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EIGENVALUES OF AN ALIGNMENT MATRIX IN NONLINEAR
MANIFOLD LEARNING*

CHI-KWONG LIf, REN-CANG LI¥, AND QIANG YE$

Abstract. The alignment algorithm of Zhang and Zha is an effective method recently proposed
for nonlinear manifold learning (or dimensionality reduction). By first computing local coordinates
of a data set, it constructs an alignment matriz from which a global coordinate is obtained from its
null space. In practice, the local coordinates can only be constructed approximately and so is the
alignment matrix. This together with roundoff errors requires that we compute the the eigenspace
associated with a few smallest eigenvalues of an approximate alignment matrix. For this purpose, it
is important to know the first nonzero eigenvalue of the alignment matrix or a lower bound in order
to computationally separate the null space. This paper bounds the smallest nonzero eigenvalue,
which serves as an indicator of how difficult it is to correctly compute the desired null space of the
approximate alignment matrix.
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1. Introduction

Given an N x £ matrix Z and s submatrices Z; € Ck** (for 1< j<s) consisting
of certain rows of Z, let Pz, be the orthogonal projector in Cki onto the column space
of Z;, and Pé-j =1—Pz;. Embed Pé-j into CV*¥ according to the position of the rows
of Z; in Z and denote the resulting N x N matrix by ®; (see (2.3) in Section 2 for
details). The matrix

Pzzsjq)j (1.1)
j=1

is called an alignment matriz. This definition is abstracted from and slightly more
general than the one in [9], where Z’s first column is all ones. Nonetheless most
analysis and the results there regarding the null space of P can be carried over in a
straightforward way. For example, it is proved under a condition called fully over-
lapped among {Z,;} that the null space of P is the span of Z [9]. With this property
of the alignment matrix, we can reconstruct the rows of Z, up to a linear transfor-
mation, from the local projectors Pz;. This forms a theoretical basis for the LTSA
(Local Tangent Space Alignment) algorithm of [11] recently developed for the problem
of nonlinear manifold learning.
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In nonlinear manifold learning [5, 8], one is concerned with determining a suitable
parametrization for a set of given high-dimensional data points lying in a nonlinear
manifold, which is also known as (nonlinear) dimensionality reduction. Several meth-
ods have been proposed recently for this problem [1, 3, 5, 7, 11]. The alignment matrix
was first introduced in the LTSA method [11] in which a local coordinate system is
first constructed for a small neighborhood (i.e., a patch) around each sample point
and all local coordinates are then aligned together to arrive at a global coordinate.
The process of aligning the local coordinates together is achieved through the align-
ment matrix. We note, however, that the alignment matrix can be used in a more
general setting to align coordinates for subsets of data points that are not necessarily
local [9]. In this context, the rows of Z are the unknown global coordinates of the
high-dimensional data points and the rows of Z; correspond to the coordinates of
the data points in a subset (e.g., a local patch). Then the rows of Z, up to a linear
transformation, are constructed from the projectors Pz, by computing the null space
of the alignment matrix.

In practice, only an approximation of the alignment matrix is available. This
together with roundoff and/or data errors require that we compute the eigenspace
associated with a few smallest eigenvalues that are considered the perturbations of the
zero eigenvalues. However, if the perturbations cause the zero eigenvalues to become
as large in magnitude as the smallest nonzero eigenvalue of the alignment matrix, it
is not possible to determine the number of the smallest eigenvalues which should be
considered zeros. For this purpose, it is important to investigate the first nonzero
eigenvalue of the alignment matrix or a lower bound in order to computationally
separate the null space.

This paper presents a lower bound on the smallest nonzero eigenvalue, which
serves as an indicator of how difficult it is to correctly compute the desired null space
of the alignment matrix. An implication of our bound is that the smallest nonzero
eigenvalue depends on the “amount” of overlap among Z; and hence it is necessary
to maintain sufficient overlap among Z; in practice. Our study is based on an ideal
situation, namely the P is uncontaminated, while a contaminated P in practice likely
has no nonzero eigenvalues. Thus such simplification becomes somewhat necessary.
Nevertheless our effort here represents a step forward to acquire better understanding
towards instructively how much overlaps among Z; for robust recovery of Z, which,
translated into the language of nonlinear manifold learning [9, 11], how much overlaps
among local patches for robust recovery of global coordinates is needed.

Our investigation into the null space and eigenvalues of this so-called alignment
matrix P, abstracted from and slightly more general than its counterpart in nonlinear
manifold learning, may be of interest in its own right from a matrix-theoretical point
of view.

The rest of this paper is organized as follows. In Section 2, we set up our frame-
work to study the alignment matrix. We then derive the lower bound at stages, first
for the case s=2 in Section 3 and then for the general case in Section 4. We shall
also discuss when the fully overlapped condition is a necessary condition in Section 4.

