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ANALYSIS OF OPTIMAL BOUNDARY CONTROL FOR RADIATIVE
HEAT TRANSFER MODELED BY THE SP,-SYSTEM*

RENE PINNAUT

Abstract. We present an analytic study of an optimal boundary control problem for the dif-
fusive SP;-system modeling radiative heat transfer. The cost functional is of tracking-type and the
control problem is considered as a constrained optimization problem, where the constraint is given
by the nonlinear parabolic/elliptic SP;-system. We prove the existence, uniqueness and regularity of
bounded states, which allows for the introduction of the reduced cost functional. Further, we show
the existence of an optimal control, derive the first-order optimality system and analyze the adjoint
system, for which we prove existence, uniqueness and regularity of adjoint states.
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1. Introduction

In many industrial high temperature processes and applications radiative heat
transfer plays a dominant role, e.g., simulation of gas turbine combustion chambers,
combustion in car engines or cooling of a hot glass melt [2]. The appropriate model
is given by the radiative heat transfer equations, which are of high numerical com-
plexity. Hence, during the last decade much research was focused on the derivation
of approximate models allowing for an accurate description of the important physical
phenomena at reasonable numerical costs. Nowadays, a whole hierarchy of approxi-
mating equations is available, ranging from half space moment approximations over
full space moment systems to the diffusive-type SPy-systems [5, 9, 14]. Naturally,
one is not only interested in the correct simulation of the physical system but also
wants to improve processes or operation conditions, which leads directly to optimiza-
tion problems. During the last years the increased computing power in combination
with the usage of the approximate models has allowed for the numerical treatment
of such large-scale optimization problems. In particular, optimal boundary control
problems for the SP;-system yielded encouraging results and were successfully em-
ployed for many applications [20, 12, 15, 11]. Nevertheless, the mathematical analysis
of this optimal boundary control problem is still open. The purpose of this paper is
to provide a mathematically sound basis.

In order to model radiative heat transfer we consider for notational simplicity a
frequency-independent, gray model without scattering. Stated on a bounded spatial
domain Q CR? d=1,2, or 3, the scaled equations read [9]:

20, T =£*div(kVT) — / k(aT* 1) dw (1.1a)
Sdfl

Vwe STt ew-VI=k(aT*—1), (1.1b)

where S%~1 denotes the unit sphere in R%. To get a well-posed problem we prescribe
the following boundary conditions: Ingoing radiation is prescribed by transparent

*Received: March 23, 2006; accepted (in revised version): September 25, 2007. Communicated
by Anton Arnold.

fFachbereich Mathematik, Technische Universitit Kaiserslautern, D-67663 Kaiserslautern, Ger-
many (pinnau@mathematik.uni-kl.de).

951



952 OPTIMAL BOUNDARY CONTROL FOR RADIATIVE HEAT TRANSFER

boundary conditions
I(t,z,w)=au®, n-w<0, €I, (1.1c)

and the temperature is assumed to obey Robin-type boundary conditions representing
Newton’s cooling law

n~VT:€%(u—T), x€00. (1.1d)
At initial time ¢ =0, the temperature is T(0,z) =Tp(x). In these equations, I(¢,z,w)
denotes the specific radiation intensity at point = € Q) traveling in direction we S9!
at time ¢ >0. The outside radiation I =au* is assumed to be known for the ingoing
directions (i.e., n-w<0) on the boundary. We denote the outward normal on 0f2
by n. Furthermore, T(¢,z) denotes the material temperature and w is the exterior
temperature on the boundary, acting as the control variable. The equations contain
the parameters opacity k, heat conductivity k and convective heat transfer coefficient
h, which are assumed to be positive constants. The scaled optical thickness is denoted
by e. For notational convenience the constant a is introduced, which is related to the
Stefan-Boltzmann constant via a=oc/7. Note that the total thermal radiation is
B(T)=aT* according to Stefan’s law.

Since this model has a high dimensional phase space due to the dependence on
the direction w€ S¢~!, its numerical complexity is much too high for optimization
purposes, where the nonlinear state system has to be solved several times. Here, we
use instead the diffusion-type S Py-approximations [6, 9] to the radiative heat transfer
equations. These approximations were developed recently and tested extensively for
various radiative transfer problems, where they proved to be sufficiently accurate [16].

The SP;-approximation to the radiative heat transfer equations is given by the
system

1
K
1
0:—523—Ap+fsp—m4wa\T|3T, (1.2b)
K

with boundary conditions

n«VTz%(ufT), (1.2¢)
n~Vp:?2)—I;(47ra|u|3ufp), (1.2d)

and supplemented with an initial condition T'(0,2) =Ty (z) for the temperature. Here,
p is the radiative flux, and the prescribed temperature at the boundary is denoted by
U.

REMARK 1.1. Note that the radiative flux for the full model (1.1b) is given by p=
fsdfl I dw. Further, we replaced for mathematical reasons the nonlinear function z*

by |z|3z to ensure its monotonicity also for negative data. For positive data they
clearly coincide.

In [12] an optimal boundary control problem is introduced and studied numer-
ically. There, cost functionals of tracking-type for different norms are considered,
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e.g.

