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1. Introduction

If A and B are C*-algebras, A®B denotes their algebraic tensor product. A norm
| s in A@B is called compatible if the completion of A®B by || | becomes a C*-al-
gebra, and we denote by AX)sB the C*-algebra which is the completion of A®B with
respect to | ||s5. There are some ways to define compatible norms in A@®B. T. Turu-

maru [5] introduced the a-norm. As A. Wulfsohn established, the a-norm has the
property:

llk‘;xk@)yk la= lfg‘.lm xe)Qmy (ye)ll, xeEA, yrEB

where =; and =, are any faithful representations of A and B, respectively. M. Takesaki
proved in [ 4] that the a-norm is not necessarily the unique compatible norm in A®B
and that it is the least one among the all compatible norms.

On the other hand, A. Guichardet defined the v-norm and showed that it is the
greatest one among the all compatible norms. The v-norm is defined by the formula

[xllv=sup |z(x)|, x&A®B
T

where = runs over the set of all representations of A®B which are continuous with
respect to any compatible norm in A®B.

We say that a C*.algebra A has the property (T) if, for every C*-algebra B, the
a-norm in A@®B is the unique compatible norm.

This papar is concerned with C*.algebras having the property (T). In § 2, we
consider the structure of C*-algebras having the property (T). In §3, we apply the
consideration in §2 to tensor products of C*-algebras. Finally in §4 we present that a
C*.algebra A has the greatest closed two-sided ideal I having the property (T) and it is
the least one such that A/J has no nonzero closed two-sided ideals having the property

.
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2. C*.algebras

We begin with preliminary lemmas.
Lemma 1. Let A and B be C*-algebras and let I be a closed two-sided ideal in A. Then
- there exists a closed two-sided ideal J such that

(A/DQB=(AQB)/J.

Proor. Let 7 be a representation of A such that the kernel of z=1 and ¢ be a faith-
ful representation of B. Then we can consider the canonical homomorphism 7®: of
AQeB onto n(A) Ra.¢(B) and denote its kernel by /. Since 7(A)X¢(B) is isomorphic to
(A/DR)B, it follows that (A/DReB=(ARB)/J.

LemMmA 2.  If a C*-algebra A has the property (T) and ¢ is a homomorphism of A,
then the j%tage ¢ (A) of A under ¢ has the property (T).

Proor. Let B be a C*-algebra, let = be a representation of ¢(A)®B which is con-
tinuous with respect to each compatible norm in ¢(A)®B and let ¢ be the identity
automorphism of B. Then we can consider the canonical homomorphism ¢ of AR.B
onto p(A)X.B. The composite 7R of ¢ and z is a representation of A®B which
is continuous with respect to each compatible norm in A@®B. Since A has the property
(T), - can be extended to the representation of AR.B which is denoted by ».

On the other hand, since ¢(A)ReB=9R:(ARB), for each x in p(A)R.B there exists
an element y in AQR.LB such that o®e(y)=x. Assume that ¢Qe:(¥)=¢R(z), where yEA
RaB, 2AReB. Since the kernel of ¢ is a subset of the kernel of v, we have v(y)=
v(z). Therefore, we can define the representation';r' of p(A)ReB as follows:

=), 1EP(A)R.B

where y is an element in AQ.B such that ¢R(y)=x.
Then'r is an extention of =. Therefore, the a-norm in ¢(A)@®B is greater than the
v-norm in ¢(A)®B. This implies the equality of the two norms, and the lemma is

proved.
CorROLLARY. Let A be a C*-algebra having the property (T) and let I be a closed two-

sided ideal in A. Then A/I has the property (T).

ProprosiTION 3. Let I be a closed two-sided ideal in a C*-algebra A. Then A has the
property (T) if and only if A/I and I have the property (T).

Proor. Let Bbe a C*.algebra. Assume first that A has the property (T). If zis a

non degenerate representation of /(®B which is continuous with respect to each compa-
tible norm in I®B. By [2: Proposition 1] there exist representations n; of I and =, of

Bsuch that



7(xQy)=m1(x)7(y)=7ms(y)m1(x), x&1, yEB.

Then =, is the non degenerate representation of 7 and hence n; can be extended to the
representation of A which is also denoted by =;. Moreover, we have

m(D)me(y) =m(y)mi (%), xEA, yEB.

Therefore, we can define the representation?r' of A@®B as follows:
~ n n
ﬂ(ZfCi@yi)?Zlm(xi) m(yi), %EA, yiEB.
i= i=

Sincer is continuous with respect to each compatible norm in A@®B, it can be extended
to the representation of AQ.B which is also denoted by 7. Since IR.B, CAR.B, T | IQB
is the extention of =. Therefore, I has the property (T).
By Corollary of Lemma 2, A/I has the property (T).

Conversely, assume that A/l and I have the property (T). Let x be a representa-

~ tion of A®B on a Hilbert space H,. If = is continuous with respect to each compatible

norm in A@®B, there exist representations =; of A and =, of B such that

7(xQy) =m(X)m(y) =n2(y)m (%), *EA, yEB.
Then, in case =;(I)= {0}, = defines the canonical representation = of A/I®B which is
continuous with respect to each compatible norm in A/I@®B. Since A/IQR.B=A/IR.B,
7 can be extended the representation of A/I®.B which is also denoted by =. By Lemma
1, = defines the representation p of ARQ.B. Then, p|A®B=nr.

In case n;(D== {0}, let H; be the closed subspace of H generated by {z(x)§|x&I®B,
écH). = defines the representation n’ of I®B on H;. Then IQR.B is a closed two-sided
ideal in AQ.B, so n’ can be extended to the representation of AQ.B on H; which is
also denoted by «’. Let (#2) and (v.) be approximate identities of I and B, respectively.