Notation. As we have done already, denote by C™*" the set of all m xn com-
plex matrices, C" =C"*!, and C=C"'. Denote by I, the n xn identity matrix, and
sometimes simply I when its size is clear from the context. Let || X ||z be the spectral
norm of a matrix X, i.e., its largest singular value, and eig(X) be the set of the eigen-
values of a square X. X* and XT denote the conjugate transpose, the transpose of a
matrix or vector X, respectively. X <Y for two Hermitian matrices X and Y means
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that Y — X is positive semi-definite, and accordingly X ~ Y means ¥ < X.

For 1<i<j<mn,i:jis the set of integers from i to j inclusive and i:¢={i}. For
vector v and matrix X, u(; is u’s jth entry, X; ;) is the (i,7)th entry of X. Moreover,
subvector ur) consists of all entries i € I'; submatrices X1 ), X(1,.), and X(. 5 consist
of intersections of all rows i € I and all columns j € J, all rows i € I and all columns,
and all rows and all columns j € J, respectively.

2. Alignment Matrix

Material in this section is essentially taken from [9], but stated under slightly
more general conditions namely that in [9] Z’s first column is all ones, which is not
required here. Also, to allow a bit more generality, we assume that all involved
numbers are complex unless otherwise explicitly stated. In the context of nonlinear
manifold learning [9], most likely they are real.

Let ZeCN*¢ and N >¢. Suppose Z; € Cki*¢ for 1<;j<s are submatrices of
Z and each consists of certain rows and all columns. Let I;={j1,j2,...,jx, } be the
index set for the rows of Z; as the rows of Z, i.e.,

Zj:Z(Ij7;):(IN)(Ij):)XZG(ijXE. (21)

Assume throughout this paper that
Urn={2...n}, (2.2)
j=1

i.e. each row of Z appears in at least one of the Z;.
Let Pz, be the orthogonal projector in C* onto the column space span(Z;) of
Z;, and Péj =1 — Py, is the orthogonal projector also in C* but onto the orthogonal

complement of span(Z;). It is known that Pz, = Z;Z ]T , where Z ]T is the Moore-Penrose
inverse [6] of Z;. In particular

Py, =Z;j(Z;Z;)""Z; if Z; has full column rank.
Let ®; be the embedding of Péj into CV, i.e.

T
(I)j:[(IN)(Ij,:)] XPZLJ_ X(IN)(I]W:)E(CNXN. (2.3)

Finally, an N x N matrix P is constructed as

P:icbj. (2.4)

It can be verified that PZ =0, i.e, span(Z) C null(P), the null space of P.

DEFINITION 2.1. This definition is recursive.
1. Z; always fully overlaps itself regardless of its rank;
2. Zi and Zj fori#j are fully overlapped, if Z(1,n1,,:) has full column rank;
3. The collection Z={Z;,1<j<s} for s>3 is fully overlapped, if it can be
partitioned into two nonempty disjoint subsets Z1 and Zo each of which is a
fully overlapped collection and such that Z(fl,:) and Z(T%) are fully overlapped,
where

L= J I (2.5)

Z]‘GZi
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This definition is rather general. For example it encompasses the following case:
the partitioning graph of Z is connected. By the partitioning graph of Z we mean
a graph whose vortices are submatrices Z; and which has an edge connecting two
vortices Z; and Z; if and only if Z; and Z; for i # j are fully overlapped.

THEOREM 2.2. Assume (2.2) holds. If {Z;,1<j<s} is fully overlapped, then
null(P) =span(Z).

In nonlinear manifold learning, Z; is not known but an approximation to Pé- can
be computed; this gives an approximation to P whose eigenspace associated with a
few smallest eigenvalues will then give an approximation to the column space of Z.
This theorem says that if Pé-j is exactly known, then the column space of Z can be
recovered exactly as null(P). Theorem 2.2 is an extension of the main result in [9]
and can be proved by a minor modification to the argument in [9]. Later our method
for deriving the eigenvalue bound will lead to another proof of the result.

COROLLARY 2.3. Under the conditions of Theorem 2.2,
Noin(P) Pz 2 P =X Amax(P) Pz,

min

where A, (P) is the smallest nonzero eigenvalue of P, and Amax(P) is the largest

eigenvalue of P.

Proof. Since P is Hermitian, it has eigen-decomposition P=UAU*, where U is
unitary and A is diagonal with the last ¢ diagonal entries being zero. Thus

Min(P) > ( ! o) SAZ Anax(P) % ( ! 0)’
which implies
Min PV N0 U 18- 2P 2 Amax(P)Ue v -0 [U 1:v—0))
Notice null(P)=span(Z)=null(P5) by Theorem 2.2 to conclude that
span(U¢. 1.n—¢)) =span(Pz) and thus Py =U. 1.x—)[U1:n—0))" O

By construction, it is clear that Apax(P) =] P||2 < s. However, there is not much
we can say about A\ . (P) at this point. The main contribution of this paper is to
present a lower bound of it.

