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COHOMOLOGY OF HECKE ALGEBRAS
DAVID BENSON, KARIN ERDMANN anD ARAM MIKAELIAN
(communicated by John Greenlees)

Abstract

We compute the cohomology H*(H, k) = Exty,(k, k) where
H = H(n, q) is the Hecke algebra of the symmetric group &,, at
a primitive £th root of unity ¢, and k is a field of characteristic
zero. The answer is particularly interesting when ¢ = 2, which
is the only case where it is not graded commutative. We also
carry out the corresponding computation for Hecke algebras of
type B,, and D,, when { is odd.

1. Introduction

Let H = H(n, q) be the Hecke algebra of the symmetric group &,, over a field k of
characteristic zero and where ¢ is a primitive ¢th root of unity. This has generators
Ty,...,T,—1 satisfying braid relations together with the relations (T; + 1)(T; — q)
=0. We assume that ¢ > 2. Write n = ¢m + a where 0 < a < ¢, and let B = H(\, q)
where A is the partition

A= (m,19).

That is, B is the subalgebra of H generated by all T;, where ¢ < ¢m and ¢ does not
divide i. Then B is isomorphic to the tensor product of m copies of H(¢,q) and is
a maximal {-parabolic subalgebra of H. It has been proved by Du [7] that every
‘H-module is relatively B-projective. This suggests that B should play a role similar
to that of the group algebra of a Sylow subgroup of a finite group.

The algebra H has a trivial module k, so it has cohomology H*(H, k) = Exty,(k, k).
Similarly we define H*(B, k) = Exty(k, k). Here we relate the cohomology of H to that
of B. We prove an analogue of the result for group algebras, which states that if G is
a finite group and F' is a field of characteristic p, then H*(G, F') is isomorphic to the
stable part of H*(P, F') where P is a Sylow p-subgroup of G (Cartan and Eilenberg [2,
Theorem XI1.10.1]), and that if, furthermore, P is abelian, then the stable elements
are the invariants of the action of Ng(P)/P (Swan [13], corrected in [14]).

The symmetric group &,,, acts naturally on B and on H*(B, k) = Extg(k, k). Our
main theorem is as follows.
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Theorem 1.1. The restriction map in cohomology induces an isomorphism
H*(H,k) — H*(B,k)S™.
Case 1. If £ > 2, then H*(B,k) = Ay1, ..., Ym) @k k[T1, ..., Tm] with |y;| =2¢—3

and |z;| = 20 — 2. Defining a derivation d on H*(B,k) via d(z;) = y;, d(y;) = 0, we
have

H*(H, k) = H*(B,k)®™ = Adoy,...,do,) @k k[o1, ..., 0m],

where a; is the ith elementary symmetric polynomial in x1,...,%pm,.

Case 2. If £ =2, then H*(B,k) = k(z1,...,2m)/(2zizj + zjzi, ©# j) with |z] = 1.
This algebra is not graded commutative, because the degree one elements z; do not
square to zero.

Let v; be the ith elementary symmetric function in 23,...,22,, so that |v;| = 2i.

There are elements u; € H*~Y(B,k)®m (1 <i < m) satisfying

|
—

u; = (24 1)vi__1vi4 (1)

l

I
o

for 1 <i < m (fori=1 this relation says that u3 = vy ), and
i1
wity +ujug =2y (i =+ 20+ v 1vigy (2)
1=0

for 1 < j < i< m, where v; is taken to be zero if i > m and vy = 1. We have
H*(H,k) =2 H*(B,k)®™ = k(u1, ..., Un, V2, ..., 0m)/(R),
where (R) is the following set of relations:
1. vv; =vv; (1<4,j <m),
2. uv; = vju; (1<i,5 <m),
3. relation (1) (2<i<m),
4. relation (2) (1 <

where, in the right-hand side of relations (1) and (2), we take vy to be u?.
In both cases, £ > 2 and £ = 2, the following is the Poincaré series for the coho-
mology:

j<i<m),

(1 + t2(€—1)—1)(1 4 t4(£—1)—1) . (1 + t2m(é—1)—1)
(1-— t2(4*1))(1 _ t4(£*1)) (11— t2m(£fl))

>t dimy, H'(H, k) =

i>0

In the final section of the paper we prove the analogous theorem for the Hecke
algebras of types B, and D, when / is odd.

2. Background on Hecke algebras

The standard approach to working with the representation theory of Hecke algebras
of type A was developed by Dipper and James [5]. Given a standard Young subgroup
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Sy of G,,, they work with a set D) of right coset representatives of minimal length.
Since we are working with left modules rather than right modules, we use the set
D;l of inverses of these elements.

In detail, let A be a partition of n. Let t* be the tableau of shape A in which the
numbers 1,2,...,n appear in order along successive rows. Then we take for Sy the
standard Young subgroup, in which the rows of t* are the orbits of Sy. Then the
distinguished set D), of right coset representatives of S in &,, consists precisely of
elements g € &,, such that the tableau t*g is row standard. We write D;l for the set
of g=1 with g € Dj.