Then we have
strong-limit #(#:Qv,)=1Imn
2, 1)
where Iy is the identy operator on Hj, and
lim 2(xQy)7(u: Ry =1im =(xusQyvp)é
@ ) )
=lim 7' (xu:Qyvp)é
G )
=1lim 7’ (x Q)7 (u:RQvu)é
Q)
for x€A, yEB, §EH,.
Hence H is invariant with respect to z(A®B) and =(x) |Hy=='(x) for yEA®AB.

Let H*; be the orthogonal complement of H; in Hand =|H*; be the restriction of
z on H*;. Since z|H*;(I®B)= {0}, =n|H*; can be extended to the representation of

AQ.B.
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Consequently = can be extended to the representation of A®.B, and we obtain the
conclusion.

3. Tensor products

Using above results, we consider tensor products of C*-algebras which have the
property (T).

ProPOsSITION 4. Let A and B be C*-algebras and let AQ.B be a C*-algebra having the
property (T). Then, A and B have the property (T).

Proor. Let C be a C*-algebra and let = be a representation of A®C on a Hilbert
space Hr which is continuous with respect to any compatible norm in A®C. Then,
there exist representations =; of A and =, of C such that ’

r(xQy)=m(X)m(y), xEA, yeC.

Now, let p be a non degenerate representation of B on a Hilbert space H, Then
we can consider the canonical representation p®m; of BRA.
Here, we define the representation v of (BR.A)®C as follows:

v(xQy)=pRm(x)(IQR7x(¥)), x&BRLA, y&C,

where I is the identity operator on H,.

BR«A has the property (T), and (BRA)RC=BRe(ARC), Therefore, v can be
extended to the representation of (BQaA)RC which is also denoted by v. Then, there
exist representations of v; of AQ.C and v, of B such that

”(x®y) = y2(x>"’1<y>: xEB) y €A®ac-

Let £ be a unit vector in H,, that is |€|=1, and let »;|6QH: be the restriction of the
representation v; on §QXH.. Then, v{|§QRH:|A®C is unitarily equivalent to =. There-
fore A has the property (T).

COROLLARY. Let a norm | |, in A®B be compatible and let ARQp B be a C*-algebra ha-
ving the property (T). Then, A and B have the property (T).

Proor. We can define a homomorphism =5 of AR)sB onto AR.B as follows:
(%) =1 le-lim xn, xEAR4B,
”

where (x») is a sequence in A®B converging to x with respect to || |s.
Since 73(ARsB)=AR.B, it follows from Lemma 2 and Proposition 3 that A and B
have the property (T).

PrOPOSITION 5. Let A and B be C*-algebras and I and I, be closed two-sided ideals in
A and B, respectively. Suppose that A has the property (T), then, we have



11

AL QaB =AQeB/(1QeB+ARal2).
Proor. By Proposition 3, we have
A[LQaB/l,=A/L&KwB/ L.
On the other hand, by [3], we have
A/LR.B/,=AR.B/(1;QB+AR.I).
Since A has the property (T), we have
ARuB/ [ RuB+ARyI;=ARB/([1RaB+ARals).

Consequently we have

AL QB I;=AReB|(11QB+ARal?).
4., Two-sided ideals

In this section, we consider closed two-sided ideals having the property (T).

LemMA 6. Let I, and I, be closed two-sided ideals having the property (T) in a C*-
algebra. Then I+ 1, has the property (T).

Proor. Since (I1+1I;)/I; is isomorphic to I,/ I; it follows from Corollary of
Lemma 2 that (f;+1,)/I; has the property (T). Then, by Proposition 3, ;+1I, has the
property (T).

ProrosiTiON 7. Let A be a C*-algebra. Then there exists the greatest closed two-sided
ideal I having the property (T), and it is the least one such that A|I has no nonzero closed
two-sided ideals having the property (T).

Proor. Let {3} 1.4 be an increasing family of closed two-sided ideals I; in A. By [4;
Theorem 57, the closure of U:z.4[z has the property (T). Hence there exists a maximal
closed two-sided ideal I having the property (T). By the maximality and Proposition
3, A/I has no nonzero closed two-sided ideals having the property (T). By Lemma 6,
I is the greatest.

Now, let J be a closed two-sided ideal in A such that A/J has no non-zero ideals
having the property (T). Then, I//NI is isomorphic to the closed two-sided ideal in
A/]. Hence I/JNI={0}. Consequently JOI, this completes the proof.

N1cAaTA UNIVERSITY



12

2.

S

T. Huruya

References

J. DixMIER: Les C*-algébres et leurs représentations, Gauthier-Villars, Paris, 1964.
A. GUICHARDEFT: Caractéres et représentations de produits temsoriels de C*-algebres, Ann. Ecole
Norm. Sup., 81(1964), 189-206.
2 Tensor products of C*-algebras, Soviet Math., 6(1965), 210-213.
(Translation of Doklady Akademii Nauk SSSR, 160(1965), 986-989.)
M. TAKESAKI: On the cross-norm of the direct product of C*-algebras, Tohoku Math. Journ.,
16(1964), 111-122.
T. TURUMARU: On the direct product of operator algebras I, Tohoku Math. Journ., 4(1956), 242-251.
A. WULFSOHN: Produit tensoriel de C*-algébres, Bull. Sci. Math., 87(1963), 13-27.

Le produit tensoriel de certaines C*-algébres, C. R. Acad. Sc. Paris, 258(1964),

6052-6054.



	1. Introduction
	2. $C^{*}$ -algebras
	3. Tensor products
	4. Two-sided ideals
	References