3. The case of two submatrices
Without loss of generality, upon permuting rows of Z we may take

e e
m le m 221
Zy="" , Jg= 1 , 3.1
! mi2 (Z12> 2 m22 <Z22 ( )
where Z15 = Z5; is the common part in Z; and Z3, mia =mo;. Then

mi1tmiz  ma2 mi1  miz+mo2

——— Py 0 m 0 0
P= 11+mi2 Z1 11 . 2
moo < 0 0 > +M12+m22 ( O Pé; > (3 )
Theorem 2.2 says that if Z;5 has full column rank (i.e., Z; and Z, are fully overlapped),
then dimnull(P)=/¢ and in fact null(P)=span(Z) which implies P has exactly ¢ zero
eigenvalues. We would like to know more about its nonzero eigenvalues, too. We shall

start by looking into the eigen-structure of P without assuming Z; and Z, are fully
overlapped and then specialize the results to the fully overlapped case.
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3.1. Case: Z; and Z5 not necessarily fully overlapped. The case when
m12 =0, i.e., there is no overlap at all between Z; and Zs is not interesting, because

then
_ (P
r=(" )

a direct sum of two orthogonal projectors whose eigenvalues are either 1 or 0; the case
when either m1; =0 or mo2 =0, i.e. one of Z; is part of the other, is not particularly
interesting, either, because, say, if m1; =0, then PZL2 <P< 2PZL2. So we shall assume
mi2 > 1, mi1 > 1, and meos > 1 in the rest of this section. The key idea of our analysis
below is to find an N x N unitary matrix @ so that Q*PQ has simple structure to
allow us to determine the null space and the eigenvalues of P.

THEOREM 3.1. Assume mio>1, mi > 1, and mos > 1. Z11, Z19=1Zo1 and Zao admit
the following decompositions

o temiem .
Z11:U2><:117T2 <%1 202 8 ) X (é V(';* ) Vi, (3.3)
.
Zig=Zo =U; x ::12*?"1 < 201 8 > Vi, (3.4)
e r3  e-rp-r3 ry f-rp
Zz2=U3><:227T3 (%z 203 8 ) X (é VZ* ) Vi (3.5)

where Ul(m12 X m12), Ug(mll X mll), U3(m22 X m22), ‘/1 (éX é), and ‘/2 and ‘/3 (bOth
(L—r1)x (L—r1)) are unitary; X1 and L2 are diagonal with positive diagonal entries.
In particular,

r1=rank(Z12),m2 =rank((Z11V1):..r, +1:0)), 73 =rank((Z22V1) (. ry 11:0))- (3.6)

Proof. Equation (3.4) is the singular value decomposition (SVD) of Z15. Consider
the submatrix of the last £ —r; columns of Z11V7 and let its SVD be

L) L—r1—19

” E O *
(Z1uV1) (410 = U2 x < 02 0 > Vy. (3.7)

mi1—19

Now notice Uy Z11V1 = (U5 (Z11V1) (:1:00) U3 (Z11V1)(ri+1:0)), together with (3.7), to
arrive at (3.3) with Ml and M; being the top 72 rows and the bottom mq; —ro rows
of U3 (Z11V1)(:,1:r), Tespectively. Similarly, let the SVD of the submatrix consisting
of the last £ —rq columns of Zy3V; be

rg  L—ri—rg

. S, 0 .
(Z22V1) (a1 =Us x ( 03 0 >V3 (3.8)

m22—"r2

to lead to (3.5) with M, and M, being the top r3 rows and the bottom maos — 73 rows
of U3(Z22V1)(:,1:r,), Tespectively. 0
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In what follows, we shall use X ©°Y to mean span(X) =span(Y’) for convenience.
Note from (3.4) that

1 £—rq 1 £—rq

o 2l ¥ 0 I 0 .
Ze=an=bix_ ( 0 0 ) x <0 V*>V1

for any (£—ry) x ({—r1) matrix V. In particular set V=V, and V3 to get

Lo Lo
T2 Ml 22 o W1 I
U2* le cols mi1—7T2 Ml O cols mi1—T2 Wl 0
Ut )\ Z1a " 0 " I 0
miz—ry 0 0 mig—ry 0 0
1 ()
T2 O I
cols 5 def mii—ro [ W1 0 Ry
S 71 = o I 0 ( I) s (39)
miz—ry 0 0
where
Wi=M¥[', Ri={T+W;w;) V2 (3.10)
Set
mi1—rz  mi2—r]
- 0 0
> miq—7 I O D
1 mii—r2 1 . _ *\—1/2
Zl = . —Wf 0 < I> with D1 = (I+W1W1 ) .
miz—ry 0 1

Then (Z; Zi) is unitary. Thus, the column space of Zi is a basis for the orthogonal
complement of span(Z;) in C**. Similarly,

