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Let $G$ be a compact connected Lie group and $K$ be a closed subgroup. A
finite dimensional complex irreducible representation $V^{\subset}v^{\tau}(\lambda)$ of $G$ with highest
weight $\lambda$ is decomposed into a direct sum of irreducible representations $V^{K}(\mu)$

of $K$ with highest weight $\mu$ ;

$V^{C^{\prime}r^{\prime}}(\lambda)=\sum_{\mu}\gamma\gamma\iota(\lambda, \mu)V^{K}(\mu)$ .

It is an important problem to study the branching niultiplicity $rn(\lambda, \mu)$ .
In [3], F. Sa,to studied the sta,bility of branching coefficient. Roughly speak-

ing, the branching coefficient $\gamma\gamma\iota(\lambda, \mu)$ satisfies $rr\iota(\lambda, \mu)=rr\iota(\lambda+\lambda_{0}, \mu)$ if $\lambda_{O}$ is
a spherical representation of $(G, K)$ and $\lambda$ is sufficiently large.

In [2] the author studied tlle $t$)$raIlclliIlg$ tlleorelll of tlle pair $(G_{2}, ,6^{\prime}O(4))$

a.nd obtained tlle following stability tlleorelll (see section 2 for the description
of the fundamelltal $weig1_{1}ts\{\lambda_{i}\}$ of $G_{2}$ ).

Theorem 1 (Mashimo [2]) $Lrt\lambda=m_{1}\lambda_{1}+m_{2}\lambda_{2}br$ a domina $’\iota ti_{7l}t_{f^{\prime}}gral$

$\iota l$ right of $G_{2}$ and $\mu=\Sigma_{i=1}^{3}l_{i^{=}i}br$ $a$ domina $nt$ inttgral $uri\backslash qhtof,b^{\prime}O(4)$ . Th $r\cdot n$

(1) if $\gamma\gamma l_{1}\geq 2b_{1}+l_{J_{2}}+4$ th en $\prime\prime\iota(\lambda+2\lambda_{1}, \mu)=rn(\lambda, \mu)$ ,

(2) $/frr\iota_{2}\geq l_{J_{1}}+1$ then $r\prime 1(\lambda+2\lambda_{2}, /J)=7’ l(\lambda, /\iota)$ .

The aiIn of $t1\iota i_{\iota}s^{\backslash }$ note is to calculate tlle brancliing coefficients of $tl1P$ pair
$(G2, \iota^{1}\backslash t^{f}(:;))$ and to prove the ‘stability” of $|$ ) $raIlclliIlg$ coefficients.
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1. Kostant’s multiplicity formula. We denote by $\mathfrak{g}aIldt$ the Lie a,lgebras
of $G$ and $K$ respectively. We assume that $G$ and $K$ are of the same rank. Let
$T$ be a maximal torus of $K$ and $t$ be its Lie alg $e$bra. We denote by $\Sigma(G)$ the set
of non-zero roots of $\mathfrak{g}^{C}$ with respect $t^{C}$ and $\Sigma^{+}(G)$ the set of all positive roots.
We denote by $D(G)$ the set of all equivalence classes of complex irreduible
representations of $G$ . Let $V^{G}(\lambda)$ be a representation space of an element $\lambda$ of
$\mathcal{D}(G)$ .

We denote by $t$ the Lie algebra of $K$ and by $\Sigma(K)$ the set of all non-zero

$w_{edenote1)}^{ootsoft^{C}withecttot^{C}.Bourassun1}\Gamma y\Sigma^{+}(I\iota^{\prime})ositiverootsofgrespypti_{o11}\Sigma 4_{A_{COI}1exirreducib1e}^{I\iota^{\prime})iscontai_{I1}edin\Sigma(G)}$

reprensentatioll $V^{G}(\lambda)$ of $G$ is decomposed into irreducible $K- 1llodules$ ;

$V^{G}(\lambda)=\sum_{\mu\in \mathcal{D}(K)}r’\iota(\lambda,\mu)V^{K}(\mu)$
.

Let $\gamma_{1},$ $\ldots,$
$\gamma_{r}\in\sqrt{-1}t$ be the set of elements of the set $\Sigma^{+}(G)\backslash \Sigma^{+}(K)$ .

