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LOCAL STRUCTURE OF GENERALIZED COMPLEX
MANIFOLDS

MOHAMMED ABOUZAID AND MITYA BOYARCHENKO

We study generalized complex (GC) manifolds from the point of
view of symplectic and Poisson geometry. We start by recalling that
every GC manifold admits a canonical Poisson structure. We use this
fact, together with Weinstein’s classical result on the local normal form
of Poisson, to prove a local structure theorem for GC, complex mani-
folds, which extends the result Gualtieri has obtained in the “regular”
case. Finally, we begin a study of the local structure of a GC mani-
fold in a neighborhood of a point where the associated Poisson tensor
vanishes. In particular, we show that in such a neighborhood, a “first-
order approximation” to the GC structure is encoded in the data of a
constant B-field and a complex Lie algebra.

1. Introduction and main results

The main objects of study in this paper are irregular generalized complex
(GC) structures on manifolds (the terminology is explained below). In this
section, we state and discuss our main results. The rest of the paper is
devoted to their proofs.

1.1. Background on GC geometry. We begin by recalling the setup of
GC geometry. We use [1] as the main source for most basic results and
definitions, a notable exception being the notion of a GC submanifold of a
GC manifold, which is taken from [2].

The notion of a GC manifold was introduced by Hitchin (cf. [3-5]) and
developed by Gualtieri [1]. If M is a manifold (by which we mean a finite-
dimensional real C'*° manifold), specifying a GC structure on M amounts
to specifying either of the following two objects:

e an R-linear bundle automorphism J of T'M & T*M which preserves
the standard symmetric bilinear pairing (X, €), (Y,n)) = £(Y) +n(X)
and satisfies 72 = —1 or
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e a complex vector subbundle L C Te M ®TEM such that Tc M QTEM =
L ® L and L is isotropic with respect to the C-bilinear extension of
(-,) to TcM & TEM,
which is required to satisfy a certain integrability condition that is similar
to the standard integrability condition for an almost complex structure on a
real manifold. A bijection between the two types of structure defined above
is obtained by associating to an automorphism J its +i-eigenbundle. In
terms of L, the integrability condition is that the sheaf of sections of L is
closed under the Courant bracket [6]

(L) [(X,8),Y,n)]., = ([X, Y], Lxn— Ly& — % ~d(exn — LY€)) :

One can check that this condition is equivalent to the vanishing of the
Courant—Nijenhuis tensor

(12) N7(A,B) = [JA,JB] ,~J|JA B, —J[A,TB],, —[A B

where A, B are sections of TM @& T*M.

The two main examples of GC structures arise from complex and sym-
plectic manifolds. If M is a real manifold equipped with an integrable almost
complex structure J: TM — T M, it is easy to check that the automorphism

J 0
jJ: (O —J*)

defines a GC structure on M; such a GC structure is said to be complex.
Similarly, if w is a symplectic form on M, we can view it as a skew-symmetric
map w: TM — T*M, and then the automorphism

0 —w!
jw - <w 0 )

also defines a GC structure on M; such a GC structure is said to be sym-
plectic.

A GC structure on a manifold M induces a distribution £ C Tt M which is
smooth in the sense of [7]. Namely, E is the image of L under the projection
map TcM © TEM — TcM. Note that F may not have constant rank, and
in general, not every smooth section of E lifts to a smooth section of L.
In order to avoid this problem, we define the sheaf of section of E to be
the sheafification of the presheaf of sections of the bundle Tc-M that can
be lifted to a smooth section of L. In other words, it is the sheaf-theoretic
image of the sheaf of sections of L in the sheaf of sections of TcM. Note
that the sheaf of sections of E still determines E as a distribution, since for
each m € M and each element in the fiber e € E,,, there exists a section of
L in a neighborhood of m whose image in Tt ,, M equals e.

The sheaf of sections of E is closed under the Lie bracket (i.e., E is
involutive), as follows trivially from the definition of the Courant bracket.

cou’
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Moreover, there is a (complex) 2-form e on E defined as follows: if X,Y
are sections of E, choose a section & of T¢M such that (X,{) € L and
set €(X,Y) = £(Y). If n is a section of T¢M such that (Y,n) € L, then
£(Y) = —n(X) because L is isotropic with respect to the pairing (-, -), which
implies that €¢(X,Y") is independent of the choice of &; thus € is well defined.
Furthermore, one can define the tensor de € A\* (E*) by the Cartan formula,
which makes sense since F is involutive.

Proposition 1.1 (see [1]). The data (E,€) determines the GC structure L
uniquely. Moreover, de = 0.

A special type of operation defined for GC structures, which plays an
important role in our discussion, is the transformation by a B-field. Specif-
ically, if B is a real closed 2-form on M, we define an orthogonal automor-
phism exp(B) of the bundle TM & T*M via

exp(B)= (5 7).

where we view B as a skew-symmetric map TM — T*M. If J defines a GC
structure on M, and the associated pair (E, €) is constructed as above, then
J' = exp(B)J exp(—B) is another GC structure on M, which follows from
the fact that exp(B) preserves the Courant bracket on TM & T*M, see [1].
Moreover, in this case, the +i-eigenbundle of 7' is given by L' = exp(B)(L),
and the associated pair (E’, €') is determined by E' = E, ¢’ = 6+B|E, where,
by a slight abuse of notation, we also denote by B the C-bilinear extension
of B to I M. In our paper, a B-field transformation will always mean a
transformation of the form J + exp(B)J exp(—B), where B is a closed
real 2-form. For a more detailed discussion and a more general notion of
B-fields, see [1, 5] and references therein.