1 3 1 3
1 El 0 1 I 0
Uf Z21 cols myg—ry /Q/ O cols Z _ mig—"1 O 0 R2
Us ) \ Zaa v My X3 2T, 0 I 1)’
m22—7T3 M2 0 m22—T3 W2 0
(3.11)
where
Wo=MoXT', Ro=(I+WiWy) /2 (3.12)
and

m22—"T3 mi2—T1

1 _WQ* 0

Z; _ miz-m 0 1 Dy with Dy = (1+ VV2VV2*)71/2
" 0 0 I
mag—r3 I 0
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has orthonormal columns spanning the orthogonal complement of span(Zg) in Ck2.
Let

mi1+m Zi m 0
G = 11t+mi2 1 , Go =" R ,
! mag 0 2 mig+mag ZgL

and
m11—"r2 m12—7"1 m22—73 m12—"1
- 0 0 0 0
mi1—1T2 Dl 0 O O
_ n —Wi Dy 0 —W3 Do 0
G=(G1 Go)= S 0 I 0 I
- 0 0 0 0
mgs—rs 0 0 D, 0
Set

mi1 mi12 m22

def Uz
Q= nis Uy . (3.13)
ma2 US

Then @ is a unitary matrix, and
PEQPQ=Q*®1Q+Q 2:Q=C1G; +GaGh = GG,

Note also that the null space of P is the same as the null space of G, which is the
same as the orthogonal complement of the column space of G. Let

r2 1 r3

- I 0 O
m11—7T2 0 Wl 0

r 0 I O

= |0 0 0
s 0o o0 I
mo2—r3 0 W2 0

Note that in G, the 4th block column is the same as the 2nd one, and the first 3
block columns are linearly independent. Therefore rank(G)=m11 +mi2+mas—(r1 +
ro+r3) which implies dimnull(G*)=7r1+7r2+r3. Evidently, rank(Gs)=r1+ro+rs.
Therefore null(P) = null(G*) = span(G3) because G* G =0.

THEOREM 3.2. Let all symbols keep their assignments so far in this section. Then
1. dimnull(P)=dimnull(P) =71 +ro+r3;
2. null(P) is the column space of Gs and null(P)=Qnull(P);
3. Suppose Z1 and Zs have full column rank. Then null(P)=span(Z) if and only
if Z1 and Zs are fully overlapped.

Proof. Only Item 3 needs a proof. If Z; and Z; are fully overlapped, then
r1 =/ and ro =r3 =0 which imply dimnull(P)=/¢ by Item 1. Now dimspan(Z)=/{ and
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span(Z) Cnull(P) as noted before imply null(P)=span(Z). Suppose Z; and Z, are
not fully overlapped. Then ry </¢. Noticing that ry +r,=¢=1r; 473 because Z; and
Z5 have full column rank, we have dimnull(P) =71 +ra+7r3 > ¢+ (£—r1) > £, and thus

null(P) #span(Z). 0
REMARK 3.3. The third assertion in Theorem 3.2 was also obtained by Zha and
Zhang [10] for Z; whose first column is all ones.

Now let us look at the eigenvalues of P, which are the same as those of P=GG*.
Apart from additional zeros, they are the same as those of

mi1—r2 mig =71 ma2—rg mig—r1
S I 0  DWAWiD, 0
* oy miz—T1 0 I 0 I
GG= | DawawiD, 0 I 0
mig—7q 0 I 0 I

which is permutationally similar to a direct sum of

II and I D WiW3 Dy
IT DyWoW7 Dy I '

The former matrix has nonzero eigenvalue 2 with multiplicity mi2 —ry; the latter
matrix has eigenvalues 1+0; for j=1,...,k, where o1,...,01 are the nonzero singular
values of D;W1W3 Dy, and the remaining eigenvalues equal 1. Thus, we have the
following.

THEOREM 3.4. Let the nonzero singular values of DoWoW{ Dy be 01,09,...,0%. Then
eig(P) consists of

1+o0j, for 1<5<k,

2, with multiplicity mis —r1,
1, with multiplicity my1 +mog —re —rs — 2k,
0, with multiplicity r1 +ro+73.

We shall now bound the singular values o; of DoWoW7 D;. First we have

0j < || D2Wo Wy Dil[2
= || D2Wa|l2[[D1Wi||2, (3.14)
Wil

VI+IWilE

It follows from (3.3), (3.4), and (3.10) that

[ DiWil|2 = (3.15)

DI - ]
leZ]:rQ:le‘/l( ! 0) Ut =((ZuVi) o E1 !t O)UY,

\ 1 (M g1 Mz
izt (o)== ().

