we obtain that

is an isomorphism.

Particularly if πN^.1{K^) is finite, then there exists an odd integer q such

that q{fί\SN~ιy belongs to the 2-component of πN-λ(Ks). Displacing ft by

qfir it is sufficient for the last statement that we construct a cell complex

K from KQ. Consequently the lemma is proved.

Let a be an element of πn+i-ΛS"') and consider a cell complex

Ka. = Sn U en+ί which is uniquely determined by a up to homotopy type.

THEOREM 2. 6. Let n > i and i = 2 (4 or 8 respectively), then Sq* :

Hn{K«;Z2)—>Hn+ί{K* Z2) ij <zn isomorphism onto if and only if a = Vny

{vn or σn respectively) mod 2πn+i-x(Sn). (For the proof see H. Tada; [11]

Proposition 8. 1)

From Lemma 2. 5 and Corollary 2. 3, there exist a cell complex

M = S8 U e9 U en U e15 and a continuous map / : M—> F4 such that /

induces an C2-isomorphisms nt{M) onto π^F^) for / < 14, where C2 is the

classes of finite abelian group whose 2-primary components are zero. Since

Sqxys = 2/9 in FA, we may assume that e* is attached to S8 by a map of

degree two. Then we have

(2. 6) τr13(S
8 U e* : 2) = 0,

2

πH(S 8 U e9 : 2) «τr H (S 8 : 2) = Z2 generated by y|,
2

we denote by v% a generator of π14(S8 U e9 : 2) identifying with that of

π14(S8 : 2) by the inclusion S8 c S8 U e9.

Consider the following exact sequence



HOMOTOPY GROUPS OF COMPACT LIE GROUPS 117

: 2) —>7r,(S8 : 2) —>7r,(S8 U e9 : 2) —>π i(S9 : 2) — ^ ( S 9 : 2)

for i <β15. From ττ12(S
8) = τr13(S9) = τr14(S9) = 0 and τr14(S8) = {y|> = Z2, (2. 6)

is obtained.

Consider the exact sequence

7Γ14(S
10 : 2)—>πu(S* U e9 : 2)-^-»7r14(S8 U e9 U * π : 2)-^->^ 1 4(Sn : 2)

2 2

— > τ r 1 4 ( S 9 U *10 : 2 )
2

where / is the inclusion S8 U e9 c S8 U e9 U e11, and y : S8 U e9 U e11 — > S11

2 2 2

is the projection. From (2. 6), we have the following exact sequence

(2. 7) 0 > πu{S8 U e9 : 2) -^-> π14(S8 U β9 U β11 : 2) - % τr14(Sn : 2) • 0 .
2 2

Then there exists a coextension (in the sense of [11]) P10 of y10 and /*P10 = y n .

Assume that 8P10 = 0, then — i+v\ = f^f = 8P10. Let / : S14 V S11

— > S 8 U e9 U β11 be a map such that f\Su and / | S n representative of

8^i4©^n» then f°g: Su—>S* U e9 U e11 is homotopic to zero. Consider a

mapping cone C r of / , then there exists a coextension G : S15 — > Cf of g.

Let K be a mapping cone of G, then we have a complex

# = s« u ee u e11 U ^12 U ^15 U ̂ 16

and Sq4u8 = κ12, S^4w12 = u169 where u89 uί2 and ulζ are cohomology classes

mod 2 which are represented by S8, e12 and ^16 respectively. Thus it is

verified that Sq*Sq4u8 =% 0 in ϋί. By use of Adem's relation

Sq'Sq'Us = Sq*Sq2u8 + Sq2Sq'u8.

Since there is no cell of dimension 10 or 14 in ϋί, the right side of the

above equation vanishes in K, but this is a contradiction. Thus we have

proved that 8P10 = 0. Therefore, from the exact sequence (2. 7), we obtain

τr14(S8 U e9 U e" : 2) = { i > | } + {P10} πZz + Z8.

I n the complex M= S8 U <?9 U elί U ^15, let β15 be attached to S8 U e9 U e11

2 2

by a map h : Su — > S* \J e9 \J e11, then we have the sequence

πu(Su : 2) - A τr14(S8 U ^9 U e11 : 2) — > τr14(M: 2) — > π14(S15 : 2) = 0
2
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is exact. By Lemma 5. 5 of [10], πu{FA) = Z 2. Thus πu{M: 2) ̂  Z2 and

h*cu = 6P10 + α(i*v|) where a = 0 or 1,

for an odd integer b. Thus

j*h*tu — »n m o d 27Γ14(5Π).

By theorem 2. 6, we have the following important lemma.

LEMMA 2. 7. Sq4yn = y15 in F 4 .

Considering the natural inclusions F4cz E6 c E7, we have

COROLLARY 2. 8. S#42/π = 2/i5 in E6 and E7.

§ 3. Homotopy group of some cell complexes.

Let X be an m-connected CΫF-complex and let a be an element of

πn^(X) (n>m). Consider a CW-complex KΛ = X\Jen.

LEMMA 3. 1. Let i be an injection X—> K* and let p : KΛ—>Sn be a

mapping which shrinks X to a point. Then the following sequence is exact for

j < m + n — 1

/Q -j \ . . . v (Cw~l^ ^ ( V\ i

Here d is a composition E'1 o p+ : πj(Ka)—>7rJ _1(Sw""1), and E : T Γ / . ^ S " " 1 )

— > πj{Sn) is the suspension homomorphism. If a is of order a power of 2, then

the above sequence is exact for the 2-primary components.

Proof. See Blakers-Massey [4].

We introduce necessary results on the homotopy group of spheres.

