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LOCAL SMOOTH SOLUTIONS OF THE INCOMPRESSIBLE K-¢
MODEL AND THE LOW TURBULENT DIFFUSION LIMIT*

JULIEN MATHIAUDT

Abstract. The aim of this paper is to study the local in time well posedness of the incompressible
k-¢ model in a 3d periodic domain. In the case when turbulent diffusion is much smaller than
dissipation, asymptotic expansions are also derived, supposing that the velocity of the fluid can be
neglected.
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1. Introduction

The k-¢ model is widely used in various physical models to assess isotropic turbu-
lence effects (see [19]). It is based on two scalar quantities characterizing turbulence:
the kinetic turbulent energy and the rate of dissipation of turbulent energy. This
model, proposed by Launder and Spalding ([12]), was designed to model the evo-
lution of large turbulent structures and their effect on the large scale mean flow.
Its main applications can be found in aerodynamics, for instance to study the influ-
ence of turbulence on airfoil boundary layers (cf. [4] and [7]). It is also considered
for modelling turbulent mixing induced by Rayleigh-Taylor, Kelvin-Helmholtz and
Richtmyer-Meshkov instabilities, for instance in an astrophysical context.

As a matter of fact, observations of the famous supernova 1987A have indicated
that radioactive cobalt is far more thoroughly distributed among the explosive debris
in the envelope than was predicted by model calculations of thin-shell nucleosynthe-
sis in the pre-supernova star. It suggests the occurrence of large-scale mixing in the
ejecta during the explosion [10, 1]. The most promising mechanism for explaining
mixing in the ejecta is a combination of the Rayleigh-Taylor and Kelvin-Helmholtz
instabilities. The Rayleigh-Taylor instability can arise in the supernova envelope when
the outwardly moving shock wave from the initial explosion propagates through lay-
ers of the star with radial stratification of the heavy elements. As the shock passes
through the composition interfaces (i.e., oxygen/silicon, helium/carbon+oxygen and
hydrogen/helium), a rarefaction front moves back into the star, resulting in an ef-
fective reversal of gravity as low-density composition is pressure-accelerated into the
underlying high-density composition. Any perturbation at the interface (i.e., velocity
perturbation or spatial perturbation) will get amplified by the Rayleigh-Taylor and
Richtmyer-Meshkov instabilities and result in the overturning of light and heavy ele-
ments. This results in the mixing of heavy elements throughout the envelope of the
supernova remnant, with associated observational consequences in the light curve. A
further mixing will occur as the dense “tongues” of the heavy elements experience dif-
ferential shear with the lighter elements, resulting in Kelvin-Helmholtz instabilities.
Thus the fingers of heavy and light fluid that developed initially get far more dis-
torted and the mixing layer increases its width. Eventually these instabilities become
so nonlinear that the mixing layer appears to become fully turbulent. The properties
of turbulently mixed layers may be equally important in understanding how inter-
stellar clouds get reprocessed back into the interstellar medium. Efficient mixing of
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cloud and inter-cloud matter has been shown to occur after clouds get crushed by the
interaction of strong shocks from supernova remnants [8] [9].

Here we study the mathematical properties of the incompressible model. Let us
emphasize that this model is widely used in industrial codes because of its physical
relevance and its simplicity. In order to introduce the mathematical setting and write
the model equations, let us first introduce some notations. The domain will be a 3-
dimensional box T? =R?/(27Z)? with periodic boundary conditions in order to avoid
additional difficulties (specific physical modelling and mathematical tools are needed
to handle boundaries but here we choose not to deal with boundary layers for sake of
simplicity). The system of equations can be written as follows (cf.[19]):

aa—[t]JrU'VUJrVPﬂ/AUfV'R:O, (1.1)
V-U=0, (1.2)
ok e, k2 o k2
A 5O v AT V(e ZvE = 1.
U V=L |VU VU=V (¢, = Vk | +2=0, (1.3)
O c T k> e?
5 +U-Ve= ShVU+VUTP =V (.= Ve | 47— =0, (1.4)
U(O,x):UO(x), k((),z):ko(x), E(O,z):eo(x), (1.5)

where U :=U(t,x) € R? denotes the large scale flow, k:=k(t,x) the kinetic turbulent
energy, €:=¢(t,x) its dissipation rate. P = P(t,z) stands for the mean pressure of the
fluid; as usual in incompressible fluid models, it may be interpreted as a lagrangian
multiplier of the constraint (1.2). Moreover, R:= R(t,z) denotes the Reynolds stress
tensor, given by

2 k2
R:—gkl+cM?(VU+VUT). (1.6)

Finally, v denotes the constant positive molecular viscosity of the fluid, while ¢y, co,
¢, and ¢, are given positive constants that allow to capture the large scale features of
turbulence (typical numerical values taken in realistic computations are: ¢; =0.126,
c2=1.92, ¢, =0.09 and c. =0.07).

For a survey about uniqueness and existence results concerning the Navier-Stokes
equation without the k-e extension, we refer to [16]. Some inequalities on k and € can
be found in [14] and [19]: they are extended here using the same ideas. There also exist
some results on a modified k-e model (the so-called ¢-6 model) given by Mohammadi
and Lewandowski ([15]) when U is supposed to be known so that one has only to solve
the equations on ¢ and 6 (which are very close to (1.3) and (1.4)); nonetheless the
solutions which are found are more general than the ones found here — in a weaker
sense — and still unique. More recently, the elliptic problem associated to k and € has
been studied ([6, 13]): this problem arises in geophysics when one intends to study
stationary mean flows. Weak solutions have been found: the main difficulty is to deal
with the control of the singularity of the turbulent viscosity CMI“E—Q, when k and € both
tend to zero, as we will also see in this paper.

As far as we know, the following is the first result on smooth solutions for the
coupled equations (1.1)—(1.6).

The aim of this article is to provide a first study of this problem:

1. First we prove the following result for short enough time:
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THEOREM 1.1 (existence and uniqueness of smooth solutions).
The following two results hold:

(a) Let the initial data U°, k°, €% be in H® for s>4+3/2 (s€N) with k° and
€% bounded away from zero by a positive constant. Then there exists a
positive T and a strong' solution (U,k,e) to system (1.1)-(1.6) on [0,T]
which belongs to C([0,T]; H*(T3))NC([0,T]; H*~2(T?)) such that k and
€ remain positive on [0,T].