Another important construction is that of the canonical symplectic folia-
tion on a GC manifold. Namely, let us consider £ N E; this is a distribution
in Tc M which is stable under complex conjugation, and hence has the form
St = C®pr 7 for some distribution . C TM. Gualtieri [1] proves that
& is a smooth distribution in the sense of [7] and that the 2-form w on .
defined by w = Im(e| y) is (pointwise) nondegenerate. Moreover, it is now
clear that the sheaf of sections of .% is closed under the Lie bracket and
that w is a closed 2-form on .#, in the same sense as in Proposition 1.1.
It follows from the results of [7] that through every point of M there is a
maximal integral manifold of ., which, by construction, inherits a natural
symplectic structure.

For example, if the GC structure on M is complex, then . = 0, whereas
if the GC structure on M is symplectic, then . = T'M and the canonical
symplectic form on . coincides with the symplectic form defining the GC
structure on M.
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We now recall the notion of a GC submanifold of a GC manifold. Let L
be a GC structure on a manifold M, and let N C M be a (locally closed)
submanifold. We define a (not necessarily smooth) distribution Ly on N as
follows. Set

iN:L‘Nﬂ(T@NGB(TEM\N)) and Ly = pr(Ly),

where pr: TcN @ (T¢M|y) — TeN © T¢N denotes the natural projection
map, (X, &) — (X,{‘TCN). It is proved in [2] that dim¢ Ly, = dimg N for
all n € N. However, Ly may not be a subbundle of Tc N @ T¢N. We say
that N is a GC submanifold of M provided Ly is smooth, and defines a GC
structure on N. It can be shown (cf. [2]) that a necessary and sufficient
condition for this is that Ly is smooth and Ly N Ly = 0 (integrability is
then automatic).

In conclusion, we would like to mention that there exists a way of describ-
ing GC structures on manifolds in terms of spinors. In fact, most of [1] is
written in the language of spinors. However, in our paper, we have made a
conscious effort to state and prove all of our results in a spinor-free language.
We hope that this approach helps illuminate the simple geometric ideas that
underlie our main constructions.

1.2. The canonical Poisson structure on a GC manifold. From now
on, we fix a manifold M equipped with a GC structure which, whenever
convenient, we will think of in terms of either the automorphism J or the
subbundle L C TcM @ TiM. The starting point for our work is the obser-
vation that the canonical symplectic foliation (.#,w) defined in Section 1.1
is in fact the symplectic foliation associated to a certain Poisson structure
on M. The existence of a canonical Poisson structure on a GC manifold
was also independently noticed by Gualtieri [8], and Lyakhovich and
Zabzine [9].

Let us briefly explain why one could expect the existence of a natural
Poisson structure on general grounds. Recall the definition of integrabil-
ity as the vanishing of the Courant—Nijenhuis tensor (1.2). The condition
N7(A, B) = 0 can be naturally rewritten as a collection of four equations
corresponding to the possibilities of either A or B being a section of T'M or
a section of T*M. Let us also write J as a matrix

J w
where J: TM — TM, m: T"M — TM, o: TM — T*M and K: T"M —
T*M are bundle morphisms. The requirements that J 2= _1and J is
orthogonal with respect to (-,-) force K = —J*, 7 = —n*, 0 = —0o¥;

in particular, m can be viewed as a bivector on M, i.e., a section of
AN2TM. Moreover, it is a straightforward computation that in the case
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when A = (0,¢) and B = (0,n), where £,n are sections of T*M, the
T M-component of N7(A, B) is the following expression:

(10) (w6 =7 (Logn = pdlenen)) + 7 (Lag — 5(208))

Observe that this expression depends only on 7 and not on the other com-
ponents of the matrix defining J. However, one can check that no other
entry of the matrix can be separated from the rest in this way. This suggests
that m must play a special role in the theory. In fact, one has the following
theorem.

Theorem 1.2. The bivector w defines a Poisson structure on M. More-
over, the canonical symplectic foliation associated to this Poisson structure
coincides with (., w).

The proof consists of a straightforward verification of the fact that the
vanishing of expression (1.4) for all 1-forms £ and 1 on M is equivalent to
the vanishing of the Schouten bracket [r,7]; see [8, 10] for details. The
latter condition means precisely that 7 is a Poisson bivector.

Given a real-valued f € C*°(M), let us write

By construction, X = w(df) is the Hamiltonian vector field on M associated

to f. On the other hand, {; is a certain differential 1-form on M. The
following result complements Theorem 1.2.

Proposition 1.3. The map f + &5 has the following properties.
(1) For all f,g € C°(M), we have

ff-g :f'§g+g‘€f-
(2) If{-,-} is the Poisson bracket on C>°(M) defined by m, then

§ifg) = ’ch (&) — LXy (dy).

(3) If (E,¢€) is associated to the GC structure J as in Section 1.1, then
for all f € C°(M), we have

Lx,(e) = (d&y)| -

We omit the proof, since it amounts to a few lines of straightforward
computations using only Cartan’s formula for the Lie derivative and the
definition of the Poisson bracket, {f, g} = X¢(g9) = —X,4(f). The properties
of the map f + & turn out to be crucial in our proof of the local normal
form for GC manifolds. Moreover, these results raise the question of whether
one can give an explicit description of GC manifolds as Poisson manifolds
equipped with additional structure. In other words, consider a GC structure
on a manifold M defined by matrix (1.3). By Theorem 1.2, the pair (M, )
is a Poisson manifold. Then the problem is to describe, in the language of
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Poisson geometry, the extra data on (M, ) that are needed to recover all of
J. Part (2) of Proposition 1.3 is a first step in this direction.

1.3. The local structure theorem for GC manifolds. We say that a
GC structure on a manifold M is regular if the distribution . (equivalently,
E) has locally constant rank. The structure is said to be irregular otherwise.
The original motivation for our work came from trying to extend the local
structure theorem proved in [1] for regular GC structures to the irregular
case. Gualtieri proved that if m € M is a regular point of a given GC
structure on M (i.e., the structure is regular in an open neighborhood of
M), then there exists a neighborhood U of m in M such that the induced
GC structure on U is a B-field transform of the product of a symplectic GC
manifold and a complex GC manifold.

