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WEAK TYPE INEQUALITY FOR POISSON MAXIMAL OPERATORS

Y00, YOON JAE

ABSTRACT. A necessary and sufficient condition for a certain maximal operator to be of
weak type (p,q), 1 < p < g < o0, is studied. This operator unifies various results about the
Poisson integral operators cited in the literatures.

I. Introduction Consider the maximal operator
M (@) = sup{ / 1f(v)] dy : = € Q and sidelength(Q) > t}.

It is well known that this maximal operator M controls Poisson integral defined by, for
z€R"t>0,

PN@0 = [ fw)Pa -y,

where
Cnt

(a2 + 2)*F

P(z,t) =

is the Poisson kernel. ;
For a given positive measure v on R}*! = {(z,t) : z € R™, ¢ > 0}, the problem under

what conditions M is bounded from LP(R") into LP(R?*,v) and from L!(R") into weak-
LI(R""‘1 v) was studied by several authors: Carleson|[C] showed that M is bounded from
LP(R",dz) into LP(R’}_“, dv) if and only if v satisfies the Carleson condition

(@)
S <

Later, Fefferman-Stein[FS] proved that M is bounded from LP(R", w(z)dz) into LP (R""'1 dv)

if
v(Q)
228 Q|

where Q = Q x (0,1(Q)] if we denote I(Q) the sidelength of Q. More recently, Ruiz[R] and
Ruiz-Torrea[RT] unified various results concerning these problems.

<Cw(z) ae. =z,
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On the other hand, Sueiro[Su| studied a certain maximal operator and applied to study
the Poisson-Szego integral. This operator is in fact a generalization of the standard Hary-
Littlewood maximal operator and works on spaces of homogeneous spaces.

In this paper, a maximal operator Mq will be defined on spaces of homogeneous type.
This is a generalization of the operator M given above. Finally we characterize the
condition for which Mg is of weak type (p,q). This condition will unify various results
obtained before.

II. Preliminaries

Definition 2.1. Let X be a topological space and let d : X x X — [0,00) is a map
satisfying
(i) d(z,z) = 0; d(z,y) > 0if z £ y;
(ii) d(z,y) = d(y,z);
(iii) d(z,z) < Kl|d(z,y) + d(y, )], where K is some fixed constant.
Assume further that
(iv) the balls B(z,r) = {y € X : d(z,y) < r} form a basis of open neighborhoods of z € X
and that p is a Borel measure on X such that
(v) 0 < u(B(z,2r) < Au(B(z,r)) < 0o, where A is some fixed constant.
Then the triple (X, d, ) is called a space of homogeneous type[CW, S].

Remark 2.1. Properties (iii) and (v) will be referred to as the triangle inequality and the
doubling property respectively.

Note that the condition (v) is equivalent that for every ¢ > 0, there exists a constant
A < 0o such that u(B(z,cr)) < Acu(B(z,T)).

Definition 2.2. Assume for each £ € X we are given a set 2, C X x [0,00). Let Q
denote the family {Q, : z € X}. For each ¢ > 0 set

Qz,e) =0z N (X x [t, 00))

and
Ra(z,t) = {(y,7) € X x [0,00) : Qy,r(t) N B(z, at) # 0},

where Q, )(t) = {z € X : (2,t) € Q(y,r)} is the cross-section of Q(, ) at height ¢.
Definition 2.3. Assume that we have a family @ = {Q, : £ € X}. For f € L} (X, du)
and z € X, t > 0 set

Maf(z,t) = sup -

_ fldu.
(¥,8)EQ(x.1) p,(B(y,s)) B(!l,s)l I #

Definition 2.4. Let 1 < p,q < co. An operator T defined in LP(wdy) and having a
v-measurable function as its range is said to be of weak type (p, q) with respect to (v, w)
if there is a constant A(p,q) so that

, 1A 2o oty )
v{(@1) : IT(N(@: 1)l > A} < Alp, g) | —52

for all A > 0.
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Definition 2.5. Let 1 < p < ¢ < 0o. A pair (v,w) is said to satisfy the condition C}, 4(2)
if there are constant C = C(K, A, a,p, ¢) and a > 0 such that

q9(r—1)/p
V(Ra(xv T)) / -1
—_— w p-1 d[J. SCK;Aaa,paq )
pw(B(z,7)? \ JB(z,r) ( )

if p>1and

(Ra(z, 1))
%ﬁ%}_q < C(K, A, a,p,q)w(y)?

a.e. y € B(z,r)ifp=1.
Example 2.1. If Q, = {(y,t) € R" X [0,00) : |z — y| < t}, then Q induces the standard

maximal operator M given in the introduction. Note that R, (z,r) is a truncated cone
having a base B(z, (1 + a)r), a top B(z,ar), and a height r.

