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Abstract. We consider a model of hyperbolic conservation laws with damping and
show that the solutions tend to those of a nonlinear parabolic equation time-
asymptotically. The hyperbolic model may be viewed as isentropic Euler
equations with friction term added to the momentum equation to model gas flow
through a porous media. In this case our result justifies Darcy’s law time-
asymptotically. Our model may also be viewed as an elastic model with damping.

1. Introduction

Consider the following hyperbolic conservation laws with damping

v,—u,=0,
(1.1)
u,+p)y=—au, o>0, p')<O0.

The system may be viewed as isentropic Euler equations in the Lagrangian
coordinates with friction term — ou for the momentum equation. Thus it models
the compressible flow through porous media. The commonly called porous media
equation is obtained by approximating the second equation with Darcy’s law

—1
v= Tp(v)xx ,

Do)y = —ou. -2

The purpose of this paper is to show that Darcy’s law may be obtained from the
more complete equations (1.1) time-asymptotically. That is, solutions of (1.1) tend

* Research supported in part by Energy Dept. grant DEFG 02-88-ER25053
** Research supported in part by NSF grant DMS 90-0226 and Army grant DAAL 03-91-G-
0017



600 L. Hsiao and T.-P. Liu

to those of (1.2) as the time ¢ tends to infinity. In the Eulerian coordinates (1.1) and
(1.2) become

0, +(ou),=0,
(ou); + (ou” + p(0)). = —ogu,

1
2= S p(g)xx >

plo),= —ogu.

In this formulation both systems become degenerate at vacuum ¢ =0. In [2] some
asymptotic analysis was carried out and particular solutions found which lead to
the conjecture that the two systems are time-asymptotically equivalent even with
vacuum. In the present paper we study the equivalence for the regular case away
from the vacuum. System (1.1) may also be viewed as an elastic model with
damping. It has been shown that the damping may prevent shock waves from
forming if the initial data is not too rough [4]. As stated earlier, our interest here is
not in the shock waves. Instead, we are interested in the diffusion effect the
damping creates. On the other hand, even with rough data, the shock waves
developed represent only transient phenomena and (1.2) would still model the
time-asymptotic behavior.

In the next section we discuss self-similar solutions for (1.2) which are time-
asymptotic states for general solutions. The decay estimates for such a solution will
be needed in Sect. 3 where we study the behavior of solutions of (1.1) using energy
estimates. We are interested in solutions of (1.1) which have limits at x= + oo:

(u,v)(x,0)>(uy,v4) as x—>+o0. (1.3)

Denote by any solutions of (1.2) with the same end states as v(x, 0):

(400, t)=0. , (1.4)
i=— % (D), . (1.5)

Our result says that
[[v(x, £) = 0(x + Xg, D) o) + 100X, 8) — D(x + X0, ) iy = O(1)E ™ 12,
as t—oo, (1.6)
where the translation x, is chosen uniquely by

U, —u_

[ ((x, 0)—d(x+x4,0)dx= — (1.7)
Moreover, u—i in the following sense:
Take any smooth function mgy(x) with compact support and
[ mo(x)dx=1; (1.8),
mx, )= — 4 (x)e . (1.8),
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u(x, t) tends to #(x, t) in the following sense:

I —a—8)(X, )| Ly + I (u—T—B) (X, 8) Ly =O(1)t 112, 19)

x
Ux,t)=u_e "+ | mn,t)dy, as t—oo.
— 00

In the special case v, =v_ we set ¥ to be a multiple of the heat kernel:
1 _(x—p'wo? o
i=v_+ e 4 - [ uy,0)dy.
/ 4nt —o
If, further, we have u, =u_, then m=0. In the particular case that (u,,v.)
=(u_,v_)=(0,0) and

{ v(y,0)dy=0,

then we have #=0=m=0 and our result and the energy method used are reduced
to those of [ 3]. The above choice of asymptotic states i(x + x,) and @i(x, t) + @(x, t) is
dictated by the conservation laws, cf. (3.6).

