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Abstract. By slightly restricting the conditions given by Herbst and Howland, we
prove the existence of resonances in the Stark effect of disordered systems (and
atomic crystals) for large atomic mean distance. In the crystal case the ladders of
resonances have the Wannier behavior for small complex field.

1. Introduction

In 1981 Herbst and Howland had provided a setup for the definition of resonances
in the case of one-dimensional regular crystals as well as of disordered systems in
a uniform electric field. They omitted the existence proof.

Starting from such a construction, and slightly restricting the general conditions
of Herbst and Howland (1981), we provide existence theorems for resonances in
disordered systems in the regime of large distance between atoms at small fixed
electric field. This result adds to and completes the recent results on the crystal case
given by Bentosela and Grecchi (1991), Buslaev and Dmitrieva (1990) and Combes
and Hislop (1991) (see also Agler and Froese (1985) for the case of large electric
field). Our proof (see Sect. 2) is very general and refers to standard techniques of
eigenvalue stability. If our treatment is specialized to the case of an ordered atomic
crystal (see Sect. 3), we obtain exact ladders of resonances, that are uniquely
associated with the complex field states of Avron (1979) and Bentosela et al. (1988)
and with the single-band approximation of Wannier.

As a particular case, we consider a model that in the zero field case coincides
with the classical Lamé problem, which, for integral values of a parameter, gives
rise to a finite number of bands. In the last case, but for small positive field, we prove
the existence of a ladder for each Lamé finite band, as suggested by Avron (1982).
For a study of the quasi regular case by perturbation theory methods we refer to
the paper of Nenciu and Nenciu (1989).
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Finally, let us note that in the disordered system case the absolutely continuous
spectrum disappears, almost surely, at zero field (Kirsch et al. (1985)), so that no
resonances exist in such a limit (but, perhaps, bound states).

2. Stark States for Disordered Systems

Let us consider the Hamiltonian of the form
H:=p*+V,, (1)

where V,, is the atomic type potential defined by a real-valued function u(x) on R
such that:

a) u(x) admits analytical translation, x — x — i, and dilation, x — xe*, for |0| < 6,
and |p| < ¢, (Herbst (1979)).

b) for any positive 8 < 6,,3C,r > 0,9 > 1 such that

lu(z)| £Clz|™%, Vz suchthat |3z|<6 and |Rz|>r. )

Then (1) defines a self-adjoint operator (still denoted H) on the domain D(p?), where
2, (H)=[0, + 00) and 2;(H) = (— 00,0) has multiplicity 1.

Finally, we assume that:
c) X, (H) is not empty, i.e. there exist at least n,n = 1, negative eigenvalues of the
operator H: A, <A, <---<4,<0.
The class of such potentials defined by a), b) and ¢) is clearly not void (see for instance
formula (37)).

Now, adding in (1) the term Fx and performing the analytical translation
x—x—1i0,0 < 6 < 0,, we obtain the operator formally defined by

H} pi=p>+ Vi + Fx —iF6 3)

and belonging to the class of Stark models, V¥ is the potential defined by u(x — if).
For F >0 real we have that X__ (H} ;) S — iF0 + R and that, for F small enough,
Z4(H} ;) consists of n 6- mdependent non-degenerate eigenvalues 49" close to
Aisj= 1,2,...,n, having imaginary part of order O(F®). This follows from
Theorem III.3 in Herbst (1979), concerning a Hamiltonian of the type (3) submitted
to an analytical dilation, and from the coincidence of resonances defined by the
analytical dilation with respect the analytical translation method (see, e.g., Sigal
(1988)). These arguments work for F complex too and, assuming 3F > 0 for sake
of simplicity, we have that H g ¢ has compact resolvent (it follows from Theorem I1.3
in Herbst (1979) and from the relative compactness of the term V8), its eigenvalues
are 0- 1ndependent and the stability as F — 0 of the n eigenvalues of H holds again
umformly for F in any sector 0 < arg F < §. Moreover we have Jlo F=co3F+
O(F?),c, is the first perturbative coefficient.
We summarize these results in the following:

Theorem 1. Let 6,0 < 0 < 8, be fixed. We have that:

i) foranyd, >0and any j,j=1,2,...,n, there exists F, > 0 such that H?)  has only
one O-independent isolated ezgenvalues APF in the set {AeC||A— A5l <d,} for any
Fe{zeC||z| £2F,,0 < argz < 6}. Moreover, for 6 >0 small enough we have that
|SAYF| < 4IF|6.
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ii) if F isreal, X
of order O(F),
iii) if IF > O,H has compact resolvent, hence X (H® n=4.

