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LOCAL AND GLOBAL EXACT SHOCK RECONSTRUCTION*

TATSIEN LI (DAQIAN LI)f

Abstract. By solving the inverse generalized Riemann problem for the quasilinear hyperbolic
system of conservation laws, the exact shock reconstruction is realized in both local and global sense.
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1. Introduction. In aviation industry one may be asked to make the design in
such a way that the shock produced can be controlled to a given position.

In order to provide a method to solve this kind of shock control problem, as
a general observation, we investigate the inverse generalized Riemann problem, the
resolution framework of which can be in principle applied to other shock control

problems.
Consider the quasilinear hyperbolic system of conservation laws
ou  Of(u)
— =0, t>0 R 1.1
ot i Ox o =D e (L.1)
where u = (u1,---,uy,) is the unknown vector function of ¢ and z, and f(u) =
(fi(u), -+, fn(u)) is a given C? vector function of u.

Suppose that on the domain under consideration,
(Hy) System (1.1) is strictly hyperbolic, i.e., the matrix V f(u) has n distinct
real eigenvalues:

A(u) < Ag(u) < -+ < Ap(u). (1.2)
(H2) System (1.1) is genuinely nonlinear in the sense of P.D.Lax: for i =

1, PR 7”,
Vi (u)ri(u) =1, (1.3)

where r;(u) stands for a right eigenvector of V f(u), corresponding to \;(u):
Vf(u)ri(u) = Ni(u)r;(u). (1.4)

For the Riemann problem of system (1.1) with the following piecewise constant
initial data

L, 2<0
t=0: u:{u’ =" (1.5)
Uy, x>0

with |us — u—_| small enough, it is well-known ([1]) that there exists a unique self-
similar solution with small amplitude:
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u=U(), &=+ (1.6)

composed of n+ 1 constant states and n elementary waves passing through the origin
and connecting two neighbouring constant states in succession.
Here, the i-th elementary wave is either the i-th typical shock

x = s;t (1.7)
or the i-th centered rarefaction wave

= Xi(U(9)), a; <&==<b. (1.8)

+1 8

In what follows, we rule out the possibility of appearing both centered rarefaction
waves and degenerate typical shocks by assuming
(Hs) The self-similar solution v = U(%) to Riemann problem (1.1) and (1.5)

is composed of n + 1 constant states 4% = u_,a™®, - a(»=V and a(") = uy and n
non-degenerate typical shocks © = s;t(i = 1,--- ,n) with
1 < 89 < -+ < Sy, (1.9)

connecting two neighbouring constant states in succession, namely,

0O =u_,  z<sit,
x .
u:U(?): ™, sit <ax<sjpit (i=1,---,n—1), (1.10)
alm = Uy, Spt <.
Here, for i = 1,--- ,n, x = s;t is the i-th non-degenerate typical shock connecting

@ and 4 | on which we have the Rankine-Hugoniot conditions
F(@D) = F(@6=D) = 5@ — ati-) (L.11)

and the entropy condition

{Ai(a@')) < s < A(alD), 112)

)\ifl(ﬁ(iil)) < 8 < )\1+1(ﬂ(1))

We now consider the following piecewise smooth initial data as a perturbation of
the original piecewise constant initial data (1.5):

t=0: u= {“%E‘T) w20, (1.13)

where u? (z) and uY (z) are C* functions on z < 0 and x > 0 respectively and
u9 (0) = ug. (1.14)

Thus, we get a corresponding generalized Riemann problem.
This kind of perturbation is non-trivial from the mathematical point of view. In
fact, the generalized Riemann problem is a real nonlinear PDE problem and, in the
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case of containing shocks, this is a complicated free boundary problem for quasilinear
hyperbolic systems.
The existence and uniqueness of local piecewise smooth solution can be given by

PROPOSITION A ([2]). When |uy —u_| < 1, under assumptions (H1)-(H3),
the generalized Riemann problem (1.1) and (1.13) admits a unique local piecewise C*
solution

u(® (t,x) x < xq(t),
uw=u(t,r) = ud(t,z) ) <z <wzipq(t) (=1,---,n—1), (1.15)
u(™ (t, ) xn(t) <z

Here w9 (t,z) € C" satisfies system (1.1) on its angular domain in the classical sense
(i=0,1,---,n) and

u(0,00=a"  (i=0,1,---,n); (1.16)
zi(t) € C?(i=1,--- ,n) and
x;(0) =0, 2 (0)=s (i=1,---,n). (1.17)

Moreover, fori=1,--- ,n, x = x;(t) is the i-th non-degenerate shock connecting
u=D(t, ) and uD(t,x), on which we have the Rankine-Hugoniot conditions

F) = F@OD) = ) @ — ) (118)

and the entropy condition

{Ai(uu)) < () < \(ulD), (1.19)

Nim1 (D) < @l (t) < Aigr (u®),

where u = u® (t,z;(t)) and v~ = w0V (t, 24(t)).

