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Abstract. We construct for the Schrodinger operator in the semi-classical limit
compact perturbations of a radial symmetric potential which give rise to
resonances associated to arbitrarily high order poles for the meromorphicextension
of the resolvent. Our results concern the hamiltonian P,= —h?4—x? in the
2-dimensional case, as well as a fairly large class of radial-symmetric potentials in
the 3-dimensional case. We show that the poles of the resolvent for such a potential
are necessarily simple, and subsequently the degeneracy is due to a lack of
symmetry.

Introduction

We consider the Schrodinger operator in semi-classical limit on IZ(R"):
P=—h*4A+V(x) (h—0).
If Ve€*(R":R) satisfies:

lim V(x)=E,>—o0,

|x| = o0
then P is essentially self-adjoint on ¥3(IR") as an unbounded operator, and
X(R") = H#,,® H.,,, where #,, is the sum of the bound state corresponding to the
pure point spectrum o,,(P) and . the space of free states associated to the
essential spectrum o, (P). Here the essential spectrum coincides with the
absolutely continuous spectrum. The threshold E, is the bottom of the essential
spectrum

inf O'ess(P) = EO .

In particular, if E, > 0, there is only discrete spectrum near 0 and for z e € small
enough, the resolvent R(z)=(P—z)~! is a meromorphic function whose poles
(necessarily simple) are the (real) eigenvalues of P.
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If E, <0, R(z) is an holomorphic function in the half lower plane Imz <0 and
half upper plane Imz>0 for z near . Under some additional conditions, R(z)
extends across the real axis in the other half plane as a meromorphic function
whose poles are called resonances. In the classical theories of Aguilar-Combes
[AgCo], Balslev-Combes [BaCo], and Helffer-Sjostrand [HeSj], the extension of
R(z) appears as the resolvent of a non-self adjoint operator whose poles are not to
be simple. Ramm [Ra] has studied stability of the algebraic multiplicity g of a
resonance for the Schrédinger operator. Sjostrand [Sj], in the semi-classical frame,
proved existence of a double pole for some perturbation of Py(h)= —h*4—x?inIR?,
starting from a resonance with geometric multiplicity equal to 2. Here we extend
this property by showing, under some suitable hypotheses, that any resonance A(h)
with multiplicity g (simple pole of the resolvent) of a radial symmetric hamiltonian
P= —h?>A+V, can give rise, under some slight, compact perturbation AV of the
potential, to a pole of order g,or in other terms, that the matrix of P=P+ AV
relative to the invariant subspace derived from Ker(P — A(h)) has a nilpotent part of
order g. Let us point out that this resultis relevant to the well-known fact there is
no general a priori estimate for the norm of the resolvent (P —z) ™! in terms of some
fixed power of the distance of z to the spectrum of P, when P is not self-adjoint.

Our results apply to the hamiltonian Py= —h*4 —|x|* in two dimensions, as
well as to a fairly general class of spherical symmetric potentials in three
dimensions. By the way, we show that the poles of such a potential are necessarily
simple, and the degeneracy is due subsequently to a breaking of symmetry. We will
see also how the multiplicity of the resonances is generally bounded by the number
of spherical harmonics associated to a given orbital momentum; in that sense the
case of the hamiltonian P, is exceptional, particular to the 2-dimensional case,
which nevertheless allows us to give relatively simple examples where multiple
resonances occur. We finally give in the Appendix a semi-classical result of
classification of levels E, , for the resonant states in 3 dimensions, which can be
carried out, mutatis mutandis, in the self-adjoint case.

The results of this paper have been announced in [KaRo].

The authors want to thank J. Sjostrand for motivating discussions.

1. Perturbation Matrix

We extend a little in this section the constructions of [Sj], adapting them in
ordinary complex scaling in order to simplify some of the proofs. For equivalence
of the various definitions we refer to Helffer and Martinez [HeMa].