€ss

(Hj 5) € —iF0 + R and the eigenvalues 1°* have imaginary part

ess

We regard the operator Hj . as a limit problem for the class of operators
{H} £} 420> as B0, of the Stark—Wannier type

Hj pi=p> + V}+ Fx — iF0, @
for F in the sets 2,  and @, ,, where
;5= {FeC|f <|F|<2f,0<argF <4}
and
O, ={FeC|f <|F|<2f,e<argF <m/2},
where 0 < f < F,,0<e<d,0 and F, as in Theorem 1. Here Vf;, for f>0, is the
type multiple-atomic potential defined by u,(x — i), where
up(z):= Zzu(z—ﬁ‘le), p>0,|3z| < b,, 5)

each X,,meZ, can represent the position of the m™ atom. As a model of dis-

ordered system we consider X,,(w), w in a probability space (£2, #, P), the points of

a Poisson ensemble on R, with mean density 1, where we assume an ordering
<X <Xo< X, < (6)

In the following, for sake of definiteness, we assume X (w)=0 for any w
(otherwise we translate x — x + i~ ' X ). We have that, P-almost surely, u,(z) is finite
and real-analytic in the strip | 3z| < 6,. Moreover, the following bound holds for
small enough

lug(x —i0)| < Cylog(Blx —i0]| +2)+ Co, 0] <0,, P-as., @)

where Cy,C;>0and C;—0as $0. Indeed, let v(z):=(|z|> + 1)"¥%, g > 1 as in (2),
satisfying the hypothesis of Corollary 3.5 in Herbst and Howland (1981), hence

o(z):= ZZ v(z — X, () )]

is finite, P-a.s., and such that for some C

|5(z)| < Clog(|z| + 2), 9)
Therefore

lug(x — i) = |y u(x — i — p~' X ,,(»))| as B—0

<C Y vx—if—p X, () + Co

m#0

SCB Y [Ix—i0)B — Xp()* + 82192 + Co

m#0
< CCp*log(|x —if|B + 2) + C,. (10)
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In particular, from geometric estimates, a type (7) estimate holds for

dugy(z) to
dz

Moreover, from similar arguments, we have that foreach xeR,meZ and 6, |6| < 6,,,

limuy(x —i0 + 7' X,) =u(x —if), P-as. (11
Blo
Now, let us stress that, for F real, Hj p satisfies, P-a.s., the hypotheses of Theorem 2.1
in Herbst and Howland (1981); hence, it has discrete spectrum (if it is not empty)
lying in the strip {z]zeC,0 = 3z > — F6} and its essential spectrum is contained in
the line —iFf+ R. Moreover, for F complex and 3F #0,H} ; has compact
resolvent (see Avron (1979)), hence X (H =g

€SS

We are going to prove the following theorem

Theorem 2. Let 0, with 0 < 0 < 0,, be fixed and F, and é as in Theorem 1i. Then for
any f,0 < f < F,, there exists >0 such that, VFe; ; and Ve(0, f] the operator
H} ; admits, P-as., an eigenvalue A%F + FB~'X () at least, for some meZ, where

ABF = AR (w) tendsto AYF as 10, j = 1,2,...,n, uniformly with respect to F in Q, ;.
Proofof Theorem 2. P-a.s.choose m = m(w)s.t. (11) holds uniformly w.r.t. w. Since
Zd(HZ,F)':Zd(Tl}—IXm(w)H T_ 1), (w))“l‘Fﬁ lAX (w) (12)

where T, is the translation operator x— x + «, we can assume, without loss of
generality, m =0. Moreover, in the following, will be implicitly assumed the
dependence of A4 on w.

