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DEFORMATION BICOMPLEX OF MODULE ALGEBRAS
DONALD YAU
(communicated by Charles Weibel)

Abstract
The deformation bicomplex of a module algebra over a bial-
gebra is constructed. It is then applied to study algebraic defor-
mations in which both the module structure and the algebra
structure are deformed. The cases of module coalgebras, comod-
ule (co)algebras, and (co)module bialgebras are also considered.

1. Introduction

Let H be a bialgebra. An H-module algebra is an associative algebra A that is also
an H-module such that the multiplication map on A becomes an H-module morphism.
This algebraic structure arises often in algebraic topology, quantum groups [11, Chap-
ter V.6], Lie and Hopf algebras theory [3, 15, 18], and group representations [1,
Chapter 3]. For example, in algebraic topology, the complex cobordism MU*(X) of
a topological space X is an S-module algebra, where S is the Landweber-Novikov
algebra [13, 16] of stable cobordism operations. Likewise, the singular mod p coho-
mology H*(X;Z/p) of a topological space X is an A,-module algebra, where A, is
the Steenrod algebra associated to the prime p [4, 14]. More examples of this form
can be found in [2].

The purpose of this paper is twofold:

1. The deformation bicomplex C}f, (A) for an H-module algebra A is constructed.

2. The deformation bicomplex is used to study algebraic deformations of A, where
deformations are taken with respect to both the H-module structure and the
algebra structure on A.

The deformation bicomplexes (respectively, tricomplexes) of module coalgebras and
comodule (co)algebras (respectively, (co)module bialgebras) are also constructed.

In [20], the author studied algebraic deformations of module algebras, in which
only the H-module structure is deformed. This paper generalizes [20], which in turn
is a generalization of [19]. The current deformation theory of (co)module algebras
(respectively, (co)module coalgebras) also generalizes the classical deformation the-
ory of associative algebras [6] (respectively, coalgebras). Moreover, deformation of
a (co)module bialgebra is a generalization of the Gerstenhaber-Schack deformation
theory of a bialgebra [7, 8].
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In the deformation bicomplex Cyfa (A) of an H-module algebra A, the (p, ¢)-entry
is the module Hom(H®?, Hom(A®?, A)). The 0th row C;;%(A) coincides with the
Hochschild cochain complex Hoch*(A, A) of A with coefficients in itself, which is the
deformation complex of A as an associative algebra [6]. In particular, it has a graded
Lie bracket [5]. It is not known, however, whether there is a graded Lie bracket on
the whole bicomplex Cjfs (4).

Each higher row

Cyi4 (A) = Hom(H®?, Hom(A®*, A)) (¢ > 1),

though not a Hochschild cochain complex itself, is isomorphic to one, namely
Hoch* (A, Hom(H®?, A)). Since the module Hom(H®4, A) is an associative algebra,
it induces an associative product on Hoch* (A, Hom(H®?, A)), making it into a differ-
ential graded associative algebra. In particular, each row in C}j, (A) is a differential
graded associative algebra. Each higher column

C¥\ (A) = Hoch*(H,Hom(A%?, A)) (p>1)

is also a Hochschild cochain complex. However, only the first column Cﬁ/iz is known
to admit a non-trivial associative product, which is induced by the algebra structure
on Hom(A4, A).

Here is a summary of the various deformation bicomplexes/tricomplexes con-
structed in Section 3 and Sections 6-10.

Theorem 1.1. The deformation bicomplex/tricomplex of A is:

1. C¥iy(A) = Hoch™ (H,Hom(A%®*, A)) if A is an H-module algebra;

2. C}jc(A) = Hoch™ (H,Hom(A, A®*)) if A is an H-module coalgebra;
3. C&L(A) = Hoch™ (A, H®* @ A) if A is an H-comodule algebra;

4. C&G(A) = Hom(A, H®* ® A®*) if A is an H-comodule coalgebra;

5. Cyis(A) = Hoch™ (H,Hom(A®*, A®*)) if A is an H-module bialgebra;
6. C&i(A) = Hoch™ (A, H®* @ A®*) if A is an H-comodule bialgebra.

It should be noted that our deformation bicomplex C}fy (A4) is different from the
Hopf-Hochschild cochain complex CHy,,¢(A, A) constructed by Kaygun [12]. The
construction of the cochain complex CHyy,,¢(A, A) is similar to the usual Hochschild
cochain complex of A, but it also takes into account the H-linearity. In particular,
if H is the ground field, then CHyy, (A, A) coincides with the Hochschild cochain
complex of A. Moreover, CHjj,¢(A, A) has the structure of a brace algebra with
multiplication [21], which leads to a Gerstenhaber algebra structure on the Hopf-
Hochschild cohomology of A.

1.1. Organization

The rest of this paper is organized as follows.

In Section 2, we fix notations that will be used throughout this paper. The defor-
mation bicomplex Cff, (A) of an H-module algebra A is constructed in Section 3. In
Section 4, the various U-products in C}f, (A) are constructed.

Algebraic deformations of module algebras are discussed in Section 5. In particular,
infinitesimals are properly identified with 2-cocycles in the deformation bicomplex.
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The vanishing of H? of the total complex of the deformation bicomplex implies rigid-
ity, in the sense that every deformation is equivalent to the trivial one.

The constructions and arguments in the module algebra case can be adapted to
the cases of module coalgebras, comodule (co)algebras, and (co)module bialgebras.
In Sections 6-10, we construct the deformation bicomplexes/tricomplexes and their
U-products for these algebraic structures and state the corresponding deformation
results.

2. Preliminaries

The purposes of this preliminary section are to fix notations and to recall some
basic facts about module algebras and Hochschild cohomology.

2.1. Notations

Fix a ground field K once and for all. Modules, linearity, Hom, and ® are all meant
over K, unless otherwise specified. Let (H, pm, Ag) be a bialgebra with associative
multiplication pgy and coassociative comultiplication Ag.

In a coassociative coalgebra (C,A), we use Sweedler’s notation [18] for comulti-
plication,

AP(z) = Z(z) T(1) ® O T(pt),

for p > 1. The subscript in Z(m) will sometimes be omitted.

Given an associative algebra (A, ), a derivation on A is a linear self-map ¢ €
End(A) = Hom(A, A) such that

p(ab) = ap(b) + ¢(a)b

for all a,b € A. The module of all derivations on A is denoted by Der(A), which is
considered as a submodule of End(A).

2.2. Module algebra

Let (A, ua) be an associative algebra. Then A is said to be an H-module algebra if
and only if there exists an H-module structure A € Hom(H, End(A)) on A such that
a4 becomes an H-module morphism. In other words, A satisfies the following two
conditions:

(1)
for z,y € H and a,b € A.

2.3. Hochschild cohomology
Let M be an A-bimodule. The module of Hochschild n-cochains of A with coeffi-
cients in M [9] is defined to be

Hoch™ (A, M) def Hom(A®™, M).
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The coboundary map
61 : Hoch™ (A, M) — Hoch™ ™ (A, M)

is given by the alternating sum

n+1
no= ) (=D,
=0
where
a0 (Ida ®p) it i =0,
(@R [)(p) = § o (dsei-n ®ua®@Idgem-—n) f1<i<n, (2)
aro(p®Ida) ifi=n+1

for ¢ € Hoch™(A, M). Here oy and «,. are the left and right actions of A on M,
respectively. The nth cohomology module of Hoch* (A, M) is denoted by HH" (A, M).