Obviously, in a neighbourhood of the origin, solution (1.15) possesses a structure
completely similar to the self-similar solution (1.10) to Riemann problem (1.1) and
(1.5).

Then, Proposition A shows the local structural stability of the self-similar solution
(1.10) to Riemann problem (1.1) and (1.5) under the perturbation (1.13) satisfying
(1.14).

On the other hand, the existence and uniqueness of global piecewise smooth
solution can be given by

ProOPOSITION B ([3]). When |uy —u_| < 1, under assumptions (Hy)-(Hs),
suppose that u® (z) and ul (z) are C* functions on x < 0 and x > 0 respectively. Then
there exists a positive constant €9 > 0 so small that for any given € with 0 < € < g,

if

1 (z) —u® (0], [u® (z)| < g Vo <0 (1.20)
’ 13
[uf (2) — uf(0)], |uf(2)| < Ty 20 (1.21)
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then, the generalized Remann problem (1.1) and (1.13) admits a unique global piece-
wise C* solution on t > 0:

u(O) (t,.I), x < Il(t)a
w=ult,r) = uD(t,z), xi(t) <z <z (t) (Gi=1,---,n—1), (1.22)
uM(t,x), @ > w(t),

containing only n non-degenerate shocks x = x;(t) (i =1,--- ,n) passing through the
origin, in which v (t,x) € C* with

u(0,0)=a" (i=0,1,---,n) (1.23)

satisfies system (1.1) in the classical sense on the domain D' (i = 0,1,--- ,n) respec-
tively, where

DO ={(t,z)|t >0, =<az(t)},
D' ={(t,x)|t >0, z(t)<z<zina(t)} (i=1,---,n—1), (1.24)
D" ={(t,z)[t >0, x>x,(t)}

and x;(t) € C? on t > 0 with
2i(0)=0, 2;(0)=s; (i=1,---,n). (1.25)

Onx=uz;(t) (i =1,---,n) we have the Rankine-Hugoniot conditions (1.18) and
the entropy condition (1.19) Moreover, we have

|u(l)(t,:v)—a(z)|§1+€t, V(t,z) € D' (i=0,1,-,n), (1.26)
ou(t,x),  ouD(t,x) Ke ;
! ’ < V(t D' , =0,1,--- 1.27
S [ S o Vit@) e Dt (=01-,m) (127)
and
K
[2(t) = {(0) < {570 V20 (=1 m), (1.28)
Ke
" < - > =1 ... .
|xl(t)|_1+t’ Ve>0 (i=1,---,n), (1.29)

where K is a positive constant independent of €, t and x.

From Proposition B we have the global structural stability of the self-similar
solution v = U(%) to Riemann problem (1.1) and (1.5) under perturbation (1.13)
satisfying (1.14).

By Propositions A and B, for any given initial data (1.13) satisfying (1.14), we can
solve the corresponding generalized Riemann problem for system (1.1) to determine
in a unique manner n non-degenerate shocks x = wx;(t) with z;(0) = 0 and }(0) =
si(i=1,---,n) either in a neighbourhood of the origin or on the whole upper plane
t > 0, respectively.

In Sections 2 and 3 of this paper we will consider the following inverse prob-
lem: Corresponding to Riemann problem (1.1) and (1.5) with the self-similar solution
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(1.10), if we know the position of n non-degenerate shocks in the piecewise C! solution
to the corresponding generalized Riemann problem (1.1) and (1.13):

r=x;t)eC* (i=1,---,n) (1.30)
with
2i(0)=0 and 2,(0)=s; (i=1,---,n), (1.31)

in which s; satisfies (1.9) and (1.11)-(1.12) (i = 1,---,n), to what degree can we
determine the initial data (1.13) satisfying (1.14)?