According to [11], the results are listed in the following table;

( i ) n>k + 1

(3.2)

k =

πn+k(Sn : 2)

Generator

0

Z

1

z2

2

z 2

vi

3

z 8

4

0

5

0

6

z 2

7

z 1 6

8

Z2 + Z2

k =

πn+k(Sn : 2)

Generator

9

Z2 -b Z2 + Z2

10

z 2

11

z 8

ζn

12

0

13

0
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(ii) n < k + 1

(3.3)

n = 9, 10, 11, 13, 14.

k =

πM(S* : 2)

Generator

^ + 1 o ( S 1 0 : 2)

Generator

nM1(Sn : 2)

Generator

* * + ί 3 ( S 1 3 : 2)

Generator

W(S 1 4 : 2)

Generator

8

Z2 Z2 * Z2

9

Z2 1 ^ 2 ~Γ ^2 ^ 2

^16,^9^9^9^10

Z+Z2-\-Z2 + Z2

10

Z 8 + Z 2

^9^16^9^10

zA + z2

^10^17,^10^11

Z2-\-Z2

11

Z8 + Z2

z«

flβ

z 8

π t + 9 ( S 9 : 2)

Generator

π* + 1 o(S 1 0 : 2)

Generator

τ»+ii(S» : 2)

Generator

^ + i 3 ( S 1 3 : 2)

Generator

^ + u ( S 1 4 : 2)

Generator

12

0

zt

zt

θ'

zz

Eθ

13

z,

z 2

Z2 + Z2

z 2

Z

14

Z 1 6 + 2 4

O 9 , Λg

2i, + Z2

^ 2 ^

Z16 + Z2

Z,, + 2 2

Ol3> -̂13

Z 8 + Z2

/T2 *.
^ 1 4 , ^ 1 4

We shall use the following relations;

(3. 4) an o ^ n + 7 = Vn o σn+1 = ϊ>n +

by Lemma 6. 4 of [11],

for n > 10
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(3. 5)

(3. 6)

σn o ηl+1 = Vn° βn+z = vl + Vn ° en+i for n > 10

by L e m m a 6. 3 of [11],

σn o vn+7 = 0 for n > 12

vn ° <̂ n+3 = 0 for n > 11,

2<r10 o y17 = V l β o tfl| by (7. 20) of [11],

£Λ ° 92+β = Vn o εn+2 = 0 for n > 9 by (7, 10) a n d (7. 20) of ]11],

*n ° ^ + 7 = 0 for n > 11 by (10. 8) of [11],

an o εn+7 = 0 for n > 6 by Lemma 10. 7 of [11],

yΛ o εn+3 = vno Vn+3 = o for n > 7 by (7. 17) of [11],

vn ° Vn+3 = Vn° vn+i = 0 for ti > 6 by (5. 9) of [11],

Vn ° Vn+3 = 0 for n > 7 by Theorem 7. 6 of [11],

î9 = 2σ10 o V l 7 by (7. 21) of [11].

Consider a generator <rn of πn+7{Sn :2) ^ Z 1 6 for w > 9 and a cell complex

ϋC = Sn U ̂ n + 8. Let i : S n — > ί Γ be the injection.

PROPOSITION 3. 2. We have the following tables of the homotopy groups

πj{Kan : 2) for n = 9, 10, 11, 14 tf/zrf 15, and generator of their 2-primary components.

(3. 11)

(3.

(3.

(3.

(3.

7)

8)

9)

10)

j

*AK*. : 2)

Generator

i<8

0

9

Z

10

z 2

i*y*

11

z 2

i*Vl

12

z 8

13

0

14

0

15

z 2

16

0

j

-n ( W O\
71) c \i\ a . Δ)

Generator

17

Z -4- Z 4- Z
JU ~ Z^2 1̂  ^ 2

18

7 A- 7 Λ- 7

19

z 2

20

z^z2

21

0

22

0

(3. 12)

j

πj[Kau : 2)

Generator

; ^ 9

0

10

z
ί*Ίo

11

z 2

12

z 2

13

z 8

14

0

15

0

16

z 2

17

0
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j

*Λ*,W : 2 )
Generator

18

z^z2

16ί 1 7 , /*ε 1 0

19

Z-\ Z2Λ- Z2

20

^ 2

*V?10^11

21

z 1 6

22

^ 4

ί*2f(y2i)

23

0

(3. 13)

i

*Λ*«n : 2)

Generator

0

11

Z

12

z 2

13

z2

14

Zs

i*vn

15

0

16

0

17

Z2

18

0

j

*ΛKβu : 2)

Generator

19

Z2 + Z

ί*e l o 16* 1 8

20 21

^ 2

22

^ 3 2

23

^ 2

24

z2

25

Z2

*Vll

(3. 14)

^•(^ i 4 : 2)

Generator

i<13

0

14

z
ί*^14

15

^ 2

16

^ 2

ί*9?4

17

Z8

18

0

19

0

20

Z2

21

0

j

πj(Kaii : 2)

Generator

22

Z+Z2

16f2l> ί*®14

23

Z2 + Z2

**j"lθ ί*9l4^15

24

Z2

25 26

0

27

Z

(3. 15)

y

^ ( « r l β : 2)

Generator

0

15

Z

16

^ 2

17

^ 2

18 19

0

20

0

21

z2

22

0

j

*AK.tl : 2)

Generator

23

z + z2

1 6 : 2 2 , z*ε1 5

24

•^2 "T~ - ^ 2

ί*i"l5> t*9l6βlβ

25

Z2

i*9i5A«ie

26

Z6 4

27

0

28

0
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Here we denote by β an element of πlKϋn : 2) such that dβ = β e π^iS"*7 : 2)

i.e. we may consider that β is a coextension of β.