Now, following Herbst and Howland (1981) let us consider the following
representation for the resolvent

[AY,— 1171 = S;A[1 + Qp(NS,(H]~"Y, B=0,34>0, (13)

where S;(4) = S; ¢(4,0;7) is the inverse operator defined by H rt0p(A)—
H 6 p=HS p.r T iF0, and Qy(4) = Q; p(4,0;7) is the bounded operator deﬁned by the
functlon of xeR given by

(A—-Vp? FYV2 AV 1 av;

Qp(AX):= X114 0) 4Fx  2xU% ' 4x32F12 T QpUZ 2 gy
(A=V9* F2 A=V} i vy
A (e - - —
CETUD 4Fx 2ifx|M? 0 4]x|¥2FY2 2F2 (x| dx

— A unEX V=D 00101200 SA>0, (14)

Here y,,, is the characteristic function on the interval a < x <b and yeR" is
su1table constant whose meaning will be discussed in the followmg lemma.

Lemma 3. For any compact subset I of {AeC:31> 0 and RA < 0} there exist g>0
andy such that S ¢(4, 0; ) is uniformly bounded for (4, B, F)eA“ =TI x[0,fB] x Q5 ;.

Proof of Lemma 3. Let qf)y and ¢ be the solutions of
[p*+ Fx + VZ+Q,,(/1)—/1]¢>5'=0 (15)
coincident, respectively, with ¢ ™, ¢+ eI*([f ™!, + o0)),and ¢ ~,p " e X(— o0, — [~ 1]),
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where ¢* are the WKB solutions of [p* + Fx + V§ — A]¢ = 0 for large |x|, i.e.:
2 Axt?o1x
q,’)‘“(x)=exp{—|:§F”2x3/2 T + = fV (O(F)” ”%it]}
and

F1/2

Let W = W, (4, 0;7) be the Wronskian of q.’> . First of all, we prove that there exist
B,y and ,u>0 such that |W| > u for any (4 ﬁ F)eAj ;. Let

() () (G2 ) 60)

lp_ b x b e_\/;x b x b lp+

be, respectively, the linearly independent solutions of (15) in the intervals
(_ o0, ~f-l:lﬂ ('—xf_la —(2f)_1)’ [_(2f)_1’(2f)—1]7 ((2f)—17f-1)7 [f—l, + CD),

where Yy * =¢* [ [¢*] *dx. Hence, we have
tfo

¢ (x) =exp{— [;F”Z(— x)3% — M— wf Vi) tF)‘”zdt]}. (16)

=cie™+de (17)

in the interval [ —(2f)~%,(2f)"!], where ¢, and d, are obtained by matching
conditions on the solutions ¢yi. In particular, one obtains

_ =1 smang: + {(1 Lf) (/71 1FY(£ }
T oS (17 STH=HOF P N]
(18)

do=—pem DG f ){( ﬁ)‘f”(if"Hﬁ[lTr'P’(if'l)]},

2y 2f
(19)
where ¢*'(+ f )= —¥'(+f o™ (£ f"!) and
’ -1\ __ I_ F 1 ('] -1 _é:l
Y(f )—f[f+2Vﬂ(f ) 5|
7 b W 1 E 1 0__ -1 _%:|
Yi(-f)= l\/;[f+2V,;( 7 5| (20)
where ' denotes di Since R4 <0 and f is fixed we can choose > 0 such that in
X

the term V§(+ f 1), for any f < B, the contribution given by the overlapping
between the first well and the other ones can be neglected, hence
lu(+ /™1 —if)] 1

Y+ Y zl——==-
[P(£/7)12 5 25

if fis small enough. Then, we have that the leading term of |W|= l2\/yd +d_ [3_— — Zl:l
- +
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satisfies the following estimate for some u > 0:

ngz (f N (= f VP HP(—fNe

gﬁexp[ﬂ 2 WL 34 lm}"u(x 0, x]># 1)

272 L f 3 f f

F 3T T U e U

choosing y large enough and positive.