2.4. DGA and Hochschild cup product
A differential graded associative algebra (DGA in what follows)

C = (C*,d*,V)

consists of a cochain complex (C*,d*) and an associative graded product on C* such
that the Leibniz identity,

dzUy) = (dz) Uy + (-1)"lz U (dy),

is satisfied for z,y € C*.
Suppose that M is an A-bimodule and is an associative algebra itself. Suppose in

addition that the following three conditions are satisfied for all a € A and my,mo €
M:

a(mimsz) = (amq)ma,

(m1a)me = my(ams), (3)
(mima)a = mq(maa).

Then it can be checked easily that the Hochschild cochain complex Hoch* (A4, M)
becomes a DGA whose product, denoted by U, is given by

(4,0 U w)(al,r-ﬁ-s) = Qp(al,r) . w(ar-l-l,r-‘rs) (4)

for ¢ € Hoch"(A, M), ¢ € Hoch®(A, M), and a1, ...,a,4s € A. Here a, , denotes the
element

ap ® e ® aq
whenever p < g. We will continue to use this shorthand throughout the rest of this
paper.

The three conditions in (3) are satisfied, for example, when f: A — M is a mor-
phism of algebras and A acts on M via f.
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3. Deformation bicomplex of module algebras

From here on until the end of Section 5, A will denote an H-module algebra
with H-module structure map A € Hom(H, End(A)). The purpose of this section is
to construct the deformation bicomplex Cyfy (A) of A. Deformations, which will be
discussed in Section 5, are taken with respect to both the H-module structure A and
the multiplication structure gy on A. As will be seen below, this bicomplex can be
more explicitly denoted by

Hoch* (H, Hom(A®*, A)).

Further structures of the deformation bicomplex will be discussed in Section 4.

3.1. H-bimodule structure on Hom(A®" A)

When A is an H-module algebra, there is an H-bimodule structure on the module
Hom(A®" A) for each n > 1. The left and right actions are given by

(zp)(a1,n) = Az)(p(ar,n)),

(pz)(a1,n) = D p(Ma))(a1) © - @ Az ) (an))
()

for x € H, ¢ € Hom(A®™, A), and aq,...,a, € A.

In particular, there is a Hochschild cochain complex Hoch*(H,Hom(A®" A)) of
H with coefficients in the H-bimodule Hom(A®™, A).

3.2. Deformation bicomplex

The deformation bicomplex of the H-module algebra A is the first quadrant, coho-
mological bicomplex

Cita(4) = {C (), v, (-1 o)
whose (p, ¢)-entry is

0 if p=20,
CRia(4) = { Der(4) if (p,q) = (1,0),
Hom(H®9, Hom(A®P A)) otherwise.

The vertical and horizontal differentials in C3;, (4) are denoted by
(~DPH e Ol (A) — Ol (A),
P CL(A) — CLb (),
respectively. These differentials are defined as follows. Note that
CY:l(A) = Hoch?(H,Hom(A®?, A)).
For p > 1, set

b 1 &7 : Hoch?(H, Hom(A®?, A)) — Hoch?"! (H, Hom(A®?, A)),
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i.e. the Hochschild coboundary. In particular, we have that

q+1 ‘
Bt = 3 (1),
=0
where
v 105] = o3[l

as in (2). The only exception is that b':? is the restriction of §) to the submodule
Der(A) C Hom(A, A). In what follows, such exceptions will be made for the (1,0)-
entry automatically without further comments.

To define the horizontal differentials, note that

CPY(A) = Hom(A®P, A) = HochP?(A, A).
In the Oth row C’K/EX(AL the differentials are defined by
a0 %' 57 Hoch?(A, A) — Hoch?+!(A, A).

In particular, we have that

p+1 ‘
a0 = 37 (1l
i=0
where
d”°li] = 5} li]
as in (2).
For ¢ > 1, define the horizontal differential by
p+1 _
dr 1 =N (<) de i),
i=0

where

(@ i) (21,q)(a1,p41) =

YoAMT11) o Tg))(a1) - p(Tr2) @ - @ Tg2))(agpr1) i =0,
o(x1,9)(a1,i—1 @ (@iai41) @ Ait2,pt1) if 1 <¢<p,
Yoe(Tiy ® - @ wgeny)(arp) - M@y(2) - Tg2))(apyr1) ifi=p+1.

Here p € Ci1(A), 21,...,2y € H, and aq,...,ap+1 € A.
So far we only know that the columns and the Oth row in C}j, (4) are cochain
complexes. To see that Cyfy (A) is a bicomplex, we need the following observations.

Theorem 3.1. 1. Foreachq>1 and 0 <k <l <p+2, the equality
AL o Pk = K] o Pt~ 1] o)
holds.
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2. Forp>21,¢q>20,0<i<p+1, and 0 < j < q+ 1, the equality
" q“[]obqu b”“ [l o d™1[1] (6)
holds.

Proof. Both statements can be proved by direct inspections on a case-by-case basis.
For instance, for (6) when ¢ = j = 0, we have that

(6P 9[0] 0 dP 1[0]) (@) (21,941) (a1,p41)
A(z1) (@ 7[0]) (p) (72,4+1)(a1,p+1))

= Az1) (Z M1y - Tgyr))(@1) - p(22) © - ® $q+1(2))(a2,p+1))

. Z/\ z1(1)) (M@201) + Tg1(1))(a1)) -
M) (P(T2(2) @ - ® Tgpa(2)) (02,p41))
w Z)\(wm) e $q+1(1))(a1) “AMz12) (2202) ® -+ @ Tgi1(2)) (A2,p41))
= Z)\(!Em) e Tgpin) (@) - (0P 9[0]@) (z1(2) @ -+ ® Tgpa(2)) (@2 p41)
= (a7 97[0) 0 b 9[0]) () (1,44+1) (@1 p1)-

Here the equalities (i) and (ii) follow from the module algebra axioms (1).
Similarly, if = 0 and 1 < j < ¢, then we have that

(77 [5] 0 dP 9[0]) () (1,411) (01 p41)
= Z AMz11) + Tgrr(n))(ar)-
O (z12) @ - @ Tj_1(2) ® (Tj(2)Tj41(2)) @ Tjjo2) @+ @ Tgy1(2)) (A2,p41)
= (P TH0] 0 b7 U[5]) () (21,g+1) (@1,p41)-

Note that only the bialgebra structure on H is used in proving this condition.
Likewise, when ¢ = 0 and j = ¢ + 1, we have that

(P 4+ 1] 0 d 10]) (@) (21,4+1) (@1,p11)
=Y Mzi) - Tgrin) (@)
P(r12) @ -+ @ Tg(2)) (MTgt1(2))(a2) @ -+ @ AT gt1(p+1)) (ap41))
= (d”70] 0 b U[g + 1)) () (1,911 (a1 p41)-

This proves (6) when ¢ = 0.
If 1 <7 < p, then we have that

(@ 7] 0 b7 U[5)) (@) (21,g41) (@1,p41) =
A1) (p(z2,0+1)(a1,i-1 ® (@i0i11) @ Git2pr1)) if j =0,
O(x1j-1 @ (22j41) ® Tjt2,9+1)(01,i—1 @ (A0i141) ® aipopr1) 1< < g,
> p(@1,¢)(Mzgr11y)(ar) @ -+
ONTgr1())(@iti1) ® - @ NMTgr1(p))(ap+1)) ifj=¢q+1
= (01 9[5) 0 dP i) () (21,41)(a1,p41)-
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This proves (6) when 1 < ¢ < p. This cases when i = p+ 1 are similar to the cases
when i = 0.

The condition (5) is proved by a similar analysis. O
From the condition (5), it follows as usual that
drtLha o grd = (.

Therefore, each row (Cyji(A),d* ?) is a cochain complex. From the condition (6), it
follows that

dr-atl o ppia — pptl.a o gpia.

In other words, each square in Cjf, (A) anti-commutes. This leads to the following
result.