1 2 ) 9
J(T )= S IT = Tallza0,1522()) + 5 1v = tallzrs 0,1%) (1.3)

where (T,p) solves (1.2). Here, Ty=Ty(t,x) is a specified temperature profile and
uqg=1uq(t) is a given control of the ambient temperature, which shall be improved.
Furthermore, the positive constant § allows to adjust the weight of the penalty term.
The main subject of the analysis in this paper is the following boundary control
problem

min J(T,u) w.r.t. (T,p,u), (1.4)
subject to system (1.2).

This optimal control problem can be considered as a constrained optimization
problem and the adjoint variables can be used for the construction of a suitable
numerical algorithm [12]. In this paper we provide the analysis for this approach. We
prove the existence of an optimal control v and show the unique solvability of the
state system, which is essential for the introduction of the reduced cost functional.
Then, the unique solvability of the linearized state system is shown and the adjoint
equations are identified.

The paper is organized as follows. In Section 2 we study the state system, prove
its unique solvability and derive a priori estimates. The existence of an optimal control
is shown in Section 3. Further, Section 4 is devoted to the linearized state system.
We prove its unique solvability and some regularity estimates. Finally, we investigate
the adjoint equations in Section 5 and give concluding remarks in Section 6.

1.1. Notation and auxiliary results. We use the standard notation
for Sobolev spaces (see [1]), denoting the norm of W™P(Q) (meN,pe[l,00]) by
[[lyym.p (- In the special case p=2 we use H™(§2) instead of Wm™2(Q). Further,
let H"(2) be the closure of C§°(€2) with respect to the H™(2)-norm. Its dual space
(H(Q))" is denoted by H~™(€). The duality pairing of a Banach space X with
its dual space X* is given by <~,'>X*,X. For a Hilbert space H the inner product is
denoted by (-,-)g; if H=L?(0,1;L?(£)) we just write (-,-). Moreover, for any Banach
space B we define the space L?(0,1;B) with p€[1,00] consisting of all measurable
functions ¢:(0,1) — B for which the norm

det 1 1/p
||so||m(o,1;3>=(/0 IIw(t)II%dt> . pelLioo),
def
||90||Loo(0,1;B): sup [le(t)l|p, p=o0,
t€(0,1)

is finite. If the time interval is clear we write shortly ||-[| ., (p)-

REMARK 1.2. Clearly, one can define these spaces on arbitrary time intervals. But
due to scaling we assume that the equations are posed on the unit time interval.

For notational convenience we define
Q% 0,1)xQ, %0,1)x09,
VEL20,1,HY (), UEHY0,1R),

W peVig eV, XYwxv, z¥vxvxI2(Q).
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Then, we define Xoc % X N [L>°(Q)]? as the space of states 2 (T,p), and U is the

space of controls. Finally, we set a = &, y= 32’—’;

REMARK 1.3. The space W is a Banach space if supplied with the norm ||¢||y, =
|61y + | éelly« - Note that in one-dimensional space we have Xoo =X. Later, we
identify the dual Z* of Z with V* x V* x L?(Q).
For the subsequent considerations we impose the following assumptions:
A.1 Let QCR? d=1,2, or 3, be a bounded domain with Lipschitz boundary.
A.2 There exists a constant K = K () € (0,00) such that for all f € L?(Q2) we have
a solution W€ H2(Q) of

2
——AUV4+k¥U=f in Q,
3K

n-VU+~y¥ =0 on 09,

such that

11 2 ) S KNl 22y -
REMARK 1.4. Assumption A.2 is essentially a requirement on the smoothness of 0L2,
which is e.g. fulfilled for 9 CY° for some § € (0,1) (see [21]).

1.2. The optimal control problem. In this subsection we give the
precise mathematical statement of the optimal control problem (1.4). We define

the state/control pair (z,u)€ Xo xU and the nonlinear operator e (e1,e2,€e3):
Xoo xU — Z* via

. 1
(e1(z,u), qﬁ)v*y o (0T, ¢>v*,v +k (VT7V¢)L2(Q) + 3k

1
+ha(T —u,¢)r2(x) + §7(P—4WG|U|SU7¢)L2(E) (1.5a)

(Vp, V¢)L2(Q)

and

2

def €

= @(vpaVQb)L?(Q) +r(p—AmralTI*T,8) 12(q)
2

€

3;7(p—47ra|u\3u,¢),;z(z) (1.5b)

<62(xau)’¢>v*’v

_|_

for all € V. Further, we define es(z,u) CléfT(O) —T.

REMARK 1.5. Note that for d<2 it is in fact possible to use X itself as the state
space, but for d=3 we cannot guarantee that ey is well defined due to the fourth-order
nonlinearity in T (compare [7]).

Then, the minimization problem (1.4) can be shortly written as

minJ(x,u) over (z,u) € Xoo x U, (1.6)

subject to e(z,u)=0 in Z*.

We require standard regularity properties of the cost functional J:
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A.3 Let J: X xU —DR denote a cost functional which is assumed to be twice
continuously Fréchet differentiable with locally Lipschitz continuous second
derivatives. Further, let J be of separated type, i.e. J(z,u)=J1(x)+ J2(u)
and radially unbounded w.r.t. w for every x € X, bounded from below and
weakly lower semi-continuous.