These yield

||W1H2 S ||U;(Z11V1)(:71:T1)2171H2: ||leZIQH2 With equality lf Ml =0 or (] =0.
(3.16)
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Since the construction of W5 is similar to the construction of Wi, one can give a
similar bound to W, namely,
[Walls <[|Z22Z],]l2  with equality if My=0 or r3=0. (3.17)
Combine (3.14) — (3.17) to get

ZuZi VA
o < 1Z1121,]|2 | Z22215]l2

VIH1Z0 2013 1+ 1 22020, 13
We have proved

THEOREM 3.5. The nonzero eigenvalues of P are no smaller than 1—1 where
[ def 12112152 1Z22Z 152
VI+1Z0 2003 141 22220,13

Its largest eigenvalue is no greater than 147 if mia =71 and it is 2 if mia >7r1.

3.2. Case: Z; and Z, fully overlapped. When Z; and Zy are fully
overlapped, results in the previous subsection are still valid, only simpler. Here is the
list of a few notable changes to what was in the previous subsection:

e ry=/{and ro =r3=0;
e Decompositions (3.7) and (3.8) are not needed, and consequently the decom-
positions in Theorem 3.1 are simplified to

Zu=MV], Zio=UE1 V], Zog =MV,
e (3.9) and (3.11) remain valid with Us =TI and Us=1;
e (3.16) and (3.17) are equalities, and in fact W; = Z;; Z],U; for i =1,2;
e Theorems 3.4 and Theorems 3.5 are valid as they are, and furthermore The-
orem 3.5 has a stronger version — Theorem 3.6 below.

THEOREM 3.6. Let 7 be defined by (3.18). If Z1 and Za are fully overlapped, then

_\pl (I+7) if mia=4L, | 1
(1 T)szpj{2 ) (P (3.19)

(3.18)

Furthermore,

1 (omin(Z12) | 0min(Z12) Omin(Z12) | 0550 (Z12)
Aain(P )25< maX(le)+0max(Z22))/(1+ max(Z11)+0max(Z22)>, (3.20)

where omin and omax denote the smallest and the largest singular value respectively.

Proof. (3.19) is a consequence of Item 3 of Theorem 3.2 and the proof of Corol-
lary 2.3. From (3.18), we have

1

V112002125057 1+ 1 2221321125157
L 120l 2125152 0+ 1 22521 215 ~ 1

20+ 120l 21 28511+ [ Zeall 21 2 )15)

HZ11H22||212||2 +||Z22|‘52|‘ZT2||52
21+ 20l 21 28115 2 + 1 222115 21 2 ]15)

 0rin(Zia) ) omax(Z11) + 0250 (Z12) 030 (Z22)
C2[1402,(Z12) 02 (Z11) + 025, (Z12) [ 020k (Z22)]

A (P)>1—

min
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as expected. a

The theorem implies that if Z1o has full column rank but with nearly linearly
dependent columns, omin(Z12) is small and the smallest nonzero eigenvalue )\Iﬁn(P)
may also and can be nearly zero. In particular, A, (P) may be of order o2, (Z12).
REMARK 3.7. Independently, Zha and Zhang [10, Theorem 5.1] obtained, in our
notation, the following result (original version was for Z; whose first column is all

ones): Let PZLJ_ =Q,;Q; (j=1,2) and partition

lemu (gll), Q2:m21 (Q21)
mi2 12 mo2 22
conformally to those in (3.1). If Z1 and Zs are fully overlapped, then the smallest
nonzero eigenvalue of P is given by 1 — omax(Q72Q21). This will obviously give the
same smallest nonzero eigenvalue of P as one can deduce from Theorem 3.4, but since
(Q; depends on Z; in a nontrivial way, i.e., there is no explicit expression to write
down @); in terms of Z;, it is not clear if one could establish any lower bound based
on 1 —omax(Qi2Q21) in terms of Z;, as we did in Theorem 3.6 based on Theorem 3.4.

Zha and Zhang also extended their result for more than two submatrices, the case we
will be dealing with in the next section.

Next we give an example to show that the bound in Theorem 3.6 can be asymp-
totically attained and hence sharp.

ExAMPLE 3.1. Consider mi; =1=mos, mi2 =2, and £=2:

1la lc
Zl_(le)— Te ZQ_<221>— lc;
72/ \le) )\t )

assuming cj # co, i.e., Z12 =Zo1 is nonsingular. All numbers are real. Z as such
comes from nonlinear manifold learning [9]. Calculation by Maple! shows that the
characteristic polynomial of P is

_ ZA
A A 2 2_2 (Cl CQ)
1A\ <)\ /\—1-7A1A2 ,
where
A= (a—c1)*+(a—c2)* +(c1 — 2)?,
As (b—cl)2+(b—02)2+(01—02)2,
A=(a—c1)* +(a—c2)?+(c1 —c2)’+ (b—c1)? + (b—c2)? + (a— D)%

So there are two zero eigenvalues and two nonzero ones, as expected. The two nonzero
eigenvalues are

1— \/AlAQ—(Cl—Cg)2A: (01—02)2A
\/AlAQ \/A1A2+\/A1A2—(01—62)2A,

1+ \/AlAQ — (Cl —C2)2A
VA1A, '

Thttp://www.maplesoft.com/.