Corollary 3.2. The above definitions give a first quadrant, cohomological bicomplex
Ciin(A) = {CLZ, o, (—1)p ).

pls3 _p2:3 p3:3

1,3 2,3
Hoch®(H, End(A)) —> Hoch®(H, Hom(A®2, A)) ——— Hoch®(H, Hom(A®3, A))

pli2 _p2:2 p3:2

422

Hoch?(H, End(A)) —%> Hoch?(H, Hom(A®?2, A)) ——— Hoch?(H, Hom(A®3, A))
bl’l 71)2’1 b3’1
Hoch! (H, End(A)) —%> Hoch! (H, Hom(A®?, A)) > Hoch! (H, Hom(A®3, A))

pl,0 _p2:0 p3:0

d2,0

Der(A) d7=0 Hoch?(A, A) Hoch®(A, A)

The bicomplex Cyfa (A) is called the deformation bicomplex of A. Omitting the Oth
column, which is the 0 cochain complex, the first three columns of C}fy (A) appear
as above.

Note that the deformation bicomplex C}fs (A) contains the cochain complex F*(A)
constructed in [20]. In fact, F*(A) is, up to a shift in degree, the total complex of the
sub-bicomplex of Cyfy (A) consisting of the first row Cy; /i(A) and the first column
CriA(A)-

3.3. Total complex and cohomology

Denote by (Cya(A),dyia) the total complex of the deformation bicomplex
Cyia(A). In particular:

0 ifn=0,
Cyia(A) = < Der(A) ifn=1,
@, Hoch™ *(H,Hom(A%!, A)) ifn >2.



DEFORMATION BICOMPLEX OF MODULE ALGEBRAS 105

The cochain complex (Cfa(A), dxgs) is called the deformation complex of A.
Define the cohomology module

n def n * *
HMA(A) = H (CMA(A)vdMA)'

The deformation complex and its cohomology modules will be used in Section 5 to
study algebraic deformations of A.

4. Cup product

In this section, we observe that each row in the deformation bicomplex C3fy (4) is
a differential graded associative algebra. Moreover, each row Cy;{(A) is canonically
isomorphic to a Hochschild cochain complex. Under this isomorphism, the product
in each row corresponds to a Hochschild U-product.

4.1. Cup product in Cy;3 (A)
The Hochschild U-product in the Oth row

C5Y(A) = Hoch® (4, A)

generalizes to the higher rows C};{(A) (¢ = 1). In fact, one can define a product

— U—: Hom(H®? Hom(A®", A)) ® Hom(H®, Hom(A®*, A))

— Hom(H®7, Hom(A®(+9) A))

by setting

(P U)(x1,4)(a1,r+s)
& P(r11) @ - @ xg1)) (A1) - V(T1(2) @ - @ Tg(2) ) (Art101s)  (7)
for ¢ € Hom(H®4, Hom(A®", A)), ¢ € Hom(H®?, Hom(A%*, A)), z; € H, and a; €
A.

Theorem 4.1. The product defined in (7) is associative and satisfies the Leibniz
identity,

U puep) = (%) Uy + (=1)"p U (d* 7). (8)
In particular, (Cy;i(A),d*,0) is a DGA.

Proof. The associativity of the U-product is a consequence of the coassociativity of
the comultiplication Ay in H and the associativity of the multiplication g4 in A.
The Leibniz identity can be checked by a simple inspection of both sides of (8) when
applied to x1,, € H®? and then to a1 4511 € A®(rtst1), O

The Leibniz identity implies, as usual, that the U-product descends to cohomology,
which leads to the following consequence.
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Corollary 4.2. For each ¢ > 0
@ (a0
n>1

is a graded associative algebra.

There is a more conceptual way to obtain the U-product above by realizing it as a
Hochschild U-product, which we do next.

4.2. Alternative description of Cy;4 (A)
Fix an integer ¢ > 1. Using the second module algebra axiom in (1), one obtains
an A-bimodule structure on the module Hom(H®4, A) via the actions

(af)(x14) = D> Maig @W)(@) - f(z12) @ -+ @ 24(2)),
(fa)(w1,) wam -®xq<1>>-A<x1<2>-~-mq<z>><a>

fora € A, f € Hom(H®, A), and 21, ...,z € H.
Moreover, the module Hom(H®?, A) is an associative algebra via the product

(f-9)(T1,4) Zf (1) ® - ®@xq(1)) - g(T1(2) ® -+ @ Ty(2))

for f,g € Hom(H®?, A) and z; € H. The three conditions in (3) can be checked eas-
ily in this case. It follows as in Section 2.4 that the Hochschild cochain complex
Hoch™(A4,Hom(H®1, A)) is a DGA whose associative U-product is given by

(P UP)(a1,r4s)(71,9)
= Z plar)(T10 “®xg(1)) P(Ar1,015) (T1(2) @ -+ @ Ty(2))
for ¢ € Hoch" (A, Hom(H®?, A)), ¢ € Hoch®(A, Hom(H®?, A)), a; € A, and x; € H.
Theorem 4.3. There is a canonical isomorphism
¢: (Hoch?(A, Hom(H®, A)),0%,U) _ = (Crd(A),d"9,0)
of DGAs defined by
(Co)wra)ary) < plar ) (@) (9)

for ¢ € Hoch?(A, Hom(H®1, A)), x; € H, and a; € A.

Proof. Tt is clear that the map ¢ defined in (9) is a linear isomorphism. In fact, it is just
the usual Hom —® adjunction applied twice. Direct inspections then show that under
the isomorphism ¢, ;. corresponds to d*:¢ and the U-product in Hoch™ (A, Hom(H®?,
A)) corresponds to the one in C}; 1 (A). O

Passing to cohomology, this leads to the following result.
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Corollary 4.4. The isomorphism ¢ (9) induces an isomorphism

¢ | P HHE (A Hom(H®, A),U | = [P H"(C5ii(A),d"),u

n>1 n>1

of graded associative algebras.

Note that the U-product in the first row Cy;x(A) coincides with the one in F75(A)
constructed in [20].

5. Deformations of module algebras

In this section, we show that the deformation complex Cy,(A) is actually the
cochain complex that controls the deformations, in the sense of Gerstenhaber [6], of
an H-module algebra A, in which both the H-module structure A € Hom(H, End(A))
and the multiplication 4 € Hom(A®2 A) on A are deformed. This generalizes the
treatment in [20], in which only the H-module structure is deformed. However, once
the correct definitions are made, the arguments here are similar to those in [20].

5.1. Deformation

A deformation of A is a power series

O = Out",

n>0

with 09 = (A, ua) € Ca(A) and each 0, = (\,, m,) € C3a(A), satisfying the follow-
ing three conditions. Writing

and

n>=0
the three conditions are:
Azy) = Az) o Aly), (10a)
A(z) (I(a, b)) = (I)H(A(x(1>)(a)71\(9ﬂ<2>)(b))7 (10b)
II (I(a, b),c) = II(a,II(b,c)) (10c)

for z,y € H and a,b,c € A. Such a deformation will also be denoted by © = (A, II).

The linear coefficient 8; = (A1, 71) of a deformation © is called the infinitesimal.
The trivial deformation is the deformation © = 6y = (A, pia).
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5.2. Equivalence
A formal automorphism of A is a power series

¢ = Zd)ntnv
n>0

in which ¢9 = Id4 and each ¢,, € End(A), such that the first non-zero ¢, (n > 1) is
a derivation on A. Note that ¢; is necessarily a derivation on A.

Two deformations © = (A,II) and © = (A, II) are said to be equivalent if and only
if there exists a formal automorphism ® such that the following two conditions are
satisfied:

= d tollo®®? (11a)
= & IAD. (11b)

= =

On the right-hand side of (11b), we use the interpretation
(pijdr)(x) = ¢io\j(z) 0 Py
for z € H. In the above situation, we write
0 = o'09.