2. Nonlinear Diffusion Equation

It is clear that the nonlinear diffusion equation
1 ,
= — PO PE)<0 1)

is invariant under (x, t)—(cx, c2t), ¢>0. Therefore, it possesses solutions of the
form

%, 0)= /) =), —wo<E<w. 22,
We are interested in solutions which have limits at x= =+ oo,
H(roo)=1,. (2.2),

Plug (2.2), into (2.1) and integrate to obtain, for any &,

” o
P(#O)-5¢

YO+ 6w

¢'($)=0,
¢ P (Do) I gy
e < 2.3)

= (e + | e dn

— (o)t j &

P'()=

It has been shown that (2.3) with boundary condition (2.2), has a unique solution
and that is strictly monotone [1]. We are also interested in the dissipative nature of
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the solution, particularly the convergence rate of V'z* at x= + oo and as t—> 0. It
follows from the second equation in (2.3) and p’(t) <0 that

(9 < Ce™
for some ¢, C>0 independent of ¢. For fixed M >0 we have
1/C<¢'(0)/P'(Ce)<C, —M<E, {<M.

Since

T oae=r,—c
we have from the above that
PO Clry —T_le™ .
From this and the first and last equations in (2.3) we conclude that
1§+ O +IPE) =T les o HPE) =T _|ecoSclty —T_le . (24)

From (2.1), we have

1 —1
= @ )= S @, i L),
(2.5)

1) = f? Q) +E0"(Q).

%

From (2.4) and (2.5) we have the following dissipative properties:

T e 0Pdx=0()(x, —7_yt 2, 2.6)
T (et 0 + e 0P )dx =01 (x4~ )
T I 0P =0(1) (e, —7 ), 3)

3. Asymptotic Behavior

We want to show that the asymptotic behavior described in (1.4)-(1.9) holds for
solutions of (1.1), (1.3). We set the solution ¢ of (1.2), (1.4) to be

ﬁ(x,t)E‘E*(X,t+1), Ty =0Vs, (31)

where we have avoided the singularity of 7*(x, t) at t =0 so that v satisfies (2.6)(2.8)
with ¢ replaced by t+ 1 on the right-hand side. With m(x, t) given in (1.8) we set, for
solution (u, v)(x,t) of (1.1), (1.3) and (@, v) of (1.5) and (3.1),

e, 0=u_e ™+ | m(n.0dn, (32)
wix, t)=v(x, 1) — 0(X + X, 1) —m(X, 1), (3.3

z(x, t)=u(x, t) —u(x + xo, ) — (X, 1) . (3.4)
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We have from (1.1) and (1.5) that

w,—z,=0,
_ _ _ (3.5)
z,+[pw+o+m)—p@)], +4,+az=0.
Set
y(x, t) = _.‘l W(”Ia t)di’] . (36)1
Note that from the conservation law v,—u, =0 in (1.1) and (1.7), (1.8),,
Neo,)=" | wln, )dn=0=y(—0,1), (3.6),
and, from (1.1) and (3.5),
Yx=w, Y= | wntdn= [ zn,t)dn=z. (3.6);
From (3.5) and (3.6); we obtain a single equation for y:
_ 1
Yt [P(x+0+m)—p(0)]c+ oy, — - p(0)=0. (3.7)

Our basic assumption on the initial data (u, v)(x, 0) of (1.1) is that it tends to (u,,v )
sufficiently fast as x— + oo so that

¥x,0e HR), y(x,00e H(R),
where H™(IR) are the usual Sobolev space:

ad
oxk

m

Ifllm= X

k=0

L2 '
We further assume that [u, —u_|+|v, —v_| is small so that
luy —u_|+vy —v_ [+ ¥x 03+ [y(x,0)[, =6 3.8)

for some small 6. We will show that y(x,t) also satisfies the same smallness
condition as in (3.8). By the Sobolev lemma we have

< Cllf s s -
Thus in the following energy estimate we will make the a-priori hypothesis
VX, Dlezey + 1%, ler g £ CO (3.9)
for some C independent of ¢. Multiply (3.7) by y and integrate to obtain

@ 2 ) T o
y
B aidxl(’)# B yytdxlg—(j; | yidxdt

0

- E I y<lp(yx+0+m)—p(®)]dxdt + E _Ofw % Y p(0)dxdt=0.