Proof Consider the exact sequence

>πj(Sn+7: 2)-^>πj(Sn : 2)-^->πJ{K*% : 2)-^πj.ί(Sn+1: 2)

of (3. 1) for j < 2n + 5. From πj{Sn+7 : 2) = 0 for j < n + 6 and from the

exactness of the above sequence, it follows that

i*:πj{S* :2)—>πj(K*Λ: 2)

are isomorphisms onto for j < n + 6, and n = 9, 10, 11, 14, 15.

It follows from (3. 1) that the sequence

πn+7(Sn+7 : 2)-^>7zn+7(Sn : 2)^>πn+7(K<,n : 2)-^->7rΛ+6(Sw+7 : 2) = 0

is exact for n > 9. From πn+7{Sn : 2) ίz{σn}zϊ Zίβ, we have that

(3. 16) * n , : πn+7(S"+7 : 2) — > π n + 7 ( S n : 2)

is an epimorphism. Thus we obtain πn+7 {Kan : 2) = 0 for n = 9,10,11,14 and

15.

Consider the exact sequence

of (3. 1) for n > 9. From (3. 2), (3. 3) and (3. 4) we have that

(3. 17) σn. : πn+s(Sn+7 : 2) • • πn+8(Sn : 2)

are monomorphisms for n > 9. Thus it follows from the exactness of the

above sequence that the table is true for πn+i(Kan : 2), n = 9, 10, 11, 14, 15.

From (3. 17) and the exact sequence (3. 1), it follows that the sequence

ττn+9(Sw+7 : 2)-^%πn+9(Sn : 2)-^>πn+9(Kon : 2) >0

is exact for n > 9. From (3. 5), (3. 2) and (3. 3), we have that

(3. 18) σn* : πn+,(Sn+7 : 2) —>τr Λ + 9 (5 n : 2)

is monomorphisms for n > 9. Thus we obtain that
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πn+9(Kan : 2) « πn+9(Sn : 2)/{<rΛ o ηn+7} .

From (3. 18) and the exact sequence (3. 1), it follows that the sequence

τrΛ+10(SM+7 : 2 ) ^ τ r Λ + 1 0 ( 5 Λ : 2)^πn+1Q(Kσn : 2) >0

is exact for n > 9. From (3. 2), (3. 3) and (3. 6), it follows that

(3. 19) <τ9* : π19(S16 : 2)—»7Γ19(S9 : 2) is a monomorphism,

*»• : ^»+io(Sn+7 : 2)-—>7rw+10(SΛ : 2) is trivial for n = 14, 15,

the kernel of <rlo«, : τr20(517 : 2) —>7r20(S10 : 2) is

generated by -{4v17}, and

the kernel of σn*: π21(S18 : 2) —>7r21(Sn : 2) is

generated by {2v18}.

Thus it follows that the table is true for πn+1Q{Kan : 2) n = 9, 10, 11, 14 and

15.

In the stable rangs, we have the exact sequence

0 — * πn+n(Sn : 2) ~^> * n + 1 1 [Kan : 2) -^> τrΛ+10(Sw+7 : 2) — > 0

of (3. 1) for n > 13. Moreover we have the following relation in the stable

secondary compositions

ί e < t f , 4v, 2ί > mod 2Gn from Lemma 9. 1 of [11],

z> < (7, y, 8̂  > from Proposition 1. 2 of [11],

and < σ,v,Sc > is a coset of the subgroup σo G4 + 8Gn = 8G n . Thus

f = < (j, v, 8ί > mod 2 Gn

where Gn is the n-th stable homotopy group of the sphere and ζ is a

generator of the 2-components of G n .

From Proposition 1. 8 of [11], we obtain

i*ξ = i*< a9v,8c > mod 2 ί*Gn

= - 8 P

where ά e (̂ίfffn : 2) is a coextension of « e 7r^!(S?'+7 : 2). Thus, from this

and from the exactness of the above sequence it follows that

(3. 20) πn+n(Kan:2) ={ΰ} = Z<u

for n > 13
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From (3. 1), (3. 19) and from πn+n(Sn+7 : 2) = 0 for n > 0, it follows the

next four exact sequences and the commutative diagram

: 2) -^->π2Q(Ka9 : 2)

0 —-* τr21(S10 : 2)-^πn{Ktu - 2)

0 > 7Γ22(S11 : 2) > πiZ(K,n : 2)

I £«-l l

0 — > πn+lί(Sn: 2)-^>jrn+11(/iΓ<rIι: 2) —>4> Λ + 7 } — > Ό

for n > 13, where E : τr21(S10 : 2) —>πZ2{Sn : 2) and En"n : π2Z(Sn : 2)

—>πn+u(Sn : 2) are isomorphisms. From (3.20) and the above diagram,

we obtain that

9 : 2) = -{ϊ*

n : 2) =

Xi 2) = -[2y18}- ~ Z3 2,

τ r n + n ( ^ n : 2) = {PΛ+7} « Z6 4 for n > 13.

It is easily seen the results of πn+n{K0n : 2) and πn+n(K<,n : 2) from the

exact sequence of (3. 1), the table (3. 2), (3. 3) and the relation (3. 6).

Consider the exact sequence

τr25(S18 : 2) - ^ T Γ ^ S 1 1 : 2) - ^ > * „ ( * „ „ : 2) - ^ ττ24(S18 : 2) - ^ ^ ( S 1 1 : 2)

of (3. 1). From (3. 2), (3. 3) it follows that

(3. 21) σn. : TΓfCS18 : 2) ^TΓ^S11 : 2) for = 24, 25

are monomorphisms. Thus from the exactness of the above sequence we

have

π2Z(Kaιl : 2) ^ T Γ ^ S 1 1

From (3. 1) and (3. 2), we have the exact sequence

τr26(518 : 2) a-^>π2G(Sn : 2)-^>π25(Kan : 2) — > 0.