(b) Moreover let (Uy,k1,e1) and (Us,ka,e2) be two solutions of system (1.1)-
(1.6) in the sense of distributions. We suppose that they belong to
C([0,T); H2(T3))NC([0,T); L*(T?)) and that k1, €1, ko and c2 are posi-
tive functions.

If U?ZUS, k?:kg, E?:é‘g, then U1=U2, /{21 :kg, E1=E&E2 0ON [O,T]

2. Then we study a particular regime when turbulent diffusion effects are small
compared with dissipation and when the mean flow is supposed to be at rest
(so that U is considered to be identically 0). Rescaling the k—¢ system is
classical in order to obtain further information. For instance, S. Lasserre pro-
vides a study of the system depending on the pair of variables (k,In(k*/7¢ /¢))
([11]) to study compact solutions, but here we want to stay as close as possi-
ble to the original equations to preserve the parabolic behavior and also to be
in accordance with physical data. We consider the following non-dimensional
system (see the beginning of Sec. 4):

ok k2

_ Y Aes = 1.
= nv(gw)+ e=0, (1.7)
Oe ce k? g2
JE— = A—: 1.
o 1V (Cu Ev5)+(:2 — =0, (1.8)

with A=e"T/k°, n=c,(k°)?T/"L?), k° denoting the typical kinetic turbu-
lent energy, ¥ the rate of kinetic turbulent energy dissipation, 7" and L the
typical time and length scales of the physical situation.

We make an asymptotic expansion with respect to n for this model since for
some typical physical set of values, 1 is negligible while A’s value is of order 1. The
difference between the solution (k,e) of equations (1.7)—(1.8) and the first terms of its
71 expansion (kg +nki1, €9 +7e1) can be controlled through the following result:

THEOREM 1.2 (Asymptotic expansion). Let kY, €0 belong to H'(T3)) and be
bounded away from zero by positive constants, and let k and € be positive solutions
of (1.7) and (1.8) bounded away from zero in C*([0,T); H>(T?)). Then there exists a
positive time T' <T and a constant C' such that for all t <T’

|1k — ko —nk1]| oo (13 (1) <C 0, lle —e0—ne1lpo(rs)(t) <C 0,

where kg, k1,€0,€1 are solutions of the following systems of ordinary differential and
partial differential equations:

1. Zeroth order system

Oko

E—FAEQ:O, k/’o(o,.):ko(.),
de e 0
E+C2Ak70_07 50(0,.)—€ ()

1By strong we mean a classical C} (C2) solution
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2. First order system

k k2
O _g. (;vzc()) +Ae1=0, k1(0,.)=0,
0

ot
Oeq ce k2 2e0e1 €3k

B v G v/ A ——5 =0 0,.)=0.
8t (Cu €0 £0 +CQ k‘o ]{?3 ’ 61( ’ )

From a mathematical viewpoint, the main difficulty in the proof of Theorems
1 and 2 is the control of the positivity of k& and e, since the mathematical model
degenerates when k or € vanish: because of the ¢ (resp. cpe?/k) term in Equ. (1.3)
(resp.(1.4)), we cannot ensure strict positivity of k (resp. €).

Three classical mathematical tools are used all along the article to carry on the
study. The first one is the maximum principle for parabolic PDE’s. The second one
is the use of energy methods for parabolic PDE’s to obtain a priori estimates. The
last one is the use of Sobolev embeddings (see [2] and [21]) and Gagliardo-Niremberg
inequalities in order to control the different norms. Since we need smoothness of the
solutions in order to be able to use these inequalities, our study is for data which
belong to H® with 443/2 so that the L>-norms of the gradients of the data are
bounded by the H*-norms.

In Sec. 2 we give an a priori estimate and in Sec. 3 we solve the problem of
existence and uniqueness of solutions of (1.1)—(1.6), proving the first theorem; in Sec.
4 we perform the expansion with respect to 1 and prove the second theorem. All
the results are given for small times, since there is no hope in controlling the strict
positivity of k£ and e for long times.

2. Preliminary results

We establish a priori estimates on U, k and € solutions of system (1.1)—(1.6). In
all the computations, we consider solutions (U,k,e) belonging to C([0,T]; H*(T3))N
CL([0,T); H*~2(T?)) for some T'>0 and for any integer s such that s>4+3/2 (and
consequently belonging to C2([0,T]; H*~*(T?)) at least). All the integrals are com-
puted on T3; k and ¢ are supposed to be strictly positive quantities for ¢ €[0,7]. We
systemically use Sobolev embedding H?®(T?) < C*~2(T?) so that the (s—2)'" space
derivatives of U, k and € are L°°-bounded by the H® norm of U, k and ¢ (see [2]) in
dimension 3.

2.1. A priori estimates on the Navier-Stokes equations. = We obtain the
following estimates on smooth solutions of the incompressible Navier-Stokes equation:

PROPOSITION 2.1 (Estimates on U). Let U, k and € be solutions of (1.1)-(1.6)
which belong to C([0,T]; H*(T3))NCL([0,T); H*=2(T?)), with k and € strictly positive
and s>4+3/2. We have:

d
£||U| ﬁ-lé < CQ4S+8(Uaka€)(t)a

where C' is a generic constant and Q1,...,Q., are functions defined by:

QRO = 1HITO e+ O+ e+ s+ =
Qn: (Ql)na
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where we note

kmin(t) = ;Iélﬂ{ls k(t,z), Emaz(t) = zﬂrg}ggsgtk(s,x),
)=, L S0 Emec D)= max  (E(2)),

and D'h denotes the it" derivative of a function h.

Proof. First note that is enough to prove,
d s 2
SAID U3 < C Qusts(U 1)1

since for any integer s’ < s the result on D*'U is easier to prove (Sobolev embeddings

give better results, especially in the L°°-norm for lower order derivatives, so that we
d ’

clearly have %HDS Ul|22 <C Qusrs(U,k,e)(1))).

From now on, a= (a1,as,a3) € N? denotes a multi-index of differentiation such that

xr3?

3

(63 (63 (63 (63

0% =0,1072072, |a|= E o
i=1

denoting its length. <« means that Vi, 5; <«;, while 8+v =« means Vi, 8;+v; =
a;. We first obtain estimates on 9°U (|a|=s): we differentiate the Navier-Stokes
equations and take 0*U as test vector field.