This defines an equivalence relation.

Given a deformation © = (A,II) and a formal automorphism ®, one can define an
equivalent deformation © = ®~10® using (11a) and (11b).

The H-module algebra A is said to be rigid if every deformation of A is equivalent
to the trivial deformation.

Theorem 5.1. Let A be an H-module algebra. Then the following statements hold.
1. The infinitesimal 61 of any deformation © of A is a 2-cocycle in the deformation
complex CZp (A) whose cohomology class is determined by the equivalence class
of ©.
2. If H{A(A) =0, then A is rigid.
Proof. The deformation arguments in [6] and [20] can be adapted to the present
situation. For example, the deformation axioms (10) can be rewritten as:

An(zy) = D Ni(@) o X;(y), (12a)

1+j=n
Z Ai(z) (m;(a,b)) Z Z i(zy)(a), /\k(x(Q))(b))v (12b)
1+j=n z) i+j+k=n
> mi(mi(ab)e) = Y mi(a,mbe)) (12c)
i+j=n 1+j=n
forn>1,z,y € H, and a,b,c € A. When n = 1, these three conditions state that
b =0,
dl’l)\l — b2’0ﬂ'1 = O,
d2’0ﬂ'1 = 0.

These three statements together state that 6; = (A1, m1) € C34(A) is a 2-cocycle.
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Moreover, if ©@ = ®'O® for some formal automorphism ®, then the condition on
the linear coefficients can be restated as
gl - 01 = dll\/[A¢17

which is a 2-coboundary in CZj,(A). This proves statement (1). Statement (2) is
proved similarly by adapting Proposition 3.5 in [20]. O

6. Deformation bicomplex of module coalgebras

In this section, the deformation bicomplex
Ciic(A) = Hoch*(H, Hom(A, A®*))

for an H-module coalgebra A is constructed, in which both the H-module struc-
ture and the coalgebra structure on A are deformed. The corresponding deformation
results are then listed. The proofs can be adapted from the module algebra case.

6.1. Module coalgebra
Throughout this section, let A = (A, A 4) be a coassociative coalgebra. A coderiva-
tion on A is a linear self-map ¢ € Hom(A, A) such that
Apop = (Ida®e+ o ®Ida) o Ay.

The set of coderivations on A is denoted by Coder(A), which is considered as a
submodule of Hom(A4, A).

An H-module coalgebra structure on A consists of an H-module structure A €
Hom(H,End(A)) on A such that the map Ay: A — A® A becomes an H-module

morphism, i.e.,
As(M@)(@) = D Mza))lag) ® Mze)(a@e)
(a)(z)

for all x € H and a € A. For the rest of this section, A will denote an H-module
coalgebra with H-module structure map A.

6.2. Hochschild coalgebra cohomology
The deformation bicomplex of A uses the coalgebra version of Hochschild coho-
mology [10, 17], which we now recall.
Let M be an A-bicomodule with left A-coaction 1; and right A-coaction t),.. Define
the module of Hochschild coalgebra n-cochains of A with coefficients in M as
0 ifn=0
Hoch™ (M, A) = nn=
Hom(M, A®™) ifn > 1.
The coboundary is defined by

0.0 = (Ida ®c) o)y + Z (—l)i (Id ge6-1) @A 4 @Id gem-0) 00
i=1

+ (1) (o @ 1da) o ¢y
for o € Hoch! (M, A).
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Suppose, in addition, that M = (M, A,;) is a coassociative coalgebra such that
the following three conditions, dual to (3), are satisfied:

(Ida ®Apr) oty = (Y @ Idps) o Ay,
(AM@IdA)OwT = (IdM®’(/)T)OAM, (]_3)
(Yr @ Idpr) o Apr = (Idas @) 0 Ay

Then the Hochschild coalgebra cochain complex Hoch’ (M, A) becomes a DGA with
the product

fug = (f®g)eAn (14)
for f,g € Hoch (M, A).
6.3. H-bimodule structure on Hom(A, A®¥")

For n > 1, there is an H-bimodule structure on Hom(A, A®") defined as follows.
The left and right H-actions on Hom(A, A®") are given by

(2p)(@) = > Aea)(p@)") @@ Azm) (p(a)™),
(px)(a) = o(A(z)(a))
for x € H, ¢ € Hom(A, A®™), and a € A. In the left H-action, we use the notation
pla) = Y (a)' ® - @ p(a)" € A",
In particular, we can consider the Hochschild cochain complex
Hoch*(H, Hom(A, A®™)).
6.4. Module coalgebra deformation bicomplex

The deformation bicomplex of the H-module coalgebra A is the first quadrant,
cohomological bicomplex

Cric(4) = {CRé(A),d7 1, (~1)PHpPa}
with
0 if p=0,
CRié(A) = { Coder(A) if (p, q) = (1,0),
Hom(H®4, Hom(A, A®P))  otherwise.

For each p > 1, set
b 2 67 : Hoch?(H, Hom(A, A®P)) — Hoch?"! (H, Hom(A, A®P)).

In the Oth row C’K,ig(A), define the horizontal differential as the Hochschild coal-
gebra coboundary,

d*° < 5% Hoch?*(A, A) — Hoch* ™ (A, A).
For g > 1, the horizontal differential
1 OfaA) — O ()
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is defined as the alternating sum

p+1

P9 = (=1)'d i),

i=0
where

(@ i]e)(21,4)(a) =
S @11y Ty (A1) ® @(T1(2) @ -+ @ Tg2))(ag2)) i i =0,
(Idge-1) @A4 @ Idg00-0)(P(21,4)(a)) if1<i<np,
Y@y @ @ xg01))(a1) ® Ma1(2) - Tg2))(a2)  ifi=p+1.
Here ¢ € CY;4(A), z; € H, and a € A.

Theorem 3.1 still holds in the module coalgebra case with essentially the same
proof. It follows that Cyf~(A) is indeed a bicomplex. Denote its total complex by
Cic(A), which is called the deformation complex of A. The nth cohomology module
of CYic(A) is denoted by Hyj(A).

Note that the cochain complex F},.(A) constructed in [20] is the total complex
of the sub-bicomplex of Cf(A) consisting of the first column Cy;5(A) and the first
row Cris(A).

6.5. Cup product
As in the module algebra case, each row (Cy;d(A),d* ) is a DGA whose product
is defined by

(pU)(z1,4)(a) « Z P(T11) @ @ Tg(1))(a(1)) ®Y(T1(2) @+ B Ty(2))(a(2))
for ¢ € C};&(A) and ¢ € Cyi&(A).

6.6. Module coalgebra deformation

A deformation of the H-module coalgebra A is a power series © =3 -, 0,t"
with 6y = (A, A4) and each 6,, = (An, A,,) € C(A) such that the following three
conditions are satisfied. Writing

A= 2t" (A=)
n=0
and

D = Aut" (Ag=Ay),

n=0
the three conditions are:

Azy) = Az) o Ay),

{ @ A(zy) @ A(ﬂf(z))} oD, (15)

(D®Ids)oD = (Idy®D)o D

Do A(x)

for z,y € H. Such a deformation is also denoted by © = (A, D). The linear coefficient
0, € C}o(A) is called the infinitesimal. The trivial deformation is the deformation
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©=0=(\A4).
A formal automorphism of A is a power series ® = ano Ont™ with ¢g = Id4 and
each ¢, € End(A) such that the first non-zero ¢, (n > 1) is a coderivation on A.

