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1. Introduction. In this note, we consider the following nonlinear problem

-1
) u” + nTu’—i-ﬁQu—i-f(u) =0, r>0

u(r) — 0, as r — oo,
where n > 2,
(2) f € Ch?(=68,6), for some &y > 0,0 > 0 and f(0) = f'(0) = 0.

The main goal of this note is to show the asymptotic behavior of solutions of (1) and
improve the results in [6]. In [6], one of the following conditions

a) : f(u) € C17(=00,00),£(0) = f'(0) = 0,

2
1ifn>3, or

b) : f(u) € C*7(=00,00),f(0) = f(0) = f"(0) =0,

oc>0ifn=23, or

c) 1 f(u) € C*7 (=00, 60).f(0) = f(0) = f(0) = f(0) = 0,

o>0ifn=2,

o>

is assumed, and the existence and asymptotic behavior of oscillatory radial solutions
are proven. We replace the conditions by a more general condition (2), therefore
equation (1) can be applied to Allen-Cahn equation

(3) Au+u—u® =0, z e R",
for all n > 2, and thin film problems

-1
(4) u//+n

u = f(u) inRy, u(0) =a >0, u'(0) =0,

where f € C1(0,00) satisfies the following general conditions:
(i) f has a single zero to in (0, 00) satisfying f’(to) < 0;
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(ii) f is nonincreasing near 0 and lim;_, o+ f(¢) = occ.
These two equations appear in several applications in mechanics and physics. In-
terested readers can refer [1], [2]-[4], [10], [13], [14], etc. for more detailed physics
background. Some recent mathematical analysis can be found in [5, 6, 7, 8, 9, 11, 12]
and the references therein.

REMARK 1. We note that oscillating solutions to thin film problems may not
always exist when n = 2. It is shown in [9] that the unique solution either oscillates
or increases to infinity as r goes to infinity. The existence of non-blowup solution
may depend on the initial value and the nonlinear term f.

In [9], a recent paper concerning thin film problems (see also [12]), it was proven
that in dimension N > 3, for each « € (0,%9), (4) has a unique positive solution u,.
Moreover, u, oscillates around the constant tg. It is also shown that there exists a
singular (or so-called rupture) radial solution ug(r) to (4) such that uy € C(RY),
up(0) = 0, ug(r) > 0 for r € (0,00) and f(ug) € L} .(RY). Moreover, any singular
radial solution to (4) is oscillatory around ¢y and converges to ty as r — oo.

It is natural to ask whether we can obtain more accurate asymptotic behaviors
of the radial solutions. The similar question also arises in the study of Allen-Cahn
equation (3).

The main result in this note is stated below:

THEOREM 1. Assume f satisfies (2) and equation (1) has a solution u(r), then
u(r) is oscillating and |u(r)| < Cr'=". Furthermore,

(5) u(r) = ret (Asin (Br) + Bcos (6r) + o(1)),

as r — oo, for some constants A, B.

This note is organized as follows: In Section 2, the proof of the main result will be
given; Section 3 will be devoted to applying the main result to Allen-Cahn equations
and thin film equations to get a more accurate asymptotic behaviors.

2. Proof of Theorem 1. First, we claim that the solution, if it converges to 0
as r — 400, must be oscillatory.

LEMMA 1. Assume that [ satisfies condition (2). Then the solution to equation
(1) is oscillatory around 0.

Proof. Suppose that the solution is not oscillatory. Without loss of generality,
we may assume u(r) > 0, r > 7, for some 7 > 0. By (2), we may choose 7 so large
that % > —%2, for r > 7. Then u(r) is decreasing for r > 7, by the maximum

u(r+ro)
u(ro)

principle. Then we define w(r,7g) := for r > 0 and any fixed 9 > 7. Then

w(r,ro) satisfies

n—1
w’l"f‘—"_
r

s gt SO
+ 7o u(ro)
for r > 0. Letting ro — +00, we know that w(r,rg) — w(r, 00) in C?[0,00) and

Wrr(1,00) + B2w(r, 00) = 0,
w(0,00) =1, 0 <w(r,c0) <1,
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for all » > 7. This contradicts the Sturm-Liouville Theorem. Similarly we can exclude
the case u(r) < 0 for r sufficiently large. O

Without loss of generality, we may assume that |u(r)| < dg, ¥Vr > 0. Let si be the
k" zero of u(r) and 7 is the maximum point of |u| in (sk, sk+1). Set my = |u(ry)|.
We claim that my is decreasing in k, when k > l;:, for some k > 0, and tends to 0 as
k goes to infinity. In fact, on the one hand, we multiply v’ on both sides of the first
equation of (1), then