Here (15) has no solutions in L*(R) for (4, 8, F )eAg, , moreover W~ ! is uniformly
bounded in Aj .

Now, we have that Sy(1) = W™ 1A, where A = A ¢(4, 0;y) is the operator

[AF109= | Gpatd, 0,33, 1)f0y, (2)

where G £(4,6,7; x, y):= qz'>y+(x>)-¢>y‘(x<),x> = max(x, y) and x . = min(x, y).

Adapting to our case the proof of Proposition A.1 given in Herbst and Howland
(1981), one can prove that A is a uniformly bounded operator for (4, B, F)e Az , (let
us stress that f is small enough but fixed and that V¢ satisfies the bound (7) where,
as 0, this estimate improves). Hence, Lemma 3 follows. []

Now, let I' be chosen such that 1)"F + FOeI" for any FeQ; , and any j, j=
1,2,...,nie.:
f

.= {zeC /9 <3z<—and ll—lngng}. (23)

Lemma 4. Let I"be as in (23) and y as in Lemma 3, then Q4(4)S (%) converges in norm
to Qo(4)So(4) as B0 uniformly with respect to (A, F)elI” x £; .

Proof of Lemma 4. Let NeR™,(4, F)eI” x 2, ; and
1Q5(AS4(2) — Qo(DSo(W) I = Il %= v i [Qs(A)S p(A) — Qo(DSo(A)] I
+ 11 = X -y i) [Qp(DSp(A) — Qo(DSo (ATl (24)
From (14), there exists a constant ¢, (4, F) < co such that
(4,
11 = 2D [CH(DS,(2) — Qo(WSo(D] ] S fi,ﬁ abl

as N— oo uniformly in f being iel’, where, by Lemma 3, Sy(4) is uniformly
bounded. Moreover, the other term in (24), for N fixed, tends to zero as £ 0. In fact,
by the resolvent identity, we have:

1=, (@ (A)S5(A) — Qo(A)So (M)
= - nn(@s(A) — Qo(D)So(A) |

+ 1t - v @o(DSs(DQp(A) + Vi — Qo(A) — V51So(A) |
S ¢,(4F) max [Q4(2) — Qo(4)]

xe[—N,N]

+¢3(4F) Syl max [Qp(d) + Vi — Qo(A) — VG| -0 (26)

xe[ — N,N]

ISsMII=0  (25)
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as 0 because of the uniform boundedness of S4(4) for AeI" and from the uniform
convergence V,‘; - V9 stated in(11),and Q4(4) = Qo(4) in any compact set [ — N, N1,
where c,(4, F) and c3(l F) are two f-independent constants. Finally, from the
uniform boundedness of Sy(4)in I" x £; , stated in Lemma 3, and from the uniform
convergence, as 8]0, of Q4(4) and V" inI" x ; ; Lemma 4 follows. [

Let us stress that, from (13) and from the choice of I', Ae ¥ (H ¢ p)n T if and only
if Q5(A)S4(4) has eigenvalue — 1. Now, since Q,(4)So(4) has 81mple eigenvalue —1
for uf = A%9F 4+ iF@,j=1,...,n, then for any & > 0 there exists § > 0 such that the
eigenprojection

1

Py= o $ [Qp(u))Sp(uiF) — 217 1dz @7

Tl |z+1|=¢
has dimension one for any § in [0, B]. Indeed [Q(u?"")Sy(u§"F) — z] ™ converges in
norm to [Qo(u)")So(u}") — 2]~ " from Lemma 4 and since [Qo(u]")So(u]F) — 2] 7!
exists and it is bounded (see, e.g., Kato (1976) Theorem IV-2.23). Then there exists
a unique simple eigenvalue z = z( F_B) of Ql,(u F )S,,( 9F) in the disk D,(— 1) of
radius ¢ and center — 1.

