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1. Introduction

If a Riemannian manifold M is locally symmetric, then its curvature tensor R satisfies

™ R(X, Y)sR=0  for all tangent vectors X and Y,

where the endomorphism R(X, Y) operates on R as a derivation of tensor algebra at each
point of M.

Conversely, does this algebraic condition (*) on the curvature tensor field R imply that
M is locally symmetric (i. e. VR=0) ?

One must exclude the 2-dimentional case, as was already observed by E. Cartan, 1. K.
Nomizu has conjectured that the answer is affirmative in the case where M is irreducible
and complete and dim. M=3. There are some partial or related results in this direction.

The main purpose of the present paper is to deal with the same problem about 3-
dimensional Riemannian manifolds.

2. Reduction of condition (*) and some results

Let M be a 3-dimensional connected Riemannian manifold, then it is well known that
the curvature tensor R of M is written in the form

(2.1) R(X, Y)=AXAY+XAAY ——é—(trace AXAY

where A is a field of symmetric endomorphism which corresponds to the Ricci tensor field
S, that is, g(4X, Y)=S(X, Y), g being the Riemannian metric and XA Y denotes the
endomorphism which maps Z upon g(Z, Y)X—g(Z, X)Y.

At a point *&M, let {ey, e es} be an orthogonal basis of the tangent space Tx(M)
such that Aei=liei, i=1, 2, 3.

Then, the equation (2. 1) implies
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3
2.2) R(ei, e,-)=<zs+z,~—%k>31 e Ae;.
By computing
(R(ei, ej)+R)(er, er)=[ R(ei, €;), R(er,e1) 1—R(R(ei, ejer, er)
—R(er, R(ei, ej)er),

we find that it is zero except possibly in the case where k=i and /=i, j (iZ%j). For this
case we have

3
2.3) (R(ei, ej)*R)(ei, el)=(2j—-2i)(1j+2i"%k§ Ar)ei/\el.
Thus, we see that the condition (*) is equivalent to

3
2.4 i—2)22+4) —kg_‘,lzk)=0, for i=-j.

Then, we have the following

THEOREM. Let M be a 3-dimensional connected Riemannian manifold whose curvature
tensor R satisfies the condition (*). If the rank of the Ricci form is 3 at some point of M,
then M is a space of constant curvature.

Proor. We assume that the rank of the Ricci form is 3 at a point xp&M. Then, if
A1=23, A3==23, then from (2. 4), we get

2(21 +23) _ (221 +23) = O.
Thus, we get 43=0. This is a contradiction.

Similarly, if A;5F2,, 255F43, A3==1;, then from (2. 4),
we get

3
2(41+23) —kZI =0
and
3
 2(Ag+29) —3 = 0.

Thus, we get 4;=43. This is a contradiction. Therefore, we can conclude that A1 =2,=1g
at x,.

Now, let W= {xEM ; the rank of S is 3 at x}, which is an open set. Let W, be the
connected component of % in W. Then, we can easily see that 4;=2;=23=4(==0) on W,
and hence 2 is constant on W,. We now show that W, is actually equal to M. Let x be
a point of Wo— Wp. By the continuity argument for the characteristic polynomial of A,
we see that the the rank of S is equal to 3 at x. Thus, W, is open and closed so that W,
=M. Therefore, Mis an Einstein space with Ricci tensor S=24g, and hence, by virtue of
(2. 1), we see that M is a space of constant curvature ——'22~(2#0). q. e. d.
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In the next place, we assume that the rank of A (or S) is 2 at some pont, say x&EM.
In this case, if 43=0 at x;,, then we see that 1;=4,=0.

We shall now state a few examples of non-symmetric and irreducible Riemannian
manifolds satisfying the condition (*).

Let M be a 2-dimensional Riemannian manifold with metric g, I an open interval of a
real line R with natural metric d#2 and M=Mx1I. The tangent space Tp(J\T ) at a point
;EJ\—Z (Z:(p, 1), pEM and t&I) is considered as the direct sum Tp(M)+ T:(I), where
Tp(M) and T:(I) are the tangent spaces at pcM and ¢ &1 respectively. That is, any
XeETp(M) is uniquely decomposed as

X=X+X1, XETy(M), X;=T«(D).
Now, we shall define the following Riemannian metric gon M:;
&(X, Y)=e"2g(X, Y)+e2dt(Xdt(YD),

where 2 and g are some functions of &1
If we denote by {X, Y} an orthonormal basis of vector fields on a neighborhood UC M,

then (-}?:eiX, Y=e Y, Z—en g 7 ) is an orthonormal basis of vector fields on UxIC M.

Between the Riemannian connections V and V corresponding to g and g, the follow-
ing relations are valid;

ViX=eig( Y, VxX) Y+ X enZ=etVx X+ Vet g g
-‘-7—;7 Y= eig(X, vyY) Y+ enZ— eiVy Y+ e g :

G,—{?: e’g(X, Vx Y)f =e2VxY
ViX=eg(Y, VyX)Y=e2VyX
(2.9 ViZ=—enX=—Xei+uX
6;72: —VerY=—Nei+tuY
. VzX=0
vzY=0
VzZ=0
and
[Z 5(—]=2'e‘# X=2xer+eX
[Z f’_]r.l’eu Y=XertrY
[X, Y1=et{g(X, VxY)X—g(Y, VyX)Y) =e4[ X, Y1

Using these equations, we get the ‘following relations between the curvature tensors
R and R corresponding to V and V;
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=l

(Y, XD)X=e*R(Y, X)X —2e1*+2Y

X, 2)X=— (X + X — D

=

R(Y, Z2)X=0
R(X,Y)Z=0
R(X, Z)Z=er+%u(2" + 2y —2¥DX.
Now, let us assume the condition
(2.6) Ay —22=0,

then the rank of the Ricci form Sof M is 2 or 0 at every point of M. In fact, we can see
that

that is,
e22( Ke? — A'2¢2u) 0 0
@7 S= 0 e2( Ke22—2'202¢) 0
0 0 0

where K is the Gaussian curvature of M.
To find out the pairs of functions 2, ¢ which satisfy the differential equation (2. 6),

we assume that g is given. Then by Bernoulli’s formula, we get 21, = —eﬂge—#dt.
Using the last equation, we can choose the pairs
A=t A=—logt
D (teI=R), aD (t€I=Ry)
p=t p©=0

and etc. (R+: a positive half line)

Therefore, we see that the Riemannian manifolds M with the metric :g'_corresponding
to the pairs of functions 4, ¢ like (1), (II) are irreducible by (2. 5) and these curvature
tensors satisfy the condition (*). And moreover, they are not symmetric, because any 3-
dimensional symmetric Riemannian manifold whose Ricci tensor has the rank equal to 2 or
0 is reducible.

But, as is easily seen, they are not complete. Therefore, with respect to Nomizu’s
conjecture, the assumption of completeness is essential.

Remark 1. In the case (1), we assumed that K#1.

ReMARK 2. For 3-dimentional Riemannian manifolds, the condition R(X, Y)-R=0 is
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equivalent to the condition R(X, Y).S=0.
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