(6) Fur iy / fs)dsy = "L <o,
2 2 0 T

which implies that 1u? + 5%u® + fouf(s)ds is decreasing in r > 0. Take r =
r, and rgy1, we get

1 M1 1 mg
Pt [ seas < gt 4 [ f(s)ds
0 0

ME+1 1
[ s < 55t~ i),

mg

On the other hand, we have f € C1:7(—dg,dy), o > 0, then

M41 M41 M41 L 5 5
| f(s)ds| < / F(s)lds < C |s[1+9ds < C(mZ*2 — mg*?),

mg m mpg

if mgy1 > mi. Suppose that no matter how large k is, there always exist some k such
that myg41 > my, then

ME+1 ME+1

1
Clmtre —nittf) < | £(s)ds < 502k — k).

mg

flsjasi < |

mi
Hence

2 2 2+o 240
M1 —my < C(mi T —mi %),

where C' is independent of k. This contradicts with the fact that my — 0, as k — +o0.
Therefore, my41 < my, for k > k.
Next, we state a simple fact as a lemma, which will be used later.

LEMMA 2. The problem,

(7) ¢"(s) + p(s)o(s) = 0,

where 0 < a® < p(s) < b < o0, a, b are some constants, for s € I, where I is a finite
or infinite interval, have solutions with
and

i
< Spg1 — Sk < <tgpypr — e < —,

=13
S
=13
IS

for sp,tx € I, where sy is the k™ zero of ¢ in I, ty, is the maximum point of |¢| in
the interval (Sk, Sk+1)-

Proof. The lemma basically follows from the Sturm Comparison Theorem. For
the convenience, we present a direct proof here. Without loss of generality, we may
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assume ¢(tx) > 0. We claim sy 41—t < 5. Choose a solution v(r) = cos(a(r — tx))
of v 4+ a?v = 0. If 5341 >ty + &, then

2a’

55 +tk T
/ (vg) — ') dr = ag(ty + —) > 0.

e 2a

On the other hand, by equations we obtain

3a Ttk £+t
/ (vg' — v dr = / (a® — p(r))pvdr < 0.

ty ty

.

This is a contradiction and proves the claim. Similarly, we can show t; — s < o~
Then spy1 — sk < 7 and t41 — tx < 2. Similar arguments also show sp41 — sp > 7
and tk+1 —tk Z % 0

With the simple observation, we see that making the following transformation

(8) u(r) =72 ¢(r),

equation (1) can be rewritten as the equation of ¢ in the form of (7), where p(s) =
3% — %4("_3)8_2 + @ = 32 + O(s%), for some a < 0, when s sufficiently large,
since f € C17 (=89, 80), for some &y > 0 and |u(r)| < Cr ="+ in [6]. It is easy to sec
that the k*™ zero of u is also that of ¢, denoted as sj, but the maximum point 7 of
|u| in (s, sg+1) are different from that ¢y of |@).

Next lemma is devoted to estimate ¢(s) and ¢'(s) in the interval (¢, try1).

LEMMA 3. Assume p(s) = 3% + O(s®) for some a < 0 and sy, ti, are defined as
before. Then for k large enough, there holds

™ ™
thy1 — T = B + O(k}a), ty — S, = — + O(ka),

28
and
(9) % =cos(B(s —tr)) + O(kY), tr <5< trir;
(10) Z(ii) = —(sin(B(s —tr)) + O(k%), tr < s <tpt1-

Proof. When k is large enough, we choose C so that a? = % — Ck® > 0,
b2 = 32 + Ck® > 0 and a? < p(s) < b2, t). < 8 < tpy1. By the Sturm Comparison
Theorem or similar proof of Lemma 2, we have

(11) f((ti)) <cos (VB2 — Cko(s —t1)), trp <8< Spi1

and

(12) (ZS(Z)) >cos (VB2 + Ck(s—tr)), tp<s<tp+ Nﬁ
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. Hence, spq1 — tr, = % + O(k*).

