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Abstract: We prove that the number variance for the spectrum of an arithmetic
surface is highly nonrigid in part of the universal range. In fact it is close to having
a Poisson behavior. This fact was discovered numerically by Schmit, Bogomolny,
Georgeot and Giannoni. It has its origin in the high degeneracy of the length spectrum,
first observed by Selberg.

1. Introduction

Let Ay < A, < A, ... be a sequence of numbers satisfying
N@)=|{j| A <z} ~z as z—co. .1

There are many statistics that may be used to measure the fine structure of the

distribution of the A’s. The one that we will use here is the number variance Zz(/\, L)
defined by

YA L) = (NA+ L)~ NV - L), (1.2)
where () denotes local averaging in . ZZ(L) measures the variance from the

expected number of “levels A\” lying in intervals of length L. For the local average
we choose

2
1
S0 =5 [N+ D - N© - L. (13
A

Of course, we could replace 2 by ¢, where ¢ > 1.
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We also define the average iz by

L
S22\ L) = %/ZZ(A,u)du. (1.4)
0

The basic models for the distribution of the A\’s relevant to spectral problems are

i) )\j’s are random - that is )\] A , has a Poisson distribution.

(ii)) The )\J’s are the eigenvalues of a random symmetric matrix, that is G.O.E.
(Gaussian orthogonal ensemble) scaled to satisfy (1.1) [Boh].
(iii) The A;’s are the eigenvalues of a random hermitian matrix, that is G.U.E.
(Gaussian unitary ensemble).

For each of these one can compute the expected values of ZZ(L) [B2, Boh]:

(i) Poisson,
ZZ(L) = Zl%oisson(L) =L.
(ii) G.OE. for L > 1,

2
SUL) =Yk op (D) = = (log2nL +~v+1—7*/8) + O(L™Y).
(iii) G.U.E. for L > 1,
S = s (D) = — Gog2nL + 5+ D+ O™,

Note that the number variance is much smaller for (ii) and (iii) than for (i). We say
that the spectrum in (ii) and (iii) is rigid.

Consider now the number variance when the \’s are the eigenvalues of a compact
two dimensional Riemannian manifold. In this case after a suitable normalization (1.1)
holds this being Weyl’s Law. Berry has put forth arguments in favor of the following
behavior [B1, B2]:

Fig. 1.

For 1 < L < Ly, ~ VA the behavior S %(\, L) is universal and given by
o) ZZ(L) = Z?,msson(L) if the geodesic flow is integrable,

(i) SX(L) = Y& o 5 (L) if the geodesic flow is chaotic, ' ‘
(ii1) If in case (ii) we break time reversal symmetry by introducing a magnetic field
(see below) ZZ(L) = Zé'U‘E.(L).

There is a lot of numerical confirmation of these conjectures [B2, BOH]. However
a striking violation discovered numerically by [B-G-G-S] and [A-S] concerns the
spectrum of an arithmetic hyperbolic surface.
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Let I" < SL,(R) be a lattice and I'\H the corresponding hyperbolic surface
(compact). The following characterization of the arithmeticity of I" in terms of the
traces of the members of I" is due to Takeuchi [T]. (The reader may use these as
definitions.)

Let #(I") = {trace(y) | v € I'}.

(A) I' is arithmetic iff

(a) K = Q(¥4(I") is a finite extension of ¢ and 4(I") C Oy the ring of integers
of K.

(b) If ¢: K — C is any embedding such that ¢| 2 # identity then ¢(£(I") is
bounded, where £(I")? = {t? | t € £(I")}.

(B) I is derived from a quaternion algebra iff (a) #(I") satisfies A(a) and

(b) If ¢ is an embedding of K into C and ¢ # id then ¢(4(I")) is bounded in C.

For any lattice I" it is well known [A-A] that the geodesic flow on Tl* (F\H) is
chaotic. Denote by Ay, < A; < A, ... the spectrum of the Laplacian A on functions

on I"\H and by Zz(F, A, L) the corresponding number variance. In order to break
time reversal symmetry and also arithmetic symmetry we consider more generally the
spectral problem

{A¢+)\¢=0 (1.5)

o) =xMoz), ~vyel', zcH,

where x:I" — S' = {2z | |z| = 1} is a unitary character of I". This may be thought
of as introducing a magnetic field [B-R]. The spectrum for (1.5) is real and will be
denoted by Ag(x) < A(X).... The corresponding number variance is denoted by