Let us fix a GC manifold M and a point mg € M. We define the rank,
rky,, M, of M at mg to be the rank of the associated Poisson tensor 7 at
myg. The central result of our paper is the following.

Theorem 1.4. There exists an open neighborhood U of mqg in M, a real
closed 2-form B on U, a symplectic GC manifold S and a GC manifold N
with marked points so € S, ng € N such that rk,, N = 0, and a diffeomor-
phism S x N — U which takes (sp,ng) to mgy and induces an isomorphism
between the product GC' structure on S x N and the transform of the induced
GC structure on U via the 2-form B.

This theorem is proved in Section 3.

Remark 1.5. It is easy to recover the result of Gualtieri from Theorem
1.4. Namely, if, with the notation of the theorem, the GC structure on M
is regular in a neighborhood of myg, then the rank of N must be zero in a
neighborhood of ng. It then follows by linear algebra that the GC structure
on N must be B-complex in a neighborhood of ng, and the fact that this
structure can be written as the transform of a complex structure by a closed
real 2-form follows from the local vanishing of Dolbeault cohomology (cf. [1]).

1.4. Linear GC structures. The term “linear GC structure” should not
be confused with the notion of a constant GC structure on a real vector
space discussed in Section 2. Rather, it is used in the same way as the term
“linear Poisson structure” is used to describe the canonical Poisson structure
on the dual space of a real Lie algebra.

Recall that if (M,7) is a Poisson manifold, and m € M is a point at
which the Poisson tensor 7 vanishes, then a “first-order approximation” to
7w at m defines a real Lie algebra of dimension dim M. Canonically, this Lie
algebra can be identified with the quotient g = m,,/m2,, where m,, denotes
the ideal in the algebra of all real-valued C* functions on M consisting of
the functions that vanish at m. Since m vanishes at m, it is easy to check
that m,, is stable under the Poisson bracket, and m2, is an ideal of m,, in the



LOCAL STRUCTURE OF GC MANIFOLDS 49

sense of Lie algebras, and hence we obtain an induced Lie algebra bracket
on g.

Therefore one expects that, near a point on a GC manifold where the
associated Poisson tensor vanishes, the first-order approximation to the GC
structure can be encoded in a real finite-dimensional Lie algebra equipped
with additional structure. Indeed, we prove the following.

Theorem 1.6. In a neighborhood of a point on a GC manifold where the
associated Poisson tensor vanishes, the first-order approrimation to the GC
structure is encoded in a complex Lie algebra of complex dimension M,
and a B-field which is constant in appropriate local coordinates (and hence,

a fortiori, is closed).

The meaning of this statement is explained in Section 4.

A natural problem that arises is to give a local classification of GC man-
ifolds near a point where the associated Poisson tensor vanishes. Together
with our Theorem 1.4, a solution of this problem would yield a complete
local classification of GC manifolds.

2. Linear algebra

2.1. In this section, we present the auxiliary results on linear algebra that
are used in the proofs of our main theorems. We begin by recalling that the
notion of a GC structure has an analog for vector spaces, which was studied
in detail in [1, 2]. Specifically, a constant GC structure on a real vector space
V is defined either as an R-linear automorphism J of V@ V™, which preserves
the standard symmetric bilinear pairing (-,-) and satisfies J? = —1, or
as a complex subspace L C V¢ @ V§&, which is isotropic with respect to
the C-bilinear extension of (-,-) and satisfies Ve @ V¥ = L @ L. There is
no integrability condition in this case. It is easy to see that constant GC
structures on V' correspond bijectively to GC structures on the underlying
real manifold of V' that are invariant under translations. Furthermore, it is
obvious that if 7 is a GC structure on a manifold M, then for every point
m € M, the automorphism 7, of T;, M & T M induced by J defines a
constant GC structure on T,,M. From now on, by a GC vector space, we
will mean a real vector space equipped with a constant GC structure.

All notions and constructions discussed in Section 1.1 have obvious
analogs for GC vector spaces. In particular, for a real vector space V,
welet p: VAV -V, p: VE V" - V* denote the natural projection
maps. Given a GC structure on V' defined by a subspace L C V¢ @ V{7, we
let E = p(L) C V. There is an induced C-bilinear 2-form € on E defined
in the same way as in Section 1.1, and the pair (F,¢) determines the GC
structure on V uniquely. Moreover, if S C V is the real subspace satisfying
C®gr S = ENE, then w = Im(e|y) is a symplectic form on S. Finally, the
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notion of a GC subspace of a GC vector space V is defined in the obvious
way: if W C V is a real subspace, set

Ly =LN(WeaVE) and Ly = pr(Lw),
where pr: We & Vi — W @ W{ is the projection map (w, A) — (w, )‘|Wc)'
We say that W is a GC subspace of V if Ly N Ly = (0); it is shown in
[2] that in this case Ly is automatically a GC structure on W, called the
iduced GC structure.

The notion of a B-field transform is also defined in the obvious way. If
B e A2 V* is a skew-symmetric bilinear form on V, then the map

exp(B) = (1:_[; (1))

is a linear automorphism of V' & V* which preserves the standard pairing
(+,+), and hence acts on constant GC structures on V via

L—exp(B)-L or Jwrexp(B)-J-exp(—B).

It is easy to check that, in terms of the pairs (E, €), the transformation above
is given by

(E,e) — (E e+ BC|E),
where Bc is the unique C-bilinear extension of B to V.

In what follows, we will occasionally need to consider GC structures on
different vector spaces at the same time. Therefore, whenever a confusion
may arise, we will use the notation Ly C Ve @ Vi, Jv € Autg(V @ V¥),
Sy CV, Ey C Vg, etc., to denote the objects L, J, S, E, etc., that are
associated to a given GC structure on a vector space V.