We recall from [5] the basic properties of the distinguished coset representatives.
Lemma 2.1. Let d € D;l. Then

(i) For each w € Sy, we have l(dw) = l(w) + I(d).
(ii) Write S for the set of transpositions of the form s; = (i,i+ 1) in &,. Ifv € S,
then either vd € D', or d~*vd € S\ N S and I(vd) = I(d) + 1.

We will also need to work with double cosets of Young subgroups, and we recall
what we need from Lemma 1.6 of Dipper and James [5].
Lemma 2.2. Let Dy x = Dy N Dy *. Note that Dy » = Dj .
(a) Dy is a system of (Sx,Sx) double coset representatives in S,.
(b) Each d € Dy is the unique element of minimal length in its double coset.
(c) If d € D x, then dSxd=' N Sy is a standard Young subgroup, which we denote
by Sx(ay where X(d) is a composition of n.
(d) If v=dud™!e Sxa) for u € Sy, then l(u) = l(v).
(e) FEvery element w € &,, has a unique expression as w = udv with u € D;(d) NSy
and d € Dy \ and v € Sy. Moreover, l(w) = l(u) 4+ I(d) + I(v) and
-1 -1
D' = |J (D nShd
d€'D>\)>\

By part (e) of the lemma, any w € D;l has a unique expression of the form w = td
for d € Dy » and t € D;(ld) NSy. We set 7; = D;(ld) NSy for d € Dy, and then we

have
pyt= |J Ut (3)

deDyx t€Ty

The ¢g-analogue of Lagrange’s Theorem
Suppose that S, C S\ C &,, are standard parabolic subgroups. Then Sy can be
written as a disjoint union of left cosets

Sx=|J ds.
deD, NSy
Definition 2.3. We define the g-index of S, in Sy to be the number
(Sy: Su)q = Z q'.

deD, s,
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The following is an analogue for Hecke algebras of Lagrange’s Theorem for groups:
Lemma 2.4. We have
(Sx + Su)q(Sp:1)g = (Sx : L)g-

Proof. If w € S, then w has a unique factorisation as w = dv with v € S, and d a
distinguished coset representative, and I(w) = I(d) + I(v). O

Furthermore, we have a summation formula, corresponding to the double coset
decomposition.

Lemma 2.5. We have

(Sn:Su)g =D (Su: Su(a)gd" .
deD

Proof. This follows from Lemma 2.4, using (3), since

Z 4@ = Z (Z ql(t))ql(d) - Z (Su : Suay)q- O

dep;l deDx x teTy deDx A

A divisibility lemma
From now we take A = ({™,a) where n = ¢m + a and 0 < a < £. We shall need to
use the fact that the length of an element

g € N(S\)NDy = N(Sy) NDy "' = N(S\) N Dz,

which fixes the fixed points of S}, is divisible by ¢. This will play a role several times
in simplifying identities.

Recall that the length of a permutation = € &,, is the size of its inversion set,
which is defined to be

inv(z) ={(i,4) : 1 <i<j<nand iz > jr}

(see Exercise 2 in Section 1.6 of Humphreys [10]). Take x € D), and assume that
x fixes each fixed point of Sy. Then the tableau t*z is row standard, and hence if
i < j and i,j are in the same row of t*, then (i, j) is not in inv(z). Writing R; for
the ith row of ¢}, the inversion set is therefore the disjoint union of sets inv(z)y,. =
inv(z) N (Rp x R;) where 1 <b<c<m.

Lemma 2.6. Let x € Dy. Assume that one of Ryx or R.x is equal to some row of t*
where b < ¢ < m. Then the size of inv(x)p,. is divisible by €.

Proof. Say Ryx is some row of t*; then Ryx consists of consecutive numbers. Fix some
j € Rg; then jz is different from the numbers in Ryz, so either ix > jx for all ¢ € Ry,
or iz < jx for all i € Ry. So if M is the set of all j € R, such that (i, ) € inv(x) for
some i € Ry, then inv(z)p . has size |Ry| - [M| =€ - |M]. O

Corollary 2.7. Suppose that g € N(Sx\) N Dy, and g fizes each fized point of S.
Then the length of g is divisible by £.

Proof. In this case, for any 1 < b < m, the set Ryg is a row of t* and hence the size
of inv(z), . is divisible by ¢. Furthermore, the fixed points of Sy do not contribute to
the inversion set of g. O
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Some explicit g-indices

Recall that we are assuming that A = (¢,1%) where n =¢m+a and 0 < a < ¢,
so that S is maximal ¢-parabolic.
Lemma 2.8.