Throughout the article, there are several constants which are not necessarily the same
at each occurrence. These constants depend only on K, A, a,p, and q.

III. Main Results

The following lemma is given in [CW]. Also see [Su].
Lemma 3.1. Let E be a bounded subset of X and for each x € X, assign r(z) > 0. Then
there is a sequence of disjoint balls B(x;,r(z;)), z; € E, such that the balls B(z;,4Kr(z;))
cover E, where K is the constant in the definition 2.1. Further, every x € E is contained
tn some ball B(x;,4Kr(x;)) satisfying r(z) < 2r(z;). ‘

Theorem 3.1. Assume that Q satisfies that if z € X, (y,7) € Q; and s > r, then
(¥,8) € Q. Let 1 <p < q < oo. Then Mgq is of weak type (p,q) with respect to (v,w) if
and only if (v, w) satifies the condition Cp ().

Proof. Suppose that Mqg, is of weak type (p, g) with respect to (v, w). If (zo,t) € Ra(z,T),
then €z, +)(r) N B(z, ar) # ¢ and so we can choose y € (4, t)(r) N B(z,ar). From the
triangle inequality,

(1) B(z,r) C B(y,K(a+ 1)r) C B(z, (K%a + Ka + K?)r).

For a nonnegative measurable function f defined on X, we put

1
= fd
15wn = ZBwG) Jagm ! *

for simplicity. Since (y, K(a+1)r) € Q(4,,+) by the hypothesis, it follows from (1) and the

. doubling property that

1
f
’*"(B(yv K(a + 1)1‘)) B(y,K(a+1)r)

MafxB(z,r)(To t) >

1
(2) Z uw(B(z,(K?a+ Ka + K?)r)) /B(x,r) f

pu(B(z,T)) s
= w(B(z,(K2a + Ko + K2)r))’ B=")

> C(K, A, a)fB(:r,r)
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for some constant C (K, A, a).
Let A be chosen so that 0 < A < fp(z,r). If we write

EA = {Mﬂ(f : XB(:E,T) > C(Kv Ay a)A}y

then the previous argument shows that R,(z,r) C E) and so

L3

(3) U(Ra(z, 7)) < C(K,f;;a,p, ) ( /B » FPw dp) .
Hence

q '3
4 V(Ra(x’r)) P
“ u(B(z,r))4 /B(x’r) fdp) <C(A,K,a,p,q) /B(m,r) fPwdp | .

Suppose p > 1 and p’ = p/(1 — p). If we replace f by w—r_lfxg(z,r) so that f = fPw
on B(z,r), then (4) implies

q/p
I

Thus (v, w) satisfies the condition Cp ¢(Q2) for the case p > 1 and 1 < ¢ < co.
Suppose p = 1. By (4), we have

V(Ra(z,T)) 1 w a
(©) W(B(z, 1)) SC(M(S)/S d") ’

for any S C B(z,r). Pick a so that a > ess.infycp(; »yw(y) and let S; = B(z,r)N{w < a}.
Replace S in (6) by S,. Then by (6) we obtain

V(Ra(z,T))

w(B( ) =Y
and so
V(Ra(z,T))
(7 w(B(z,r)? < Cw(y)?

a.e. y € B(z,r).
Conversely, suppose (v, w) satisfies the condition Cp, 4(£2). We follow the idea of Sueiro[Su].
For each A\ > 0, define

E) ={(z,t) € X x [0,00) : Mqf(z,t) > A}
and

1
E\ ={z € X :sup

r>0 ;J,(B(.’II,’I")) B(z,r) 'fldpl ~ /\}
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Also for each = € E}, if we put

1

M(B(CC,T)) B(z,r) lfld# z /\},

r(z) =sup{r >0:

then r(z) > 0 and
1

————s |fldp = A

[,L(B(Z:,T(SB))) L(z,r(x))
Assume for a moment that E) is bounded. Then by the covering lemma, there exists a
sequence of balls {B(x;,r(zi))} so that E{ C U;B(z:,4Kr;), where r; = r(z;). Now we
want to verify