X206 1A L),
The numerical discovery alluded to above is that in the universal range ZZ(F, A L)
is highly nonrigid for arithmetic I'-behaving like le,oisson, while for nonarithmetic

I it is rigid behaving like Zé.oAE. (in both cases for desymmetrized problems). See
Figs. 2 and 3 which are taken from Schmit [S]. Figure 4 shows 50 spectral lines (high
in the spectrum and normalized to have constant mean level spacings) for (a) random
numbers (b) the arithmetic group I" = SL,(Z) and (c) the zeros of the Riemann zeta
function. Notice that the spectrum of SL,(Z) looks a lot like the random number
spectrum while the zeros are rigid, in fact they follow G.U.E. [O]. The Poisson and
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Fig. 2. ZZ(L> for an arithmetic triangle
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Fig. 3. ZZ(L) for a non-arithmetic triangle
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zeros column come from Mehta [M, p. 13]. The SL,(Z) column was drawn using the
data in Steil [ST].

Our purpose in this paper is to prove a lower bound on the number variance
for arithmetic groups showing that in part of the universal range their spectrum are
nonrigid.

Theorem 1.1 If I is arithmetic then

S

2
SO L) > Toa
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for
VA

<L ~ /X,
g < < Ly =V

Theorem 1.2 [f [ is derived from a quaternion algebra then
EZ(X, I\ L) > [2)2600-3/2

for
MW« L < A2 )10g) =1,

50) = { VITE= 200 if 200 < 1/4

0 otherwise .

where

A
Remarks 1.3. (1) For L ~ % Theorem 1.1 gives

— L
2\ L .
Z(,)>my;

This is close to establishing and consistent with Poisson behavior in this range.
(2) For x = 1, 6(x) = 1/2 and Theorem 1.2 gives an effective lower bound for 22

in the range
M4 < L < M2/ log .

It shows that in this range the spectrum is nonrigid and is Poisson like at least for
L~ \/%/log \.

(3) On introducing x the symmetries are broken and so one expects a decrease in
Zz down to G.U.E. However, according to Theorem 1.2, this change cannot happen
abruptly (as has been suggested in some other situations [B-R]) because \,(x), and
hence 6(x) vary continuously in x. The parameter space for the x’s is a torus and the
behavior to second order of Aj(x) for x near 1 is determined in [P-S]. The lower bound
in Theorem 1.2 gives nonrigid behavior for a range L ~ I as long as Mo(x) < 3/16.
It would be very interesting to investigate the rigidity numerically as a function of
X since it appears that for x varying from x = 1 to x = x, with A\(x) > 1/4
the statistics may vary continuously from a Poisson to G.U.E. behavior. Moreover
throughout the deformation the dynamics are chaotic.

We end the introduction with some comments about the proofs of the theorems.
First, the feature of the arithmetic groups that it is at the root of nonrigidity in the
spectrum is the high multiplicity in the length spectrum. This was observed in special
cases by Selberg and Hejhal [H] in their derivation of lower bounds for S(t) (see
(2.2") for a definition) and again has been pointed out in [A-S] and [B-G-G-S]. For
us the key property of arithmetic groups is the following bounded clustering property
(B-C) see Sect. 2.

For I' arithmetic there is ¢(I") < oo s.t.

(A Nn,n+1) <ed™) forall neZ. (1.7

If I' is derived from a quaternion algebra then the stronger property of minimal
spacing holds:
There is 6(I") > 0 s.t.

[ trace(y) — trace(y')| > 6(1")
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if
trace y # trace y' .! (1.8)

In deducing Theorem 1.1 we can only appeal to the weaker B—C property (1.7) and
as a result have to face a number of technical problems. To overcome these, we prove
some new lower bounds for mean-squares for Dirichlet polynomials (see Lemma 2.3).
The reason we only get lower bounds in the theorems is that using the trace formula,
one can derive useful expressions for smoothed versions of N(z) — see formula (2.3).

A lower bound for the smoothed 37 gives a lower bound for Zz. Upper bounds for
Zz seem unapproachable by these methods.

2. Proofs of Theorems

We begin with proofs of a few useful lemmas, which are of independent interest.

Lemma 2.1. If I' is an arithmetic Fuchsian group, then % (I") satisfies the B-C
property. Moreover if I is derived from a quaternion algebra then the stronger property
of minimal spacing holds.