2.2. For future use, we make explicit the notions of an isomorphism and a
product of GC structures. Given two real vector spaces, P and (), equipped
with GC structures Lp and Lg, an isomorphism of GC vector spaces between
P and @ is an R-linear isomorphism ¢: P — @ such that the induced map

(¢c, (68)"): Pe® Pt — Qc ® Q¢
carries Lp onto Lg. The direct sum of the GC vector spaces P and () is the

vector space P @ () equipped with the GC structure Lp @ L (called the
product GC structure), where we have made the natural identification

(POQ)c®(P®Q)c = Fc® Pr®Qcd Q-

Finally, if V' is a GC vector space and P, C V are two subspaces, we say
that V is the direct sum of P and @ as GC vector spaces provided P, () are
GC subspaces of V', and if we equip P, ) with the induced GC structures
and P & @ with the product GC structure, then the map P& Q — V given
by (p,q) — p+ ¢ is an isomorphism of GC vector spaces.

The notions of an isomorphism and a product of GC structures have
obvious extensions to GC manifolds, see [2].
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2.3. The main results of GC linear algebra that we need are summarized
in the following theorem.

Theorem 2.1. Let V' be any GC vector space, and let (S,w) be defined as
above.

(a) The notion of being a GC subspace is transitive; in fact, the following
stronger statement holds: if W1 CV is a GC subspace and Wo C W3
1s any real subspace, then Wo is a GC subspace of V' if and only if it is
a GC subspace W1 with respect to the induced GC structure on Wi.!
Moreover, if this is the case, then the induced GC structure on Ws is
the same in both cases.

(b) A subspace W C V is a GC subspace if and only if WNS is a symplectic
subspace of S (in the sense that w’WmS is nondegenerate) and W =
(WeNE)+ (WeNE).

(¢) In particular, S itself is a GC subspace of V'; the induced GC structure
on S is B-symplectic, and moreover, S is the largest GC subspace of V'
with this property. The underlying symplectic structure on S is given
by w.

(d) The notion of being a GC subspace is invariant under B-field trans-
formations of the GC structure on V.

(e) If W C V is a real subspace such that W + S =V (the sum is not
necessarily direct), then W is a GC subspace of V' if and only if W NS
is a symplectic subspace of S. In particular, any subspace of V' that is
complementary to S in the sense of linear algebra is automatically a
GC subspace of V.

(f) Let W C V be a real subspace such that W +S =V, and let Sy denote
any real subspace of S such that S = Sy®(SNW), so that V = SoeW.
Then the following two conditions are equivalent:

(i) So and SNW are orthogonal with respect to w.

(il) W and Sy are GC subspaces of V', and there exists a B-field B €
A2 V* which transforms the GC structure on V into the direct sum
of the induced GC structures on Sy and W.

(g) If the equivalent conditions of part (f) hold, then the choice of B is
unique provided we insist that B|SO =0 and B|W =0.

Remark 2.2. As a byproduct of our discussion, we obtain an alternate
proof of the structure theorem for constant GC structures (see [1, 2]) which
does not use spinors. Indeed, if S C V is as above and W C V is any
complementary subspace to S, then parts (e) and (f) of the theorem imply
that W is a GC subspace of V and the GC structure on V is a B-field
transform of the direct product GC structure on S @ W. It is then easy to

In general, however, GC subspaces do not behave well with respect to taking sums
and intersections.
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check that the induced GC structure on S (resp., W) is B-symplectic (resp.,
B-complex), see, e.g., [2].

Proof of Theorem 2.1. (a) It is trivial to check that the two definitions of
Ly, we obtain by viewing Wj either as a subspace of V' or as a subspace of
W1 coincide, whence the claim.
(b) We first show the necessity of the two conditions. It follows from the
results of [2] that a subspace of S is a GC subspace if and only if it is
a symplectic subspace with respect to the form w. Now if W is any GC
subspace of V', then W N.S = Sy, whence W NS is a GC subspace of W by
the results of [2]. By part (a), it follows that W N S is also a GC subspace
of V', and hence a GC subspace of S.

Suppose now that W is a GC subspace of V, yet (WcNE)+ (WcNE) C
We. Then there exists a nonzero real subspace U C W with

Uc® [(WenE)+ (WenE)] =We.
This implies that
UcN[E+(WecNE)] =(0) and Ucn [E+ (Wen E)] =(0).
Hence we can find ¢,¢ € V& with €|Uc = €’LUC # 0 and E’EHW@E) =0=
El’E—F(WCmE)‘ This forces ¢ € LNVE, ¢/ € LNVE and €’WC = E"WC # 0,
which means that

(p(ﬁ),p*([)‘wc) = (O’E‘WC) = (vaw ) ( (), p (El)‘wc) # 0,

contradicting the assumption that W is a GC subspace of V.

Conversely, suppose that W C V is a subspace such that W¢ = (WeNE) +
(WeNE) and WNS is a GC subspace (equivalently, a symplectic subspace)
of S. We will prove that W is a GC subspace of V. Assume that £ € L,

¢ € L and p(f) = p(¢') € W, p*(@)]wc = p*(¥) |W Then, in particular,

p(€) = p(t') € (W N S)c and P*(€)|(WQS = p* )}(WmS) , so we deduce

from the second assumption that p(¢) = p(¢') = 0 and p*(¢)| Wnse =
E’)|(Wms) = 0. It remains to check that p*(¢ )| |W = 0. But

p*(6) =€ LNVE =Anny:(E) and p*(¢f') =0 € LNV = Anny: (E),

whence K‘Wcm p=0= 4 and also, since ¢ ’Wc we find from

)
=/ ’W«:’
= 0, completing the proof.

’WCOE’
our first assumption that ¢ |Wc = €’|WC
(c) This is easy. We omit the proof since the straightforward argument is
presented in [2].