Two deformations © = (A, D) and © = (A, D) are said to be equivalent if and only
if there exists a formal automorphism ® such that the following two conditions hold:
= (" H)®20oDod,

16
= & IAD. (16)

S

The H-module coalgebra A is said to be rigid if every deformation of A is equivalent
to the trivial deformation.

The following result is the module coalgebra analogue of Theorem 5.1 and can be
proved by similar arguments.

Theorem 6.1. Let A be an H-module coalgebra. Then the following statements hold.

1. The infinitesimal 01 of any deformation © of A is a 2-cocycle in the deformation
complex Cf/lc (A) whose cohomology class is determined by the equivalence class

of ©.
2. If Hyo(A) =0, then A is rigid.

7. Deformation bicomplex of comodule algebras
The purposes of this section are to construct the deformation bicomplex
CEL(A) = Hoch* (A, H®* @ A)

of an H-comodule algebra A and to list the corresponding deformation results. Defor-
mations are taken with respect to both the H-comodule structure and the algebra
structure on A.

7.1. Comodule algebra

For an associative algebra A = (A, ua), an H-comodule algebra structure on A
consists of an H-comodule structure p € Hom(A, H ® A) on A such that the map
pa: A® A — A becomes an H-comodule morphism, i.e.,

popa = (pg @ pa)o (ldg @74 my @ Ida) op®2.

Here and in what follows, given two modules X and Y,
T(X7y)2 X@YgY(X)X

denotes the twist isomorphism. For the rest of this section, A will denote an H-
comodule algebra with structure map p.

In general, for n > 2, the module A®™ becomes an H-comodule whose structure
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map
P A®" - H @ A®"

is defined by the commutative diagram:

n

A®r P, HeA®n

p@nl T@@Idﬁ‘@n

(H® AP —— Ho @ A%,
snhuitrie

Here
Wi H®" — H
is the multiplication map defined by
p(T1n) =21 Ty (17)
for z; € H.
7.2. H®9 as an H-bimodule

For ¢ > 2, the module H®? is an H-bimodule whose left and right H-actions are
defined by

plp(E @ @yy) = Y

W ® - ®@yg) = )

() TOYL O B T() Y,

(2 Y1E() © - O Yal(g)

for z,y1,...,yq € H.

7.3. H®?® A as an A-bimodule
For each ¢ > 1, the module H®? ® A becomes an A-bimodule via the structure
maps
(1 g ® pa) o (Idg @74 goa) ® A) o (p@Idgeiga): A® (H®1@ A) — H® @ A,
(1 g @ pa) o (Idges @74,y ©1da) o (Idgesga ©p): (H*? @ A)© A — H® @ A.

In particular, we can consider the Hochschild cochain complex Hoch*(A4, H®? ® A).

7.4. Comodule algebra deformation bicomplex
The deformation bicomplex of the H-comodule algebra A is the first quadrant,
cohomological bicomplex

CEA(A) = {CLI(A),d» 9, (—1)PH b9}
with
0 if p=0,
CEA(A) = { Der(A) if (p,q) = (1,0),
Hom(A®P H®4 ® A)  otherwise.
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In the ¢gth row for ¢ > 0, define the horizontal differential as the Hochschild cobound-
ary,

a1 65 Hoch* (A, H®4 ® A) — Hoch*t (A, H®1 @ A).
For p > 1, the vertical differential
(=1)PT1pP 9 Hom(A®P, H®1 @ A) — Hom(A®P, H®@+D) @ A)

is defined by the alternating sum

q+1 ‘
= 3 (1)
i=0
where
(Idgeq ®p) o @ ifi =0,
v i](p) = ¢ (Idgew-—» ®Ag @ Idgsec-nga) o  if 1 <i<gq,
(Idg ®¢) o p? ifi=q+1.

An analogue of Theorem 3.1 holds in the comodule algebra context. The total com-
plex of the deformation bicomplex CEYy (A) is denoted by C&, (A) and is called the
deformation complex of A. The nth cohomology module of C&,(A) is denoted by
HEa (A).

Note that the cochain complex F7 (A) constructed in [20] is the total complex of
the sub-bicomplex of Cy (A) consisting of the first column C5. (A) and the first row
Ciin (4).

7.5. Cup product
The module H®? ® A is an associative algebra whose multiplication map is defined
as

preaga = (ires ® pa) o (dges ®(a mres ©1da)
where

Pred@1 Q@ QTe, 1 ® - QYq) = T1Y1 Q@ -+ @ TqYq
for x;,y; € H. The three conditions in (3) hold in this case. It follows that each row

C&l(A) = Hoch* (A, H?1 ® A)
admits a Hochschild U-product as in (4). Explicitly, given ¢ € CGJ(A) and ¢ €
C&A(A), their U-product is given by
pUY = ppeaga o (p @ 9).

7.6. Comodule algebra deformation

A deformation of A is a power series © = Zn>0 0,,t"™ with 6y = (p, ua) and each
0, = (pn,mn) € C&(A), satisfying the following three conditions. Writing

R = put" (po=p)

n=0
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and
I = ant" (mo = pa),
n=0
the three conditions are:
(Idg ®R)o R = (Ag ®1da)oR,
Roll = (uy ®1I) o (Idy @74,y ® Ida) 0 R¥?, (18)
II(I1(a,b),c) = M(a,I1(b,c))

for a, b, ¢ € A. Such a deformation is also denoted by © = (R, IT). The linear coefficient
6, € CZ,(A) is called the infinitesimal. The trivial deformation is the deformation
O =0y = (p, j1a)-

A formal automorphism of A is a power series & = 27@0 Ont™ with ¢g = Id4 and
each ¢, € End(A) such that the first non-zero ¢, (n > 1) is a derivation on A.

Two deformations © = (R, II) and © = (R, II) are said to be equivalent if and only
if there exists a formal automorphism ® such that the following two conditions are
satisfied:

= (Idg P ') o Ro @,
= ¢ 1 ollo %2
The H-comodule algebra A is said to be rigid if every deformation of A is equivalent

to the trivial deformation.
The following result is the comodule algebra analogue of Theorem 5.1.

==(ls]
|

(19)

Theorem 7.1. Let A be an H-comodule algebra. Then the following statements hold.

1. The infinitesimal 01 of any deformation © of A is a 2-cocycle in the deformation
complex C%A(A) whose cohomology class is determined by the equivalence class

of ©.
2. If HA A (A) =0, then A is rigid.

8. Deformation bicomplex of comodule coalgebras

The purposes of this section are to construct the deformation bicomplex
CEG(A) = Hom(A, H®* @ A®)

of an H-comodule coalgebra A and to list the corresponding deformation results.
Deformations are taken with respect to both the H-comodule structure and the coal-
gebra structure on A.

8.1. Comodule coalgebra

For this section, let A = (A, A4) be a coassociative coalgebra. An H-comodule
coalgebra structure on A consists of an H-comodule structure p € Hom(A4, H ® A) on
A such that the comultiplication map A 4 is an H-comodule morphism, i.e.,

(IdH ®AA) op = (MH ®IdA®2) o (IdH QT(A,H) ®IdA> Op®2 oAy,

For the rest of this section, A will denote an H-comodule coalgebra with structure
map p.
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8.2. Comodule coalgebra deformation bicomplex
The deformation bicomple:r of A is the first quadrant, cohomological bicomplex

Cel) = {CE ), 0, (1)
with
0 if p=0,
CELI(A) = < Coder(A) if (p,q) = (1,0),

Hom(A, H®? ® A®P)  otherwise.
For p > 1, the vertical differential
(—=1)PHpP9: Hom(A, H®Y @ A®P) — Hom(A, H®U) g A®P)

is defined by the alternating sum

g+1
= (=1)b i,
i=0
where
(Idges ®pP) o ¢ ifi=0,
P i)(¢) = ¢ (Idgew-o ®Ag @ Idgeu-ngaer) 0@ if 1 <i<yq,
(Idg ®p) o p ifi=qg+1

for ¢ € Hom(A, H®? @ A®P). Here p? is the H-comodule structure map on A®P
defined in Section 7.1.