1. We have (Sy, : 1)q = [n]q!. Furthermore, if u = (p;) is a composition of n, then

(Sp:1)q =T1:(Su, : 1)g-

2. We have (S, : Sx)q = ml[a]y!.

3. If Sx(ay is a proper subgroup of Sx, then (Sx : Sx))q = 0.

Recall that the g-factorial is defined as [a],! = [1]4[2]4 - - - [a]4, Where [a], denotes
L4g+-+q*

Proof. Part (1) is well known, and part (2) is proved in Corollary 2.5 of [4]. To prove
part (3), note that A(d) is a refinement of A, so we can factorise the g-index, and it
suffices to show that (&, :S,), = 0 if i is a composition of ¢ and p # (¢). We have

(S¢: Su)g(Su:1)g=(6r:1)g = [llg! =0,
and (S, : 1)4 is non-zero since all parts of p are strictly less than £. So it follows that

(Sp: Sﬂ)q =0. O

The transfer map
Assume that M and N are H-modules, and y € Homg(M, N). Define

trBH Z q —ld Tdy T, 11‘) for x € M.
deDy?

Lemma 2.9. The map trgx(y) is a H-module homomorphism.

Proof. The argument for this is given in [4], but since the context and notation are
slightly different we give the proof here for the convenience of the reader.

Fix s € S where S is the set of basic transpositions. We must show that trg #(y)
commutes with 7. Let

Dy ={deDy':d 'sd e S\nS,I(sd) =1(d)+ 1},
Dy ={d € Dy' : sd € Dy',l(sd) = I(d) + 1},
Dy ={d e Dy':sde Dy l(sd) =1(d) — 1} = sDs.
By Lemma 2.1, these sets form a partition of D_l. So we have
trpa(y) = Y ¢ " DTyTy + Y (" DTayTyr + ¢ "D ToayTisay-). (4)
deD; deD;
If d € Dy, write s’ = d~'sd. Then
Ty-1Ts =Tg-15 = Tgg—r =TTy,
and
TuTs = Tas = Tsa = T5Ta.
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So
Tdde—lTs = TdyTs/Td—l = TdTS/de—l = TsTdde—l.

This proves that T commutes with the first sum in (4).
Now let d € Dy; then

(@ " DTy Ty +q D Ty yTisay-1)Ts = ¢ DTayTy-rs + ¢ D Togy Ty (T,)?
=q " DTyyTyrs+ "D g = DToayTyrs + ¢ DToayTy
= To(q " D T ayyTsay—1 + q " DTayTy-1).
This proves that Ty commutes with the second sum in (4). O
We will only use this when N = k, the trivial module. Then the formula becomes
tr w(y)(z) = Z y(Tg-12).
deD;!
Next, still assuming N = k, we write trp »(y) = ZdeDA,A Y4, where
va(@) = > y(Ty-1Tiz) (v € M) (5)
teTy
and 75 = D;&i) N Sy.

Definition 2.10. Suppose that M is an H-module; then y € Homg(M, k) is stable
provided for all d € D » we have y[T;-1(—)] = ¢"Dy(-).

Remark 2.11. Any d in N(S)) N Dy can be written as d = dyds = dady, where d; fixes
the fixed points of Sy and ds fixes the remaining points. Furthermore, d; and ds are
also in N(Sy) N D,. For such a d, the stability condition of Definition 2.10 reduces to
the condition for dy. This observation will be used in the proof of Proposition 3.2(ii).

Lemma 2.12. If y € Homp(M, k) is an H-module homomorphism, then it is stable.

Proof. In this case, for z € M we have

YTy (2)] = Ty-ry(x) = ¢"Dy(z)
since y maps into the trivial module. O

Now assume that y € Homp (M, k) is stable, and consider the map yq defined in (5).
Since y is a B-module homomorphism, this can then be written as

ya(@) =¢"D " Tioay(z) = ¢ DD ¢ Dly(a) = ¢"“D(Sx : Saa))qu(z).  (6)
teTy t

3. Relating cohomology of H and B

In the following we write H*(H, k) for Exty,(k, k) and H*(B,k) for Exti(k, k).
The multiplicative structure on cohomology is given by Yoneda composition. Since H
and B are not Hopf algebras, there is no a priori reason why these cohomology rings
should be graded commutative, and indeed we shall see that for £ = 2 it is not.



COHOMOLOGY OF HECKE ALGEBRAS 359

To compute H*(H, k), we take a projective resolution of k as an H-module
= P Py == Py 0 (7)
and then take the cohomology of the complex
0 — Homy(Py, k) — - - — Homi(P;_1, k) — Homyg(Ps, k) — -

We take for P, a minimal resolution for H, so that we have H*(H, k) = Homs(Q'k, k),
where Q'k is the kernel of P;_; — P;_, for i > 2, Qk is the kernel of Py — k, and
0% = k.

Since H is a free B-module (see, for example, Lemma 2.4 of [5]), the restriction of
a projective H-module to B is a projective B-module. So we may compute H*(B, k)
using the same resolution, but we need to note that for B it is not the minimal
resolution. So H(B, k) is the quotient Homg(Q%%, k) of Homp(Qk, k) by the maps
PHomp(Q'k, k) that factor through a projective module.