REMARK 1.6. Clearly, the cost functional (1.3) fits into this setting.

The existence of an optimal control as well as the introduction of the reduced
cost functional depend crucially on the existence, uniqueness, regularity and bounds
for the state system, which are studied in the next section.

2. The state system

Now we give a detailed analysis of the state system (1.2) which is essential for
the following investigations. Similar results considering the stationary system with a
different set of boundary conditions can be found in [3].

2.1. Existence of uniformly bounded states. The solvability of the state
system for every control w €U and the boundedness of the solution is the content of
the following result, which is proved by compactness arguments employing the fixed
point theorem of Leray-Schauder [4]. The uniform bounds in L°(Q) are derived by
Stampacchia’s truncation method [18].

THEOREM 2.1. Assume A.1 and let ueU and Tp € L™>°(Q) be given. Then, the SPy
system e(x,u) =0, where e is defined by (1.5), has at least one solution (T,p) € Xoo,
and there exists a constant ¢>0 such that the following energy estimate holds:

4 4
T+ ol < e { 1ol ey + i} 21)
Further, the solution is uniformly bounded, i.e. (T,p)€[L*(Q)]?, and we have
T<T<T, p<p<p, (2.2)

where

szin( inf wu(t), inf To(x)> and T=max| sup u(t),supTp(z) |,
te(0,1) z€f te(0,1) zeN
as well as p=4ra|T*T and p=4dra ’ﬂST.

Proof. For the proof we employ the fixed point theorem of Leray-Schauder [4,
Theorem 11.6, page 286]. Let we L?*(L?(2)) and o €0,1] be given. Consider the
auxiliary problem: Find (T,p) € X with T(0,2) =0Ty in L?(£2) such that

8,7 = kAT + %Ap, (2.3a)
—623%Ap+f£p=n47ra‘[w]zf‘3[w]LT, (2.3b)

with boundary conditions
aT+n-VT=ocau, (2.3¢)

Yp+n-Vp=vyiralu|’u, (2.3d)
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is fulfilled in the weak sense. Here, the cut-off operator -], 7:L*(Q) — L*(Q) is
defined as N

[w]I,T = 2T,

R
g N s

IN IV IV
N s N

Note, that the two equations decouple. For given w € L?(Q), there exists a unique
p€ L>®(H'(Q)) using the Lax-Milgram theorem [4, Theorem 5.8, page 83]. Further,
it holds that ApeV*, which implies directly the existence of a unique T'€ W [13,
Theorem 10.3, page 379]. Thus, the fixed point mapping

G:L*(Q)x[0,1] = L*(Q),
(w,0)— G(w,0)=T

is well defined.
Now, let T €W be given with G(T,0)=T. First, we exhibit uniform L*(Q)-
bounds for the solution. Testing the second equation in (2.3) with ¢=(p—p)*, where

(- )‘*‘dﬁfmax( -), for >0 yields

8*Hv(p_i Tt H; Q)+HH p=p)" (1) Hi?(n)
(7~ 47| i712] 1z ) (02 01
+5[;M«Mu|ufpxpfm+uww
g—n/g (ﬁ*471’(1|?|37) (p—p)t(t)dx

g —13= _
45 [ amal TP T=p)o-p) () ds
o0
<0, forallt€(0,1),

:

if we choose especially p=47a |T|ST with 7 = max (suptE(OJ) u(t),sup,cqTo (J;)) . We

deduce (p—p)t =0a.e. in Q,i.e. p<p. One proves the lower bound p > p analogously.
To get the upper bound for the temperature 7" we eliminate the Laplacian of p
in the first equation of system (2.3) and test with ¢= (T —T)T, which yields

’atH(T T HLQ(Q)—’_kHV (T - T HL?(Q)
;/Q<p 47m ] [T]T7T> (T*T)+(t)dx+g/m(aufT)(TfTﬁ(t)ds
K h — _
<o ;2/9<p 47TCL|T| T) t)dr+ — /BQ(JTT)(<7;T)+(t) ds
<0. -

Now, Gronwall’s lemma implies the estimate

/\T T)* ydx</|T T)+(0)|* do= /\UTO— )H|* de=0 for all € (0,1),
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and hence (T —T)* =0 a.e. in Q, i.e. T<T. In analogy one proves the lower bound
T>T.

From these estimates we deduce that every fixed point of G(-,1) is in fact also a
solution of (1.5).

Next, we derive an energy estimate which is sufficient to show the compactness
of G. Testing the second equation of system (2.3) with p we get

2
€ 2 2 3 € 3
52 VPl +lolta g =dma (IT1°Tp) | 45 (malul’u—pp)reey

4 4
<a {||T||L°C(Q) ||PHL2(Q) + ||“HL°°(§:) HpHLZ(E)}a

where c¢; >0 depends only on the physical parameters and on the domain, and is
especially independent of ¢. This implies directly that

4
HPHV§C2”THL%(Q),

for some constant ce >0 independent of o. Further, eliminating the Laplacian of p
and testing the first equation of system (2.3) with T yields

1 9 2 2
50 1T 220) HEIVT O 120) +kaIT @72 00)
K
<kalT()ll2o0) 1)l 200) + 2 PO 220 1T L2(g) -
The estimates derived so far ensure that
Iy <es T g

where the constant ¢z >0 is again independent of o.