In the Oth row Cé’(?(A), define the horizontal differential as the Hochschild coal-
gebra coboundary,

a9 L' 57 Hoch?(A, A) — Hoch? (A, A).

In the gth row C&J(A) for ¢ > 1, define the horizontal differential as the alternating

sum
p+1

a0 = 3 (1,

=0

where
d” il(¢) =
[Ll g® Id,4®(p+1>) o (IdH QT(A,HEa) @ Id,4®p) o(p@p)oAy ifi=0,
(Idgeagaci-1n @A @ Id gem-n) 0 ¢ if 1 <i<p,

(Mf,H 0y IdA@(p+1)) o (IdH®q T(aer, q) @ IdA) o(p®p)oAy ifi=p+1

for ¢ € Hom(A, H®? @ A®P). Here pi ;; (x =, 7) are the H-bimodule structure maps
on H®? defined in Section 7.2.

The comodule coalgebra analogue of Theorem 3.1 holds. The total complex of the
deformation bicomplex CEG(A) is denoted by CE(A) and is called the deformation
complex of A. The nth cohomology module of C¢(A) is denoted by HE(A).
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Note that the cochain complex F%.(A) constructed in [20] is the total complex of
the sub-bicomplex of 5 (A) consisting of the first column C5G(A) and the first row
Céie (A),

8.3. Cup product
For each g > 0, the gth row (C&J(A),d* ) is a DGA whose product is defined as

pUy def (e @ Idge¢ts)) 0 (IdH®q T Hoa) @ IdA®S) o(p®@yY)olAy
for ¢ € CGA(A) and ¢ € CGS(A).

8.4. Comodule coalgebra deformation
A deformation of A is a power series © =}, - 6,t" with 6y = (p, Aa) and each
0, = (pn, Ay) € C&c(A), satisfying the following three conditions. Writing

R = pat" (po=p)
n>0
and
D =) A" (Ag=An),
n>0

the three conditions are:

(Idg ®R)o R = (Ag ®1da) o R,

(Idg ®D) o R = (g ® Id ge2) o (Idg @74y ® Ida) 0o R¥?0 D, (20)

(D®Idy) oD = (Idy ®D) o D.

Such a deformation is also denoted by © = (R, D). The linear coefficient 6; € C%(A)
is called the infinitesimal. The trivial deformation is the deformation © = 0y =
(pv AA)
A formal automorphism of A is a power series & = ano Ont™ with o9 = Id4 and
each ¢, € End(A) such that the first non-zero ¢,, (n > 1) is a coderivation on A.
Two deformations © = (R, D) and © = (R, D) are said to be equivalent if and only
if there exists a formal automorphism ® such that the following two conditions are

satisfied:
R = (Idg @@ ')oRo®,
B= t ) (21)
D= (H)®0oDod.

The H-comodule coalgebra A is said to be rigid if every deformation of A is equivalent
to the trivial deformation.
The following result is the comodule coalgebra analogue of Theorem 5.1.

Theorem 8.1. Let A be an H-comodule coalgebra. Then the following statements
hold.

1. The infinitesimal 01 of any deformation © of A is a 2-cocycle in the deformation
complex C%c (A) whose cohomology class is determined by the equivalence class
of ©.

2. If HAo(A) =0, then A is rigid.
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9. Deformation tricomplex of module bialgebras

In this section, we construct the deformation tricomplex
Ciia(A) = Hoch™ (H, Hom(A®*, A®*))

of an H-module bialgebra A and list the corresponding deformation results. Both the
H-module structure and the bialgebra structure on A are deformed. This deformation
tricomplex contains the deformation bicomplexes Cyfy (A) and C3/-(A) for module
(co)algebras and the Gerstenhaber-Schack bicomplex CE5(A) [7, 8] for a bialgebra.
Unlike the (co)module (co)algebra deformation bicomplexes, each cochain complex
obtained from C};55(A) by fixing two of the three dimensions is a DGA. In fact,
each such cochain complex is either a Hochschild (coalgebra) cochain complex or
is isomorphic to one. The relevant products can be identified with the Hochschild
(coalgebra) U-products.

For the rest of this paper, let A = (A, pa,As) be a bialgebra with associative
multiplication u4 and coassociative comultiplication A 4.

9.1. Biderivation

A biderivation on A is a linear self-map ¢ € End(A) that is both a derivation and
a coderivation on A. The set of biderivations on A is denoted by Bider(A), and it is
considered as a submodule of End(A).

9.2. Module bialgebra

An H-module bialgebra structure on A is an H-module structure A€
Hom(H,End(A)) on A that makes A into an H-module algebra and an H-module
coalgebra simultaneously. For the rest of this section, let A be an H-module bialgebra
with structure map .

For example, let G; and G2 be two groups. Then any group homomorphism

¢: Gh1 — Aut(Gs)

gives rise to a K[G1]-module bialgebra structure on the group bialgebra K[Gs] via
the action

A@)(y) = o(x)(y) (22)

for x € G7 and y € G [1, Example 3.6]. Similarly, suppose that L; and Ly are Lie
algebras and that

¢: L1 — Der(Ls)

is a Lie algebra morphism. Then the same formula (22) gives rise to a U(L;)-module
bialgebra structure on the enveloping bialgebra U(Lz) [1, Example 3.7].

9.3. H-bimodule structure on Hom(A®P, A®9)
When A is an H-module bialgebra, there is an H-bimodule structure on the module
Hom(A®P, A®q) for p,q > 1. The left and right H-actions are given as follows:

)(a1,p) ZA z(1))( alp)) @Mz (plarp)?),
Yap) = > e @ AMz(p))(ap)) -
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Here z € H, ¢ € Hom(A®P, A®7) a; € A, and

plarp) = Z‘P(al,p)l ® - @ plarp)?.

This generalizes the constructions in Sections 3.1 and 6.3. In particular, we can con-
sider the Hochschild cochain complex Hoch™(H, Hom(A®?, A®?)).

9.4. Module bialgebra deformation tricomplex

The deformation tricomplex of the H-module bialgebra A is the first octant, coho-
mological tricomplex

Ciis(4) = {Chg "(A), (1) dp @7, (1) dp T, (1) T
with
0 ifp=0orqg=0,
Ciig' " (4) = { Bider(4) if (p,q,7) = (1,1,0),
Hom(H®" , Hom(A®P A®%))  otherwise.
The differential
()T CRT(A) — O ()
is defined using the alternating sum

p+1

T = 3 (1),

=0

where

(dp " (i) (w1,0)(@1,p+1) =
Souf g (Marqy - zr@y) (1), p(x1(2) @ -+ @ Tp(2)) (a2pr1))  if i =0,
e(x1,)(a1,i-1 @ (@iai41) ® Ao pr1) if 1 <i<p,
Sopd 4 (p(z11) @ - @ 2p)) (A1), N@1(2) -+ Tp))(apr1))  ifi=p+1
for € Cfi " (A), xx € H, and a; € A. Here pf , and p;l 4 are the left and right
actions of A on A®Y, defined as in Section 7.2.