(d) It follows from the remarks of Section 2.1 that a B-field transform
changes neither F, nor S, nor w = Im(e| S)‘ Hence the claim follows from

the characterization of GC subspaces given in part (b).
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(e) We will show that if W C V is a subspace such that V' = W + S, then
we automatically have We = (We N E) + (We N E). The claim then follows
from part (b). Let w € W, and write w = e; + &3, with e; € E for j =1, 2.
Further, we can write e; = w; + s;, where w; € W and s; € Sc. A fortiori,
sj € E,so w; € ENWc. Hence

w=w; + w3 + (51 +352),

where wq,ws € W N E. This forces s1 + 53 € W, and since we also have
sj € Sc, it follows that s1 + 353 € We NSc € We N E. Finally, we conclude
that

w = (wy + 81 + 52) + Wg,
where w; 4+ 51 + 353 € We N E and Wy € We N E, as desired.
(f), (g) First, it is clear that (ii) implies (i), since B-field transforms cannot
change the imaginary part of e. Conversely, assume that Sy and SNW are
orthogonal with respect to w. We will show that there exists exactly one
B-field B € A\’ V* such that B\SO = B|,;, = 0 and B transforms the given
GC structure on V into the direct sum of the induced GC structures on Sy
and W.

Observe that Ey = Eg, ® Ey. Indeed, it is clear that Eg, ® Ew C Ey.
Conversely, let e € Ey and write e = e1 +e2, where e; € (Sp)c and eg € We.
Then, a fortiori, e; € Ey, so we also have eo € Ey, whence e; € Ey N
(So)c = Es, and e3 € Ey N W = Eyy, proving the claim.

Note now that if the original GC structure on V' is determined by (Ey, €),
then the product GC structure on Sy @& W is determined by

(Ego ® By, el + e|EW).

To complete the proof, we must therefore show that there exists exactly one
B € A\? V* such that B|S0 = B|W = 0 and the pairing between Eg, and Ey
induced by (the complexification of) B is the same as the one induced by e.

Suppose that such a B exists. Let s € Sg, w € W. Since w is real, we
can write w = e + €, where e € E N W¢. Then we must have

B(s,w) = B(s,e) + B(s,e) =2 - Re €(s,e),

which proves that B is unique if it exists. Conversely, let us define B on
So x W by this formula, and define B to be zero on Sy and on W. We claim
that B is well defined. Indeed, consider a different representation w = e’ +¢’,
where ¢/ € ENW¢. Then

e—¢ = —ec(WnSI)g,
which implies that e — ¢’ =4 -t for some t € W N S, where ¢ = v/—1. Hence
Ree(s,e — ') = —Ime(s,t) = —w(s,t) = 0 by assumption,

which implies that B is well defined.
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Finally, to show that B satisfies the required condition, it is enough to
check (by linearity) that if s € Sy and e € Ey = We N E, then B(s,e) =
€(s,e). We have

e+e . e—e ete e—e

e=—g—+i 5 and 5 9

e w.

By construction,

B <s, e—;—e) =2Re e<s, ;) = Re €(s,e),

and similarly B(s, (e —€)/(2i)) = Im €(s, e), which completes the proof. O

Remark 2.3. The following comment will be used in our proof of the local
structure theorem for GC manifolds. Consider a variation of GC linear
algebra where the vector space V is replaced by a smooth real vector bundle
V over a base manifold 8, and a GC structure on V is a subbundle £ C
Ve @ V¢ such that for every point b € B, the subspace £, € Vyc @ Vi
defines a constant GC structure on the real vector space V. Then we have
the subdistributions £ C V¢ and & C V which are the global analogs of
and S, respectively, which may have nonconstant rank, but are nevertheless
smooth in the sense of [7], by the argument given in [1]. It is easy to check
that, in fact, the proofs of parts (e), (f) and (g) of Theorem 2.1 go through
in this setup with appropriate modifications that ensure smooth dependence
on the point b € B.

3. Local normal form

3.1. Strategy of the proof. We begin by outlining the strategy of
our proof of Theorem 1.4. Our argument is an extension of the inductive
argument of [11]. If rk,,, M = 0, then there is nothing to prove. Otherwise,
following loc. cit., we can split M, locally near my, as a product M =S x N
in the sense of Poisson manifolds, M = S x N, where .S is an open neighbor-
hood of 0 in R? with the induced standard symplectic form wg, and mg € M
corresponds to (0,n9) € S x N. By abuse of notation, we identify N with
the submanifold {0} x N of M. It is clear that each “horizontal leaf” S'x{n}
is a GC submanifold of M.

Lemma 3.1. The “transverse slice” N is a GC submanifold of M.

The proof of this lemma is given at the end of the section. We equip
N with the induced GC structure. It is clear that rk,, N = rk,,, M — 2.
Hence, by induction, it suffices to show that in a neighborhood of mg, the
GC structure on M is a B-field transform of the product of the symplectic
structure on S and the induced GC structure on N. The proof of this
fact consists of three steps, each involving a transformation by a closed
2-form and possibly replacing M by a smaller open neighborhood of my.
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To save space, we will still use M to denote any of these sufficiently small
neighborhoods. The steps are listed below.

(1) After a transformation by a closed 2-form B” on M, the induced GC
structure on each horizontal leaf S x {n} is the symplectic GC structure
defined by wy via the obvious identification S = S x {n}.

(2) After a transformation by a closed 2-form B’ on M that restricts to
zero on the horizontal leaves Sx{n} and on the transverse slice {0} x N,
we have that for each n € N, the induced constant GC structure on
T0,n)M is the direct sum of the induced constant GC structures on
T(0,n)(S x {n}) and on T,,N.

(3) After a transformation by a closed 2-form B on M that vanishes along
N, the GC structure on all of M is the product of the symplectic GC
structure on S and the induced GC structure on V.