To prove the estimate on the time derivative 9, T we supply H ~!(€) with the norm
||VA*1~HL2(Q), where A™1: H71(Q)— H}(Q) is the inverse Laplacian [19]. Using
¢=—A"10,T as a test function for the first equation in system (2.3) and integrating
by parts yields

IVAT1 T}, o) =k (VT,V(A710,T)) o (Vo.v(a~'am)

@t @

1 ~
< |RIVT Il 2y + 3 1VAll 2 | IV AT AT 2 g -

Hence, the estimates derived so far ensure
10:T [y <eca,

with ¢4 >0 again independent of o.
Finally, we deduce that there exists a constant cs >0, independent of 7" and o,
such that each T with G(T,0) =T fulfills

1Tl < c5-

It is easy to verify that the operator G is continuous. From Aubin’s Lemma [17] we
deduce the compactness of the embedding W < L?(Q), which implies the compactness
of the fixed point operator G. Furthermore, G(w,0)=0 for all we L?(Q). Now the
existence of at least one solution follows from Leray-Schauder’s fixed point theorem.
0
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2.2. Uniqueness of the state. = We prove the uniqueness of the state, which
will allow finally for the introduction of the reduced cost functional.

THEOREM 2.2. Assume A.1 and let ueU and To€ L>*(Q) be given. Then, the
solution (T,p) € Xoo to the SPy-system (1.5) is unique.

Proof. The uniqueness of the solution is shown by contradiction. Assume that

there exist two solutions (T},p;) € Xoo, i=1,2. Then the difference (7, A)dif (T, —
T5,p1— p2) solves

S

T =kAT + 2 A0, (2.4a)
—623%Aﬁ+mﬁ:ﬁ4wa(|T1|3Tl — |1’ Ty), (2.4D)
with homogeneous Robin data
aT+n-VT=0, (2.4c)
vp+n-Vp=0, (2.4d)

and homogeneous initial data 7°(0)=0. Testing the second equation of system (2.4)
with p yields after integration by parts

2
€ 112 112 A 3 3
@HVP“H(Q)‘F“”PHL%Q)§ﬁ47m(ﬂa|T1| T = |T2[" T2) 12(q),

from which we get

. 3 -
7y <enITze @7 . o,
for some constant ¢; >0. Now we eliminate the Laplacian of p in the first equation of
(2.4) and use T as a test function. Employing the monotonicity of the nonlinearity
we deduce for all ¢ € (0,1) that it holds that

1 UNIE UN(E K . 3 3 -
50 T(t)‘Lz(Q)JrkHVT(t)’LQ(Q)_E—Z | (p(0) ~Ama(| T3 Ty T2 ) ()T (1) da
<er )2y [T
“ 2
SC3’T(t)‘

L2()

for some positive constants cq,c3. Making use of Gronwall’s Lemma, the homogeneous
initial condition implies that

T(t)‘

. =0 for all te(0,1),

which directly yields T=0 ae. in Q as well as p=0 a.e. in Q. Hence, the solution is
unique. 0

REMARK 2.3. Note that due to Theorem 2.1 we know that the unique solution in fact
fulfills the desired a priori bounds, i.e., for positive boundary data u and initial data
To we can deduce that the temperature is always positive.
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REMARK 2.4. Due to Theorem 2.1 and Theorem 2.2 we can rewrite the minimization
problem (1.6) equivalently introducing the reduced cost functional J(u) = J(z(u),u)
as

min.J(u) over ueU, (2.5)
where (u) € Xo satisfies e(x(u),u)=0.

3. Existence of an optimal control
In this section we establish the existence of a solution to the optimal control
problem (1.6).

THEOREM 3.1. Assume A.1 and A.3. Then, there exists a minimizer (z*,u*)€
Xoo XU of the constrained minimization problem (1.6).

Proof. By A.3 we have Jy ef infx_ v J(xz,u)>—00. We choose a minimizing

sequence (Zg,uk)keN € Xoo X U. Then, the radial unboundedness of J with respect
to u implies that (uy)ken is bounded in U. Hence, there exists a weakly convergent
subsequence, again denoted by (uy)ren such that

ug —u*  weakly in U

for k — oo. From Sobolev’s embedding theorem [1] we deduce that up to a subsequence
we also have uy — u* strongly in C°(0,1;R) for k— co. Now, the bounds stated in
Theorem 2.1 imply the boundedness of (||| y )ren. Hence, there exist subsequences
such that

T, —T% weakly in V
0Ty, — 0, T* weakly in V'™,
pr—p° weakly in V,

for k— o0, i.e. zp= Tk, pr) = (T, p*) =2* weakly in W x V. The weak lower semi-
continuity of J implies

J(x" u*)=Jo.