Proof. We will use the characterization of arithmetic lattices due to Takeuchi (see
Sect. 1). Given [n,n + 1], arrange all embeddings of K = Q(¥%4 (")) into C as
oy =id, 0y, ..., 04, O yy -, 0y, 1= [K:Q), such that o, ..., 0, are all the
embeddings satisfying 0|, = id. Suppose there are more than 2k=1(M + 1) points
of Z(I') in [n,n+ 1], M being a positive integer, then by Dirichlet’s principle, there
are at least two different elements in %(I), «, 3, say, such that 0 < |ao — | < —,
and 0,00 = g0, 0,0 = ¢,0, 1 <1<k, e, =+£1. Thus 0 # o — 8 € O and
1
lo(a — B)| < U 1 <i<k, |ojfa—pP) <24,i> k. (We assume o,(Z (1)) is
1
bounded by A for i > k.) Hence 1 < [N§(a — 0)| < i (2A)" ", where N§ is the

norm from £ to Q. When M is sufficiently large the above is impossible. The proof
of the second assertion is similar and easier.

Lemma 2.2. Let a; >0, A\, € R. Then there exists C,, > 0, such that for R > 1,

2R

-3R
/G_lr l) Zaeu .
R

Proof. Since a, > 0, we may assume A;, 1 < j <m are all different, and satisfy

dr>C RZ(L
7=1

0=X <A\ <. <A,
m
moreover we may assume y a? =1.
=

' An example of an arithmetic group not satisfying (1.8) is the Hecke group I' generated by

[ 01 (1)], [(1) \?] (I') contains 27, as well as V27
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We have, after change of variable r — Rr,

(-]

We will conclude the proof if we can prove that

/

el

m
§ iR T
a]e

Jj=1

m

§ : iy
aje

=1 Q.1
m
2
Zajzl, a]-ZO‘
j=1

We will use the elementary fact

i 1 ]T_%RI irA . 1
/<§‘T>e dr:o(“““(R’ XT%)) @2
R

and proceed by induction.
When m = 1, (2.1) is trivial. Suppose (2.1) holds for m < k, then when m = k+1,
we have, for 1 <v <k,

[r——Ddr>C for 0=y <y <...<fl,,

k41
/ > e (-
v 2 2 k4l 2
Zajemjr “IT_EI)dT‘F/ Z a,e™s” (s - r—%])dr
J=1 1 Jj=v+1

v k+1
+O<z:§:<m~um>

i=1 j=v+l

By induction hypothesis, (2.1) is true unless ., ; — p, < A(k), 1 < v < k, where
A(k) is some function of k. So we are left with case:

k+1
Yai=1, a;>0, 0<p, <kA®K).

The left-hand side of (2.1) is a positive continuous function in a,; and p,, and the
above set is compact, hence (2.1) is still true in this case. This completes the proof.

Theorem 2.3. Let 0 <t <t, <...satisfy
[t N+ DI < C

for all non-negative integers n; a; > 0, then there exists D > 0 such that, for R > 1,

2(%_@%7’2171%2(1%0(@2@?).

t, <N t,<N

2R
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Proof. We can assume v N < R, since otherwise, Lemma 3 is vacuous.

We define .
P.(r) = Z at" k< \/N,

773
t, €l

where I, ’s are chosen such that I C (K%, (k + 1)* + 6k), I, N1, = ¢ if k; # ky,
and dist(f,,, I, ,) > 6k. Here ¢ is some positive constant depending on C.
Then by Lemma 2.2 and (2.2), we infer that

3
2/1 |r—3R]
<§_T>dr

2R
|

3
(1 ’"—le>
> /](Pk(r)[ (2 = dr

k<vVN R
2R 3
—_ /1 |r—3R|

+ Z /Pk(r)PJ(r) (5 - —R—) dr

k77 R

>DRY. Z+o(> Y Y —fue
t,<N k<y tu€ly ty€l; R(ln tl)
u

We will distinguish two cases.
Casel. j — k > 2. The contribution of terms with j — k > 2 in the last sum
N 2
< j_zkzz tuesz tv;j a,a, RG_k_17 < \/Ntf:_;vaj .
Case2. j = k+ 1. These terms contribute at most
0(% Z Z ai) =O<\/N Z a§>.
k<V/N tu€ly t, <N
This completes the proof.
Lemma2.4. Let 6 > 0,
T <2y < ... <Tpy T —T. 26,

for 1 <r < R — 1. Then for any complex numbers b, we have

R

1Trt
E b,.e* "
r=1

Proof. The proof is straightforward using (2.2).