In particular, the composite of

resy 5 Homy (Q'k, k) — Hompg(Q'k, k)
with the surjection Hompg(Q', k) — Homg(Q%%, k) gives the restriction map
resy 5: H'(H, k) — H'(B,k),

which is a ring homomorphism with respect to Yoneda composition.
We also have the transfer map

trp x: Homp(P;, k) — Homy (P, k),
which commutes with the differentials and hence induces a transfer map in cohomol-
ogy ‘ A
trp: H'(B, k) — H'(H, k).
As an intermediary, the transfer map

trpa: Homp(Q'k, k) — Homa (Q'k, k)

sends maps that factor through a projective module to zero, and this gives the map
in cohomology.

Lemma 3.1. Let y € Homy (Q'k, k). Then we have
trg nresn B(Y) = (Gn 1 Sx)qy-

In particular, (&, : Sx)q # 0, so that
resyp: H*(H, k) — H*(B, k)

18 1njective.

Proof. Since y is an H-module homomorphism, we can write for x € Q%k

trgpresn () (@) = > y(Tymw) = Y Taay(e) = (Sn: Sa)gy(a),

deD;t deDy*

and by Lemma 2.8 the g-index is non-zero. This shows that

resy,B: HomH(Qik, k) — HornB(Qik;7 k-)
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is injective. Since the transfer of an element of PHompg(Q'k,k) is always zero, we
deduce that resy g: H*(H, k) — H*(B, k) is injective as required. O

This shows that H*(H, k) is isomorphic to the image of the restriction. We will
now give a description of this in terms of stable elements.

Proposition 3.2.

(i) The intersection of the stable elements of Homp(2'k, k) with the projective
homomorphisms PHomg(Q'k, k) is equal to {0}, so that it makes sense to talk of
stable elements of H'(B, k) = Homgz(Q'k, k). The image of the restriction map

resyp: H*(H, k) — H*(B, k)
consists precisely of the stable elements.
(ii) The inclusion H({m,q) C H induces an isomorphism
H*(H,k) — H*(H(¢m, q), k).
Proof of (i). Suppose that y € H'(H,k). Then resy; 5(y) € Homp(Q'k, k) is stable;
see Lemma 2.12.

Conversely, suppose that y € Homg(2°k, k) and assume that y is stable. Using the
Mackey formula, we have

resy ptre x(y) = Z Yd
d€Dx,
with yq as in (5). Since y is assumed to be stable, we can apply (6) to get
y(@) = Y ¢"D(Sx: Saa))qu(@),
d€Dx,
where x € Q/(k) and Sx) = dS\d=' N Sy. By Lemma 2.8 if Sx(4) 1s a proper subset
of Sy, then the g-index is zero. So we get
y@ = Y d Dy (8)
dEN(S)\)ﬁDA
By Lemma 2.5 and parts 2 and 3 of Lemma 2.8, we have that
Z ¢"P = mlfalg!
deN(Sx\)NDy

hence is non-zero. Therefore we have proved that

y = resy g[trex(y)] - m![a],’

so it is in the image of the restriction map.
Finally, the transfer of any projective map is zero, so that if a stable map is also
projective, then it is equal to zero.

Proof of (ii). From Remark 2.11 and equation (8) it follows that an element of
Homp(Q'k, k) is stable with respect to H if and only if it is stable with respect
to H(¢m, q). O
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4. Action of 6,, on B and on H*(B, k)

The next aim is to characterise the image of the restriction map as fixed points of
an action. According to Proposition 3.2(ii), we may assume without loss of generality
that n = ¢m, i.e., that a = 0. We write A for the partition (£).

The braid group

We begin by recalling that the braid group B,, on n strings has a presentation
with generators T; (1 <i<n—1) and relations T;T;417T; = Tj41T;Ti+1 and T;T;
=T;T; for |i — j| > 2. For any w € &, let w=s;, ---s;, be a shortest word in the
transpositions s; = (i ¢ + 1) giving w, and set Ty, = T, - - - T;,; this is independent of
the choices.

There is a homomorphism from B,, to H(n,q), taking T; to the element of the
same name. Note that in H(n, q), T; is invertible with inverse ¢~ (T} — ¢ + 1).

For each ¢ with 1 <4 < 'm, let d; € N(S)) be the element swapping the ith block
of ¢ elements with the i 4+ 1st. Thus

g+l itli<ji<l(i+1)
jdi=<ji—0 iflli+1)<j<Lli+2)
J otherwise.

Then d; swaps the ith and i+ 1st rows of the tableau t* and leaves the order of
the elements within each row unchanged. Thus d; is an involution and t*d; is row
standard, so d; € Dy x.

It is not hard to verify directly that the elements Ty, (1 < i < m) satisfy the braid
relations. So inside B,, we have a wreath product B, B,,, generated by the elements
T; (1 <i<mn,£41i)and the elements Ty, (1 <14 < m). This is the same as the group
generated by the Ty, for w € N(S)).

Conjugation by d; interchanges the generators in the ith factor of Sy with the
generators of the i + 1st factor and fixes all other generators. So for s; € SxN S (i.e.,
¢+t j) we have

SjJr[di li < 7 < E(Z + 1)
diSj = Sj_gdi g(’t + 1) <j< E(Z + 2)

sjd; otherwise.