Finally, we have to show the constraint e(z*,u*)=0. Aubin’s Lemma [17] implies the
strong convergence of (T )ren in L2(0,1;L?(Q)). Further, note the uniform bounded-
ness of the solution, which yields

(Tkapk)g(T*vp*% Weakly_* in LOO(Q)?

for k—o0. These convergences are by far sufficient to pass to the limit in (1.5),
yielding

e(z*,u*)=0 in Z%,
which finally proves the assertion. a

REMARK 3.2. In general, we cannot expect the uniqueness of an optimal control u,
since the set of states given by the constraint e is not convexr. Only for cases where &
is large we can overcome this problem.
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4. The linearized state system

This section is devoted to the study of the linearization of the state system (1.2).
Let z=(T,p) € Xo be given. We define the linear operator A(zr) € L(Xs,Z*) by

(’)th - ]{/‘A’UT - iAUp

fl(x)vdéf EzAUP+mvp—/i167ra\T|gvT , forv=(vr,v),) € X,

" 3k

UT(O)

as well as its natural extension A(x)e€ L(X,Z*) for a given z € Xo.

(97,9p,v0)" € Z*, we say that ve X solves

iff v is a variational solution of the linear system

1
Oyvr — kAvy — @AU” =gr,
52 3
7§A’UP +rv, —k16ma|T| v =g,,
supplemented with boundary conditions
avy+n-Vor=0,
YV, +n-Vu,=0,

and initial condition

vr(0) =vp.

Given g=

(4.1a)

(4.1b)

(4.1e)

4.1. Existence and uniqueness. The existence of a unique solution to (4.1)

is the content of the following result.

THEOREM 4.1. Assume A.1 and A.2. Let x € X, vo € L*(Q) and (g7.,9,) €V* x V*
be given. Then, there exists a unique vE€ X fulfilling (4.1). Further, there exists a

constant C >0 such that

oll + 10l e 2y < C { Ivoll ooy + gzl + lgolly- } -

The proof of Theorem 4.1 relies on the reformulation of (4.1) as one linear
parabolic equation and the derivation of a Garding inequality. We write (4.1) in

weak form: Find v € X with vy (0)=wvg in L*(Q) such that

1
<8tha¢T>V*,V + k (vaa V¢T>L2 Q) + 3? (V’UP7V¢T)L2(Q)

+ka(vr,o1) (s +3l/£
and
g2 8 :
3 (VU Vp) 2y T8 (U" ~ 16malT] UT’¢p> @ " 3

(Upa¢T)L2(Z) = <gT7¢T>V*,V

ey
. (Upv¢p)L2(2) = <gpv¢ﬂ>v*,v
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for all p=(¢r,9,) € V2. We define the operator ¥: H~1(Q) — H'(Q), where ¥ =U|f]

solves

2
S AVFRU=F i,
3K

YV +n-VU=0 on 0.

Due to standard results [4, Theorem 5.8, page 83] this operator is well defined and
there exists a positive constant ¢=c({2) such that we have the estimate ||¥[| . q) <

C”f”H*l(Q)'
Next, we define the bilinear form a:V xV — R via

a(r,$) =k (Vr, V) 120) + % (V\IJ[nlﬁwa TP r],ngS)

e
3K

L2(Q)

(\Il[m167ra|T|3 rms) . (4.2)

+k0l (T7¢)L2(E) + L2(s)

This bilinear form is well defined, bounded and fulfills a Garding inequality.

LEMMA 4.2. The bilinear form a defined by (4.2) is bounded on V xV, i.e., there
exists a constant C' >0 such that

la(r,s)| < Clr|ly Islly,  for allr,s€V.
Moreover, there exist constants p,m>0 such that

a(r,r) =z plrly =nlrliegy for allreV.

Proof. First, we prove the boundedness of the bilinear form a employing the
Cauchy-Schwarz inequality

1
la(r,s)| SkHVT”L?(Q) ||VS||L2(Q) +37/$ HV‘I’||L2(Q) HVSHL?(Q)
g
+ ka7l g2 gy N8l L2 sy t3. IVl 25y sl 2 s
<Cllrlly lIslly

for some positive constant C' depending only on the data, where ¥ =W[k167a|T|" r]
for notational convenience. Here, we used the continuity of the trace operator tr:V —
L3(X) to estimate (91 125y by [[V®][12(q). as well as A.2, which yields

IV 2y <1l Lo a2y < K7l 1212y 5

where K= K(T)>0. The Garding inequality is derived using Young’s inequality and
A.2, yielding

1 gl
a(r,r) Z]f||V7'||2L2(Q) T3k ||V‘I’||L2(Q) ||V7"||L2(Q) +k’04H7"||QL2(2) T 36 ||\I'||L2(2) ”THL?(E)

k 2 1 2 ka | o o 2
> 5 IVrlzag) — 152 IV ¥I2@) + 5 I7le () = 1gi 2 1122

k
2 2 ||V7"||2L2(Q) —c(,a,k,0,7,T) ||7'||2L2(Q)

2 2
> plirlly 777”T'||L2(Q)a
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with p=4k/2 and n=c(Q,a,k,a,,T)+k/2. |
Now, we are in the position to prove the main theorem of this section.