Moreover, since {Q4(4)Sz(4)}; is an analytic family of operators in AeI” and
converges in norm as |0 uniformly in I" x £; ,, the function z;:= z;(4, B) defined,
for 4 close to uj.”F and S close to 0, as the unique simple eigenvalue of the operator
Q4(A)S4(4) in the disk D,(— 1), is well defined and it is analytic in A and continuous
in . Besides zj(u?'p ,0)= — 1, hence for any d, > 0 the analytic implicit function
theorem, as in Markushevich (1970) IV-§5.5, applied to the function f;(4,f):=
z;(4, B) + 1, assures the existence of 1 < N(jj) < oo zeroes lf Fi=1,2,...,N(j), of the
functlon fi(4, B) close to #o Fup to d2 if BG[O ﬂ] B > 0 suitable (here N N(j)is

the minimum positive integer such that —’giL——) #0, since f;(4, f) is analytic in

4 and not identically zero, then N < o). Let A8-F:= A%-F —iF0.
Hence, from the above result and from the umformlty for FeQ; , stated in
Lemma 4, Theorem 2 follows. []

Now, linking Theorem 1 and Theorem 2, it follows:

Corollary 5. Let 6, with 0 <8 < 6,, be fixed and 6 >0 as in Theorem li. Then, for
any d >0 and for any f >0 there exists § >0 such that, VFeQ; , and Vﬁe[O B,
P-a.s. there exists an ezgenvalue ABF 4+ FB™' X ,,(w) at least, for some m, of H}, ; where
[A8F -2l <d,j=1,2,.

Now, uniqueness and analytical properties will follow from stability arguments
as 10 uniformly for F in @, ;:= {FeC|f < |F|<2f,e<argF <n/2}.

Theorem 6. For any ¢ >0 the eigenvalue 24" + FB~' X, (w) given in Corollary 5

(j=1,2,...,n,meZ and fixed) is unique and analytic for Fe.Qn/z’f.

Proof of Theorem 6. The assertion follows from a stability argument as § | 0 uniform
for Fe®, ;. Here 0 < & < 4, so that the interior of the set @, fm Q; ; is not empty.
Now, we compare H ;’, with the Stark operator H . =p*+V+Fx—iFfin
the limit § | 0. First notice that as in Theorem 1, Hj) . admlts n O-mdependent eigen-
values A" close to A fore <arg F < 7/2,0 <|F| £ 2F,, for any ¢ > 0, by a stability
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argument as F—0 (see, e.g, Vock—Hunziker’s criterion in Hunziker (1988)).

Moreover, such eigenvalues are analytic in the same region of F since H g,F is an

analytic family of operators in F, 3F > 0, and they are free of crossings by stability.
Now, fixing F in ©,,, stability arguments as above work as 0, too.

Indeed, we P-a.s. have that
I(HE — HY p)gll =0, as f10, VgeCP(R). (28)
Besides, the asymptotic numerical ranges
{<g.HY 1g>|geCP(x> M)} and {{g,H}g>lgeCy(x<—M)},  (29)

for M large, lie far away from the region of eigenvalues since the Fx term is dominant
with respect to VZ by the estimate (7). Therefore, for Fe®, , we have only one
eigenvalue }tf'F close to 4; (j=1,2,...,n) and it is the by analytic continuation of
the one given in the set £2; , since the interior of the set @, N £2; (isnotempty. [

Remark 7. Therefore, a kind of disordered ladder of eigenvalues of Hj, ; P-a.s. exists

if B~ is large enough: for each j, j = 1,2,...,n, the position of such eigenvalues on
the ladder corresponds to the direct image of the sample parameter in the form
{(MF+ B 'FX,(w)}meSg{w) = Z. In particular, from Theorem 6 and from
Corollary 2.2 of Herbst and Howland (1981) the existence P-a.s. follows, for ff < f§
and Fe; and real, of disordered ladders of resonances

ABF 4+ B'FX,(w), where P(meSgw))=1—0(p) (30)
for the Stark—Wannier operator
Hypi=p*+Vy+Fx, Vy= Zzu(x—ﬁ_le(w)). (31)

3. Stark—Wannier States for Crystals

In this section we specialize the results of the previous section to the case of the one-
dimensional crystal. In such a case we have that X,, = ma, where a is the period of
the crystal, so that overlapping in (5) is excluded. Hence uy(x — if) for |0] < 0, is
bounded and limuy(x — i6 + B~ 'ma) = u(x — if) for any m and any x. Moreover, the

Blo
statements in Corollary 5 and Theorem 6 hold too. Hence the existence, uniqueness

and analyticity of the Stark—Wannier ladder A?* + mFf~'a,meZ, are given for
FeQ , .