3 10" U3 111D (U]} = (A)+(B) + () + (D), (2.1)
with:

(A)=—b(U,0°U,0°U),  (B)=—b(d*U,U,d°U),

(C)=— > b(OPU,07U,0°U),
Bty=a,s>|8],|v[=1

(D)= /8°‘U- (v .9° (%Q(VUJr VUT))>da:,

where b(u,v,w) is the trilinear form linked to the incompressible Navier-Stokes equa-
tion and defined on (H'(T?))3 by

b(u,v,w) = Z /uiaivjwjdx

1<i,j<3

(see [3] or [23] for notations and properties). Using V-U =0, one may note that
the term in which pressure and Va - (kI) appear vanished after integrating by parts.
Moreover, (A) vanishes, since its last two arguments are equal and the first one is
divergence free. (B) and (C) can be estimated by C'||U||%;., thanks to Sobolev em-
beddings (C' denotes a generic constant). For instance, for the (C) term, either g
or y+1 is less than s—2 (s>5 and |3|+]|y|=s), so that 3°U or 9;(0"U) are L>-
bounded by ||U]||gs (we recall that a function is continuous and its norm is controlled
by its H® norm in the 3-D torus as soon as s > %: one can prove it using Fourier series,
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for instance ([21])), and since the two other terms of the trilinear form belong to L?
at least, the trilinear form is well-defined and bounded by C'||U||%..

There remains the last term (D): integrating by parts and using the symmetry of
VU +VUT, one gets (there are no boundary terms, since we use periodic boundary
conditions):

/aau (vaa (]f(VU+VUT)))dx

2 T
. f/aa (i(VU+VUT)> :aaMdm

Then, studying the terms coming from 9% ((VU 4 VUT)k?/¢), we get three kinds of
terms which satisfy the following inequalities (with S+~y=a, s>15], |v|>0):
e when y=a and §=0:

]i)2
—5 87(VU+VUT) (VU4 VUT)dx <0;

e when 2§|fy|§571:

Thanks to Young’s inequality, one gets
1 8 k? Ty . aa T
—3 7 — | (VU+VU"):04(VU+VU" )dx
>y
<||aﬁ< )aW(VU+VUT)|L2> +§||aa(VU+VUT)||iZ

2
v
<2 (107 () o (wu+ 9071 ) + 10" @ D)l
e when |y|<1:

—/aﬂ< >a7 (VU+VUT):04VU+VUT)dz

<Hieevii+ S (100 (£ )aWUWUT)an)Z.

In order to complete the proof, one has to note that in the last two cases, either
9% (k?/e) or 8 (VU +VUT) belong to L>®(T?) because of the embedding H?(T?) —
L>°(T3). Therefore, we obtain

1d
2 dt

< 21D @)+ (W01 + 1 B 01 ).

—No*Ul[22 +v|[ D (0°U)II

Differentiating k% /e, one gets after some computations that

min (t) Emin

k2 1 1\
— g < s
1 <0 (IOl +HEO e+ i+ )

since 1/e is in H® (because € is in H® and bounded below by a strictly positive
constant so that 1/¢ in L*™ and consequently in L — the Torus is bounded) and H*
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is an algebra. Using the definition of @,,, we get a bound for 9*U:
d
S 10°U[72 < C Qusys(U 1) (0).

This result holds for all the derivatives, so this completes the proof. 0

2.2. A priori estimates on k£ and e¢. We are now able to control positive
lower bounds k£ and ¢ through the following lemma.

LEMMA 2.1 (Maximum principle). Let U, k and € be solutions of System (1.1)-
(1.6) which belong to C([0,T]; H*(T3))NCY([0,T]; H*~2(T?3)), with k and & bounded
below by a strictly positive constant. Let kO, €° belong to H*(T?)) and be bounded
away from zero by strictly positive constants. We have for all t>0:

1 1 t
- <C sup |le(t, )| ms,
kmin(t) kmin(o) N k%un(t) OSt’I:;tH ( )HH
1 1 t
- <C sup |le(®,.)]|%-.
Emin(t)  Emin(0) = Kmin(t)el, i (1) OSt’pStH (Ml

Proof. We only prove the result for k,;,. One has to note that k belongs to
C?([0,T); H?(T?)) and consequently to C?([0,T];C(T?)) since k is a solution of the
problem so that k,,;, is continuous. For all t<T, §>0 and u<t we define the
following function,

(1,0) =8(1+ 1)+ C et e = o+ —
rs(u,z)= u ——— sup |le(t’,)||ms — ,
’ K2 (1) 02151 Tk (w,2) " knin (0)
which belongs to C*([0,t); H*~2(T?)), where C is the Sobolev constant of the embed-
ding H*(T3) < L>(T?) (s>3/2). One has to note that, thanks to the definition of

kminv

Yz T3, rs(0,2)>8>0.

Let us suppose that rs vanishes at some point in (0,¢) x T? and let us denote by #;
the first time such that there exists x; € T? satisfying r; (t1,21) =0 (note that ¢ is
uniquely defined, whereas 21 may not be unique).

Since 0 <t <t, 9k~ (t1,21) is well defined. Moreover, thanks to the definition of
t1, we get that (¢1,21) is a local minimum in space of rs and consequently a minimum
of x+—k~!(t1,2) and a minimum of k. As a result, Vk(t;,z1)=0 and Ak(t;,z1) >0
(T? is an open set). Hence the k equation at point (¢1,2;) gives:

ok

E(tl,xl) Z —s(tl,xl).

Using Sobolev embeddings, one gets for all the minima at time ¢;

[leCtrs ) lars

ok d (1
—(t1,21) > —C|le(t1,.)||ms, so that (k:) (t1,21)<C T ()2

ot ot
Finally, we get
8 1 H{f(tl )||Hs
—rs(t >0+C-—5—— v, )| gs —C =2
i) 20t Oy 2l E e =
> +0 (thanks to the definition of kj,;y)
> 0.
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Therefore, the function u+ rs(u,z1) is negative for u<t; in the neighborhood of ¢;.
ty is the first time for which rs vanishes and rs is necessarily positive on ]O,tl[xT3
by continuity, we obtain a contradiction and as a consequence rs is a strictly posi-
tive function on [0,¢[xT? and a positive function by continuity at time ¢ for all .
Eventually, letting 0 tend to zero by continuity, we get:

1 u 1
<C sup |le(®,)||mgs + ———
k(u,) k2 (t) ogt%tH ® M Emin(0)
t
<C——— sup |le(,)||lgs + ———=
T k() ogt%tH (& M Kmin(0)

(thanks to the definition of k). Taking the maximum in space and time, one gets
the result. a

In addition, we obtain the following estimates for k and e (strict positivity of both
k and ¢ is necessary for the inequalities).