Proof of Theorem 4.1.
Proof. We rewrite (4.1) as one equation for vy using the bilinear form a which
yields: Find vy € V such that vr(0) =vg in the sense of L?(Q2) and

(Oror B) -y +alvr6) = <gT + 5 (5l,)gp) 7¢> for all 6V, (4.3)
VeV

Due to Lemma 4.2 we have the boundedness and weak coercivity of a, and the con-
tinuity of the right hand side is immediate, such that standard results for linear
parabolic equations [13, Theorem 10.3, page 379] imply that there exists a unique
solution vr € W with v (0) =vg in L?(£2). Hence, also (4.1) is uniquely solvable and

the solution is given by v=(vr,v,) def (vr, U[16k7a|T| vy +g,]) € X.
Finally, we derive the energy estimate. In the following let ¢; >0, i=1,...,9,
denote constants depending only on the data. Testing (4.3) with ¢ =vr, we get

1

50 lor (B)[172 ) + kI Vor (B)ll72(0) + ke Vor ()17 s

K 3 1 3
-3 (111[16mra|T\ vr(t) +gp(t)],vT(t))L2(Q) + = <gp+ 16kma|T| 'UT(t)7UT<t))L2(Q)
=97 (1),v1 (1) -1 (0), 111 (02) -

Employing A.2 and Young’s inequality we have the estimates

(Wh6wma T or @) +g)or @) ,
<1 {ler @12 + 19Ol a1y or @) o |

k
<ealor ()2 + 7 IVor O 2oy +es() g (O -1 g

Employing an analogous estimate for the right hand side, this yields
1 2 k 2
iat||UT(t)||L2(Q)+§||V”T(t)||L2(Q)

2 2 2
<callor@l3a) + s {lar @l )+ 19, O -0y }-

From Gronwall’s Lemma we get immediately

ol e gy < 6 { I0oll 2y +llgr - + gl

and further

lorlly < er {lvoll 2y + gz lly- + g,y } -

Finally, using ¢ = VA~ lvur as a test function and following the argument in the proof
of Theorem 2.1, we get

0svr]ly,. <cs,
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which altogether yields

ol <eo {Ivollaqay +llgrly- +lgolly- }- 0

In view of Theorem 4.1 we have

COROLLARY 4.3. Let (z,u) € Xoo XU be given. Then ey(z,u): X — Z* is a homeo-
morphism.

4.2. Regularity. For more regular data we expect that the solution of the
linearized system has also a higher regularity. We show that uniformly bounded data
implies that also the linearized solution is bounded.

THEOREM 4.4.  Assume A.1 and A.2. Let v€ X, voeL™®(Q) and (g7,9,) €
[L>°(Q)]? be given. Then, the unique solution vE€ X of (4.1) is in fact uniformly
bounded, i.e. ve[L>®(Q)]?.

For the proof we use Moser’s iteration technique [4, page 188].

Proof. For 1€N and p>1 we define [s];=min(l,max(—I,s)) and P;(s)=
|[s]:|”"2[s];. Note that it holds that ®; € H'(R)NL>®(R), ®)(s)>0 a.e. in R, and

/Osq)l(z)dzzllesMp.

We use ®;(vr) €V as a test function in (4.1) and get

(Oor, 0107} e ars e+ / &) (vr)|[Vor|? da

1
- 37&/ AU[k167a|T vr +g,) @1 (v7) d:v+k:a/
Q

vp®;(vr) ds= / gr ®i(vr) dx
20

Q

Further, we have

1
,7/ A\IJ[11167ra\T|BvT+gp]<I>l(vT)d:c
3K Q
1
:5—2/I€167TCL|T|3UT(I)Z(UT)+(gpfli\11)(pl(UT)d:L'
Q
1 _
2*7/ K0 +g,||[vr]i P~ da.
e Ja
Using Young’s inequality
—1 1
a”_lbgp—ap—i—fbp, a,b>0, p>1
p p
and due to Assumption A.2, we get

_ K 1 —1
/mwgpmw 1dwsf/|\If\pdx+f/|gp\pdx+p—/|[vﬂz|”dx
Q P Ja PJa p Q

kK (Q)P 1
< O oy 2 gl I oy



964 OPTIMAL BOUNDARY CONTROL FOR RADIATIVE HEAT TRANSFER

In analogy we have

1 p—1 )
gr @i(vr) dz < = |lgr 170+ — lllorhi 700 -
[ or®utor) do < llarlly+ = orliey
Combining all these estimates and integration with respect to t yields

1 1 1 ¢
S or Oy < ooy + (14 5 ) [ oy dr

i/ P 1 p KK (Q)P [* »
+p{/0 ||gT(7)HLP(Q) dT+§A Hgf’(T)HLP(Q) dT+T/0 ||’UT(T)||L2(Q) dT}7
or

1 1y /[
SMer O < (145 ) [ 1or e dr
p

K
+ =2 {100l + 9115 0y F 190l 0y F ol 0
for some Ky = K5(Q,k,e) >0. Now, Gronwall’s Lemma and Theorem 4.1 imply that

2
Nor % gy < KE {108 sy + 19717 e () 19015 e ) J €171,
for all t€[0,1] and p> 1. Finally, we can go to the limit [ — oo and get

6(1—0—1/52)1&

)

lor ()l 2oy < Ka {voll o o + 197l o @) + 1901l 1 )
for some constant Ko, independent of p. Now, we let p— oo and get vy € L®(Q).
The boundedness of v, follows now from standard results. 0

5. Adjoints and derivatives
In this section we want to identify the adjoint system and prove the existence and
uniqueness of the adjoint states.