From (3. 7) and (3. 2), we have that
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I 22) /* :π2ft(Sn : i l : 2)

an isomorphism onto.

Next consider a generator v10 of π13(S10 : 2) of order 8 and an element

= Δ(c2l) + 7 of π19(S10 : 2) of order infinite order, where T is an element

720° en + bv\Q of 7Γ19(S
10 : 2) with the order at most 2 (a,b = 0 or 1). Let a

ell complex K = Sn U C(SU V S19) be obtained by attaching C(S13 V S19) to
10 by y10 V β - Su V S 1 9 — > S 1 0 . Then we have the following lemma.

LEMMA 3. 3. We have the following table of homotopy group π^K: 2) for

< 21

y

πj(K:2)

Generator

j<9

0

10

Z

i*ho

11

z2

12

z2

i*V2io

13

0

14

Z

15

z 2

16

z 2

πj(K : 2)

Generator

17

^<τ l o ,2v 1 3

18

Z2 + Z2

19

Z2 + Z2

20 21

^ 1 2 8

lere i : S10 — > K is an injection and we denote by a an element of πj(K: 2) suck

hat a is a coextension of a G. πj^iS13 Y S19 : 2).

Proof By (3. 1), we have an exact sequence

3. 23) • ^ V S 1 9 : 2 )

• tfy-ΛS" V S 1 9 : 2)

T Γ . ^ O : 2)—>τrJ-(/ίC: 2)

^ ( S 1 0 : 2 ) — •

or j < 21. We can identify TΓ^S13 V S19 : 2) ((*10 V β)* respectively) with

-j(Slz : 2) © πj{S19 : 2) (y10* + i3* respectively) for y < 21 and we shall use the

LOtation a = v1Q* + β*.

From the tables (3. 2), (3. 3), the relations (3. 6), (3. 8) and the exact

equence (3. 23), it is easy to see the results of πj{K: 2) for j =V 17, 21.

Consider the exact sequence

τr17(S13 : 2) ©τr17(S19 : 2) -Λτr 1 7 (S 1 0 : 2)-^*πιΊ(K: 2)

-^->τr16(S13 : 2) ©τr l 6(S1 9 : 2) -A>7Γ16(S10 :2)
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of (3. 23), where τr16(S13 : 2) 0ττ 1 6(5 1 9 : 2) = ττ16(S13 : 2) = {v13}^Z8 and ττ17(S13 : 2)

©τr17(S19 : 2) = 0 by (3. 2). We have that the homomorphism a : τr16(S13 : 2)

©7Γ16(S19 : 2)—>τr 1 6(S 1 0 : 2) is an epimorphism and its kernal is generated by

{2y13}. Thus we obtain the following sequence

(3. 24) 0 >{σίQ}-^Uπ17(K:2) >{2vί3} >0.

By Adams [1],

{>10,2^3,4<16> Ξ 0 mod 4τr17(S10 : 2)

and we have, by Proposition 1.8 of [11], 4 2v13 = —/*{ylo,2y13,4r16}

e 4 *> 1 7(S 1 0 : 2). Thus 4(2^3 + ί #α) = 0 for some a e τr17(S10 : 2). We may

replace 2y13 -f i*α by 2i>13. Thus, from (3. 24), follows that

πί7(K : 2) = { ι> l β } + {2?ny Λ Z1 6 + Z 4.

From (3. 23), we have the exact sequence

τr21(S13 : 2)Θτr2 1(S1 9 : 2)-%τr 2 1 (S 1 0 : 2 ) - % 7 r 2 1 ( ^ : 2)

-^->7r20(S13 : 2) Θτr20(S19 : 2) -^>^ 2 0 (S 1 0 : 2).

By (3. 6), (3. 10) and the diagram (3. 2), (3. 3), we have

Thus we obtain that

(3. 25) the kernel of a : τr20(S13 : 2) 0τr2 O(S1 9 : 2) —>7r2 0(S1 0 : 2)

is generated by {pn © 2?19j- ^ Z 1 6 .

By (3. 8), (3. 10) and the diagram (3. 2),

(3. 26) α{ε13} = vn o ε13 = 0,

= 0.

Thus, from (3. 25), (3. 26) and the from above sequence, it follows that the

sequence
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0 >{ζίo}-

is exact. By (9. 3) of [11],

?io ^ {y10,2<r18, Sc2Ό} mod 8τr21(S10 :

and by Proposition 1. 3 of [11]

z'*?io

= — 16 <r13 0 ?19.

Thus we obtain that

π2ί{K : 2) = -013 φ 3?19} Λ Z 1 2 8.

§ 4. Homotopy groups of exceptional Lie groups E6, E7 and Z£8.

(I) HOMOTOPY GROUPS πj(E8 : 2) for j < 28.

From Corollary 2. 3, Lemma 2. 5, there exist a cell complex Kg

= S15 U e2* U £27 U e29 and a continuous map / : K* — > Es, from which the
<*lδ 8

following isomorphism /*, induced by a map /, is obtained;

(4. 1) /* : πj(S15 U e23 U ̂ 27 U e2* : 2) ̂  ^ ( ^ : 2) for i < 28.
* l δ

Let ^27 be attached to Kai5 = S15 U e23 by a map g : S26 — > Kau and β29 be
<Ίδ

attached to S15 U β23 U 027 by a map h : S28 — > S15 U e2Z U ̂ 27, then, from

Corollary 2. 3 and Theorem 2. 6, it follows that the next diagrams are

commutative

Su - % Kau S2S - ^ > S 1 5 U e2Z U ^27

( 4 . 2 ) ( i ) , \ [I (ϋ) , \ "I*'

where p, p' are the maps which shrink S15, S15 U ̂ 23 are respectively to a

point. From (4. 1),

πj(Es : 2) S5 7Γ,(S" U ̂ 2 3 U ̂ 2 7 : 2) for j < 27.