PROPOSITION 2.2 (a priori estimates on k and €). Let U, k and € be solutions
of (1.1)-(1.6) which belong to C([0,T]; H*(T3))NC*([0,T); H*~2(T3)), with k and €
strictly positive and s >4+3/2. We have:

d d
%Hlf' |%{< S CQ48+9(U7k7€)a a”g‘ |§{S S CQ48+9(Uak7€)'

Proof. 'We only give a proof of the second inequality (the same tools are used to
obtain the first result). In order to prove it, we only prove that

d
%HDS‘?”%Z < CQ4S+9(Uak75)a

since for lower order derivatives the same inequality is easier to prove (Sobolev em-
beddings give better results especially in the L*>-norm for lower order derivatives).
Differentiating the ¢ equation s times in the direction o € N®, multiplying by 0%¢, and
integrating by parts the diffusive term, one gets:

1d

5 o073+ (4)+ (B) +(€) + (D) =0,

with:
(4)= / 0°(U - Ve) (8% dr,

(B)=— %8“(k|VU+VUT|2)(6%)dx,
(C):/(ﬁa -Ve)o® (cuiVeS) dx,

)= [orear ().

The (A) term can be treated like the trilinear term of the Navier-Stokes equation
using that U is divergence free,

/ (U (8°Ve)) (8%)dz 0,
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so that all the other terms of A contain derivatives of € of order less than s, which,
using Sobolev embedding, leads to |(A)| < C||U||m=||e||%--

By integrating by parts the (B) term, one gets that
(B) < Cllell o1 ||k VU +VUT || o1
Using that H? is an algebra since s >3/2, we finally obtain:

(B)| < CIID** el | 2 [Kl | = U1

After some computations one obtains the following result on (D):

(D) <C([lellzre + 1kl 71:)* < CQasa(Usk,e)(T).

Finally, there remains to study the diffusive term (C) whose most important term
satisfies (using the positivity of k2 /e):

2

o M aa > c kmzn() o
/a Ve. < 9 (v5)>d > G 07 (V)

The other terms of (C) are bounded by

L Bl 5o L, el
(Va4 -2 s

min

rcy
2" lella

|7||H< el
Using Young’s inequality and Sobolev embeddings for all r > 0.

Since we already know that

k2 1 1 2543
||5<t,.>||Hs<C<|k<t>||Hs+||s<t>lwk ! <t>> ’

min (t) Emin

we obtain for another constant C depending only on the number of terms coming from
(C) (choosing a good r to eliminate the highest derivatives):

1 kgmn s
(C) > = 2 |€()(||])—15||D +1€H%2 —CQ45+9(U,]€,5)(t)~

Combining the results for (A4), (B), (C) and (D) one gets:

S 1022 < OQunro Uk )().

(Note that the (B) term is controlled by the (C) term, using again ab<a?+0%.) O

2.3. Positive lower bounds for k and .  We establish an a priori estimate
for the turbulent fields k and ¢ and then prove that solutions of the system can be
controlled locally in time.

PROPOSITION 2.3. Let s€N such that s>4+3/2 and U, k and € be smooth solutions
of (1.1)~(1.6) in C([0,T]; H*(T3))NC([0,T); H*=2(T3)). Let k°, e° belong to H*(T?))
and be bounded away from zero by strictly positive constants. Then there exists a
positive time T' (T'<T) such that k, € remain strictly positive on [0,T'] (bounded



370 THE INCOMPRESSIBLE k-¢ MODEL AND THE LOW TURBULENT DIFFUSION LIMIT

below by a strictly positive constant) and such that U, k and € have finite H® norm.

Proof. Thanks to the previous results we obtain

el + 1B 1) <O Qussol Uk,
so that
el re (8) + 11kl 7+ (1) + U177+ (£) < llel[77s (0) +[El 75 (0) + [|U] 745 (0)
+C/OtQ4s+g(U,k7€)(S)dS. (2.2)
We introduce the following continuous increasing and positive function f,

f®)=14 sup [[k(t",)l|F+ sup |le(t',)]|7-+ sup [[U®)]%-
0<t/ <t 0<t/ <t

o<t/ <t
n 1 + 1
Using (2.2) and th i inciple t trol L + L t
sin .2) an e maximum principle to contro one gets:
t
t) < f(0 —l—C’(i sup |le(u,. s 2.3
SO <10+ (5 s el 2:3)
e s [l e+ [ )
Emin(t)€min () o<u<t 0
< f(0)+3Ctf* (1), (2.4)
because
o V' <t,
@) | zrs + [l )|z + U )] s
<3(1+ sup (k)| + sup [l + sup [UE)].).
0<u<t 0<u<t 0<u<t
1 1 t
o Vi, — <C sup |le(w,.)||gs,
kmin<t) kmin(o) k?nzn@) OSUI;H ( )HH
1 1 t
. V1, sup. [le(u, )13

emin(t) Emin(o) é kmin(t)‘g%@in (t) 0<u<t

If we denote by T'(M) the first time f(¢) is equal to M, we obtain that
T'(M)> (M — f(0))/(3CM***?). Then, studying the ratio (M — f(0))(3CM**+9),
one concludes that f cannot blow up on [0,7] with 7" defined by T'=
min(7,1/(24C f(0)*7)) (k,e and U are defined on [0,7]). This completes the proof
of the proposition. ]
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3. Existence and uniqueness of solutions for the whole system
Thanks to the ideas used to obtain the a priori estimates, we are able to prove
Theorem 1.1.

3.1. Existence. @ We only give a sketch of proof for the existence. We use an
iterative method to obtain the result. We denote by U™, k™ and ™ (k™ and " are
supposed to be strictly positive) the n-th iterate of U, k and e defined on [0,%,]: the
time of existence depends on n; we have to prove that it can be bounded below. U,
kY and € are the initial data defined above.