Lemma 4.1. We have
TjreTy, Ci<j<dl(i+1)
Tj=Tj—Ta, Li+1)<j<l(i+2)
T;Ty, otherwise.

Ty,

i

Proof. Since d; is a distinguished coset representative, we have for any s; in Sy that
l(d;sj) = U(d;) + 1 =1(s;d;) and therefore if, for example, s; is in the ith factor, then

1,1y = Tdisj = dsjpdi = TjTy,.

Similarly one gets the other identities. O
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The action of &,, on B

The algebra B is the tensor product of m copies of H(?, q), say B = Q- B;, where
B; is supported on the numbers in the ith row of ¢*. Therefore the symmetric group
G&,,, acts by permuting the factors. This will induce an action on the cohomology of B,
and we want to show that the fixed points under this action are precisely the stable
elements. We shall realise this action through conjugation by elements of B, B,,.
Namely, if y € Homp(Q'k, k) and w € N(S)), then we define T, - y via

(T - y)(@) = Tu(y(T, 7)) = ¢y (T, x) (9)

for x € Q'k.

This is the usual formula for group actions on homomorphisms, but it is not the
same as the formula for the action of the Hecke algebra on a dual space. Recall
that for an H-module M, the dual space Homy (M, k) is an H-module, using the
anti-involution on H defined by

(T,)" =T,

and linear extension; see §4 in [5]. We write the action of T, € H on Homy (M, k) as
Tyf(m) = f(T,~1m). (10)

We view Hompg(M, k) and Homy (M, k) as subspaces of M*.

The advantage of (9) over (10) is that it gives a well-defined action of the group
By 1B, on Hompg(Qk, k). Our strategy is as follows: The next proposition shows
that the normal subgroup B, ™ acts trivially, so that we are reduced to an action of
B,,,. Then Proposition 4.5 will show that the pure braid group acts trivially up to
projective homomorphisms, so that we are reduced to an action of &, on H*(B, k).

Proposition 4.2. Let M be an H-module, y € Homp(M,k) and g € Sx. Then
Ty-y=y-

Proof. Using Tfl =q YT; —q+1) we see that Tg’1 belongs to B, and then the
statement is clear from the definition. O

Lemma 4.3. If g € N(Sx) N Dy, then the element TyT,~1 € H(n,q) centralises B.
In particular, T(i centralises B.

Proof. The algebra B is generated by the T} for s; € Sy N S. If s; € Sy NS, then for
some j’ we have s;g = gs;. Thus

Ty Ty s Ty = Ty Tymry, = TyTy g1= TyTyTys
= Tys, Ty-1= Ty, gTyr = TyT Ty O

The following lemma is copied from a standard argument in group cohomology.
We shall need to use it not only when Q = B, but also when Q is a proper parabolic
subalgebra of B.

Lemma 4.4. Let Q be a parabolic subalgebra of H and v € H be an element central-
ising Q and acting as the identity on k. Then v: Q'k — Q'k is a Q-module map, and
v — 1 factors through a projective Q-module.
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Thus for y € Homg (Q'k, k), the element y o y: x — y(yx) of Homg(Q%k, k) differs
from y by an element of PHomg(Q'k, k), so that y and y oy represent the same
element of H'(Q, k).

Proof. Multiplication by v commutes with the action of Q and therefore induces a
map of chain complexes on the resolution (7), lifting the identity on k. Thus there is
a chain homotopy to the identity, consisting of maps h;: P; — P;_1:

6 1 6 6
Pi F)i—l Pi—2 “ee PO
Y hi 1 Y hi_o Y Y

J J [ [
Pi P)i—l Pi—? e PO

satisfying dh; 1 + h;_20 =y — 1. On Q%k = ker(d: P;_; — P,_5), we have § = 0 and
0y —1: Ok — Ok factors as Ok ~= P, & Qi 0

Proposition 4.5.
(i) If y € Homp(Qk, k), then Ty, -y and Ty,y differ by an element of

PHomg(Q'k, k)

and hence represent the same element of H'(B, k).
(it) The elements T} € By, act trivially on H*(B, k).

Proof. The elements Ty, act as multiplication by ¢"%) on k, and by Lemma 2.7 we
have ¢(4) = 1. Thus Td?i also acts trivially on k. By Lemma 4.3, T d2i also centralises

B. From (9) and (10) we have Ty, -y =y on_l_l, while Ty,y =yoTy,. Thus Tyy
=(Ty, -y) o T3 , and (i) now follows from Lemma 4.4. Similarly for part (ii) we have
Ti cy=yo deg’ and we can again apply Lemma 4.4. O

Theorem 4.6. The action of By 1B, on H*(B, k) factors through the surjection
By 1B, — S, Formulas (9) and (10) both describe the resulting action of &, on
H*(B, k).