THEOREM 5.1. Assume A.1-A.3 and let x € Xoo be given. Then, for every f=
(fr.f,) € X* the adjoint equation

Al)é=f in X"

possesses a unique variational solution §=(&1,8,,60) € Z. Furthermore, if feV* x
V*, then we have that (&7,€,) € X, and & can be characterized as the variational
solution of

—8y&r —k Aér —16mak |T|* €, = fr, (5.1a)
g2 1 _
7§A6p+lq’§p7§A£T:fp in Q (5.1b)
with boundary conditions

k(n-Vér+aér)=0, (5.1c)
n-Vér+vyér+e2(n-VE,+7¢,)=0 onZ (5.1d)



RENE PINNAU 965

and terminal condition
&r(1)=0 in Q. (5.1¢)
Moreover, {&r(0) =&, and we have the following a priori estimate:

€[l + 1€l < CI1Lfllx- -
For feV*xV* it even holds that

1€llx <CIIf

V*xV=*:

Proof. From Theorem 4.1 we learn that, given x € X, the linear operator A(x)
possesses a bounded inverse A(z)~!'e€ L(Z*,X). A direct calculation leads to the
adjoint operator

<A($)v’§>z*,z
= (v, A(2)") x, x-
= <8t'UT;§T>V* v

g2 1
T <vT7 —kA&p — r167a |T|3gp> T <vp, — Ay rEy— %A5T>

V.V v,V

a

3K

+k{vr,n- V£T>L2(H1/2(39))7L2(H—1/2(89))
2

€
+ @ <Up7n’ VEP)Lz(Hl/Q(BQ)),L2(H*1/2(8§2))

+ka(vr, &) 2(s) + 5= (U, %&0) 122y + %(UpagT)LZ(E)

+ @ <vp,n' V§T>L2(H1/2(6§2)),L2(H*1/2(BQ))
+(vr(0),€0) L2(0)

for every ve X.
Since A™*(z) € L(X*,Z), we find for every f=(fr,f,)€X* a unique solution

§: (§T7§pa£0) €Z of
<vaA(x)*£>X,X* = <v7f>X,X*

for all ve X.
Combining the bounded invertibility of A(z) with the norm identity

||A71(5'3)||£(Z*’X) = |‘A7*(x)||L(X*,Z)7 we get
€]l <cll f]l x- (5.2)

for some constant ¢ > 0.
Now, assume that the right hand side fulfills f € V* x V*. Then, the function

ts B(t) < (kA& + k16ma|TPPE, + f1)(t)

is in V*. Let 0;&1 be the distributional derivative of & and extend the inner product
(-,)r2() continuously to H~() x H'(Q). Then 8,67 € V*, which can be seen as
follows. Testing appropriately yields

1 1
—(/ athxduh) :(/ B(t)xdt,h) ,  for all xeC5°(0,1),he H (),
0 L2(Q) 0 L2(Q)
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and using a density argument we get 9;{r € V*. Due to (5.2) we finally have €
X x L?(Q2), and standard regularity theory implies &7 € C°([0,1], H=(f2)). Note that
&r is well defined in H—1(£2). Hence, by means of the Gelfand triple, we have &7 €
C°([0,1], L?(Q2)), which leads to the terminal condition {&7(1) =0 as well as &7(0) =
&o- o

5.1. Derivatives. In this section we study the differentiability properties of
the mapping e defined in Section 2, which are necessary for superlinear numerical
algorithms, like SQP or Newton-like methods [11]. Further, we introduce the reduced

cost functional J(u) ey (z(u),u) and derive a representations for its first variation,
which is necessary for an appropriate numerical treatment [12, 15].

THEOREM 5.2. The mapping e=(e1,ea,e3): Xoo XU — Z* is twice continuously
Fréchet-differentiable with locally Lipschitz-continuous second derivative. The ac-

tion of the first two deriwatives at (z,u)€ Xoo XU in the direction i (T,p) or
(Z,%) déf((f’,ﬁ),(f,[))) € X2, respectively, is given by

1

(e1a(2 )2, 0T)y- v = <8tf’¢T>V* v Tk (VT’V¢T) L2(Q) " 3k

(vﬁaV(bT)Lz(Q)

)

~ l -
tha(Toor) | o (5.67) ags),

2
~ £ ~ ~ ~
(20 (@ 0)E.0)) .y = o= (V5.V6y) )+ (5= 167a T T, ) o)
2

3 ~
+ @7(%’7%&2(2)
and e1,, =0, as well as
eope (T, u)|T, 2], = —k48ma (T T TT, ) ,
(ease(a,0),2),6,) TITT.0,) o)

for all = (¢7,0,) € X>. Further, we have for a€ U that

(1@, )67y =~k (@07) o5y — o (16malul’ @67 )

3K L2(%)

and

2

- € -
(2@, )ty === (16malul* @6, )

3K L2(x)

Next, we compute the derivative of the reduced functional J. For this we need
the differentiability of the mapping u+ x(u), which is the content of the following
theorem.