2T

/

T

2 [t =3 R
(5 _T) dt = (AT +06™H) 31, P

r=1

Let I" be a cocompact discrete subgroup of SL(2,R), and x:I" — C be an unitary
character. The hyperbolic Laplacian acts on a dense subspace of the Hilbert space
Ly | H,x) = {U) | Uvz) = x(NU(2), v € I, and [ |U(2)*du(z) < oo},

F
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where F' is the fundamental domain for I” and y is the invariant measure, and it has
discrete spectrum:

where \o(x) = 0 iff x = 1. Write X\;(x) = \; = 3—‘ +th=5(1-35;),5, = % + it
tj ZOorit] > 0.
Define
N(T) = [{5,t;] < T} = NG + T,
and
p("\H) T2

S(T) = Ny(T) ~ =

2.2"
The prime geodesic theorem [H] asserts that

T
mr@) = [{Fy, NFy < @} ~ logz’

as x — o0, where P, runs over the primitive hyperbolic conjugacy classes of I’
and N F), the corresponding norm [H].
If {P,} has trace [, then

12 1
NP0=x1=5—1+%vl2—4:l2_2+0<l_2>.

Define u(l) := > x(Pp= Y x(Fy")=pd.

N P0=$l NP, 0=
The following lemma shows in pamcular that (7) is large for arithmetic subgroups
and x = 1, a fact first observed by Selberg for quaternion groups (see [H]).

Lemma 2.5. Let I' be an arithmetic subgroup of SL(2,R), x is an unitary character
of I such that 6(x) > 0. Then for any X > 1, b > 1 we have

1
3 +26(x)

2
o> g7

X<z <bX
Proof. Let u(z) be a nonnegative smooth function such that supp u(z) C (1, 5], and
f@)=u ( > (logz)™".

_z

Applying the Selberg trace formula [H] to g(x) = f(e’”)e2 + f(e"”)e 2 and
observing g"\(t) = h(t) = f fyrs—ldr + f F)r¥~ldr with s = = + it, we have

23 L NEXE) v py P

{P} NP2 — NP 2

= Z h(tj) — H(Z;H) / rtanh(7r) h(r)dr
J z

—2nkr/m

X e
- Z Z m sin(mk/m) 1+ e 2nr h(r)dr.

(E} k=1 o
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Here {P} runs over the hyperbolic conjugacy classes and {E} the elliptic classes.

. L . X .
Since, by partial integration, h(t) < — for any p > 0(c =Res =Re % +it) and
> is a finite sum, we infer that |s]

{E}

1
2> g NP f(NP)X(P)= > h(t)+0(X?).
{F} S<3+it, <1
Thus, if 6(x) > 0, then

2+

T\ z;
s <20 (3)= 3 on(3)

X <a;<bX

1 2\ 3
(2 (20 F)
X<z;<bX X<z, <bX
1 1
<<sz( Z u(l)z)z,

X<z, <bX

where we have used Cauchy’s inequality and the B—C property which is valid for
arithmetic I" by Lemma 2.1. This completes the proof.

The following lemma is related to Proposition 18.11 in Hejhal [H]. It expresses
the smoothed mean value of S(¢ +wu)— S(¢), u fixed, by a finite Dirichlet polynomial.
We have kept our test functions to be quite general and also work directly with the
trace formula rather than use the Selberg Zeta function. Note that

Nl(T) =

T
“(Z ;H) / vtanh Todv + S(T) +0(1). 2.3)
0

Let g(x) > 0 be a smooth even function such that g(z) > 1,z € [— %, %] and support
g C [—1,1] and define h = §, the Fourier transform.

Lemma 2.6. If10 < 8 <2logT, 0 < u <t andtis sufficiently large, then

(S +u) — S) v — t) PP Ddy

[v—t|<t/2
l —1
= i s #g(f —logz))
L€ (D), <z <ef+] VT
X (eit logz; ei(t+u) loga:l) + O(te) ) 2.4)

Proof. Consider
I= / (S +u) — S@) h(v — 1) e Pdu .
0

The trivial bound
S(z) = O(x)
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allows us to conclude that
I= / (S +u) — SW) h(v — )PP Vdy + Oyt~ )
Ju—t|<t/2

for all NV > 0, since h is rapidly decreasing.
On the other hand

[ele] v4u oo -
I= / h(v—t)ew(”_‘”( / dS(g)) dv = / ( / h(y)ewydy> ds(€)
0 0 N—u—t
- / HE)dS(E),
0
where
&t
HE) = / h(y) ey
E—u—t
Hence

= / (H() + H(~6)dS(E) - / H(-£)dS(©)
0 0

- / (H() + H(=)dSE) + Ot~
0

using again the rapid decrease of h.
A calculation yields

(HE) + H(=))(x)

= g(f — a)eite 1=

e—iua: ) 1 — gwuz
— 9B+ 2" —— E G@).