(3.21)
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Calculations also show that
A1Ag — (1 —2)?A=](ca—a)(ca—b) + (c1—a)(c1 — b)].

Now let us look at what our bounds by Theorem 3.6 say. We have

- 1 Cy —C1
=z = (5 7T),

1 _
(CQ—CL CL—Cl), 222Z121: (CQ—b b—Cl).

C2—C1 C2—C1

ZnZyy =
The lower and upper bounds by Theorem 3.5 are
11\/((1—01)2—1—((1—02)2 V(b—c1)2+(b—ca)? (3.22)
VAL VA, '

which can be verified to be exactly the two values in (3.21) if

(2 —a)(ca—b) +(c1 —a)(e1 =B = V{a—c1) + (=22 /o1 + (h—ca)?,

i.e., when two vectors (ca—a a—cq) and (c2—b b—c1) are parallel, which happens
when ¢; =cy. When ¢; = ¢, however, {Z1, 75} is not fully overlapped. But by making
¢1 # co while as close as needed, {Z1,Z5} is fully overlapped and at the same time the
lower and upper bounds by Theorem 3.5 can be made as close to the two values in
(3.21) as wished.

4. The case of more than two submatrices

In general for s >3, our approach in the previous section appears to break down.
In what follows, we shall describe a way to recursively bound the smallest nonzero
eigenvalue )\mm( ) from below. To do so, we define a function 7 which takes two
submatrices of Z with all columns as arguments. Given

Zi= =23, =12
we define
def tl t2 f
7.7 , HZ VZh H , 41
(2, 2) = V1+82 /1442 TN T2 [l (4.1)

where J; is the complement set of Tl ﬂfg in L
Throughout the rest of this section, we adopt in whole the notation associated
with Z and Z; as introduced in Section 2, and we assume that Z={Z;,1<j<s} is
fully overlapped and that (2.2) holds.
From Definition 2.1, Z can be partitioned into two nonempty disjoint subsets Z;
and Z, each of which is a fully overlapped collection and that
7 =7 Zy=12

(4.2)

(I1,:) (I2.)

are fully overlapped, where Tl and Tg are defined as in (2.5). By Theorem 3.6, we
have

2
[1-7(20.22)| P 2D ()G < P2 x (IN) g, .
j=1
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Now recursively bound PZL‘ in exactly the same way because Z; is fully overlapped
J

until the right-hand side becomes P. The following procedure recursively computes
a(Z) that satisfies a(Z)PZ < P:

a({Z:})=1, (4.3)
({Z“Z }):1 (Z“Z) (4.4)
[1 7(Z1,25)| min{a(Z1),a(Z2)}. (4.5)

The smallest nonzero eigenvalue \'. (P) is then no smaller than a(Z).

mln(

THEOREM 4.1. Suppose Z ={Z1,Zs,...,Zs} is a fully overlapped collection, where
Z; are submatrices of Z € CN*¢ as defined by (2.1) and (2.2). Let a(Z) be computed
recursively by (4.3) — (4.5). Then a(Z)PyF < P, where alignment matriz P is defined
by (2.4).

ExXAMPLE 4.1. Consider s=3. Suppose Z; and Z2 Z(I2UI3 are fully overlapped.
Let 72 defIgUIg Then we have by Theorem 3.6 that

[1—7(21,22) Pz 2 (IN) 1,5 % P < (IN) 1)+ (IN) 5, ) % Py, < (IN) &, )
and

3
[1=7(Z2,Z3))(In) 5, ,, % Pg, < (IN) 3 V2D I, % P < (IN) 1,
j=2

Put the two inequalities together to get a(Z)Py < P with

a(Z)= 1_7(21,22)} [1—7(Zs,25)].

EXAMPLE 4.2. Consider s=4. Suppose Z; and Zs, Zs and Z4, and Z; dﬁfz 0Ur2)

and ngzc Z(1,UI,,:) are fully overlapped pairs. Let I1 I1 JI2 and I2 IgUI4
Then we have by Theorem 3.6 that

[1—7(21,22) P (NG, % PE X (In) g, o+ (NG, < PE X (In) g, .

and

2
[1—7(21,22)](11\,)(1 o X Py (IN) 3, 0 2D IN){, 0 % Pgy < (IN) 1, 2,
j

|l
-

[1—7(23,24)](IN)(I xPZx(IN)(TZ):)j (IN){r, 9 % Pz, x (IN)(1, .-
j=3

Put the three inequalities together to get a(Z)P7 < P with

a(Z)= [1_7(21,22) min{[1—7(Z1,22)].[1—7(Z3,24)]}.
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Fic. 4.1. X[, (P) (red o) vs. a(Z) (green a): mji=mjz=£ and mjz=~£—1 (except

mi1 =ms3=0). Left  plots: random Z; Right j plots: random Z (except Z(, 1y all ones).