3.1.1. Iterative process. We obtain U"*!, k"1 and ¢"*! through the
following iterative process:

aUn-H
5+ Un-vurtt 4 vpPrH AU
2 km)?
:V-(—gk"I—i—cH( )(VU”+1+VU”+1T)), (3.1)
V.Ut =0, (3:2)
8k”+1 n+1 n+1 (kn)2 n+1
S UL VEH Y (o, V)
CQM (k ) |VU”+1—|—VU"+1 ‘2 TL (33)

a€n+1 +U7l+1 ,v€”+1 _v. ( (kn) ") g, n+1>
en

ot
C1 n n+1 n+1T 2 (6n)2
—5k VU™ +VU |“— o (3.4)
Urti(0,2)=U%4), (3.5)
E"T0,2) = kO (x), (3.6
e"tH0,2) =£"(x) (3.7)
3.1.2. Solving the iterative scheme. To solve the iterative scheme, we

need to solve the following equations:
1. The first one is a linear parabolic equation with a Lagrange multiplier (P):

O VU +VP—vAU=V. (a(VU+VUT)),

ot
V-U=0,
U(0,2)=U"x),
with a,b in C([0,T]; H*(T?))NC([0,T); H*~2(T?)) and a strictly positive (we
omit the term V- (—2k"1/3), since it can be considered a part of the pressure).

This equation has a unique solution in C([0,7; H*(T?))NCL([0,T]; H*~%(T?))
for some T depending on the data a and b (see [16] p. 69).
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Then for the solution of (3.1), (3.2) and (3.5), we obtain an H*® estimate
for all s>3+3/2 thanks to Sobolev embeddings and using the fact that U is
divergence free: there exists an integer p(s) and a constant C ¢ which depend
on s such that:

a4
dt

n n n 1 1 p(s)
< oo (THIU™ |+ 1™ e+ 17 + tag) 89

n v S n
(O [3e) + [P DU |2

kn

(1) n.
min min

We keep a part of diffusion because U™*! appears in the equations of k"*!
and e"tl.

2. The others are linear parabolic equations with variable diffusion coefficients:

ok

E—I—ka—V(aVk)—c,
%+b'V€*V' <CsaV€> =d,
ot Cu

with a , b, cand d in C([0,T); H*(T3))NCL([0,T]; H*~2(T?)), b strictly positive
and V-b=0.
So we need to solve this parabolic system while conserving the strict positivity; the
classic theory on parabolic systems give us a solution to the problem in H* (see [22]).
Finally there exists an integer ¢(s), a parameter p and a constant Cs ; which depend
on s such that:

d n 1 n n n n
S4B < ot | 2 (L By +1107 B+ e B+ 71
1 1 q(s)
D(s+1)Un+1 2 3.9
o R L

+1e" || + 115" e

d 1
G < o | (L 1 By 1107

1 " 1
(t)  emin”

+ kn

min

qa(s)
(t)) +p|D<s+1>U"“||2LQ.] . (3.10)

The strict positivity can be controlled through a maximum principle as was done
before if U™, k™ , ™, 1/k™ and 1/e™ are bounded on [0,%,]. So we obtain an H*® control
of the solutions thanks to the three inequalities (3.8)—(3.9)—(3.10) and the maximum
principle (the terms of order s+1 vanish, using a parameter p small enough).

There exists an integer r and a constant C, 2 both depending on the Sobolev
index s such that the quantity fn defined as

1 1
frit)= sup [0 B+ sup [|"Fre+ sup K3+ o+
o<t/ <t 0<t/<t 0<t/ <t Kmin — €min

obeys to the following equation,

Frs1 (8) = Frs1(0) S Copt (fu() + fara (8", (3.11)
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as long as f,, and f,, 4 exist. If f,, is bounded on [0,t,] by M, then on [0, min(¢,,t,+1)]
we get,

Fr1() < f1(0) + Coat (M + fria (¢)"

(fn(0) is independent of the iterate number n). Using the same argument as in the a
priori estimate one gets that for all ¢ <T = (M — f1(0))/(C(2M)"®), fn41 is bounded
by M. Finally, we ensure that the time of existence does not vanish when n goes to
oo and that the time of existence of the iterates is controlled. Moreover, for all n we
have that:

e U", k™ and £" belong to C([0,T]; H*(T*))NC*([0,T); H*~*(T?*)) where T is a
time of existence for all iterates,

e they are bounded in L>([0,T7; H*(T?)),
e their (time) derivatives are bounded in L>([0,T; H*~2(T?)), and

e k™ and €™ are bounded below by a strictly positive given constant.

3.1.3. Passing to the limit. Finally, it can be proven by decreasing the time
T, if necessary, that the iterative scheme converges using that, for this time,

Z (||U" — U™ M3 o2y H11E™ =" [T o0 (0,17 22

n>1

1" =K 72y ) <00 (3.12)

(see the proof below).

The convergence of the series ensures that U,,, k,, and &,, converge in L>°([0,T; L?)
and consequently in C([0,77; L?) since all the terms are continuous. They also converge
in C([0,T); H*') for s’ <s, since they are bounded in L>([0,T]; H®) (one can prove
this using the Gagliardo-Niremberg inequality — see [18]) Using classical arguments
on the regularity of Sobolev spaces (see [18] or [20])) and distribution theory, we
see that the limits of the sequences U,, k, and &, are solutions of the problem in
C([0,T); H*(T3))NC ([0,T]); H*~2(T?3)): for instance, since H*" and H* ~! are algebras
for s’ near enough s>4+ %, in the k equation we get that U"t!.Vkn*+! converges in
L>°([0,T); H* 1)) to U-Vk and consequently converges in a distribution sense.

Concerning the pressure term, it can be recovered from the Navier-Stokes equa-
tions as usual (see [3] for instance: the series of pressures is also bounded, since U, k
and € are bounded). Therefore, the theorem is finally proven.