Applying Selberg’s trace formula to the test function H(§) + H(—£), we have

+o0
> (H(t) + H(-t,) - %:HD / (H(r)+ H(=r)) tanh(rr) rdr

tj —00

= N (H@) + H—t)) + / (H(r) + H(—r)dS(r)

t,¢R

log NP, x(P
_ Z g oX( )1 G(log NP)
(P} NP2 NP
m—1 k +o —2nwkr/m
X*(E) e
+{§E:} kz;: e | Tre (H(r) + H(=r))dr.
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Hence, since H(+t;) = O N (€2 ¢ ; ¢ R, and there are only a finite number of
elliptic conjugacy classes in I, we infer that
log N Pyx(P)
1
B—1<log NP<B+1 NP2 — Np
e—z‘t logNp __ e—i(t+u) log Np

I =Re

0=

X ilog NP 9(8 —log NP) + O (e?/2t~N)
= > (gl —log )
IEA(I),eB~1 <z <ef+] NI

% (e—itlogxl _ ei(t+u)logt[) + O(te).
This finishes the proof of Lemma 2.6.

We are now ready to prove the main theorems. Let § = 2InT — C, where C is a
sufficiently large constant.

Proof of Theorem 1. We have y = 1.

Define
Sp(t) =Y _nDe™ e, Tat) =) nhe e,
1 1
where o)
nl) = Nk (D) = p)g(B — logxy) .
El: means summation over [ € Z(I), e#~! <z, < e#*1. Consider
2T 3
I= / (% — lt—_:fll> 1S5(t) — Ty(®)[*dt
T

2T 3
1 ft=35T) 2
_/ (5 - —T—) EROR

T

2T
+/ 1_ t—_%T] |T,(t)[*dt

2 T s
T

AN i pp—
T

=0 +1L,+1;, say.

Evidently 1,1, > 0.
By Lemmas 2.1-2.3, we infer that

2T
|

3
1 t—sT o
/ (5 - ——Tl——l> |1S5t)Pdt > T;n(l)z LA,
T
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The same method used in proving Lemma 2.3 leads to

A
,Q=O<E>—2Re > > n(l)n(ly) eV eloe

i<exp((B+1)/2) 12<rll ,x,2§(¢+1)2

2T
x/ l————|t—%T1 dt
2 T
T
= (%)4—5’, say

Trivially we have

22U A

Sdu <« =
/ YSaT
U

1
Hence fIdu>> (U— )A>> UA.
By Lemma 2.6, and Cauchy’s inequality,

2U 2T

2
/ / < / IS+ u) — S(W)| h(v — t)dv) dtdu > UA+ OUT'%).

t
lv—t|<5

+oo
Since f h(v)dv = O(1), we have, using Cauchy’s inequality,

—o0o
2U 3T

/ / 'S(’U + u) — S(v),zd’l)du > UA + O(UT1+25) )

U 1
ET

Finally,
2

T
(InT)?’

A»—ZMW»— oo

by Lemma 2.5.
Thus, we have proved that

2U 6T

/ / (St +w) — S@®)dtdu > ———

U

U2
(InT)?’
for T >4 1>U> !

- 7 IT

(Here 6 can be replaced by any constant larger than 1).
Theorem 1.1 follows from (2.8) using (2.2’) and changing variable.

431

2.8)
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Proof of Theorem 2. By Lemma 2.4, (1.8) and (2.2), we infer that

I> Tzn(l)z ll _ ezulnml|2
l

> T Tu? Y " n(ly?
l

> T2 by Lemma 2.5,

1
provided that 6(x) > 0 and v € —

InT’

Thus, as before, we obtain

2U 6T
/ / (St +u) — S@))dtdu > THOU3
U T

for T>4 (InT)"'>U, and 6(x)>0. (2.9)

Theorem 1.2 follows from (2.9), (2.3) and a change of variable as before.
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