-
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Since p' <0, and 7 satisfies (2.6)2.8) and that m satisfies (1.8), we have, for § small,
that the above yields

o,fo yAx, T)dx+§ Of y2dxdt
_0(1)[52+ j y(x, T)dx+f _}O y,zdxdt]. (3.10)

Here we have used the Cauchy-Schwarz inequality.
Multiply (3.7) by y, and integrate to obtain

2 f ythIo+I I Otytdxdt—l I [p(yx+ 0 +m) = p(0)]ydxdt

P(0)yy.dxdt =0. (3.11)

KR | =

i

— 0

ot— N

Set -
q(x, t)= — I Lp(n + v(x, 1)) — p(o(x, 1)) ]dn ,

—4,=[p(y+0)—p(0)]y.+ yg [p'(n+0)—p'@)]odn.

Since p’'<0 we have
Coy:)*=q=Ci(yy)? (3.12)

for some C;,C,>0. We have from above and (2.7), (2.8) for @ that

T o
— 1T [P )= p(E) ]y

© T o yx

= qu|€+(§) I P+ 9~ p (O] Fdndxde
[e9] T o

= [ qdx|g+ | j 0(1)y25,dxdt
2 |

_}o gdx|T+0(1)5 _j Vdxdt .
Thus (3.11), the aboveooand (1.8), (3.9) y;:‘,ld

_Ojooo 2+ yH)(x, T)dx+ (jt _ojio yidxdt =0(1)6%+0(1)é E _szo yidxdt .
We have from this and (3.10) the basic estimate

T 0Tt | § (eRd=00, (33

where we have used the smallness of d.
Instead of integrating (3.7)- y, over 0=t < T, — o0 <x < 0, to obtain (3.11) we
integrate it over (t, T) X (— 00, 00) to obtain

29

{ (;y,-irq)(x T)dx < j [ y,+q:|(x t)dt

-0

+I _I [O(1)yz5,+ O()p(0)%, + O(1)m*1dxdt



Hyperbolic Conservation Laws with Damping 605

We then integrate the above for 0<t<T:

o (1 T o {1
T (5 v+ q) (x, Tdx= | | [5 i+ q] dxdt
T o

+ }ds § [O()yZp,+ O(1)p(D)%, + O(1)m*]dxdt

(=]

s

-1 ?’[%y%q]dxdw? [ t[0(1)y25,+ 0()p(@ +O(1m?dxdr.
0 0 -

— 0

From the estimates (2.6)~(2.8), (3.1) for @, (1.8) for m, and (3.12), (3.13) we have from
the above

T | (7 +y3)x, T)dx=0(1)3>.
This and (3.13) give rise to the basic decay estimate:

_}0 2+ y2)(x, T)dx = 0(1)0XT+1)"*. (3.14)

From (3.3), (3.4) and (3.6); this becomes
lu—a—a)(-, Ol 2+ |@—5—m)(-, t)ll =013t +1)" /2. (3.15)
Similar arguments as above we have, based on (3.8) and (3.9), that
0, Ol 3+ llyidx, D), = C6,

and the solution to (1.1), (1.2) exists. The decay estimate (3.15) can also be
generalized to higher derivatives. In particular, we have

@ —a—a)(x, &) g1 + |0~ —m)(x, )| g = O(1)S(t + 1) /2. (3.16)
From (3.16) we have from the Sobolev lemma the pointwise decay
sup (Ju—ua—1a|(x, 1)+ [v—o—m|(x, 1)) = 0(1)d(t + 1)~ /2. (3.17)

This proves (1.6) and (1.9).
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