Proof. This follows from Propositions 4.2 and 4.5. O

Theorem 4.7. The image of the restriction map H*(H, k) — H*(B, k) consists pre-
cisely of the fized points in H*(B, k) under the action of the symmetric group &,,.

Proof. By Proposition 3.2, H*(H, k) consists of the stable elements of H*(B, k). If
y € HY(B, k) is stable, then y is in particular a fixed point. For the converse, let
y € HY(B, k) be a fixed point under &,,,. We must show that then y is stable.

Take d € D;l, and let Q be the parabolic subalgebra of H corresponding to S(4)-
We must show that on restriction to Q we have Ty = ¢"?y as an element in H*(Q, k)

By the Lemma 4.8 below, there is w € D;l such that dS\d=! = wS\w™! and w
centralises S)(4), and such that, moreover, if g = w~d, then ¢!+ (w) = gl(d)

Since w centralises Q, we know by applying Lemma 4.4 to ¢~ )T, _1 that T,y
=¢'™)y, as elements in H*(Q, k). We must relate Ty and T,y.
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We have d = wg; therefore (Tq)* = (Ty)*(T\w)* and
Tay(x) = y((Ta) ) = y((Ty)" (Tw) ) = (Tyy)((Tw)" ).
Since g € N(Sy) and y is a fixed point, we know T,y = ¢'@y, so

Tay(x) = ¢"9(Tuy) (@) = ¢ y(z).

By Lemma 4.8 this is precisely ¢/YDy(z) as required. O

Lemma 4.8. Let d € Dy, and Q = dSxd=' N Sy. Then there is some w € C(Q)
N Dy such that wS w™1 = dS\d™!, and if g = w='d then ¢ divides I(g), and

¢ @ = glw)tile) = gh(w)

Proof. Since the rows of t* are the support sets of Sy, we see that the rows of t*d ™!
are the support sets of dSyd~'. Hence the rows which are common to t* and t*d~*
(not necessarily in the same places) are then precisely the support sets of Q). Note
that the natural order on numbers induces a linear order on the rows of t*.

Let R;, < R;, <--- < R;, be the rows of t* such that if R;, = R; d~!, then the
R;,. are the support sets of the intersection . Then let A; < Ay < --- < A,_; be
the rows of t* other than the R; ,and B; < By < --- < B,_; be the rows of t* other
than the rows R;, .

We define now g € &,, by

Tm )

Bl'g:Ai7 Rj g:RiT~
Then ¢ induces a permutation of the rows of t*, keeping each row in order. Hence
g € N(S\)NDy " (and therefore g € Dy »). Define w™! = gd~!. Then
Rjw =R, Buw'=Ad"

Jro

Hence w~! € Dy and it fixes the support of Q pointwise and therefore it centralises
Q. We will show that this satisfies the condition on the length. By Corollary 2.6, we
know that I(g) is divisible by Z.

So we must show that I[(d~!) = I[(w™!) mod /. Let b < c. If one of Ryd~* or R.d~!
is a row of #*, then inv(d—1),. is divisible by £, by Corollary 2.6. So we only need
to consider such sets where neither Ryd~' nor R.d~! is a row of t*, and the same
reduction holds for the inversion set of w=1.

Suppose that b < ¢ are such that neither Ryd~! nor R.d~! are rows of t*. We show
that there are u < v such that |inv(d=1), .| = |inv(w™1),,,|, where neither R,w=! nor
R,w~" are rows of t* and where this produces a bijection between the relevant parts
in the partitions of inv(d~!) and inv(w™!). Since the remaining parts of inv(d—!) and
inv(w~!) have size divisible by ¢, the lemma will follow.

By assumption, Ry = Ay and R. = A, for ¥ < c. Now, Ayd~! = Byw™! and
Agd™' = Bow™!. There are unique u, v such that R, = By and R, = B, and then
u < v. Let (i,5) € inv(d1)p.. Then id=! > jd=1, so

id' =i'w™!, jd7'=jwt (i’ € By,j' € Bo),

and then (i’,5") € inv(w™'),,. The converse also holds, and this gives the required
bijection between inv(d~!), . and inv(w™1), .. O
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5. Invariant theory

Let k be a field of characteristic zero, and let H = H(n, ¢) be the Hecke algebra of
degree n with parameter g a primitive £th root of unity, ¢ > 2. Let H; = H(¥, q), let
n=4~¢m+awith0<a</{ and let B= H?m C 'H. From the stable element compu-
tation in the last section, we have

H*(H,k) = H*(B, k)®™. (11)

In this section we compute the right-hand side using invariant theory.

The structure of the algebra H*(H1, k) depends on whether ¢ =2 or £ > 2. If ¢ > 2,
then

H*(H1, k) = Ay) @k klz], [yl =20=3, |z[=20-2, (12)
while if ¢ = 2, then
H*(Hy, k) = k[z], |2|=1. (13)
Here A(y) denotes an exterior algebra in one variable. Thus we have y? = 0.
To obtain H*(B,k), we apply the version of the Kiinneth theorem given in

Yoneda [15], which describes the Ext algebra of a tensor product of algebras as
the graded tensor product of the Ext algebras, with the usual sign conventions.