The differential
r 1G5 T 45T ,q+1, 7
(=)t Ol (A) — CRig T (A)
is defined using the alternating sum
q+1

dp" =Y (=1,
i=0
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where

(dry " "ile) (z1,7)(a1,p) =
S AM@yy ey (@) - ap(n)
@ @(T12) ® - @ Tp2))(a12) ® - D apz)) ifi=0,
(Idgei-» ®A4 ®Idge0-n) (P(21,r)(a1,p)) if 1 <i<gq,
YTy ®@ - @ xpy) (@) ® - @ ap())
® Mz12) - Tr2))(@1(2) -~ Ap(2)) ifi=q+1.
Finally, the differential
(P O (4) — Ol )

is defined using the Hochschild coboundary
29 < 57 Hoch” (H, Hom(A®P, A®9)) — Hoch’ ™ (H, Hom(A®P, A97)).

In particular, d};%" is the alternating sum
r+1
A" =Y (1),
i=0
where
dyyy "li) = opli]
as in (2).

The following observations, which are the module bialgebra analogue of Theo-

kK

rem 3.1, ensure that Cyj(A) is indeed a tricomplex.
Theorem 9.1. Let A be an H-module bialgebra. Then:
1. The following statements hold for all possible values of p,q,r, and k < 1:
dr T o d k] = AR o df - 1),
dpy™ I o dy k] = d TR o d - 1),
diyy " I o dyyp k] = diy " R o diyg - 1)

2. The following statements hold for all possible values of p,q, 7,1, and j:

diﬁ_l’q’ 7[]] ° dII), qﬂ“[i] — dz;,q-‘rlﬂ“[i] ° dII),IqJ[j]’
gL 4T sa+1, s O

" o dpy 7Tl = dip T o di ),
4T 4T @+l 4T

dyp e dy ) = dp T i o diy T[]

In particular, every two-dimensional plane in Cifs(A) is a bicomplex.

9.5. Boundary planes
Observe that the boundary planes of the deformation tricomplex Cjfis (A) are either
known or have been discussed in previous sections. In fact:

1. The p =1 plane Cy;5y *(A) coincides with the deformation bicomplex Cjii(A)
in which A is regarded as an H-module coalgebra (see Section 6).
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2. The ¢ = 1 plane Cj;5 *(A) coincides with the deformation bicomplex Cji, (A)
in which A is regarded as an H-module algebra (see Section 3).

3. The r = 0 plane Cy;p’ %(A) coincides with the Gerstenhaber-Schack deformation
bicomplex C&(A) (denoted by Cp*(A, A) in [7, 8]) in which A is regarded as
only a bialgebra.

As in the (co)module (co)algebra cases, the only exception to the above remarks is
the entry Cy;p °(A) = Bider(A).

9.6. Cup products

Each cochain complex in the deformation tricomplex Cyf(A) has an associative
U-product that makes it into a DGA.

In the direction of dy, fix ¢ > 1 and 7 > 0. Then the cochain complex Cy; 5" (A) is
a DGA whose product is defined as

(PU)(@1,)(@1p14ps) &

prasa (0(x11) @ - @ 2r1)) (@1p,), V(@1(2) @ -+ @ Tp(2)) (Apy41,p14p2))  (23)

for p € CYRT"(A) and ¢ € CY2T"(A). This generalizes the U-product in Cy;y (A)
discussed in Section 4.

In fact, it can be identified with a Hochschild U-product. There is a canonical
isomorphism of cochain complexes,

(Crit "(A), (-1)7Hdp ) = (=1)7T" (Hoch* (A, Hom(H®", A®9)),8),) (24)
given by the Hom —® adjunction (twice). The left and right actions of A on
Hom(H®", A®4) are given by

af xl'r‘ Z,UZA >\ (1))(a)vf(x1(2)®®xr(2)))7
(Fa)ens) = Sty (Fony @+ ® e Moy -+ 0i2)(0)
fora€ A, f € Hom(H®T,A®q)7 and z; € H. The module Hom(H®", A®?) is an asso-
ciative algebra via the product
(f-9)(@1r) = pase (f(210) @+ @ T (1)), 9(T1(2) @+ -+ @ Tp(2)))

such that the conditions (3) are satisfied. The resulting Hochschild U-product corre-
sponds, via the isomorphism (24), to the U-product defined in (23).

In the direction of dyy, fix p > 1 and r > 0. Then the cochain complex Ciip’"(A)
is a DGA whose product is defined as

(pU)(z1,r)(a1,p) Z o1y ® - @ Tr))(a1(1) @ -+ @ Ap(1))®
P(T1(2) @+ D &p())(A1(2) ® -~ R ap(z))  (25)

for o € C3A"(A) and ¢ € Clp>"(A). This generalizes the U-product in C};5(A)
discussed in Section 6.5.
Moreover, there is a canonical isomorphism,

(CRig " (A), (1)1 ") = (=1)"" (Hoch (H®" @ A®P, A),6.)  (26)

of cochain complexes given by the Hom —® adjunction. The left and right A-coactions
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on H®" ® A®P are given by

T, ® a1y = M@y - Tey) @11y - apr))

® (T1(2) ® @ Ty(2) @ A1z) @+ B ap(z))
T @a1p = (T10) @ @ Tp(1) @ A1) ® -+ @ ap(y))

@ AM@1(2)  Tr2))(@1(2) * Ap(2))-

The module H®" @ A®P is a coassociative coalgebra via the coproduct

Alwrr ®arp) = Y (010) © @ Tr) @ 11) ® @ ay))
® (T1(2) @ B Tr(z) @ a1(2) @+ ® Ap(2))
such that the three conditions in (13) are satisfied. The resulting Hochschild coalgebra
U-product corresponds, via the isomorphism (26), to the U-product defined in (25).

In the direction of dy, fix p > 1 and q > 1. Note that the module Hom(A®P, A®4)
is an associative algebra via the product

def

frg = foll ooy,
where
AY =T1dy = uy.
In the particular case p = ¢ = 1, this product is simply the composition product in
Hom(A4, A). Regarding Hom(A®?, A®7) as an H-bimodule, the three conditions in (3)
hold. It follows that the Hochschild cochain complex
Chd*(A) = (=1)PM Hoch*(H, Hom(A®P, A®7))

admits a Hochschild U-product (4) that makes it into a DGA.

9.7. Total complex
The total complex Cfp(A), called the deformation complex of A, of the deforma-
tion tricomplex C};%(A) is defined as usual but with a shift of degree:

& I <> Be M)
ptq+r=n+1
In particular, we have that
Oy (A) = Bider(A),
C¥p(A) = Hom(H,Hom(A, A)) ® Hom(A®?, A) ® Hom(A, A®?).
The degree shift is introduced to ensure that the deformation results below have the
same degree conventions as in the previous sections and as in [7, 8].

The nth cohomology module of the deformation complex Cf(A) is denoted by
Hyjp(A).

9.8. Module bialgebra deformation
A deformation of A as an H-module bialgebra is a power series © =3 - 0,t"
with 6o = (A, ua, As) € C3p(A) and each 0, = (A, 7, Ay) € Cp(A), satisfying
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the five conditions for module algebra deformations (10) and module coalgebra defor-
mations (15). Using the notations from earlier sections, such a deformation is also
denoted by

© = (A,II, D).

The infinitesimal of a deformation © is the linear coefficient 6.

A formal automorphism of A is a power series Zn>0 Ont™ with ¢g = Id4 and each
¢n € End(A) such that the first non-zero ¢,, (n > 1) is a biderivation on A.

Two deformations © = (A,II, D) and © = (A, I, D) are said to be equivalent if
and only if there exists a formal automorphism ® such that the three conditions in
(11) and (16) are satisfied.

The trivial deformation is the deformation © = 6y = (A, 4, A4). The H-module
bialgebra A is said to be rigid if every deformation of A is equivalent to the trivial
deformation.

The following result is the module bialgebra analogue of Theorem 5.1.

Theorem 9.2. Let A be an H-module bialgebra. Then the following statements hold.