ExXAMPLE 4.3. This is for the sequentially fully overlapping case, i.e., Z; and Z; are
fully overlapped if i — j==1 and Z; and Z; have no overlap at all if |i — j| > 2. Write

4

mj1 Z_]
Zi=mp | Zi2 |, mi1=ms=0, kj=mj+mjz+m;s,
mis \ Zj

where Z;1 = Z;_13 is the overlapped part between Z;_; and Z;. Recursively, we have

a({Zh .. ~7Zs}) - [1 _T(Z(lzp+mj,137:)aZ(p-i-l:s,:))]
X min{oz({Zl, . 7Zj71}); Oé({Zj, . ,Zs})},

where p= Zi;ll (my1+my2), and

tl:HZ(l:p,:)ZgT—l?,‘

B
2

9’ to= HZ(pqulerlzs,:)ZjTl

ﬁl to
Ty Boviod) = I
1 2

The ending conditions (4.3) and (4.4) still apply. For shortest recursion, j should
be picked about s/2, e.g. the smallest integer that is no less than s/2. To see how
good our recursive bound is, we have tested on random Z and random Z with its first
column being all ones to mimic cases from nonlinear manifold learning. Figure 4.1
plots )\r';in(P) vs. a(Z) for2<s<10and 2<¢<5. Our bounds for small s (about s <4
here, especially for s=2) look pretty good; however, they very much underestimate
AL, (P) for big s (about s >4 here).

EXAMPLE 4.4. Consider Z € CN*2 with the first column Z(.,1y being all ones and
the second column Z. ) being 1,2,...,N, and Z; = Z(j.j12,,) (1<j<s=N-2). This
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corresponds to the one-dimensional case in manifold learning with data points sitting
equidistantly on a straight line. The case is so special that it allows us to estimate
more precisely our bound and )\LH(P) through analytical means. It can be seen that

1-2 1
-2 5-4 1
121 1-4 6-4 1
PZZE -2 4-2|, P=-_
-2 1 1-4 6-4 1
1-4 5-2
1-2 1

It can be verified that 6P =UTU, where U= (el T es) €C**N | ¢; and e, are the first
and last column of the identity matrix I, and T'€ C*** is the famous tridiagonal
Toeplitz matrix with diagonal entries —2 and off-diagonal entries 1. Thus 6)\:§1in (P)
is the smallest eigenvalue of

UUY=eje] +T? +esel =12

The eigenvalue system of T is explicitly known [2, 4], and so is T%: T=QAQ™, where
A=diag(A1,...,As) with

J 2 1j
y +2cosbj, 0; P Qi) \/H—lsm(ﬁs—i—l)
for 1 <1, j<s. Therefore

0 4 4
(2—200s91)2:§sin4 ! T T

AT AN _
37 2 6(s+1)F 6(N—1)*

min

(P)= (4.6)

=

for large N. We now establish an upper bound on At. (P). Note that
UUT=T(I+XX"T<(1+|X|HT? X=(T 'e; T 'e,).

This implies

Mnin(P) < 2 (2 2c0s61)(1+ | X|3). (4.7)

[

We now bound || X ||3. We have
XI5 <IT eall3+ T esl3=2/1T s 3

8 =sin’d;, 2 L0
= = t —
s+1; 22 s+1;CO 2

9 4 71'/2
< cot? 2 +— cot?tdt
s+1 2 7 x
2(s+1)
2 291 4 s /2
= cot” —+— (—cott+——t)
s+1 2 7 2 T cay]
2 9 1+ ¢ ™ n ™ ™
= cot“—4+—1{co ——
s+1 2 2(s+1)  2(s+1) 2
8(N-1)
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for large N. Combine this with (4.7) to get
472
3(N—1)%

Next we estimate what we may expect from our bound «(Z). It can be seen that a
key step in our recursive procedure for «(Z) is for

1
/\Iun(P)S6(2—260891)2(1+|\X|\3)~ (4.8)

1 1 m
~ : : ~ 1m—|—1
Zl: ! ! ) Z2: . . )
1 m oo
1m+1 1

where i <m <m+1<j with m about half-way between i and j. Let 212 be their

common part, Z11 the part in Z; excluding Z12, and Zs2 the part in Zs excluding Z2
also. We have

m—i+1 —(m—i) 1 2
= S . . = i -2 3
ZnZyy= 3 '2 y L2y =
2 -1 —(j—-m-1)j—m

For large j —¢ and m about half-way between i and j,

.\ 3/2
||211212||2%|\Z22212||2Ni (ﬂ) :
V3 2

Consequently for large j—1i

o 1 2 Y’
a({Z17Z2})N1+%(%)3N3(J’—i> '

This implies a(Z), modulo a constant factor, is approximately

[log, N 2 3 . 2log2N2(10g2N)2/2 ’ 1
klill 3(W> ~3 Nlogo N :N(10g2N)/2*3*10g237 (4.9)

where [log, N is the smallest integer that is no less than log, N. Compared to (4.7)
and (4.8), this very much underestimates AT, (P) for large N, a conclusion similar to
what we have made at the end of Example 4.3.