Consider the exact sequence
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τr26(S26 : 2) - % τ r M C f o l f : 2) ~^>τr 2 6(S 1 5 U e2* u e27 : 2) -^->τr2 5(S2 6 : 2)

of (3. 1), where V : X<r 1 6 —>S 1 5 U e23 U e27 is the inclusion m a p . F r o m (i)

of (4. 2) a n d the table (3. 15), we have t h a t

(4. 3) flf* : τr26(S26 : 2) —•τr2 β(JS:, l i : 2)

is a n epimorphism. Thus , from the exactness of the above sequence, we

obtain

(4. 4) τr26(S15 U e2Z U e27 : 2) = 0.

I t follows from (3. 1), (3. 15) a n d (4. 3) t h a t the sequence

0 = π27{Kσu : 2) -^»τr 2 7 (S 1 5 U e2Z U e27 : 2) —>ττ 2 6 (S 2 6 : 2)

: 2 ) — > 0

is exact. T h u s we obta in

(4. 5) τr27(S15 U e23 U e27 : 2) = Z.

Next consider the d i a g r a m ;

τr28(S15 U e23 : 2) = 0

7Γ28(S28 : 2) —>τr 2 8 (S 1 5 U e2% U e27: 2) —>ττ 2 8 (S 1 5 U e2% U ̂ 27 U e2*: 2) — > τ r 2 7 ( S 2 8 : 2 ) = 0

I O27 O^ J. rr ( Q26 Oλ

' I-
τr27(S15 U e23 : 2) = 0

where zv/ is a inclusion map. From (3. 1) the row and column sequences

are exact, and from (ii) of (4. 2) and from the definition of d, it follows

that the diagram is commutative. By (3. 15), d : ττ28(S15 U e2Z U e27 : 2)

—>τr 2 7(S 2 6 : 2) is an isomorphism, and E : ττ27(S26 : 2)—>τr2 8(S2 7 : 2) is an

isomorphism. Thus, from the commutativity of the above diagram, it

follows that

:2)—>τr 2 8 (S 1 5 U *2 3 U e 2 7 :2)
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is epimorphic. Thus, from the exactness of the column sequence, we

obtain

(4. 6) * 7Γ28(S
15 U e23 U e27 U e29 : 2) = 0.

From (4. 1), (3. 15) and (4. 4) (4. 9), it follows the next table of the

homotopy groups of exceptional Lie group Es.

PROPOSITION 4. 1.

i

πj(Es : 2)

1,2

0

3

Z

4 < j < 14

0

15

Z

16

z 2

17

z 2

18

z 8

19

0

20

0

i

πj(Es : 2)

21 22

0

23

z + z2

24

Z2 + Z2

25

z2

26

0

27

Z

28

0

(II) HOMOTOPY GROUPS πj{E7 : 2) for j < 25.

From Lemma 2. 5, there exist a cell complex KE7 = S11 U e15 U £19 U e23

U e25 U e27 and a continuous map k : KE7 — > E7 such that k* : KJ{KE7)

— > Kj{E7) are C2-isomorphism onto for j < 28. By Corollary 2. 8 and

Lemma 2. 4, e15 is attached to S11 by a representative of vπ e τri4(Sn : 2).

Consider the diagram

S11 U en U β19 >Sn U ̂ 19

where j» is a map which shrinks Sn to a point and £ 7 c Es is the natural

inclusion. Since *,(£,) = 0 for i < 14, fe|S"~0 in Et. Thus there exists a

map k : S " U e » - > . g 8 such that the above diagram is homotopy

commutative. A generator *„ e &'(£, : Z2) corresponds to a generator

xn e HU(SS Z2) by the natural inclusion ^ 7 c Jί,. Thus, from the

commutatίvity of the above diagram, *„ e H»(Et Z2) corresponds to a

generator of Zf«(S» u e» Z2) by P . Let / : S"—*Et be a representative

of a generator {/> of π,,(£,) = Z, then fc|Slδ is homotopic to «{/> for

some odd integer x. Let eu be attached to S1S by β : S18 > Sls for a

cell complex S15 u e19 of the above diagram.

Since k is extended over en, we have

0 = (k\Sls)*β = in 2-component.
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By (4. 1), /* : 7Γ; (S15)—>π j{Eι) are C2-isomorphism onto for j < 21. Thus it

follows β = 0. From this we have that Sn U en is a subcomplex of KE7,

and £19 is attached to Sn by <rπ.

LEMMA 4. 2. M^ m^y regard the inclusion j : Kan = S11 U e19 c ϋfg dtf ίfe

^yϊέre map. Let F be the fibre, then H*(F Z2) has additive basis {1, aU9 a22, a2Q}

for degree < 29•, where a^ denote a generator of degree i.

Proof From lemma 2.5, H*{KE7 Z2) = Δ(xn, # 1 5, # 1 9, x239 #27) for degree

< 30 and Sq4xn = a?16, Sζ?8α;15 = x2Z, Sq4x23 = x279 Sq*xn = »19. Let {.£**> be

the mod 2 spectral sequence associated with the above fibering, then we

have

ET = H*(KE7 Z2) (x) H*(F Z2)

and

£** = J(fl?n, a519) for degree < 30.