1. The infinitesimal 61 of any deformation © of A is a 2-cocycle in the deformation
complex CEi5(A) whose cohomology class is determined by the equivalence class

of ©.
2. If Hyg(A) =0, then A is rigid.

10. Deformation tricomplex of comodule bialgebras

The purposes of this section are to construct the deformation tricomplex
C&H(A) = Hom(A®* H®* @ A®*)

of an H-comodule bialgebra A and to list the corresponding deformation results.
Both the H-comodule structure and the bialgebra structure on A are deformed. This
deformation tricomplex contains the deformation bicomplexes C&h (A) and CEL(A)
for comodule (co)algebras and the Gerstenhaber-Schack bicomplex CE5(A) [7, 8] for
a bialgebra.

10.1. Comodule bialgebra

An H-comodule bialgebra structure on a bialgebra A is an H-comodule structure
p € Hom(A, H ® A) that makes A into an H-comodule algebra and an H-comodule
coalgebra simultaneously.

For example, let H be a commutative Hopf algebra with antipode S. Then the
map p € Hom(H, H ® H) defined by

p(z) =Y (1(1)S23)) @ 22

for x € H gives H an H-comodule bialgebra structure [1, Example 3.8].



124 DONALD YAU

10.2. A-bimodule structure on H®" @ A®4
For r > 0 and ¢ > 1, there is an A-bimodule structure on the module H®" @ A®4
whose left and right A-action maps are defined as
(Mf,H ® M?,A) o (Idg ®@T(a,ger) @ Ideq) 0 (p @ Idgergaed): A® (HE" @ A®9)
— H®" © A®4,
(M:,H ® Ng,A) o (Idger @T(aee,m) ®1da) o (Idgergass @p): (HE @ A®?) @ A
— g®T ®A®q

when 7 > 1. When r = 0, the left and right A-action maps on A®9 are simply ,uZ A
and p! ,. In particular, we can consider the Hochschild cochain complex

Hoch* (A, H®" @ A®9).

10.3. Comodule bialgebra deformation tricomplex
The deformation tricomplex of the H-comodule bialgebra A is the first octant,
cohomological tricomplex

Ci (A) = {Cg"(A), (=) dp 7 (1) dp® ", (=17 ay 77}
with
0 ifp=0orqg=0,
Ctg"(A) = { Bider(4) if (p,q,r) = (1,1,0),
Hom(A®P, H®" @ A®7)  otherwise.
The differential
(L T CBETA) — CEER T A)
is defined using the Hochschild coboundary
a2 P Hoch? (A, H®™ ® A®9) — Hoch?™ (A, H®™ @ A®9).
The differential
(U7 Ol () — BT (4)
is defined using the alternating sum

q+1

AT =" (=1) i),
1=0

where

(s @ 1y @ Td a0 )

o (Idg ®@T(aer, gor)y ® Idgsa) 0 (PP @ @) 0 Agep  if i =0,
(Idgergaet-1n @A @ Id @) 0 ¢ if1<i<yq,
(10 @ 1d ge0 @)

o (IdH@r‘ RT(a®a, 1) @ IdA®p) o(p®@pP)oAger ifi=qg+1.

™" lil(e)
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Here
pp: A®P _ H @ A®P
and
wh A®P A
are as defined in Section 7.1 and (17), respectively. The map
A pop: A®P A®p®A®p
is defined as
Agen(arp) = D (a1 @ @ (1)) @ (a22) @+ @ ()

for ai,...,ap € A.
Finally, the differential

(=) T CE T (A) = CE A

is defined using the alternating sum

r+1
AT = (=1,
i=0
where
(Idger ®p?) o @ if1=0,
457 [i() = { (Idpec— @Ax @ ldgec-ngaed) o if 1<i<r,
(Idg ®¢p) o p? ifi=r+1

The six statements in Theorem 9.1 still hold in the comodule bialgebra context,
so CE&F (A) is indeed a tricomplex.

10.4. Boundary planes
As in the module bialgebra case, the boundary planes of the deformation tricom-

plex CE5 (A) are either known or have been discussed in previous sections. In fact:

1, *, *

1. The p =1 plane Cz" " (A) coincides with the deformation bicomplex CE(A)
in which A is regarded as an H-comodule coalgebra (see Section 8).

2. The ¢ = 1 plane Cfyg’ *(A) coincides with the deformation bicomplex Cgi (A)
in which A is regarded as an H-comodule algebra (see Section 7).

3. The r = 0 plane C&y° %(A) coincides with the Gerstenhaber-Schack deformation
bicomplex C&5(A) (denoted by Cp*(A, A) in [7, 8]) in which A is regarded as
only a bialgebra.

Again, the only exception to the above remarks is the entry Cé’Bl '0(A) = Bider(A).

10.5. Cup products
Each cochain complex in the deformation tricomplex C& (A) is a DGA.
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In the direction of dy, fix ¢ > 1 and r > 0. Note that the module H®™ ® A®? is an
associative algebra whose multiplication map is

prergaes = (Uger @ laeq) 0 (IdH®r QT(a®a, gory @ Id,4®q) .

Regarding H®" ® A®? as an A-bimodule, the three conditions in (3) hold. It follows
that

Ceg'"(A) = (—1)"Hoch™ (4, H®" @ A®)

admits a Hochschild U-product that makes it into a DGA. This generalizes the U-
product in C§, (A) discussed in Section 7.5.

In the direction of d;y, fix p > 1 and 7 > 0. Then the cochain complex C%5"" (A)
is a DGA whose product is defined as

ef
© J w d: (I’LH®T X IdA®(q1+q2)) ] (IdH®r ®T(A®q17H®r) & IdA®q2) o (@ ® '(/J) o AA@F

for p € C&F" "(A) and ¢ € CP>"(A). This generalizes the U-product in C&l (A)
discussed in Section 8.3.

In the direction of dyyy, fix p > 1 and ¢ > 1. Then the cochain complex C%f*(A)
is a DGA whose product is defined as

pUY « (Idgeeira) ®pasa) © (Idgen OT(ase, gor) ®Idaeq) o (¢ @ ¥) 0 Ayer
for ¢ € C& ™ (A) and ¢ € CEF " (A).

10.6. Total complex
The total complex C¢p(A), called the deformation complex of A, of the deforma-

*% %

tion tricomplex C¢&p(A) is defined as usual but with a shift of degree:

n def Lq,T
Ces(A) = P caA).
pt+q+r=n+l1

In particular, we have that
Cép(A) = Bider(A),
C%5(A) = Hom(A, H® A) ® Hom(A®? A) @ Hom(A, A®?).

The nth cohomology module of the deformation complex C¢p(A) is denoted by
Heg(A).

10.7. Comodule bialgebra deformation

A deformation of A as an H-comodule bialgebra is a power series © = Zn>0 O, t"
with 6y = (p, 1a, Aa) € Ca5(A) and each 6,, = (pp, mn, Ay) € CE5(A), satisfying the
five conditions for comodule algebra deformation (18) and comodule coalgebra defor-
mation (20). The infinitesimal of © is the linear coefficient 6.

The notions of a formal automorphism of A and equivalence of deformations are
defined exactly as in the module bialgebra case, except that, in defining the latter,
the conditions (19) and (21) are used.

The trivial deformation is the deformation © = 6y = (p, 14, A4). The H-comodule
bialgebra A is said to be rigid if every deformation of A is equivalent to the trivial
deformation.
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The following result is the comodule bialgebra analogue of Theorem 5.1.

Theorem 10.1. Let A be an H-comodule bialgebra. Then the following statements

hold.
1.

The infinitesimal 01 of any deformation © of A is a 2-cocycle in the deformation
complex C%B (A) whose cohomology class is determined by the equivalence class
of ©.

If H35(A) =0, then A is rigid.
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