4.1. Necessary condition. In the case s=2, Theorem 3.2 states that the
fully overlapped condition is also a necessary condition for null(P)=span(Z), provided
that all Z; have full column rank. It turns out it is not a necessary condition in general
when s>3. We shall first give a counterexample to illustrate this and then give a
result on when null(P)=span(Z) does not hold.

ExAMPLE 4.5. Consider the 7 x 4 matrix

1001
1100
1101
Z=11010 ), Zi=Z@us,, Z2=Z@31:, Z3=2Z({1257},)
1000
1011
1110
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Then all Z; have full column rank and they are pairwise not fully overlapped. More-
over, {Z1,Z4,Z5} is not fully overlapped. Computation by Maple’s nullspace(P)
gives a basis of 4 vectors, i.e., dimnull(P)=4, which implies

null(P) =span(Z2),

since PZ =0 and rank(Z) =4.

While the fully overlapped condition is not a necessary condition, each Z; in
this example is fully overlapped with the union of the remaining Z;’s. The following
theorem shows that this is indeed necessary for null(P)=span(Z).

THEOREM 4.2. Assume that Z; has full column rank for 1<j<s and that Z=
{Z;,1<j5<s} can be partitioned into two nonempty disjoint subsets Z1 and Zy such
that the union set of Z1 and that of Z4 are not fully overlapped, i.e.,

=7 Zy=2 (4.10)

(717:)7 (721:),

are not fully overlapped, where Tl and Tg are defined as in (2.5). Then span(Z) is a

proper subspace of null(P).

Proof. Without loss of generality, let
Zl :{Zj,lgjgp} and ZQZ{ZJ,p—FlSjSS}
Since Tl and 72 are not fully overlapped, it follows from Theorem 3.2 that

2
dim null Z(IN)(I )ngi X(IN)@,;) > 1

j=1

Utilizing the fact that null(X +Y)=null(X)Nnull(Y") for two positive semi-definite
X,Y >0, we also have

2
T L
null Z(IN)@):) XP‘Z“j X (IN) 3,

j=1
_null(( NE X PR X (IN) g )ﬂnuu( ()5, P2 x(IN)(IZ):))
Cnull(@; +---+ @) [ null( p+1+---+<1>s)
=null(P).
Thus, dimnull(P) > ¢=dimspan(Z) and the theorem is proved. O

The following is an interesting corollary that is not obvious from Definition 2.1.

COROLLARY 4.3. Suppose Z ={Z1,Z,...,Zs} is a fully overlapped collection, where
Z; are submatrices of Z € CN** as defined by (2.1) and (2.2). Then for any two
nonempty disjoint subsets Z1 and Zo of Z,

7, =7 Zo=7

(717:)7 (721:),

must be fully overlapped, where Tl and fz are defined as in (2.5).

REMARK 4.4. Zha and Zhang [10, Theorem 3.2] also established some necessary
conditions for null(P)=span(Z) in terms of full overlap as well as connected overlap
for Z; whose first column is all ones.
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5. Conclusions

We have studied the eigenstructure of the alignment matrix P in a slightly more
general context than in nonlinear manifold learning. It is proved that a(Z)Pé- =
P under the condition that Z is a fully overlapped collection, where «(Z)>0 is
computed recursively. For s=2, the bound is no worse than proportional to the
square of the ratio of the smallest singular value of the matrix in the overlapped part
to the largest singular value of the matrix in the non-overlapped part and this ratio
can be considered as a measure of the “amount” of overlap.

From the computational point of view, the bigger the smallest nonzero eigenvalue
AL (P), the less difficult it is to recover null(P) numerically. Our lower bound can
be used as an indicator of the difficulty of numerically recovering null(P).

Another implication of our result is concerned with how to make A (P) bigger
— increase the overlaps, as one naturally expects. But we provide a quantitative
measure. Our present study contributes to the theoretical foundation of the LTSA
algorithm [11]. But further studies are necessary. We mention two unanswered issues
that need to be addressed in the future.

1. For s=2, our bound a(Z) is tight and asymptotically achievable, but for
s> 3, the recursively computed a(Z) > 0 depends on how Z is partitioned as
in Definition 2.1 and could very much underestimate At. (P). How do we
improve the bound?

2. Any practical use of our result here remains to be investigated because in
practice data errors may and will complicate the analysis and must be taken
into account.

We shall leave these issues, among others, to our future studies on the subject.
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from an anonymous referee who also suggested that we add a simpler example —
Example 4.4. Previously Theorem 3.1 was immersed in the text. The authors wish
to thank him for his comments which improved the presentation of this paper.
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