However, in the crystal case we can improve the above results because the
existence and analyticity of the Stark—Wannier states for complex F in a small disk
tangent to the real axis is known. Indeed, the existence and analyticity of a Stark—
Wannier ladder associated with the single-band approximation ladder of Wannier,
via a regular perturbation theory, for complex electric field in a disk D ,(ip) of radius
p, tangent to the real axis in the origin, was proved in Bentosela et al. (1988). Note
that the radius p does not depend on the period of the crystal but, essentially, on
the isolation distance of the band.

Hence, with such restrictions, we can take complex values of the electric field
arbitrarily small. Moreover the Stark—Wannier states, given by exact ladders, are
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associated by perturbation theory with the single-band approximation states of
Wannier.

From a well known stability result, the j* band tends to 4; and the isolation
distance of the band tends to the isolation distance of the eigenvalue 4;as $0. Let
r be the minimum isolation distance of the first eigenvalues. Choosing d in
Corollary 5 such that d < (r/4)sin and f so small that I:= D (ip) " 82, ;N Oy,  #
(&, then, for any Fel and ff small enough, | 14F — 1;| < d. So the ladder A#F + mB~'Fa
is contained in the strip with boundaries (4; — r/2) + FR and (4; + r/2) + FR. Hence,
from the uniqueness condition stated in Bentosela et al. (1988), this ladder must be
unique and must coincide with the Stark—Wannier ladder associated with the single-
band approximation. In particular, since H Z’ r 1 an analytical family for FeC™*:=
{zeC|3z >0} and the eigenvalues A%F are isolated for Fef; ,, then a unique
analytic continuation from the disk D,(ip) to the real axis for the Stark—Wannier
ladders is given.

We can summarize these results in the following:

Theorem 8. Let Hy i be the Stark—Wannier operator
Hypi=p*+Vy+Fx, Vy=3 u(x—map™"). (32)

meZ
Then, for any f>0, f <Fo, Hy ; has ladders of resonances for p> 0 small enough
and any real F in [ f,2f]. Such resonances are the limit, as 3F | 0, of the complex F
Stark—Wannier states uniquely associated with the single-band Wannier states.

We conclude this paper considering a model coincident, for F =0, with the
classical Lamé problem. Let

VOx):=v-(v + )[k2sn?(x —i0,k)— 1], k<1,|0]<bo=m/2,v=1,  (33)

where sn(z, k) is the Jacobian elliptic function having real period 4K and imaginary
period 2iK’. In such a model the role of g is played by K~ *. Here K and K’ are
functions of k given by

/2
K= | 9 and KW =K(/1—F) (34)
0. /1 —k%sin?¢
In particular, we have that
limK(k)= + oo and limK'(k)=n/2. (35)
K11 k1o

Moreover the following formula holds:

snz(z,k)=<22,>2{ +z°° [coshﬂ(mTK,”)—cosh—2<22—”15—1<x,,,>]}, (36)

Xp= % Equation (36) follows from the formula given in Whittaker and Watson

(1965), Chap. 20, Sect. 2, for the Weierstrassian elliptic function 2(z) (with real
period 2K and imaginary period i2K’) and identifying 2(z + iK’) with sn?(z, k)
up to an additive constant. From (36) it follows immediately that as k11 (i.e. as
K — o) each m#0 term tends to zero, hence, for any x, we have Vz(x)—w'
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(v + )[tanh?(x — i#) — 1] as k1 1. The discrete spectrum of
H = p? +v-(v+ 1)[tanh?(x) — 1] 37

is not empty for v > 0 and consists (see, e.g., Sect. 12.3 Morse and Feshbach (1953))
of n non-degenerate eigenvalues

Aj=—(—j+1? j=1...,n=—[-v] (38)

where [ -] denotes the integral part.
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