We now prove that the series is indeed convergent:

LEMMA 3.1 (Convergence of the series). For T small enough, the infinite sum
(3.12) is finite.
Proof. If we define (a,)n>0=||U" U™ |2, +|[e" —e™ T |2 +||k" — k" T2,

the terms (a,)n>0 verify the following inequality,

d (s
O <Clant1+an) ( ), (3.13)

with C depending on s and the initial data of k£, U and ¢ and also depending on the
H* bounds of (k™)pen, (€")nen and (U™),en, and r strictly positive integer depending
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on s (the inequality is once again obtained using a priori estimates). Since (au,)n>0
is a sequence bounded in H* for instance by a C’ constant, we obtain

d
201 < CC™O M (g + o), (3.14)

thanks to a Sobolev embedding. Finally, using that «,,(0) =0, for all n we obtain that
t
(any1)(t) < / n (8)CC" D Lexp(CC™ =1t — 5)) ds,
0

and that the sequence
Br=MU" =U" [T e (o.13:02) + 1" =" [ oo 0,77:22) + I1E™ = K" [T oo 10,722

is controlled by
But1 < Bn (exp(CCTOTIT) ~1)).

Then, for T small enough, (3, is clearly a convergent series and the lemma is proven.O

3.2. Uniqueness. As the solutions are regular enough (they belong indeed to
the functional space C([0,T]; H?(T?))NC([0,T]; L*(T?))), the U-VU term does not
prevent us from proving uniqueness. So adapting the proofs of uniqueness of parabolic
equations (see [22] and Navier-Stokes equations (see [16]) leads to uniqueness.

More precisely, we will just prove an inequality for the Navier-Stokes equation for
two solutions of the problem u and v with same initial data. We denote by k,, &,
(resp. ky, €,)) the solutions of the problems associated with u and v.

Using classical arguments for the Navier-Stokes equation without a second mem-
ber ([23]), we get (with w=u—wv) :

d
%HwnLg0||w||L||u||§4+/vg;- (au(Vut+ VuT)) — (au(Vo+ VoT)) -w,  (3.15)

k k
and for some C, a, = — and a, = —
Eu o

First, one gets:

/Vm- (au(Vu+Vu")) = (a,(Vo+VoT)) -w

= —%/(au(Vu—i-VuT)) — (GU(VU-i-V’UT)) ((Vw+VuwT). (3.16)

Using some equalities, one gets:

(au(Vu+Vu")) = (a,(Vo+VoT)) 1 (Vw+ Vw?)
= —a,(Vw+Vul): (Vw+ V) +(a, —a,) (Vo + V') : (Vo4 VoT),

so that

/Va:~ (au(Vu+Vu")) = (a,(Vo+ Vo)) -w
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One can notice that
ky ke

Ay —Qp=———
Eu &

ky —ky 1 1
T el + kv ( - ) .
Ex Eu €y
Using Sobolev embeddings, that 1/e, and 1/e, are bounded below by a strictly

positive constant, that k, and k, are L*°-bounded and some algebra manipulations,
one gets that:

1
[lay — ayl|p < (m%xkju —|—mj.1§txkv) X max gquu —kyl| L
9 1 1
+(maxk,)*max— xmax— ||le, —&,||p1-
T T €u T €w
Using the fact that L! norms are controlled by L-norms on the Torus, one gets that
there exists a constant C' depending on maxr k,,, maxr k,,, maxr Ei and maxr %U, such

that

/Va:~ (au(Vu+Vu")) = (a,(Vo+ Vo)) -w

<C(||ky —kollrz +|lew —€vllL2) (3.17)
Finally, there exists some C depending on maxrk,, maxrtk,, maxTéu and
maxr év and the H® norms of k,,k,,&4,&,, such that:
d 2
Zllwlle < ClwllL +lku = kollz2 +llew = eollz2)- (3.18)

We would be able to prove the same kind of inequality for k£ and € equations, i.e.,

d

@ll’fu—k’vllLSC(llwlliJrllku—kaL?+\|Eu—€v||L2)7 (3.19)
d 2

Jpllew—eolle <CUIIL +ku —kollzz +lew —eollz2), (3.20)

which is enough to prove the uniqueness of solutions by summing these three inequal-
ities.

4. Study of a simplified k-¢ model

Here we simplify the model by assuming the system is initially at rest so that
U =0 — as is the case, for instance, in the early development of a Rayleigh-Taylor or
Richtmyer-Meshkov mixing layer (see [5]). Consequently, we only take account of the
following simplified k- equations:

ok k2 0 7 s

E—Vx' cﬂ?Vk +e=0, k(0,2)=k"(x)eH(T"), (4.1)
Oe k2 g2 0 73
at—V(Cgev€)+CQk—0, €(O,x)—€ ((E)EH (T ) (42)

We make a dimensional analysis which leads us to compute an asymptotic expansion.
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4.1. Dimensional analysis. = We analyze the different terms of the equations
by making a change of variables:

e r— I= %, with L a typical length scale,
-t
ot —t= T with T a typical time scale,

0 g —E= with €0 a typical rate of dissipation of turbulent energy scale,

€0’

-k
o k— k= 70° with k¥ a typical turbulent energy scale.

Thanks to the change of variables, we obtain:

ok k2 Oe Ce k2 e?
— —nV.[ —VEk | +Acs= — —nV-| ——Ve | +cA—=
ot " (5 k) e=0, ot " <c# € E) 2 k 0,

where Azi—? and n:cu%

For instance, we have the following numerical data (in c.g.s. system,) for Rayleigh-
Taylor instabilities in dense hot plasma (see [24]):

k0 =10'6cm?/s? T=10"3s A=05

e0=5.108cm?/s? L=10"cm n~1075.

As can be noticed, 7 is small for the physical applications we study. This is why
we expand € and k in formal series (see next subsection).

are dimensionless numbers.

3 2 3

- (K%)= o (K0)2 . .

We can also write  as ¢, A 0L , with ——— representing the typical length
€ €

of turbulent vortices (see [17]). So a small 5 is equivalent to neglecting diffusion of
vortices because they are too small. Another equivalent approach is to say (writing

V%O
n as % X (TT)Q) that the typical time of creation of the vortices

enough so that vortices cannot diffuse turbulence.

is large

L
VO
4.2. Bounds for k and e.  We obtain bounds for the solutions of the simplified
system which are independent of 77 and which allow us to control nonlinear terms.