2. Local exact shock reconstruction. In this section we consider the previous
inverse problem locally and we have the following

THEOREM A ([4]). When |uy —u_| < 1, under assumptions (Hy)-(Hs), if
the position of n non-degenerate shocks x = x;(t)(i = 1,---,n) satisfying (1.30)-
(1.31) is prescribed, for any given v’ (z) € Ct with u® (0) = u_, in a neighbourhood
of the origin, we can uniquely determine u’.(z) € C* with u.(0) = uy, such that
the corresponding generalized Riemann problem (1.1) and (1.13) admits a unique
piecewise C' solution (1.15) in which n non-degenerate shocks passing through the
origin are just given by v = z;(t)(i =1,--- ,n).

Proof. First of all, by the entropy condition, we can show that for i =1,--- ,n,
in a neighbourhood of any given non-degenerate i-th typical shock, the Rankine-
Hugoniot conditions

[f (w)] = sifu] (2.1)
can be equivalently rewritten as
uy = Gi(u_, s). (2.2)

On the other hand, by the entropy condition, for the local piecewise smooth
solution to the generalized Riemann problem (1.1) and (1.13), given by Proposition
A, we have that, in a neighbourhood of the origin,

a. For i =1,--- ,n, any i-th non-degenerate shock & = x;(t) is non-characteristic.

b. The 1st non-degenerate shock x = x1(t) passing through the origin lies in the
interior of the maximum determinate domain for the Cauchy problem with the C!
initial data u® (z) (z < 0) with u% (0) = u_.

c. For i = 2,---,n, the i-th non-degenerate shock @ = z;(¢) lies in the interior
of the maximum determinate domain for the generalized Cauchy problem with the
value of solution on the right side of x = x;_1 (¢) as initial data.

d. The positive x-axis lies in the interior of the maximum determinate domain
for the generalized Cauchy problem with the value of solution on the right side of
x = x,(t) as initial data.

Thus, we can divide our proof in several steps.

First, for any given v (z) € C! with u® (0) = u_, by solving the Cauchy problem
for system (1.1) with the initial data

t=0: u=u"(z), x<0, (2.3)
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we get a unique local C'* solution u = u(®(¢,2) with u(?(0,0) = @(®) = u_ on the
corresponding maximum determinate domain, the right boundary of which is the 1st
characteristic passing through the origin.

By the entropy condition, in a neighbourhood of the origin, = 21 (¢) lies in the
interior of this maximum determinate domain, then the value of solution on the left
side of 2 = 21 (t) should be u(t, z1(t) — 0) = u® (¢, 21 (t)) € C*, which takes the value
a® =u_ att=0.

Hence, by the Rankine-Hugoniot conditions (2.2), the value of solution on the
right side of @ = x1(t) is then u(t,x1(t) + 0) = G(u® (¢, 21(t)),x}(t)) € C*, which
takes the value 41 at ¢t = 0.

Noting the entropy condition, x = x1(t) is non-characteristic.

Second, by solving the generalized Cauchy problem for system (1.1) with the
value of solution on the right side of 2 = x1(t), we get a unique local C'! solution
u = uM(t,z) with «Y(0,0) = a4V on the corresponding maximum determinate
domain, the right boundary of which is the 2nd characteristic passing through the
origin.

By the entropy condition, in a neighbourhood of the origin, x = x5(t) is included
in the interior of this maximum determinate domain, then the value of solution on
the left side of o(t) must be u(t,z2(t) — 0) = uM(t,22(t)) € C', which takes the
value 21 at ¢t = 0.

Hence, by the Rankine-Hugoniot conditions (2.2), the value of solution on the
right side of & = 2o(t) is u(t, x2(t) + 0) = G(uV(t,z2(t)), 24(t)) € C*, which takes
the value 42 at t = 0.

Noting the entropy condition, x = x2(t) is non-characteristic.

Generally speaking, for ¢ = 2,--- ,n, by solving the generalized Cauchy problem
for system (1.1) with the value of solution on the right side of z = x;_1(t), we
get a unique local C' solution u = w1V (¢, x) with uw=1(0,0) = @~ on the
corresponding maximum determinate domain, the right boundary of which is the i-th
characteristic passing through the origin.

By the entropy condition, in a neighbourhood of the origin, x = x;(t) is included
in the interior of this maximum determinate domain, then the value of solution on
the left side of x = x;(t) must be u(t,z;(t) — 0) = (¢, 2;(t)) € C', which takes
the value 4~ at ¢t = 0.

Hence, by the Rankine-Hugoniot conditions (2.2), the value of solution on the
right side of z;(t) is u(t, ;(t) + 0) = G(ul~V(t,z;(t)), z(t)) € C*, which takes the
value 49 at t = 0.

x = x;(t) is still non-characteristic.