For every $\nu\in\sqrt{-1}t$, we denote by $P(v)$ the number of non-nega.tive integral
$r$.-tuples $(a_{1}, \ldots , a_{r})$ such that $\nu=\sum_{;=1}^{r}a_{j}\gamma j$ . The multiplicity $7ll(\lambda,\mu)$ of
$V^{K}(\mu)$ in $V^{G}(\lambda)$ is expressed, by using the partition function $P$ , as follows;

Theorem 2 (Kostant [1]) $Th\epsilon\backslash $ multiplicity $\prime\prime\iota(\lambda, \mu)i\backslash \sim$
. give by

$r\gamma\iota(\lambda, \mu)=\sum_{\sigma\in W}(det\sigma)P(\sigma(\lambda+\delta)-(\mu+\delta))$
,

$\prime u$ herc $W$ is the We $yl$ group of $G$ and $\delta$ is half the sum of $positi\uparrow e$ roots of $\mathfrak{g}^{C}$ .

2. Root systems and Weyl groups of $G_{2}$ . We denote by $G_{2}$ the compact
simple Lie group of type $\mathfrak{g}_{2}$ . We shall give a brief review on root systems
$\Sigma(G_{2})$ .

Under a suitable choise of an orthonormal base $\{e_{1}, e_{2},\epsilon_{3}\}$ of $R$: the max-
imal abelian subalgebra of $\mathfrak{g}_{2}$ is $\sqrt{-1}t=\{\sum a;\epsilon_{i} : a_{1}+a_{2}+a_{3}=0\}$ . The set
of positive roots $\Sigma^{+}(G_{2})$ of $\mathfrak{g}_{2}^{C}$ with respect to $t^{C}$ is

$\Sigma^{+}(G_{2})=\left\{\begin{array}{llll}\hat{c}_{2}e_{l}-\epsilon_{2},-e_{3} & \epsilon_{l}-e_{3} & & \\2e_{l}-e_{2}-\epsilon_{3} & e_{l}-2e_{2}+\epsilon_{3} & \epsilon_{1}+e_{2} & -2e_{3}\end{array}\right\}$

and $\alpha_{1}=\epsilon_{2}-\epsilon_{3},$ $\alpha_{2}=e_{1}-2e_{2}+\epsilon_{3}$ are siIllpe roots. A linear forlll $\Gamma=\Sigma_{i=1}^{3}a_{i}\epsilon_{i}$

is a dominant form if and only if $a_{1}-a_{2}\geq a_{2}-r\prime_{3}\geq 0$ and is an integral form
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if and only if $a_{1},$ $a_{2},$ $a_{3}$ are integers. If $x=\Sigma_{i=1}^{3}a_{i}\epsilon_{i}$ is a dominant form, we
$1_{1}a|$ve $a_{1}-2a_{2}+a_{3}=-3a_{2}\geq 0$ . The fundamenta,1 weights of $G_{2}$ are

$\lambda_{1}=\epsilon_{1}-e_{3},$ $\lambda_{2}=2e_{1}-e_{2}-\epsilon_{3}$ .

We denote by $S_{\alpha}$ the reflection with respect to the hyperplanes perpendic-
ular to $\alpha$ and put.$5_{1}=S_{\alpha_{1}},$ $\prime 5_{2}=S_{\alpha_{2}}$ ;

$S_{1}(\sum_{=1}^{3}a_{i}e_{i})=a_{1}e_{1}+a_{3}\epsilon_{2}+a_{2}\epsilon_{3}$ ,

$\prime 5_{2}(\sum_{i=1}^{3}a;e_{i})=-a_{3}e_{1}-a_{2}e_{2}-a_{1}e_{3}$ .

3. Branching theorem of the pair $(G_{2}, ,’;U(3))$ . The set of roots
$\{\pm\alpha_{2}, \pm(3\alpha_{1}+\alpha_{2}), \pm(:;\alpha_{1}+2\alpha_{2})\}ge$nerates a Lie subalgebra isomorphic to
su(3). The set of funda,niental roots of ,6 $U(:;)$ is $\{3\alpha_{1}+\alpha_{2}, \alpha_{2}\}$ . The linear
form $\Sigma_{i=1}^{3}b_{i}e_{i}$ is $a$ domonant form for $5u(3)$ if and only if $b_{1}\geq 0\geq nlax(l)l))$

and is $an$ integral form if and only if $b_{1},$ $b_{2},$ $b_{3}$ are integers.
Kostant’s partition function for the pair $(G_{2}, h^{\prime}U(3))$ is given as follows;

Lemma 3 For an integral $u$) $r$ ight $\prime x=\sum_{i=1}^{3}x_{i}\epsilon_{i}$ of $\mathfrak{g}_{2}$ we $ha$) $r^{\backslash }$

$ P(x)=\#$ { $k\in Z$ : $ 0\leq k\leq$ min $(x_{1},$ $x_{1}+x_{2})$ }.