Clearly î f7 and F are 10-and 13-connected respectively. We have the

following cohomology exact sequence — > H*(KE7 Z2) — > H*(Kσn Z2)

— > H*{F Z2) - U H*{KE7 Z2) — > for degree < 24. I t follows that

H*(F Z2) = {X,au,a22} for degree < 24 where τ(au) = a;15 and τ(a22) = x2Z,

i.e, rfis(l (8> Λ14) = «IB (8> 1 and rf28(l g) a22) = x23 (x) 1. For 24 < q < 29, any

non-zero element of ZsJ'g must be cancelled by dr with some element of

Er'q~r+1 By the dimensional reason, the only posibilities of such q are

# = 24,25,26 corresponding to xn (x) au, xnx15 ® 1 and α; 2 7 ®l respectively.

Thus # 9 ( F Z2) = 0 for q = 27, 28, 29. Since dlz(xn ® β14) = xnxι% ®l=\=0,

xn®au is not a t/js-image, hence H24{F;Z2)=0. We have also H25{F Z2)

= 0 since # n # 1 5 (x) 1 = 0 in El%'°. By the dimensional reason, we see that

#27(x) 1=^=0 in £2

2?' °, hence there exists an element <z26 such that c/28(l (x) α26)

= α;27 (x) 1 and «26 generates H2*(F Z2) ^ Z2.

From the proof of this lemma, we have that au, a22i a2% are transgressive

elements. Since Sq*x15 = x2Z9 Sq4x23 = x27, it follows, from the commutativity

of the Steenrod operation and the transgression, that

(4. 7) SqzaH = a22, Sq4a22 = a26.

By Lemma 2. 5 and Theorem 2. 6, there exists a cell complex KF

— Su U e22 U £26 and a continuous map from KF to F which induces
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isomorphisms from πj(KF : 2) onto πj[F : 2) for j < 26. Let / : KF—> Kaiί

= S11 U e19 be the mapping from a fibre to the total space identifying F

with KF for dimension < 26. Then / | S 1 4 is a representative of vn.

Consider the exact sequence

d / ,
• >TCj-1{KF I 2) >7ΐj-ι(Kΰu ', 2) >

associated with the above fibering for j < 26 and the following homotopy

commutative diagram

(4.9)

KF

Kan.

From (3. 1), (3. 14) and from the fact that eu is attached to Kσu by a

coextension of v229 we have the next table

(4. 10)

j

πj(KF : 2)

Generator

i <13

0

14

Z

15

z2

16

Z2

17

z,

18

0

19

0

20

z,

j

πj(KF : 2)

Generator

21

0

22

z + z2

16*21>**βl4

23 24

z2

25

0

26

Z

64ί 2 5

LEMMA 4. 3. For

^£ following table;

(4. 11)

homomorphism /* 2) : 2),

α =

/*« = 0 0 ^*^11£12

^16^21

4 2 ^

^*^14

0

ί*^14

0 0 0

/. From (4. 9), (3. 8), (3. 9), it follows that the table is true excepting

for a = i*16*21, f*y?4.
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The relation i±ηn o ε12 = i*v\x in π20{Kσn : 2) imply the formula

/*(*Vl4) = U^ll ° β12

Consider the following commutative diagram

Su — • Sn

\

where 16c21 is a coextension of 16*21 and vn is an extension of vn. We

have

ί fn
4 &2

PROPOSITION 4. 4.

ike following table;

2̂i3" by Proposition 1. 8 of [11],

by (9. 3) of [11],

homotopy groups πj{E7 : 2) for j < 25 αr£ Zwferf in

j

πj(E
7
 : 2)

1,2

0

3

Z

4 < < 10

0

11

z

12

^ 2

13

^ 2

14

0

15

Z

i

7Γ;(^7 : 2)

16

z
2

17

^ 2

18

z
4

19

z + z
2

20

^ 2

21

z
2

22

z
4

23

Z + Z
2
 + Z

2

nj(E
7
 : 2)

24

Z
2
 + Z

2
 + Z

2

25

Z
2
 + Z

2

Proof The results of πj{E1 : 2) for i < 22 follow immediately from the

tables (4. 10), (3. 13), (4. 11) and from the exactness of the sequence of (4. 8).
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, ε14, 2c22} D E4{v7, ε10, 2cn} C £4τr19(S7) = 0.

Thus we have

(4. 12) -On, ε14, 2;22> =ΞE 0 mod 2τr23(Su).

Similarly we have

(4. 13) -On, fto 2;23} = 0 mod 2τr24(Sn).

•0π> ̂ i4 ° e1B, 2ί2 3} D {yπ o η u , ε15, 2ί23} = {0, ε15, 2 ί 2 3 } Ξ O by Proposition

1. 2 of [11]. Thus we have

(4. 14) {vn, vu ° £i5> 2ί2 3} = 0 mod 27Γ24(S
Π : 2).

Similarly,

(4. 15) O n , 7i4 ° A'i5, 2 ί 2 4 > = 0 m o d 27r25(Sn : 2).

Consider the commutative diagram

(4. 16)

ns{Kr : 2) — % TΓ/I&n : 2) - A TΓ^K^ : 2) - ^ > ^ ^ ( ί Γ , : 2) - A ^ ( t f ^ : 2)

14 : 2) - ^ TΓ^S11 : 2) - X ^-(S11 U ^15 : 2) -%> 7r^(S1 4 : 2) - ^ > ^ ^ ( S 1 1 : 2)

where i,j are inclusions.