The case ¢ > 2.
We deal with the easy case ¢ > 2 first. In this case, the Kiinneth theorem and (12)

give
H*(B,k) = A1, - Um) @k k[z1, .y xm], || =20-3, |a;|=20—-2. (14)

The action of the symmetric group &,, is by permutation of the variables y1, ..., ¥m
and simultaneously the variables 1, ..., z,,. The invariants are given by a theorem of
Solomon [12] as follows: Define a derivation d on H*(B, k) via d(z;) = y;, d(y;) = 0.
This differential commutes with the action of &,,,, so it sends invariants to invariants.
Let 01,...,0,, be the elementary symmetric polynomials in 1, ..., Z,,, so that

klxy,... ,J;m]g’" =klo1,...,0m].
The main theorem of [12] shows in this case that
(A1, Ym) @k k[z1, ..y 2m])°™ = A(doy, . .., dopg) @k ko1, ..., om]. (15)
Combining (11), (14) and (15), we obtain
H*(H,k) = A(doy,...,dom) Qk klo1, ..., 0m]-
A standard computation now shows that the Poincaré series for H*(H, k) is as given

in Theorem 1.1.

The case ¢ = 2.
What is different in the case £ = 2 is that the algebra (13) is not graded commu-
tative, since there is an element of degree one that does not square to zero. So taking
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into account the signs given by the Kiinneth theorem, we get
H*(B,k):k<21,...,2’m>/(2’1‘2’j+Zj21') (27&])

Here, the relations say that the variables anticommute, but do not square to zero.

In this case, we define a finite filtration on H*(B,k) and pass to the associated
graded. The filtration is given by setting F; equal to the linear span of the monomials
in the generating variables in which at most ¢ of the variables appear with odd
exponent. We have

klzf,...,22]=Fo CF1 C -+ C Fpp = H*(B,k).

This is a multiplicative filtration, in the sense that F;F; C F;;, so the associated
graded

GrH*(B,k) = @fi/fifl
i=0

has a ring structure, where F_; is interpreted as zero. In this ring, we write y; for
the image of z; € Fo, so that y? = 0, and we write z; for the image of 22 € Fo. It is
not hard to check that

GrH*(B,k) = Ay1,- -y Um) Ok k[T1,. ..y ).
Since the filtration is invariant under the action of &,,,, we have
Fom = Fi 0 H* (B, k)™,
and by Maschke’s theorem we have
(Fi/ Fim)Sm = Fom | F2

Setting

Gr H*(B,k)®m = P Fom | Fo,

=0
we again use Solomon’s formula (15) to obtain
Gr H*(B,k)®™ = A(doy, ..., dom) @k ko1, ..., 0m). (16)

At this stage, it follows that the Poincaré series for H*(H, k) with ¢ = 2 is as given in
Theorem 1.1, and it remains to ungrade the relations (do;)? = 0 in the presentation
for Gr H* (B, k)®™ to give a presentation for H*(H, k).

We define elements v; € H*(B,k) (1 <i<m) to be the elementary symmetric
functions in 2%, ..., 22, with image o; in Gr H*(B, k), so that |v;| = 2i, and we define

Y Er

elements u; (1 < ¢ < m) by lifting do; in the obvious way to H*(B, k). Namely,

2 2
Ui = z :zo‘zﬁl Bl

where the sum is over indices that are all different and satisfy g; < --+ < 3;_1. Then
u? = vy, so vy is a redundant generator and may be removed from the list. More
generally, for i > 1, u? and u;uj + uju; are polynomials of degree 27 — 1, respectively

i+j—1,in vy,...,0,. Our next task is to determine these polynomials explicitly.
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Lemma 5.1. Letv > > 0. Then

e B R A )

Proof. This is an easy induction on p using the fact that

on(2) -, ) :

Proposition 5.2. Set vyg = 1. Then for 1 <1 < m we have

1
'LLZ2 = (2l + ]-)Uiflflvz#l

-
I

I
=

Vi—10; + 30;_2Vit1 + 503V + -+ + (20 — 1)vg_1,
and for 1 < j < i< m we have

j—1
UiUj + UjU; = ZZ(Z —j+2l+ 1)vj_l_1vi+l

1=0

= 2(Z - j + ]-)Uj—lvi + 2(’L - ] + 3)1}3‘_21)1'4_1 + -+ 2(’L +] - ]-)Ui+j—l-
Proof. The formula for u? is really just the case i = j of the second formula, after
dividing both sides by 2, so we shall concentrate on the second formula assuming
I<j<i<m.
Recall that u; = Y 2423, -+~ 25,_,, where the sum is over indices that are all dif-

ferent and satisfy 61 < --- < f;_1. Since zq,..., 2z, anticommute, we only get non-

zero contributions to u;u; + uju; if the z, terms have the same index, and then

we get a linear combination of monomials of the form 22 "'2352?31 -~-z§t where

s =1+ j — 2t — 1. The coeflicient of such a monomial in w;u; + u;u; is

s! . i+j—2t—1
Sy Ty p— 2(Zt)( j—t—1 >

while the coefficient in v;_1_jvi4 is

s! (it —2t-1
G+l-)G—1—t—1! \j—l—t—1)