Proof. Put $\gamma_{1}=\alpha_{1}+\alpha_{2}=e_{1}-e_{2},$ $\gamma_{2}=\alpha_{1}=e_{2}-e_{3)}aIld\gamma_{3}=2(\gamma_{1}+\alpha_{2}=e_{1}-\epsilon_{3}$ ,
which are elements of $\Sigma^{+}(G_{2})\backslash \Sigma^{+}(9U(3))$

Since $\gamma_{1}$ and $\gamma_{2}$ are linearly independent and $\gamma_{3}=\gamma_{1}+\gamma_{2}$ , the expressions
of $x$ as linear combinations of $\gamma_{i}$ are $x=(x_{1}-X:)\gamma_{1}+(x_{1}+x_{2}-k)\gamma_{2}+\lambda\cdot\gamma_{3}$

$(k\geq 0).$ Tllus we obtain the lemma. Q.E.D.

Theorem 4 Let $\lambda=\Sigma_{i=1}^{3}a_{i}\epsilon_{i}br$ a dominant integral $u;eight$ of $G_{2}$ and $\mu=$
$\Sigma_{i=1}^{3}b_{i}e;$ be a dominant integral $u$) $eight$ of $6r[(:;)$ . Thr $ r\iota$ the multiplicity $7\gamma\iota(\lambda, \nu)$

$\iota s$ equal to

$\#\{k\in Z\geq 0 : -a_{2}-b_{1}-l)2-1<h\cdot\leq n1i_{I}\iota(0_{J1}-l)1, a_{1}+a_{2}-l)1-l_{J_{2}})\}$

$-\#\{\lambda\cdot\in Z\geq 0 : -a_{2}-b_{1}-2<k\leq 11li_{I1}(a_{1}-l_{J_{1}}-l)2+1, cl_{1}+a_{2}-l_{J_{1}}-1)\}$ .
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Proof. It is easily verified that for $\lambda\in \mathcal{D}(G_{2}),$ $\mu\in \mathcal{D}(g\ddagger f(3)),$ $P(\sigma(\lambda+\delta)-$

$(\mu+\delta))=0$ if $\sigma\not\in\{1, S_{\alpha_{1}}, S_{\alpha_{2}}, S_{\alpha_{1}+\alpha_{2}}oS_{\alpha_{2}}\}$ . Put $g_{0}=1,$ $\sigma_{3}=S_{\alpha_{1}+\alpha_{2}}o.(i_{\alpha_{2}}^{1}$

and $P_{i}=P(S_{i}(\lambda+\delta)-(\mu+\delta))$ $(0\leq i\leq 3)$ . Denote by $n(a, b)$ the nuniber
of elements of $\{k\in Z : 0\leq k\leq\min(a, b)\}$ . We have

(1) $\left\{\begin{array}{ll}P_{0} & =n(a_{1}-b_{1}, a_{1}+a_{2}-b_{1}-b_{2}),\\P_{1} & =r\iota(a_{1}-b_{1}, -a_{2}-b_{1}-b_{2}-1),\\P_{2} & =n(a_{1}+a_{2}-b_{1}-1, a_{1}-b_{1}-b_{2}+1),\\P_{3} & =n(-a_{2}-b_{1}-2, a_{1}-b_{1}-b_{2}+1).\end{array}\right.$

Put $\alpha=a_{1}-b_{1},$ $\beta=-a_{2}-b_{1}-b_{2}-1$ and $\gamma=a_{1}+a_{2}-b_{1}-b_{2}$ . Since $\gamma>\beta$

we consider 3 cases (i) $\alpha\leq\beta<\gamma$ , (ii) $\beta<\alpha\leq\gamma$ and (iii) $\beta<\gamma\leq\alpha$ . If
$\alpha\leq\beta$ then $P_{0}=P_{1}$ . If $\beta<\alpha\leq\gamma$ then $P_{0}-P_{1}=\{k\in Z\geq 0:\beta<k\leq\alpha\}$ . If
$\beta<\gamma\leq\alpha$ then $P_{0}-P_{1}=\{k\in Z\geq 0 : \beta<k\leq\gamma\}$ . In any case we have

(2) $P_{0}-P_{1}=\#\{k\in Z\geq 0$ : $k\leq\min(a_{1}-l)a+a_{2}-b_{1}-l)2)-a_{2}-b_{1}-l)2^{-1<k}\}$ .

Similarly we have

$P_{2}-P_{3}=\#\{k\in Z\geq 0$ : $k\leq n1-a_{2}-l\eta-2<kin(a_{1}-l)1-b_{2}+1,$

$a_{1}+a_{2}-b_{1}-1$ )
$\}$ .