Finally, by solving the generalized Cauchy problem for system (1.1) with the
value of solution on the right side of x = z,,(t), we get a unique local C'' solution
u = u™ (t, ) with u(™(0,0) = 4™ = u, on the corresponding maximum determinate
domain, the right boundary of which is the 1st characteristic passing through the
origin.

By the entropy condition, in a neighbourhood of the origin, the positive x-axis lies
in the interior of this maximum determinate domain, then we get u% () = u(™(0,2) €
C*' with u4 (0) = ug..

Theorem A is then proved. O

3. Global exact shock reconstruction. We now consider the corresponding
inverse problem globally. We have
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THEOREM B ([5]). When |uy —u_| < 1, under assumptions (Hi)-(Hs), there
exists an €9 > 0 so small that, for any given € with 0 < ¢ < gq, if one knows the

position of n non-degenerate shocks x = x;(t) € C? (i =1,--- ,n) satisfying
2i(0)=0, z,(0)=s; (i=1,---,n) (3.1)
with
51 < 89 < -0 < Sy (3.2)
and
€

|23 (£) — 23(0)], |27 (%)
then, for any given u® (x) € Ct satisfying u° (0) = u_ and

€

2 )~ O, @) <

Vo <0, (3.4)

we can uniquely determine u% (z) € C* (z > 0) satisfying u9.(0) = uy and

Ke ye>o, (3.5)

0 0 o’
|u+(x) —u+(0)|, |u+(x)| < T =

where K is a positive constant independent of € and x, such that the corresponding
generalized Riemann problem (1.1) and (1.13) admits a unique global piecewise C*
solution (1.22) in which n non-degenerate shocks passing through the origin are just
x =uwx;i(t) (i =1,---,n), on which we have the Rankine-Hugoniot conditions (1.18)
and the entropy condition (1.19).

In order to prove Theorem B, it is essential to consider the Cauchy problem and
the generalized Cauchy problem discussed in the previous paragraph in a global sense.

Of course, in general there is no global C'solution on the whole maximum de-
terminate domain for these problems, however, we do have a global C'' solution on a
little bit smaller domain and it is enough for the global construction of solution.

We first consider the Cauchy problem for system (1.1) with the initial data on
the negative x-axis

t=0:u=1u"x), z<0. (3.6)

LEMMA 1. There exists a positive constant €9 so small that, for any given € with
0<e<e, ifu’(x) € Ct and

() — u®(0)], |u” ()] < —

, Va <0, (3.7)
then, on the domain
D ={(t,2)|t > 0,z < g(t)}, (3.8)

where g(t) € O satisfying g(0) = 0,
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and

g(0) < min (N@0)), (3.10)

i=1 R

Cauchy problem (1.1) and (3.6) admits a unique global C* solution u = u(t, z) with

lult, ) — u(0,0)] < fft, v(t,z) € D, (3.11)
ou ou Ke R

t,x)|, | Y(t,x) € D, (3.12)

- - < -
|8x( 8t(t’x)|— 14+t

where K is a positive constant independent of €, t and x.
Proof. cf. [3]. O

Next, we consider the generalized Cauchy problem for system (1.1) with the
following generalized initial data

x=g1(t):u=1(t), Vt=>0, (3.13)

where & = g;(t) is a non-characteristic curve.
In order to get a global C'! solution to this problem, we assume that z = g1 (t) € C?
and z = go(t) € C? (t > 0) satisfy

91(0) = g2(0) =0, (3.14)

)\r(d](o)) <g;(0) <gé(0)<)‘s("/}(o)) ('f‘:l,--- ,mys=m+1,--- 7n)= (315)

i) —gi(0)] < Vi>0 (1=1,2 3.16
|gl() l( )l—l t7 - (Z ) ) ( )
and
gl ()| < c Vi >0 3.17
| 1()'— 1 tu = Y% ( )

where 0 < € < g¢ with g¢ suitably small.