From Proposition 1. 8 of [11] and the above secondary composition

coextension έ14, fiu, ηu o 6 l B and ηu o j«15 of ε14, ^ 1 4 , 714 ° eίS and J?14 O ̂ 1 5

respectively are elements of order 2. Thus from the commutativity and

the exactness of the above diagram. (4. 16), the results of KJ{KE7 : 2) for

j = 23, 24, 25, are obtained.

(Ill) HOMOTOPY GROUPS πj{Eι : 2) for j < 22.

By Corollary 2. 3,

H*(£B Z2) = Z2[y32] (x) J(i/9, i/π, y15, y1791/23, i/33)

and

= yι79 Sq4yn = y l δ ,

From Lemma 2. 5, there exists a cell complex KE* and a continuous
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map / : KE6—>E6 such that 1*:KJ(KEI)'—>πj{E6) are C2-isomorphism onto

for j < 24, i.e, KE6 = S 9 U eu U en U e17 U e20 U e2Z U e2i.

By Corollary 2. 8, e11 is attached to S9 by η9.

L E M M A 4. 5. Kσ9 = S 9 U e17 is a subcomplex of KE6. Exchanging an

inclusion map Kσ9 — > KE6 by a fibre map, we denote by F the fibre of this

fibering. Then H*(F Z2) has the additive basis {1, a10, au, a2Q, a22} for degree < 25

such that SqiaίQ = au, Sqsau = a22, where at denotes agenerator of degree i.

Proof F r o m L e m m a 2. 5, H*(KE6 Z 2) = J ( # 9 , x119 x1S9 xί7, x23) for degree

< 32 a n d Sq2x9 = x119 Sq4xn = x159 Sqsxί5 = x2Z, Sqsx9 = x17.

By use of Adem's relation we have relations

SqGxn = SqsSq2x9 = Sq4Sq4x9 + Sq7Sq1x9,

Sq2x15 = Sq2Sq4xn = Sq^q'Xn + Sq*xn.

Since there is no cell of dimension 10 and 13, Sq5xn = 0 in KE%. Since

there is no cell of dimension 12 and Sq*xn = 0, Sq2xn = 0 in KE6. Then

e17 is inessential to e15, that is, up to homotopy type S9 U e11 U e17 is a

subcomplex. Since ττ16(S9 U en,S*) ^τr 1 6 (S π ) = 0 , we have that S9 U e17 is a

subcomplex. Then, by Theorem 2. 6, we may consider that S9 U e17 = Kσ9

is a subcomplex of KE6.

Let {Er*} be the mod 2 spectral sequence associated with a fibering

{_Kσ9, i, Kg} with the fibre F, then

ET = H*(KE6 Z2) (x) iJ*(F Z2)

and

E** = Λ (a?9, x17) for degree < 25.

By concerning the cohomology exact sequence associated with this

fibering, we have H*(F Z2) = {l,alo,a14} for degree < 18 with generator

a109au such that dn{±(g)a10) = xn (x) 1 and dί5{l (x) Λ14) = a515 (x) 1. For the total

degree < 27, £?* is the sum of Έ** = H*(KE6 Z2) (x){l, «iO>«i4} and

S l®Hq{F\Z2). From 7 £ J * we compute ^ * * giving 6?r trivially except

dr{b (x) α10) = bxn (8) 1 and rfr(6 (x) α14) = 6ίc15 (g)l, 6 e H*{KE6 Z2). Then we

have for the total degree < 30, ΈZ* = Δ{x9, x179 x23) (x) 1 + {xn (x) Λ10, a?iδ (8) au},

where we use the fact x2

n = x2

15 = 0. Compare this with ET, we conclude

that #2 3(x)l, #11® tfio must be cancelled by some elements a229a2Q, i.e,
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d25{l (x) <z22) — ̂ 23 ® 1 and dn{l (x) <z20) = #n ® #io Moreover, no other non-zero

elements exists in H*(F Z2) for degree < 25. Thus H*{F Z2)

= {1, a1Q; au, a2Q9 a22} for d e g r e e < 25.

From the above proof, a1Q9au and β22

 a r e transgressive element. Since

Sq4xn = x15 and Sq*xί5 = #23, using the commutativity of Steenrod operation

and transgression we have Sq4aί0 = #14 and Sq*au = a22.

By Lemma 2. 5, there exists a cell complex KF = S10 U £14 U e20 U e22

and a continuous map which induce C2-isomorphisms from πj{KF) to πj[F)

for y < 24. We identify the fiber to the total space, then we have a

commutative diagram

S10 - % iΓF

(4.17) U9

where i is inclusion map, and the exact sequence

(4. 18) > πj{KF : 2) > πj{Ka9: 2) > KJ(KE6 I 2)

•—• πj^(KF : 2) — > TΓ^^UΓ^ : 2) — >

Consider the cell complex KF = S10 U eu U e20 U ̂ 2 2 . Since Sg%10

= au, e14 is a t tached to S1 0 by a representative of v10.

F r o m τr19(S10 U ̂ 1 4, S10) ̂  τr18(S13) = 0, we m a y assume t h a t KF = S1 0 U

C(SίZ V S1 9) U e22. *

Let α : S2 1 — > S10 U C(5 1 3 V 519) be the at taching m a p of e2 2 a n d e20 be

at tached to S1 0 by β:Sn — > S 1 0 . Consider the exact sequence

τr21(S10 : 2)—>τr 2 1 (S 1 0 U eu U e2* : 2) -^-> τr20(S13 V S1 9 : 2) — ^ > τr20(S10 : 2).