In particular, —Z——= < s — . < —T
P ' o /Ftcke — R TR = S ke

Similarly,
(13) ;f’((:)) < cos (VT Cl(ty — ), sx <5< b,
k
(14) ;S(Z)) > cos (/B2 + Ck(ty, — s)), tn— m/ﬁ <5<ty

and tp — S = % + O(ka) Hence, tg4+1 — tr, = % + O(ka)
On the other hand, multiply ¢’(s) on both sides of (7) and integrate from ¢ to
tk+1, we get

/ T p(8)6(5)¢ (s)ds = 0

tr

(15) = ¢ (trar) = (L) (1 + O(k)),

since p(s) = B2 + O(k*) > 0, for k sufficiently large. Combining (11)-(15) for the
interval (ty,tx+1), we conclude (9).

To conclude (10), we multiply the equation (7) by ¢'(s) and integrate from ¢ to
s to get

(16) %(¢'(s))2 +/t p(s)¢'(8)p(s)dr =0, tp < s < Sgt1-

Without loss of generality, suppose ¢(s) > 0, s € (tk, Sg+1)- By (16), we have ¢'(s) <
0, for s € (tx, Sk+1), then

S

SO < (0 40k [ (o (s)os)ds

ty

= (B4 CR)F( ) = 26D, <5 < s

Then 1(¢/(s))? = 3B8%¢(t)sin® (B(s — t)) + O(k%), tr, < s < Spi1, by using
the lower bound of p(s) together. Combining the equality and its counterpart for
(Sk+1,tr+1), we get (10). O

Following is a refined version of Lemma 4.3 in [6], which is key to our proof of
the main result.

LEMMA 4. Let {ar} be a sequence of nonincreasing positive numbers satisfing
oo
ar >pY_ a;h(i),
i=k

for some positive p, where h(i) = i~}(1 4+ O(i?)), v < 0. Then, for some positive
constant C, there holds
ap < Ck_pu

for k sufficiently large.
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Proof. Define Ay, := >"2, a;h(i), then

A — Ag1 = agh(k) > ph(k)Ak

Ag 1
= > > 1+ ph(k),
Ag+1 — 1—ph(k) ph{k)

for k large enough. Let Ny large fixed. For any integer N > Ny, we have

N-1

> T (0 +ph(k))

k=Np

An,
AN

N-1

= In(Ay,) —In(Ay) = Y (ph(k) + O(h*(k))) = pIn N + O(1),

k=Np

since h(i) =i~ (1+0O(i)), v < 0. Therefore, Ay < CN~P. With this fact that {a}
is a nonincreasing positive sequence, we obtain

2k

ln2
Ap > Ay — Agp1 = pzaz ) > pasy Zh p asg,
1=k

since Zh(z) — In2, as k — oo and h(i) > 0, for i large enough. Therefore, ag, <

CAy <_Ck_p, for k sufficiently large, where C' > 0 is just dependent of p. O

Now it’s time to refine the decay rate of u(r) as O(r'z") with Lemma 4 and
complete the proof of Theorem 1.

Proof of Theorem 1. Let my := u(ty), while my := u(ry), where tx, rr are the
maximum points of ||, |u| in (sk, Sk+1), respectively. First, with Lemma 4, we could
get a sharper estimate of my.

Denote F(u) = —33%u?® — [ f(s)ds, then

F(O) — F( ) ﬁka + f(s)ds < %ﬁ%’ﬂk? + C?ﬁk2+a
0

(17) S ﬂ k2 + Ckgv

MIHMH

where 0 = (2 + o)(152 +€) < 0, for k large enough. In fact, the inequality above

follows by f € C7 (=80, 8) and the fact shown in [6] that [u(r)| < Cr 2"+, for any
€ > 0. Furthermore,

F(0) = F(my) = lim [F(niy) — F(my)]

N—oo
: 1 2 2 N n—1 1 2
= Jdim [-5@™(tn) —u™(t)) + [u'(r)["dr], by (6)
— 00 tk
_ 2 ) + i N _ 1| ’ )|2d
= Ju (tx) i \ —— |u (r)|=dr
tN 1
(18) > lim [u' ()2 dr.

ty
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With the fact that

(19) u'(r) = PTG+ (),

we have

tht1 -1
[ ek
t

. r

_/%JrO(ko‘) n—1
0 B+ 0(k®)

1—n
( 5

_ / T L (a1 4 O
0 F+ Ot

(te + )" T oty + 1) + (te + ) T & (t + 2))2da

(20)  =(n— )25 (1 +OG),

by (9), (10) and (19). Here o < 0 changes from line to line. Combining (17), (18)
and (20), we have

(21) (n—1)Y i — Ck° < mig2,
i=k

where k(i) = 1(1 + O(i®)).
Now, we apply Lemma 4 to (21) to get a more accurate decay rate of my. We
claim that there exists C' > 0, such that