From theorem 2 we obtain the theorem. Q.E.D.

Using the above theorem we have the following stability theorem.

Theorem 5 Let $\lambda=m_{1}\lambda_{1}+m_{2}\lambda_{2}$ be a dominant integral $u\epsilon ight$ of $G_{2}$ and
$\mu=\Sigma_{i=1}^{3}b_{i}e_{i}$ be a dominant integrvtl u’eight of $SU(3)$ . Then

(1) if $rr\iota_{2}\geq b_{1}+1$ then $rn(\lambda, \mu)=0$ ,

(2) if $rr\iota_{1}+\gamma\gamma l_{2}\geq b_{1}+1$ then $m(\lambda+\lambda_{1}, \mu)=rr\iota(\lambda, \mu)$ .

Proof. (1) From $m_{2}-b_{1}-1=-a_{2}-b_{1}-1\geq 0$ we have $h_{2}\geq-b_{1}>a_{2}$ . Thus we
have $\min(a_{1}-b_{1}, a_{1}+a_{2}-b_{1}-b_{2})=a_{1}+a_{2}-b_{1}-l\iota_{2}$ . $Si_{I1(}\cdot e-a_{2}-b_{1}-b_{2}-1\geq 0$ ,
we have

$P_{0}-P_{1}=a_{1}+a_{2}-b_{1}-l)2^{-}(-a_{2}-b_{1}-b_{2}-1)=a_{1}+2a_{2}+1$ .

SiInilarly we have $P_{2}-P_{3}=a_{1}+2a_{2}+1$ . $T1_{1}ereforerr\iota(\lambda, v)=(P_{0}-P_{1})-$

$(P_{2}-P_{3})=0$ .
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(2) Put $\lambda+\lambda_{1}=\Sigma_{i=1}^{3}a_{i}^{\prime}e_{i}$ and denote $P\int=P(,6_{i}^{\prime}(\lambda+\lambda_{1}, \delta)-(\mu+\delta))(0\leq i\leq;;)$ .
From $\lambda>\mu$ we have $a_{1}\geq b_{1}$ . It is easily verified tha,$tIlliI1(a_{1}-b_{1},$ $a_{1}+a_{2}-$

$b_{1}-b_{2})\geq 0$ and $\min(a_{1}-b_{1}, a_{1}+a_{2}-l)1^{-b_{2})}>-a_{2}-b_{1}-b_{2}-1$ holds. Thus
$P_{0}-P_{1}$ is non-zero. From (2) and

$P_{0}^{\prime}-P_{1}^{\prime}=\#\{k\in Z\geq 0$ : $k\leq\min(a_{1}-b_{1}+1,a_{1}+a_{2}-b_{1}-b_{2}+1)-a_{2}-b_{1}-b_{2}-1<k\}$ .

it is easily seen that $P_{0}^{\prime}-P_{1}^{\prime}=P_{0}-P_{1}+1$ . Similarly we have $P_{2}^{\prime}-P_{3}^{\prime}=$

$P_{2}-P_{3}+1$ . Thus we $h$ave $\prime\prime\iota(\lambda+\lambda_{1}, v)=rr\iota(\lambda, \nu)$ . Q.E.D.

Remark 6 Sincc $e?fe\gamma\eta/$ complex irreduciblc rcprcsrntation of $G_{2}$ is self-conjugate,
$u)e$ have

$n\iota(\sum_{i=1}^{2}rr\iota_{i}\lambda_{i}, \uparrow\iota_{1}\mu_{1}+r\iota_{2}\mu_{2})=n\iota(\sum_{i=1}^{2}rr\iota;\lambda_{i}, r\iota_{2}\mu_{1}+r\iota_{1}\mu_{2})$ .

4. Examples. We give $1\iota ere$ tables of branching multiplicities
$7t(\Sigma_{i=1}^{2}7t\iota_{i}\lambda_{i}, \Sigma_{j=1}^{2}n_{j}\mu_{j})$ with $ n_{1}+r\iota_{2}\leq\ulcorner$) $r\iota_{1}\geq n_{2}\geq 0$ .
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$7ll_{1}\backslash 7ll_{2}$ $0$ $1$ $2$ $3$ $4$ $\ulcorner J$ $6$
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$2$

$2$

$2$

$2$

$1$

$1$

$1$

$1$

$1$

$1$

$1$

$0$

$0$

$0$

$0$

$0$

$0$

$0$

$(r\iota_{1}, r\iota_{2})=(4,1)$
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