THEOREM 5.3. Assume A.1, A.2 and let Ty € L>=°(S). Then, the mapping u+— x(u)
is Fréchet-differentiable as a mapping from U to X and its derivative is given by

o' (u) = —e; " (w(u), u)eq (x(u),u).
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Proof. We split the operator e(x,u) into its linear part D and its nonlinear part
N acting on z, as well as a nonlinear operator B acting on wu, i.e.,

e(x,u)=Dx+ N(z)+ B(u),

where D: X = Z* N: X —Ygo:= [L>°(Q)]* and B:U — Yy :=[L>®(%)]* are defined
by

(D1(@),0) - v EANT,0) -y +E(VI.V) 12) = =5 (910 12 +ha(T20) o),
(Do (), 9)ye v/ o ;—i (Vp,V§)120)tE(p ) r2(@) + ;%W(Pa P)r2(n),
(Ni(@).0)y y < 55 (4mra|T1°T.6) 2.
(N (), @)y < —k(dmra [T T,0)12(q),
(Bi(u), @)y -y & —ka(u.0) (s,

def €2

(B2(u), @)y vy = —Q’Y(‘lﬂa ul>u, ) 125y,

for g€V, as well as Ds(x) défT(O)—TO7 N3(x)=B3(u)=0. Note that we used the

definition of e; to rewrite ey, as in the proof of Theorem 2.1.

The linear operator D is boundedly invertible by linear elliptic/parabolic theory
[13, Theorem 10.3, page 379], since the solution of Dx =z requires just the solution
of two decoupled linear problems. By the weak maximum principle we even get that
D7 'eL(Yy,Xe) and D71 € L(Ys,Xo). We define the operator R: Xoo x U — X
by

R(z,u)=2+D 'N(z)+ D 'B(u).

Then, e(z(u),u)=0 is equivalent with R(z(u),u)=0. To show the Fréchet-
differentiability of u+ x(u), we apply the implicit function theorem to R. First note
that R is continuously Fréchet-differentiable, since N: X, — Yo and B:U — Yy, are
continuously Fréchet-differentiable. The linear operator D~! is clearly also continu-
ously Fréchet-differentiable, so we can apply the chain rule (see also [10]).

Next, we need to show the invertibility of R, (z,u) for given (z,u) € Xoo X U. Let
g € Xoo be given. We will show that there exists a unique w € X, with R, (z,u)w=g.
This equation is equivalent to

w+D N (x)w=g in X,
or, setting v=w —g, we get
v+DIN(2)(v4+9)=0 in Xo.
This can be written as
Dv+ N, (x)v=—N,(x)g in Z*,

which just corresponds with the linearized state system, i.e. A(z)v=—N,(z)g. Since
N, (z)g€Yq, we get from Theorem 4.1 and Theorem 4.4 that there exists a unique
solution v € X, and thus also a unique w=v+ g€ X,. This verifies all assumptions
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of the implicit function theorem, which we apply now to deduce that the Fréchet-
derivative of u+ x(u) exists and is given by

o' (u) = e (w(u), u)eq (x(u),u).
O

5.2. The first-order optimality condition. The necessary first-order opti-
mality condition is given by

J'(u)=0.
Using the chain rule one obtains for w € U that
(J.), = el W) .+ (o)), D)
:<Jx(:1:(u),u),—e;l(z(u),u)eu(x(u),u)@X*’X+<Ju(x(u),u),ﬂ>U*7U
= (—en(@(u),u)eg " (z(w),u) Jo(z(u),u), @) .+ (Jul@(w),u), @)y -

Introducing the variable

we get
I (w) = Ju(w(u) ) + e (2(u) u)é.

The above representation of the derivative and the adjoint variable £ € Z yields
the following theorem.

THEOREM 5.4. Let (x*,u*) € Xoo XU be a solution of the constrained minimization
problem (1.6). Then, there exists a unique Lagrange multiplier £* € Z which together
with the optimal solution (x*,u*) satisfies the first-order optimality system

e(z*,u*)=0 in Z%,
Je(xtu*)=0  in X¥,
Ju(x*u*)=0 in U™

Proof. Since we have e, (x*,u*)=A(xz*) and J,(x*,u*) € X* as well as (z*,u*) €
Xoo x U, the assertion directly follows from Theorem 5.1. O

6. Conclusions

We have studied an optimal boundary control problem for radiative heat transfer
modeled by the SP;-system from the analytical point of view, derived the first-order
optimality system and proved existence, uniqueness and regularity for the adjoint
state. It is easily possible to generalize the presented results to frequency-dependent
models, and one can also employ spatially non-constant controls along the boundary,
if one adjusts the penalty term in the cost functional. Future work will concentrate
on more sophisticated models of the SPy hierarchy and the investigation of so-called
frequency-averaged equations [8].
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