The proposition then follows from the identity

o itj—2—1\ _ . fi+j-2—1
> j+21+1)<j_l_t_1>(2 t)< P )

1>0

This identity is obtained from Lemma 5.1 by setting
v=i+j—2t—1 and pu=j5—t—1. O

It follows from Proposition 5.2 that after ungrading the invariants given in (16),
we obtain

H*(H,k) = H*(B,k)em = k<U1, sy Um, V2,0 7Um>/(R)7

where (R) is the set of relations given in Theorem 1.1.
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6. Some Hecke algebras for other types

We consider the other infinite families of finite Coxeter groups of type B,
(n>2) and D,, (n >4). These groups are given by W(B,,) = 631 6,, and W(D,,)
=W (B,) N Az, where Ay, is the alternating group of degree 2n. There is a Hecke
algebra defined for any finite Coxeter system; see, for example, §68 of Curtis and
Reiner [3] or §8.5 of Geck and Pfeiffer [8]. The Hecke algebra of type A,_1 is the
algebra H(n,q) considered in previous sections. The Hecke algebra of a decompos-
able Coxeter system is isomorphic to the tensor product of the Hecke algebras for the
indecomposable factors.

For type B, the Hecke algebra involves two parameters ¢ and @, and we write
H(Bn,Q,q). An explicit presentation can be found in §3 of Dipper and James [5].
There is a natural inclusions of H(n,q) in H(B,,Q,q) which take the elements T;
(1 <i<n—1) to the elements Tj, of [5], ignoring the element 7.

For type D, there is just one parameter, and we write H(D,,q). An explicit
presentation in this case can be found in the introduction to Hu [9]. Again there is a
natural inclusion of H(n, q) in H(D,, q), which takes the elements T; (1 <7< n—1)
to the elements of the same name in [9], ignoring Tp.

First we treat type B, for n > 2. We set f,,(Q,q) = H?:_llfn(Q +q°).

Theorem 6.1 (Dipper-James, [5, Theorem 4.17]1). If £,(Q, q) is invertible in k, then
the Hecke algebra H(By, Q,q) is Morita equivalent to the algebra

7=0

It may be deduced from the character theory of the Hecke algebra (see, for example,
§85.5 and 10.3 of Geck and Pfeiffer [8], and especially the remark at the bottom of
page 165) that the trivial module corresponds to the pair of partitions ([n], @), and
is therefore a representation of the factor Morita equivalent to H(n, q) corresponding
to the term j = n in the above decomposition. Therefore we have the following.

Theorem 6.2. If f,(Q,q) is invertible in k, then the natural inclusion H(n,q) —
H(Bn, Q,q) induces an isomorphism

H*(H(By,Q,q),k) = H*(H(n,q), k).

Remark 6.3. If @Q = q is an fth root of unity and % is a field of characteristic zero,
then the invertibility condition for f,,(Q,q) is equivalent to the statement that ¢ is
odd, so that Case 1 of Theorem 1.1 gives the structure of H*(H (B, @, q), k) in this
case.

Next, we treat type D,, for n > 4. We set f,(¢) = 21_[?:_11(1 +¢'). The next the-
orem is implicit in Theorems 3.6 and 3.7 of Pallikaros [11] and is made explicit in
Hu [9].

I There is a misprint in the statement of this theorem in [5]: they write (n,n — a) but they mean
(a,n — a), where their a is our j.
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Theorem 6.4. If f,(q) is invertible in k and n is odd, then H(D,,q) is Morita
equivalent to the algebra

j=(nt1)/2

The corresponding theorem for n even was proved by Hu [9]:

Theorem 6.5. If f,(q) is invertible in k and n is even, then H(D,,q) is Morita
equivalent to the algebra

Am/2)x [ HG.9) @k Hin—jq),
j=(n+1)/2

where A(n/2) is an explicitly described algebra.

In both cases, the trivial module again corresponds to the pair of partitions ([n], @)
(see §85.6 and 10.4 of [8]). It is therefore a representation of the factor Morita equiv-
alent to H(n, q) corresponding to the term j = n in the decomposition. Therefore we
have the following.

Theorem 6.6. If f,,(q) is invertible in k, then the natural inclusion
H(n,q) — H(Dn,q)
induces an isomorphism

H*(H(Dn,q), k) = H*(H(n,q), k).

Remark 6.7. Again, if ¢ is an fth root of unity and k is a field of characteristic zero,
then the invertibility condition for f,(¢) is equivalent to the statement that ¢ is odd,
so that Case 1 of Theorem 1.1 gives the structure of H*(H(D,,q), k) in this case. We
do not know the answers for type B, and D, for £ even, or for the Hecke algebras of
exceptional type.
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