3.2. Step 1. We begin by introducing notation that will be used in the
rest of the section. Let (p,q) denote the standard coordinates on S, so
that wyg = dp A dg; we will also view them as part of a coordinate system

(pyq,r1, -+ ,rq) on M, where 11, - ,rq4 are local coordinates on N centered
at ng. Note that for any such coordinate system on M, we have
0 0
3.1 X,=—— and X,=—
( ) p 8q q 8p7

where X, and X, denote the Hamiltonian vector fields on M associated to
the functions p and ¢, as in Section 1.2.

Without loss of generality, we may assume that S is the open square
on R? defined by the inequalities —1 < p < 1, —1 < ¢ < 1. A point
(s,n) € Sx N =M will from now on be written as (a, b, n), where a = p(s),
b=gq(s) € (—1,1). We will denote by ¢s: M — M and 1p;: M — M the
flows of the vector field X}, and X, respectively. Of course, these flows are
not defined everywhere. Explicitly, we have, from equation (3.1),

(3.2) ¢s(a,b,n) = (a,b—s,n) and Y(a,b,n) = (a+t,b,n).

It is clear that the flows ¢ and ¥ commute with each other.

Furthermore, we define .% (resp., .4") to be the distribution on M which
is tangent to the horizontal leaves S x {n} (resp., to the transverse slices
{s} x N); note that .# is spanned by the vector fields X,, X,.

We now prove statement (1) of Section 3.1. Since M = S x N as Poisson
manifolds, it follows that for each n € N, the induced GC structure on S x
{n} is B-symplectic, with the underlying symplectic structure being given
by wp. A general fact, proved in [1], is that on a B-symplectic GC mani-
fold, both the underlying symplectic structure and the B-field are uniquely
determined and, moreover, depend smoothly on the original GC structure.
In our situation, we obtain a family {B]/} of closed 2-forms on the leaves
S x {n}, depending smoothly on n, such that for every n € N, the B-field
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B! transforms the induced GC structure on S x {n} into the symplectic
structure on S x {n} defined by wy.

The usual proof of the Poincaré lemma shows that, after possibly shrink-
ing S and N, we can find a smooth family {0, }nen of 1-forms on the leaves
S x {n} such that do, = BJ! for each n € N. Now let ¢ be an arbitrary
1-form on M such that U‘Sx{n} = o, for each n € N; such a o exists simply

because TM = %y @ A4 as vector bundles. By construction, the 2-form
B" = do satisfies the requirement of statement (1) of Section 3.1.

3.3. Step 2. It follows now from parts (f) and (g) of Theorem 2.1, together
with Remark 2.3, that for every point n € IV, there exists a unique 2-form
B! € \? T(6,0,yM with the following properties:

. B§L|TnN = 0;

B! = 0;
¢ n|T(o,0,n) (SX{”})
e B, transforms the constant GC structure on T{g )M into the direct
sum of the induced GC structures on T, N and T(g 0., (S x {n});
and moreover, B), depends smoothly on n. We must show that there exists

a closed 2-form B’ on M such that for each n € N, we have B’|5X{n} =0
/
and B |T(o,o,n>M

Let us choose a coordinate system {z;} on S centered at (0,0) (one can
take {z;} = {p, ¢}, but this is not important in this step), and a coordinate
system {y;} on N centered at ng, so that {z;,y;} is a coordinate system on
M centered at mg. We denote the corresponding coordinate vector fields by
s; = 0/0x;, nj = 0/0y;. We then define B’ by the formulas

B'(si,s1) = 0;  B'(si,n)(a,b,n) = Bn((5:)(0,0,n)> (1) 0,0,n))

(in particular, note that B’(s;,n;) does not depend on the coordinates xy);

B'(nj,n) = Z[l‘l - (n;B'(s;,n;) — UlBl(ﬁzw"j))]

)

= BJ,. In fact, we will define B’ by an explicit formula.

By construction, B’ satisfies all the required pointwise conditions, so we
only have to check that B’ is closed. However, it is straightforward to check,
using the definition of B’, that dB’ annihilates any triple of vector fields
chosen among the s;’s and the n;’s.

3.4. Step 3. We now complete the proof outlined in Section 3.1. Let us
begin by exploring the consequence of the fundamental theorem of calculus
in the context of Lie derivatives. With the notation of Section 3.2, let 7 be
a differential form on M of arbitrary degree.

Lemma 3.2. For all (a,b,n) € S x N = M, we have

b
(3-3) T(a,bn) = qbZT(a,O,n) _/0 (gbz—s(‘CXpT))(a,b,n)dS
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and
(3'4) T(a,bn) = Q/)iaT(O,b,n) +/O (qzz):—a(‘CXqT))(a,b’n)dt'

The proof of this lemma is straightforward from the definition of Lie
derivative and the fundamental theorem of calculus. Combining equations
(3.3) and (3.4), we deduce that

(35) a b,n) ¢b¢) ( 0 0,n) ) + sz /O (@Z)Z(—a(‘CXqT))(a,O,n)dt
- / (63 o(£,7)) (w8
b
(3.6) = P25 (T(0,0m)) — Wia/o (qbifs(‘CXpT))(O,b,n)ds
[T gt

In particular, Proposition 1.3(3) now implies that

(37) abn ¢b¢ ( OOn))+¢b/ (¢t a(d&l)) aOn

E(a,b,n)

AN T
Eabn)

We now note that, due to the preparations of Sections 3.2 and 3.3, the GC
structure on S x N defined as the product of the symplectic structure on

S and the induced GC structure on N corresponds to the 2-form ¢’ on E
defined by

abn ¢b¢ ( 00n))

The proof will therefore be complete if we show that the (real) 2-form B on
S x N defined by

a b
Bapn) = QbZ/O (@D:—a(dfq))(a,om)dt_/o (let—s(dgp))(a,b,n)ds

is closed.