LEMMA 2. Under assumptions (3.14)-(3.17), if 1(t) € C* and

() = 0O, WO < 0 V20, (3.18)
then, on the domain
D={(t.o)t >0, g1(t) <z < ga(t)}, (3.19)

the generalized Cauchy problem (1.1) and (5.13) admits a unique global C* solution
u = u(t,z) with

Ke ~
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98t e (1,0)] < pe (1) € D, (3.21)

where K is a positive constant independent of €, t and x.
Proof. Taking the transformation of independent variables
T=—-t, t=x—gq(t), (3.22)

the original generalized Cauchy problem on D is reduced to the following Cauchy
problem on D = {(¢,z)|t > 0, z < g(t)}:

ou ) v Ou
A g -en 2 =0, (323
t=0:u=9(-z) (z<0), (3.24)

where Z = ¢(£)(< 0) € C? with ¢g(0) = 0 is determined by

t= gg(—.’f) — gl(—f). (325)
Let
Uns1 = 6(), (3.26)
U= ( u:ﬂ ) (3.27)
and
U(z) = ( gi((i?) ) . (3.28)
On the domain D, (3.23)-(3.24) can be rewritten as
ou . . oU
i A(U)% =0, (3.29)
t=0: U=¥Y(z) (z<0), (3.30)
where
A(U) — < _(A(U) _OunJrlI)il 8 ) . (331)

(3.29) is still a strictly hyperbolic system with

M) > X (U)=0>0U) (r=1,--,mys=m+1,---,n). (3.32)

By Lemma 1, Cauchy problem (3.29)-(3.30) admits a unique global C! solution
U=U(t,z) on D and

U(E7) - U0,0) < 125, V(7)€ D, (3.33)
1+1

ou ou Ke _ _

—(t,x —(t,7)| < = T .

55 B0 157 (0 < 7 VEw) € D, (3.3
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henceforth, K stands for a positive constant independent of ¢, ¢ and .
Then, Cauchy problem (3.23)-(3.24) admits a unique global C'! solution u =
u(t,z) on D and

o - 7 _ '
la(t, z) — u(0,0)] < 17 Y(t,z) € D, (3.35)
ou - ou - Ke ~ _

— T — ) < —— T . .

@ 1S ED < 5 WED €D (3.36)

As a result, the generalized Cauchy problem (1.1) and (3.13) admits a unique
global C! solution v = w(t,z) = u(z — g1(t),—t) on D. Moreover, (3.20)(3.21)
hold. O

REMARK A. When x = go(t) is replaced by the positive x-axis and (3.15) is
replaced by

Ai(1(0)) < g1(0) (i=1,---,n), (3.37)
Lemma 2 still holds.

LeEmMMA 3. Fori = 1,---,n, suppose that, on the left side of the i-th shock
x = x;(t) satisfying x;(0) =0, (0) = s; and

[24(6) = 4O, |2 ()] < 5 VEZ O, (3.38)
the value of solution u'” = u' (t) € C* satisfies
ul(0) = 4=V (3.39)
and
Jul? (t) — a6~ Idug) 0 < Ko wixo (3.40)
- ! Todt T 1+t - '

Then, on the right side of x = x;(t), by the Rankine-Hugoniot conditions, we can
uniquely determine the value of solution uﬁ) = uﬁ) (t) such that

u(0) = a® (3.41)

and

du'? (t
w® o Ke s o (3.42)

(#) 7))
t) — <=
uP) - a9, 1FER < 25 e

By means of Lemmas 1-3, the whole procedure in the proof of Theorem A works
in the global sense. Then we get Theorem B.

REMARK B. Theorem B is a joint work with Wang Li-bin.
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4. Remarks.

4.1. All the shocks under consideration should be non-degenerate. In fact, taking
the Burger’s equation

ou ou

— — =0 4.1

ot * Yo (4.1)
as an example, if z = x(t) degenerates to a weak discontinuity: uy = u_ = wuo,

x = x(t) must be a straight characteristic = ugt, on which u = ug. As a result, the

position of z = z(t) does not give any information on the initial data u% (x) except
0 () —

ug (0) = up.

4.2. The assumption that there are no centered rarefaction waves in the self-
similar solution to the Riemann problem is essential. Still taking the Burger’s equa-
tion (4.1) as an example, since any characteristic is a straight line, on which the
solution takes a constant value, any centered wave passing through the origin must
be a centered rarefaction wave with straight characteristics. Similarly, the position of
the centered wave gives no information on the initial data u9.(x) except u9 (0) = u..

4.3. The assumption that all the characteristics are genuinely nonlinear in the
sense of P. D. Lax is also essential. In fact, if there is a linearly degenerate character-
istic, the corresponding elementary wave of which must be a contact discontinuity .
For instance, for the scalar linear equation

ou Ou
o + et 0, (4.2)

the contact discontinuity passing through the origin must be x = t. Obviously, the
position of this contact discontinuity is useless for determining the initial data u9.(z).
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