(22) ar + by > n—lZaz—Fb
i=k

where aj, = 1%, by, = CkS. Indeed, from (21), we know that (22) is true, as long as
there exists C' > 0 such that

—Ck® > (n—1) th — by,

where by = Ck°. In fact,

(n =13 bhG) b = Clin =) Y i)~
i=k
— Cln—1) 3 (14 0(i%)) — K7
i=k
— e o))
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provided 1_7" —1<0,ie §:=(2+ o)(152 +€) < 1—n. Since € > 0 is arbitrary,
then we can choose € small enough, such that § < 1 —n. Now, we let {ax}, where
ay = aj + by, be the nonincreasing sequence in Lemma 4. By Lemma 4, we get

ar < Cckl—
= a, < Ck'™ - CK < Ck'™,
since § < 1 — n. Therefore,

1—n

(23) g < Ck 7.

Since my, = O(my), we obtain my < Ck™=", moreover, |u(r)] < Cr*=*. Then (5)
follows immediately. O

3. Applications to Allen-Cahn equations and thin film equations. Fi-
nally, we apply the main theorem to two typical problems, namely Allen-Cahn equa-
tion and thin film problems, which have been investigated in [9], [6], [12], etc.

We first consider the radial solution to Allen-Cahn equation
-1
(24) u”—i—nTu'—F’(u) =0, r=|z|,x € R",
u(0) = ug, |ug| <1,

where n > 2, F(u) € C%7(—dy,dp), for some &y > 0, o > 0, and satisfies
F'1)=F(-1)=0, F(1) = F(-1)=0
F(u) >0 if Jul <1
F'(0)=0, F"(0) <0
F'luy<0 if0<u<l, F'(lu)>0 if —1<u<0.
The existence of the oscillatory radial solution to Allen-Cahn Equation with initial

value |ug] < 1 has been shown in Prop 3.1 and Prop 3.2, [5]. We can obtain the
asymptotic behavior of the solution as follows.

THEOREM 2. Assume f(u) = F"(0)u — F'(u) satisfies condition (2). Then when
luo| < 1, the solution u(r) satisfies |u(r)| < Cr'=". Furthermore,
u(r) = re (Asin (v/—F"(0)r) + Bcos (v/—F"(0)r) + o(1)),
as r — oo, for some constants A, B.
In particular, for the typical Allen-Cahn equation u” + ="v'+ u — u?® = 0 in R?,
we have |u(r)| < Cr~2 and sp;1 — s = 7+ O(k®), for some o < 0, where sy, is the

k™ zero of the solution.
Now, we consider the thin film problem

u,,+n—1

u(0) =up > 0, u'(0) =0,

(25) u' = g(u) r>0

where the nonlinear term g(u) satisfies

{g’(l) <0, g(1) =0,

26
(26) gu)>0for 0 <u<1, g(u) <0 for u> 1.
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Let v(r) = u(r) — 1, then it satisfies

-1
v+ nTv' —gdMv+ f(v) =0, r>0,
where f(v) = —g(1 +v) 4+ ¢'(1)v.
From [6], we know that when n > 3, there always exists a radial solution, for
ug € (0,1), which oscillates around 1. However, when n = 2, we have the solution
either asymptotic to 1 or blow up to +o0o as r tends to oco.

THEOREM 3. Assume g(u) satisfies condition (26) and f(v) = —g(1+v)+¢'(1)v
satisfies condition (2). Forn > 3, when ug € (0,1), the solution u(r) to (25) satisfies
lu(r)| < Cr*=*. Furthermore,

u(r) = I (Asin (v/—¢'(1)r) + Bcos(/—¢'(1)r) + o(1)),
as r — oo, for some constants A, B.

When it comes to n = 2, we have to pose an extra condition on g to guarantee the
existence of oscillatory solutions. Let G(u) = [{" g(s)ds, then G(u) is nonincreasing
for © > 1 and nondecreasing for u < 1.

THEOREM 4. When n = 2, ug € (0,1), assume g satisfies condition (26) and
lim G(u) = —oo, additionally, f(v) satisfies condition (2). Then there exists an

u——+00

oscillatory radial solution u(r) with |u(r)| < Cr~=. Furthermore,

u(r) = P2 (Asin (v/—g'(1)r) + Bcos (v/—g'(1)r) + o(1)),

as r — oo, for some constants A, B.
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