Recall first from Proposition 1.3 that &y = Lx,(§y) — tx,(dy) for
all O functions f,g on M; on the other hand, the definition of the map
f = & implies that if {f, g} is a constant function on M, then {4 = 0.
We deduce that

(3.8) Lx, (&) = tx,(dp), Lx, (&) = tx,(dEy),
(3.9) Lx,(&p) = tx,(d&p), Lx, (&) = tx,(d&y).

We now compute
1

oy [1/’3 (Blatybm)) — B(a,b,n)}a

(£Xq )(abn) = h



58 M. ABOUZAID AND M. BOYARCHENKO

and

Q;Z)T/B(a—l-v,b,n) = ¢Z/

a+vy
0

b
(65-0(050)) (ot = | 5074 (d85) @)
which leads to
b
(310) (EXqB)(aJ),n) = ¢Z(d§q)(a,0,n) _/0 ¢Z—S((£Xq (dgp))(a7s,n))d3-

However, we have, from equation (3.8) and Cartan’s formula for Lx,,
Lx, (d€p) = dLXq(dfp) =dLlx, (&) = Lx, (d&q)-

Substituting this into equation (3.10) and combining with Lemma 3.2, we
obtain

(3.11) Lx,B = d&,.
A similar, but easier, computation shows that
(3.12) Lx,B = d&p.

We now compute ¢x,B. We use the fact that contraction commutes with
integration of differential forms, and also that the vector field X, is invariant
under the flows ¢ and .

a b
(LXpB)(a,b,n) = ¢Z/0 (@Z’;—a(LXpdgq))(a’o,n)dt - /0 (¢Z—S(LXpd£p))(a,b,n)ds
b
0
= ¢Z ((gp)(a,o,n) - wia((gp)(0,0,n))) + (gp)(a,b,n) - ¢Z((§p)(a,0,n))
= (ép)(a,b,n) - ¢;¢ia((€p)(0,0,n))a

where we have used equations (3.8) and (3.9) in the second equality and
Lemma 3.2 in the third equality. However, (&,)(,0,n) = 0. This follows from
the fact that (£,)(,0,n) depends only on the value of dp at the point (0,0,n)
and on the induced constant GC structure on T{ o ,)M; on the other hand,
after the preparations of Sections 3.2 and 3.3, the constant GC structure
on T(g0,,)M is the direct sum of the induced GC structure on 7;, N and the

symplectic GC structure on T{g ) (S x {n}). Therefore,

= ¢Z/0 (w;—a(ﬁqup))(mo,n)dt_/ (gbZ—S(ﬁngp))(a,b,n)ds

(3.13) tx, B = ¢&p.
Likewise,
(3.14) tx,B=¢&.

Let us compare equations (3.12) and (3.13). We can rewrite equation
(3.12) as d(vx,B) + 1x,(dB) = d,, whence equation (3.13) implies that
tx,(dB) = 0. Likewise, equations (3.11) and (3.14) force vx, (dB) = 0. But
X,, X4 span the tangent space to every horizontal leaf S x {n} at every point.
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Hence, to show that dB = 0, it remains to check that the restriction of dB to
each transverse slice {s} x N is equal to zero. By construction, the restriction
of B itself to {(0,0)} x N is zero. Let us pick three arbitrary sections
21, Z, Z3 of A which commute with X, and X,. Then (dB)(Z1, Z2, Z3) =0
along N = {(0,0)} x N, and furthermore

Lx,[(dB)(Zy, Zs, Z3)| = (Lx,(dB))(Z1, Z2, Z3)
= (dLx,B)(Z1, Z2, Z3)
= (dd&p) (21, Z2, Z3) = 0,

where we have used equation (3.12) and the fact that X, commutes
with each Z;. Similarly, Lx, [(dB)(Z1,Z2,23)] = 0. It follows that
(dB)(Z1, Z2, Z3) =0 everywhere on M and completes the proof.

Proof of Lemma 3.1. Let (.,w) denote the canonical symplectic foliation
associated to the GC structure on M, and recall from Section 3.2 that
Zo C . denotes the foliation tangent to the leaves Sx{n}. Since M = SxN
as Poisson manifolds, it follows that at each point (s,n) € N, the tangent
space T(sn) (S x {n}) = (Yo)(sm) is orthogonal to Ty, ({s} x N) N .#(sn)
with respect to w. In particular, by Theorem 2.1(e), the transverse slice
N satisfies the pointwise condition for being a GC submanifold of M, and
hence we must only show that Ly is a subbundle of Tc N © TN .

Since Ly is the image of Ly = L‘N N (T@N &) (T(EM]N)) under the
projection map TeN @ (T¢M|,) — TeN ® TEN, it suffices to show that
Ly is a subbundle of TcN @ (TEM | y)- Further, since Ly is defined as the
intersection of two subbundles of (TcM & TEM)|
Ly has constant rank on N. Considering the projection of Ly onto TcN,
we obtain a short exact sequence

it suffices to show that

0— (LNTEM)|y — Ly — (E|y NTeN) — 0.

Now LNTEM = Annryp(E), so

tk Ly = rk(AnnTEM(E)]N) + rk(E’N> 1k <(E|N)>

(E’NQT(CN)
E| ., +1cN
:dimM—rk—( |NTCNC )
TeM
=dim M —rk (;C]\LN =dim NV;

we have used the fact that E|, +TcN = Te M|, which follows from .|, +
TN =TM | n- Thus, in fact, not only is the rank of Ly constant, but
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the projection map Ly — Ly is an isomorphism (since Ly has constant
rank equal to dim N). O

4. Linearization of GC structures

In this section, we consider a GC structure J on a manifold M such that
the associated Poisson tensor has rank zero at a certain point m € M. Our
goal is to describe a “first-order approximation” to the GC structure in a
neighborhood of m. We will use the notation m2, C m,, C C°°(M) in the
same sense as in Section 1.4. Also, for f € C*°(M), we will use the notation
(X¢,&r) as defined in Section 1.2. Let us assume that J is given by matrix
(1.3). Thus, by assumption, 7m,,: T;x M — T,, M is the zero map. Hence, if
we consider the induced constant GC structure 7, on T}, M, its matrix has

the form
Jn O
Iim = ( om —JIm > .