PROPOSITION 4.1 (Maximum principle for k and €). Let k°, €° belong to H”(T?)
and be bounded below by a strictly positive constant. Let k and € be strictly positive

solutions of (1.7) and (1.8) and belong to C*([0,T]; H(T?)). Then we get that Va € T?
and Yt €10,T]

E(t,x) <kmaz(0),
E(t,l‘) < 5mar(0)a

k(t,lﬁ) Z kmzn (O) - A Emax (0) tv
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Proof. We only prove the result of the lower bound of ¢ (we admit the three other
results, for which the maximum principle for parabolic equations is more simple to
use). Let’s introduce § >1 and the function

_ 5min(0) t A cmax (O) 1) 1
rs(t,z)= (1_@%30(0)1% (1— Fone (0) )) ) )

First one remarks that

51
Emin (O) 6(0, ]J)

Moreover, 75 belongs to C*([0,7],C?(T?)), since € has C1([0,T]; H?(T?)) regularity.
Because [0,7] x T? is a compact set, r§ admits a minimum on [0,7] x T?; so there
exists x and s for which the minimum is reached. This minimum is also a local
minimum of ¢ in space; as a consequence, Ve(s,x)=0 and Ae(s,z) >0 (T2 is an open
set).

So the € equation at point (s,x) gives us

rs(0,2) = >0 since 6>1.

Os k2 e?
— —n—A A—=
5 775 e+co A 0,

and we get, using the strict positivity of € and k:

Oe(s,) g2 01/e(s,x) 1
> — — L —.
T A 3 and 5t < CQAk
Finally,
ors 1) t A emaz(0) A
Zo > - _ 2 cmaz\7) e
ot %) 2 (CQAkmm(O)/ (1 Fomin (0) c27,
1 A
>cpA —c2— (since 6>1)

kmin(0) —t A €14z (0) k
>0 (using the inequality controlling the lower bound of k),

so the minimum can only be reached in s=0, since if s >0, for s’ <s such s’ —s is
small enough, r5(s’,z) <rs(s,z).

As a consequence, 14 is strictly positive for all ¢, and, letting § tend to one, one
gets the result. ]

Let us observe that we also obtain a time of strict positivity T independent of
1 whose value is knin/(A€maz) and for which k and € remain positive. Nonetheless,
this time is of the same order as of the typical time (see numerical data above).

4.3. Asymptotic analysis of the system. The values used in physics lead
us to make an asymptotic series expansion in 7 (7 tends to zero) in order to approach
the real solution; we write k and ¢ as:

k:iknn”7 E:isnn”.
n=0 n=0

We first establish properties of the differential systems obtained by expanding in a
series expansion in 7. Then the real solution is compared with the truncated series.
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Moreover, we obtain that the more n decreases, the more the real solution remains
positive. Replacing k and € by their expansion we get the following systems. We limit
our study to second order even if it can be extended further: although the main result
concerns only zeroth and first order systems, we need the second order to prove it.

zeroth order system

57410 +A50:0a ]{jo(O,.):k‘O(.),
ot

Deg e 0
E—FCQA?O—O, 60(0,.)—5 ()

First order system

0k k2
— -V —=Vk Ae1=0, k1(0,.)=0
at V (50 0 + €1 5 1( ) ) )
Oeq ce k} 2e0e1  €iky
— -V | == A ——== = ) =0.
ot Vv <Cu = Veg | +co ko k‘% 0, 51(0, ) 0
Second order system
ok k2 2kok k2
2—v-<0w1+ 2 Vky — 0§1v1f0)+A62=o,
ot €0 1) o
0 - k2 2kok k2
SQ—CV-<°V51+ 0% Vo — Ojlwo)
at ¢y, ) €0 €0

ko k2 k2 K ko
k’g(o,.):O, 62(0,.):0.

(o )

After some computations we obtain the following solutions of these systems.

PROPOSITION 4.2 (Solutions of the systems). Let k°, €° belong to H” and be
strictly positive. Define ky and g¢ by:

k‘o(t,ﬂ?) = k‘o(x) (1 + ((32 — 1)A;ZE§; t) m,

0 T T—cy
o(t,z) =e%(x) (1 +(co— 1)A205x)) t> ;

ko and g9 are solutions of the zero-order system, belong to C* ([0,00[; H'(R))
and remain strictly positive.

ki and 1 exist, are unique and belong to C™ ([0,00]; H?(R)). Moreover their
growth and those of their derivatives is at worst polynomial in time.

ko and o exist, are unique and belong to C™ ([0,00]; H3(R)). Moreover their
growth and those of their derivatives is at worst polynomial in time.

Proof. For the zero-order system it is immediate ([11, 19]), by doing the compu-
tations, that the given functions are solutions.
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For the first order system, define B, the matrix

0 A ki ()
b= <—CQA;§ C2A’f§> ,and v(@)= (sl(x)> '
Using ko and £q properties, we get B€ C>([0,00]; H" (R)).
Besides, v satisfies
dv(z)
dt

+B(t,z)v(r) = f(t,z), v(0,2)= <8)

(f depends uniquely on kg and &g and belongs to C*°([0,00]; H5(R))). The classical
theory of ODE’s gives us existence and uniqueness of k1 and ;. Moreover, since
the growth of B and f is at worst polynomial (they both depend on ¢p and k), this
ensures the growth of k1, €1, and their derivatives are at worst polynomial.

The proof for the second order system is similar. 0

4.4. A priori estimates. = We now compare k and ¢ with their second order
expansion with respect to i in the H%-norm. Let us define

2

2
K:k—Znnkn and Ezs—Znnan.
n=0 n=0

We obtain the following equations for K and E:

%+nv.(pl)+AE:0,K(07.):0, (4.3)

oF ¢

at’+%nv-(F2)+c2A><(F3)=07E(07~)=0» (4.4)
m

with:

k2 k2 Uoky k2 k2
(Fy)= <0Vko+n <°v1ﬂ+ ( o °§1>Vko> - w) :
€o €0 €0 €5 €

k2 k2 2kok k2 k2
(F2)= <0V50+77(0V€1+ IVep — 051 VSQ) —st),
€0 €0 €o o €

(Fg): (a‘:2€%+n<5%k1 _ 28061)
k

o K ko
N 2(531472 & 208 25051k1 B sgk%)
K ko ko o k)
We define T'— B(T) by
B(I)™'= inf  (k(t,z)kol(t t t
( ) 0§t§1%161r3( ( 7'73)7 0( 7$)75( ,x),&‘o( ,I)),

which is bounded, since k and ¢ are bounded and strictly positive on [0,7].
We assess the norm of the different terms to obtain energy estimates for the whole
system. To simplify computations, we suppose <1 (1 tends to zero..). We get:
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LEMMA 4.1. Let k°, €% belong to H” and be strictly positive. Let k and ¢ be strictly
positive solutions of (1.7) and (1.8) and belong to C1([0,T); H?(T?)). There exists
a positive function f depending in a polynomial way on time 2 but independent of n
such that:

(P (t2)|+|(F2)(t2)| < BT F(T) [(1K |2 + 1Bl 1r2)° + 0%

D' (F) (t,2)| + DY (F) (.2)| < BT £(T )[
(
(

(P t0)| +10" () 00| < B AT | (VKo + L)+

+(1+D*K (t,2)|+ |D*E(t,)))

7
(1K e+ 1) .