F r o m the definition of d, we have the commutat ive d iagram

τr2l(S10 U eu U e20 : 2) -^-> ττ20(S13 V S1 9 : 2)

τr21(S14 V 5 2 0 : 2) = ^ 2 1 (S 1 4 : 2) + ττ21(520 : 2)

where ^ is a m a p which shrinks S1 0 to a point . Since Sq8au = a22, p*a

= <Ti4 + #%o for ίc = 1 or 0. F r o m the exactness of the above sequence,

0 = (vio V β)* °da = vn o <y13 + α(j9 © ^ 1 9 ) . T h u s we have x{β o y19) = v1Q o <r13 =^ 0

a n d 05 = 1.
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Put β =

we have

vlι +dμ10 for some integers a,b,c,d, then

= a(Δ{c2yj) O 7]ί9 -j- bVto ° ε12 + C y10 ° ^19 + ^ 1 0 ° ̂ 11

= βyio o tfia + 0 + 0 + rf^o o μn by (3. 6) and (3. 10).

Thus by (3. 3) a = 1 and d = 0. Therefore

/. -,n\ î  = (̂̂ 21) + bVn ° e n + cv3

ί0 where b, c = 0 or 1.
(4. 19)

From (4. 19), Lemma 3. 3 and from the exact sequence

>π,-(S21 : 2)^>πj(Sn U eu U e2" : 2)—>π j(KF : 2 ) — > π , -,(S21 :

of (3. 1), we have the next table;

(4. 20)

j

πj(KF : 2)

Generator

yo

0

10

Z

11

^ 2

12

z2

13

0

14

Z

15

^ 2

16

^ 2

17

z 1 6 + z 4

y

πj(KF : 2)

Generator

18

Z2 + Z2

19

Z2 + Z2

20

Z2 + Z2

i*0nVn, ί'Aβfti

21

0

LEMMA 4. 6.

ίΛ̂  following table;

(4. 21)

homomorphism /* : ^ ( / ^ : 2)—>πF(Kσ9 : 2),

α =

Λ« = ί*99

i*V2iQ

4i*v9

Vn

i*v\

i*0n

ί*e9 + *'*y9

2^13

ί*e 9

*'*εio

i*V9εί0

a =

/*« =

ί^io ° ε n

0

ί*Λo ί*^10y17

4/*?9

. We shall use the next relations
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ψn = Avn for n > 5 by (5. 5) of [11],

Vn ° i?n+i = »S f° r n > 6 by Lemma 6. 3 of [11],

9̂ ° îo = 9̂ + 9̂ by Lemma 6. 4 of [11],

ηl o εn+2 = 0 for n > 9 by (7. 10), (7. 20) of [11],

4?Λ = Vl ° i"Λ+2 for n > 5 by Lemma 6. 7 of [11].

From (4. 17), (4. 22), it follows that the table is true except for a - ηu and

2vlz.

From the definition of yn and (4. 17), we have the commutative

diagram

S15 > Su U eu — > S9 U e"
. "to «»

•X I

where p is the mapping which shrinks S10 to a point and y9 is a extension

of %. Thus we have

/*9i3 ^ z'Λ ° Viz == i*{.V99 yio> 1̂3} =̂  *'*y9 by Lemma 5. 5 of [11].

Consider the commutative diagram

v*

510 — > 59

S17 — > S10 U ̂ 14 — > S9 U ^17

S1 1

then we have

/*2y13 = i*V9 o 2v13 e /*{ 9̂, v10, 2y13} by Proposition 1. 7 of [11],

e /*β, by (6. 1) of [11].
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PROPOSITION 4. 7 The homotopy groups 7r, (Zs6 : 2) for j < 22 are listed in

the following table

j

πj(EQ : 2)

1,2

0

3

Z

4 < y < 8

0

9

z

10

0

11

z

12

z,

13

0

14

0

j

πj(EG : 2)

15

Z

16

0

17

z + z2

18

z16 + z2

19

0

20 21

0

22

0

Proof The results of πj{E6 : 2) for ^ 18, 20, follow immediately from

the table the (3. 11), (4. 20), (4. 21) and from the exact sequence (4. 18).

By (3. 9) and Proposition 1. 2 of [11], μ e < η, 8c, 2σ> = <vf2σf8c>

+ < 2<r, η, 8c > and <2σ, y,8c> = <c, 2η9 8c > Ξ=0 . Then, by concerning

the suspension homomorphism, we obtain

-0?9, 2<r10, 8c17} ^ μ9.

By Lemma 9. 1 of [11], we have

Consider the commutative diagram

Aπn{KF : 2) — > πu{K,t : 2)

ΐ'
' 71.

s.:2) : 2)

: 2) — • τr18(S9 : 2) —>τr 1 8(S 9 U en : 2 ) — > τr17(S10 : 2)

where y is a inclusion map S 9 — > S 9 U ^ n .

By Proposition 1. 8 of [11], we have

, : 2)

: 2)

, 2<710, 8^17} = - 8 2σ10.

From the above commutative diagram and from the tables (3. 11), (4 20)^

(4. 21), we obtain

We have the following commutative diagram
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rτ2Q{KF : 2) > π20{Kσ9 : 2) > π2Q{KEβ : 2) > πn{KF : 2) > τr l β (Xiy β : 2)

t' β ΐ' ^ ΐ'
π 2 0(S 1 ( ) : 2) - ^ τr20(S9 : 2) --^> π 2 0 (S 9 U e1 1 :2) -%• ffl9(S10 : 2) - ^ V π 1 9 (S 8 : 2)

a n d from Propos i t ion 1. 7 of [11]

7]10 o ε π , 2 ί 1 9 > = — 2V1O o εn.

From the exact sequence (4. 18) and from the table (3. 8), (4. 10), (4. 21), we

obtain

τr20(Kβ, : 2) « Z 8 .
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