It is proved, for instance, in [2], that a constant GC structure of this form is
a B-field transform of a complex GC structure on 1,,M. If B,, € /\2 > M
is any 2-form which transforms .7, into a complex GC structure, we can
extend By, to a differential 2-form B on a neighborhood of m in M which is
constant in the appropriate local coordinates, and hence, a fortiori, is closed.
Applying the transformation defined by B to the structure 7 reduces us to
the situation where o,, = 0.

We now assume that o, = 0 and explain what we mean by the first-
order approximation to J at the point m, proving Theorem 1.6 at the same
time. Let g = m,,/m2, be the real Lie algebra which encodes the first-order
approximation to m at m, as defined in Section 1.4. Thus the Lie bracket
on g is induced by the Poisson bracket on C°°(M) defined by w. We can
also think of 7 as a C'°°(M)-linear map from I'(M,T*M) to my,-I'(M, T M),
which induces an R-linear map

(M, T*M '(M, TM

-I'(M,TM).
— wz T TM)

This map also encodes the first-order approximation to w. It is then
natural to define the first-order approximation to J to be the R-linear
automorphism of

-I'(M, TM (M, T*M
(mm (2 ) ) -F(M,TM))@((’)-F(M,T*M))
m2 My
induced by J. Note, however, that the map
(M, TM (M, T*M
m " g -T(M, TM) — y T(M,T*M)

m2, my,
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induced by o clearly vanishes; moreover, since J and K = —J* determine
each other, we can concentrate our attention on the map

(M, T*M (M, T*M
I'(M,T*M) T(M,T*M) —> LM, T*M) T(M,T*M)
My, My,
induced by —J*. Now the de Rham differential d induces an R-linear
isomorphism
~ DM, T*M
om =, LOLTM) povg, ),
mz, My,
and we have, by definition {; = —J*(df) for any f € m,,. By transport
of structure, —J* induces an R-linear automorphism of the Lie algebra g
which we will denote by A; by construction, A> = —1. To obtain further
information on A, we will study it from the point of view of the map f — &;.
Let f,g € my,. Part (2) of Proposition 1.3 yields

§rgr = £x,(&g) — 1x,(dEg) = [1x,(d€g) — vx,(dEs)] 4 d(ix,(&g))-

But X¢ = n(df) and X, = 7(dg), which implies that the first term vanishes
modulo my,. On the other hand, §; = d(Ag) modulo m,, whence 1x,(§,) =

{f, Ag} modulo m?,. Thus we conclude that A{f, g} = {f, Ag} modulo m?
which is precisely the condition for A to make g a complex Lie algebra. This
completes the proof of Theorem 1.6.

References

[1] M. Gualtieri, Generalized complex geometry, Ph.D. thesis, Oxford University, 2003,
math.DG/O401221.

[2] O. Ben-Bassat and M. Boyarchenko, Submanifolds of generalized complex manifolds,
J. Symplectic Geom. 2(3) (2004), 309-355, math.DG/0309013.

[3] N.J.Hitchin, The geometry of three-forms in siz dimensions, J. Diff. Geom. 55 (2000),
547-576, math. DG/0010054.

[4] N.J. Hitchin, Generalized Calabi—Yau manifolds, Q. J. Math. 54(3) (2003), 281-308,
math.DG/0209099.

[5] N.J. Hitchin, Geometry with B-fields, Lectures at the “Geometry, Topology, and
Strings” miniprogram at KITP, Santa-Barbara, July 14—August 8, 2003, available at:
http://online.itp.ucsb.edu/online/mp03/hitchini1/

[6] T.J. Courant, Dirac manifolds, Trans. Am. Math. Soc. 319 (1990), 631-661.

[7] H.J. Sussmann, Orbits of families of vector fields and integrability of distributions,
Trans. Am. Math. Soc. 180 (1973), 171-188.

[8] M. Gualtieri, Generalized Kihler geometry and T-duality, Talk given at the Perimeter
Institute, Waterloo, Canada, November 2004.

[9] S. Lyakhovich and M. Zabzine, Poisson geometry of sigma models with extended
supersymmetry, Phys. Lett. B 548 (2002), 243-251, hep-th/0210043.

[10] M. Crainic, Generalized complex structures and Lie brackets, preprint, 2004,
math.DG/O412097.



62 M. ABOUZAID AND M. BOYARCHENKO

[11] A. Weinstein, The local structure of Poisson manifolds, J. Diff. Geom. 18(3) (1983),
523-557.

[12] U. Lindstrom, R. Minasian, A. Tomasiello and M. Zabzine, Generalized complex
manifolds and supersymmetry, preprint, 2004, hep-th/0405085.

DEPARTMENT OF MATHEMATICS

UNIVERSITY OF CHICAGO

CHicaco, IL 60637

E-mail address: mabouzai@math.uchicago.edu

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF CHICAGO

CHIicAGO, IL 60637

E-mail address: mitya@math.uchicago.edu

Received 14/07/2005, accepted 03/05/2006

We are grateful to Paul Seidel for his comments on the early versions of our paper, and to
Marco Gualtieri for helpful discussions about B-fields. After the first version of our paper
was prepared, we learned from Marco Gualtieri that the existence of a canonical Poisson
structure on GC manifolds has been known to physicists working in related areas, among
them were Lindstrom et al. [12] and Lyakhovich and Zabzine [9] and was explored by
Crainic [10] in a preprint.

We would like to thank Alan Weinstein for pointing out an erroneous claim in the first
version of our paper, and the referee for suggesting several improvements to the structure
and readability of the paper.