D) t.0)| < B AT) |
+(1+|D*K](t,2) + |D*E(t,)))
(1l +1E12) |

Proof. We prove the result for |(F3)|. Using the mean value theorem we get,

1 1 k—ko  (k—ko)?
k B ko kg ko(t,$)3

+c(t,z)(k—ko)® with |c(t,z)| < B(T)3.

We put this formula in (F3) and replace k by K +ko+nk1 +n2%ks , € by E+20+ne1 +
n%es. All zero, first and second order terms independent of K and E vanish. The
remaining terms which do not depend on K and E are preceded by 1? at least and their
growth in time is at worst polynomial thanks to results obtained on kg, k;,k2,€0,€1,€2
(it gives us the bound n®B(T)®f(T)).

Also, E?, E, E?K®, EK3, K3, E’?°K?, EK?, K?, E°K, EK and K terms ap-
pear: these terms are multiplied by functions depending on kg—e2 and n which
can be majored independently of  as n<1 and whose growth is at worst poly-
nomial, thanks to results obtained on kg,...,eo (it gives us the other bound:
B(T)* F(T) [(|K L2 + [ Ell2)°)).

So we get the result; we use the same method for the others results. 0

PROPOSITION 4.3 (H? estimates). Let k°, € belong to H” and be strictly pos-
itive. Let k and e be strictly positive solutions of (1.7) and (1.8) and belong to
CL([0,T);H5(T?)). There exists an f depending in a polynomial way of time but
independent of 1 such that:

SND? K0 < B F0) [ (1K 15+ 1BI) +0°]. (4.5)
LD BIR <BOP 50 [(1K e HIE) +0°] . (46)
G +IE ) < BEOP S0 [(1E B 1B ) +0°] . (47)

2by this we mean f < C(1+4t)" for some integer n
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Proof. First, one can easily note that using equations (4.3) and (4.4), one gets:

d
GIKIE <19 Py [ 1K+ [ KB
d o
L11BI <V (F2)] [ 1K1+ A [ 1Bl <|(F3)],
d
GIDKIE <V (D] [1aK| 4 [ [VE-VE]

d Ce
G Bl < (E19r)] [|aB)+carvrs) [1vE).
m

Thanks to the bounds on (F1), (F2) and (F3) and their derivatives, as soon as
you are able to prove (4.5) and (4.6) you obtain inequality (4.7).

We prove only the result in the L?-norm of D?K (inequality (4.5)), since the other
proofs are very similar. We differentiate two times in a € N3(|a|=2) the K equation
and we multiply it by 0“K. Integrating by parts the second term, one gets:

%/IaaK\Q:—n/(aa(Fl))-BQVK—A/(?“KB"E

Studylng precisely 9%(F'1), terms in K of third order of order are those coming from
k2

8a(k Vk) and especially —8O‘Vk

Uﬁlng again the mean Value theorem on 1/e , 1/e2 | 1/e3, we obtain that the terms
of 9*F1 include k2 /e (0*VK), linear terms in AK and AE (these functions are only
multiplied by first derivatives of E and K, E and K and independent functions of 1),
other terms in VK, VE, K and E and finally terms in n?f(¢) (f(t) can be bounded
independently of F , K and 7 thanks to bounds on terms kg, k1,k2,€0,61,62)-

Making use of the diffusive term k?/e(0“VK) to control all terms of strictly
inferior order via Sobolev embeddings, we get the result on daK. This proof holds
for all second derivatives, so for the H2-estimate is obtained. Now we are able to
prove Theorem 1.2. 0

Proof. 1.2 Define S(t)=|K||32(t)+||E||%2(t). Note that S(0)=0. Thanks to
Proposition 4.3, there exists f a function of time bounded by C(1+¢)™ such that we
have (we recall that we have already supposed that 1 <1):

S'(t) < B(T) f(t) [S(t)? +7°]
<H(T)[S(t)"+n’]
<H(T)[S(t)?+1], (4.8)
with H(T) = B(T)?supy<,<7 f(t)-

Let T} be the first time such that S(T}) =1 (T} is independent of 77 thanks to inequality
4.8). For all t<Ty, S%(t) < S(t) and S'(t) <H(T)[S(t)+n?], s

Vt<Ty,S(t)<n?(exp(H(T)t)—1) (using Gronwall lemma). (4.9)
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So we get:

lw

VE<Ty, | K|l m2(t) < vexp(H(T)t) -1
VE<Ty, | Ellm=(t) < vexp(H(T)t) -1

3

[Nl

n
n
Then using Sobolev embeddings, since H?(T?) < L>°(T?), one gets:

Wt < T, ||k —ko —nk1 —n?ksloo(t) < C/exp(H(T)t) — 1 n? <C 7?,
Vt<Th, |le —e0 —ne1 —n?esjoo(t) < C/exp(H(T)t) —1 N2 <Cn3.

[SI[)

Using the fact that k3 and €9 are bounded by polynomial functions of time, which are
bounded on [0,7] (see Proposition 4.2), one gets the theorem. |

From this theorem we obtain the following result:

COROLLARY 4.4. The theorem holds for Ty =T if n is small enough.

Proof. In order to prove the corollary, using inequality (4.9) at time 7} one
gets:
1< 773(exp(H(T)T1) —1).
Thus:
T1>(1T)1n<1+7713>.
Hence when 7 is small enough, 77 =7T. This ends the proof of the corollary. 0
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