(8) E)\ CURs(zi,4KTi/x)
To do this, let (z,t) € Ex. Then
1
w(B(y,7)) JBy,n

for some (y,7) € Q(z,1). Soy € E} and ¢t < r < r(y). By the last part of the covering
lemma, y € B(z;,4Kr;) for some i such that r(y) < 2r;. Here we may assume a <
2K. Consequently, t < r < r(y) < 2r; < %r, and so (y,4Kri/a) € Q). Since
y € B(zi,a(4K/a)r;), it follows that y € Q(+)(4K7ri/a) N B(z;, a(4K /a)r;), and thus
(z,t) € Ra(zi,4KTi/a), and so (8) holds.

Now suppose 1 < p < g < oo. Since

1
wBaar) <3 [ ifian
B(m,-,r,-)

Ifl du > A

p=1

1 : N 7
<3 ([ - irrwan [ wma)
A B(zi,r,») B(Z;‘,T;‘)

by the Hélder’s inequality, it follows from the disjointness of {B(z;,r;)} that
V(Ex) <D v(Ra(zi, 4KTi/c))
—
< C’(K,A,a,p,q)Zp,(B(:zi,thn/a))q (/ w” T dp,)
i B(z:,4Kr;/a)
B
1
< C(K,A,a,p,q) Z,u(B(a:i,r,-))q (/ w1 dﬂ)
i B(z;,m:)
2 wp-1)_ g

C(K A, a,p,q) / p i / —_1 PR
wd w1 g
A9 Z B(x;,75) |f| H B(z;,r:) K

q

_C(K,4,0,p,9) / P i
w d
Y Z ear) |fIPw du

C(K A, a,p,q)
N IFNLe ()
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Next suppose p=1and 1 < g < 00. Since 4K/a > 1, we have
Y(Bx) < v(Ral(zi,4KTi/a))
< C [u(B(zi,4Kr:/a))|%€s5.in fye B(z, akre /oy W(¥)?
i

< C Y [u(B(i, r)ess.in fyepiacraw(v)?

q
1
<C —/ wd .
Z‘_:(,\ B(z..,r..)lfl n)

Hence Mg is of weak type (1, q) with respect to (v, w).
Finally if E} is not bounded, then fix @ € X and r > 0. If we consider

E} = {(z,t) : Mqf(z,t) > A and y € E} N B(a,r) for some y € Qz¢)(r)}

and letting r — oo, then we obtain the same estimate. This completes the proof. 0O

Remark 3.1. If p = g, then the condition Cp ,(2) reduces to the condition Cp(w) given by

Ruiz[R}: N
v(Q) (_L ~1/(p-1) )p_l
w5t (g7 Jy w0 0as) <0
if p>1, and B
v@Q)
:1618 1] < Cw(z) a.e.,

if p = 1, where the supremum is taken over all cubes Q in R".

Corollary. (Ruiz[R]) Let p > 1. The mazimal operator M is weak type (p,p) with
respect to (v,w) if and only if (v, w) satisfies the condition Cp(w).

Remark 3.2. Let dv = du ® dd, where df is the Dirac mass on [0, 00), concentrated on 0.
Set

Sa(z,r) = {y € X : Qy(r) N B(z, ar) # 0}.

Then
v(Ra(z,7)) = p(Sa(z, 1))

The inequality (4), with f =1 and w = 1, gives

v(Sa(z,T))
WBm) = O

which is obtained by Sueiro[Su].

Let u be a nonnegative measurable function on X. If dv = udu ® dé and p = ¢ > 1,
then the inequality (4) also gives the condition obtained by Wenjie[W], which generalizes
the Muckenhoupt’s A, condition[M].
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Definition 3.1. Set { = {ﬁ(zo,t) : (zo,t) € X x [0,00)}, where

and

ﬁ(zo,t) ={(z,r) € X x [t,00) : (z,s) € Ny for some s < r}

Ra(z,7) = {(Tort) € X % [0,00) : Qz, 4y N B(z, ar) # ¢}.

Following theorem 3.1 with this definition, we obtain

Theorem 3.2. Let1 < p < q < co. Then Mg is of weak type (p,q) with respect to (v, w)
if and only if (v, w) satifies the condition Cp ¢(S2).
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