Let P=—h%*4+V the Schrodinger operator on I*(R") with Ve%“(R";R)
satisfying:

V is analytic on IR” and dilation analytic, i.e. V has an analytic extension in:

G={xeC:|Imx|<C{Rex)}, where {(x)=(1+x?)"2. (1.1)

V verifies the virial condition outside x =0 at energy 0, i.e. for any 6 >0 there
exists C>0 such that:

=2V(x)—x-VV(x)=C for xeR", |[x|>6. (1.2)
V(0)=0 and V has a non-degenerate maximum at x=0. (1.3)
lim V(x)=E,<O0. (1.4)

|x]>0,xeG
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Hypothesis (1.2) is satisfied in particular if:
V is radial symmetric (V(x)="V(x|?)) and V(x)<0, 9,V <0 for x+0.
1.2y

Let p(x,&)=¢24+V(x) the classical hamiltonian associated to P, and
K cp~1(0)nR?" the set of trapped trajectories for p, i.e.

VoeK:exptH (g)fo0 as t—Fo00.
Then assumptions (1.1) to (1.3) ensure K = {(0,0)}. Let U, be the one parameter

family of dilations defined by: Uyp(x)=e? ¢(e’x). For real 6, U, is unitary on
Z(R"). Let:

Py=U,PU, '=—h*e"2°4+V(e%).

Under hypotheses (1.1) to (1.4) the P, extend to an analytic family of type (A4) of
operators on I>(IR") for |Im 6] small enough. For Im6 40, P, has discrete spectrum
near 0, whose eigenvalues are the resonances of P. Resonances for Im6>0 are
called “physical” or “outgoing;” others are called “incoming” resonances. In the
complex scaling theory, it is useful to consider the scalar product on I*(R") as
a duality product between I*(I;)=I?’R") and I?(I;)=I*(e’R") by means of
the formula:

(u|v)= ee{{ i u(yyo(p)dy .
We will identify IZ(I;) and I?([;) to I2(R")=I2.

We also consider the hamiltonian Py= —h?4 —|x|*. The resonant functions
of P, associated to the outgoing resonances:

Ao(h)= —ih(2o+n) (ceN) 1.5
are spanned by the Hermite functions:
_(2¢r+n)‘~ -
@, =Cch  * B h™2x)e™?, (1.6)

where o € N", |a| = 0, and &, is an Hermite polynomial. The incoming resonances of
P, are then:

to(h)=ih(2¢ + n)
and the associated resonant functions:
¢¥ =holomorphic extension of ¢, (x), xelR”.

The constant C, € C is determined by the normalisation condition (¢, | ¢¥)=1
for the duality between I(I) and I?(I;). Here we can analytically extend up to

Imf= % We know then [Sj, BrCoDu] that for any C,> 0 such that none of the

values (1.5) belongs to the boundary of D(0, C,yh), and for any h >0 small enough,
there are bijections b* =b*(h) from the set of resonances of P,:

I (h)={Fih(20 +n)| 6 e N}AD(0, Coh)
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onto the set I'*(h) of resonances of P (counted with their multiplicity) inside
D(0, Cyh) such that:

b*([E)—E=0(h*? (h—0). 1.7

[Under the radial symmetry assumption (1.2) we actually get O(h?)]. If F, CI*(I)
for Im6> 0 [respectively F, C I>(I3)] is the space of resonant functions associated
to A(h) e I' * (h) [respectively u(h)e I ~(h)], then F, L F,, if A(h) % ji(h) and F; =(F,)* if
Mh)= j(h). For ;>0 small enough, and D= D(}Lo(h) goh), we know that:

VzedD:(Py—z) '=0(h"1): P-1? (1.8)

uniformly for h>0 small enough. Let

T j‘ (Z PO) le Lz—>L2

the spectral projector of P,in D, and G = I1(I?). For ¢, > 0 small enough, the rank of
IT is equal to the multiplicity g, = (n + Z - 1> of Ao(h). We then make the following
assumption on A(h)e I'*(h):

36>0,3IN =1 such that D(A(h), 26h")nT " (h)={A(h)}. 1.9)

Remark 1.1. Hypothesis (1.9) is generic: for odd n, V(x)= —|x|*> +a|x|* + O(|x|°)
(x—0) with a3=0, we will show in the Appendix that (1.9) is satisfied for N=2.

We get the following:

Lemma 1.2. 3N, =1 such that Vz e dD(A(h), 0hY):(Py—2) " 1= O(h™™): P> I? uni-
formly for h>0 small enough.

Proof. We have:
(Py—2z) ' =(Py—z) 'l +(Py—2z)~ 1(I—1I). (1.10)

Let D = D(A(h), 5h"). For z € 8D, and h> 0 small enough, the first resolvent formula
shows:

_ 1 _ _
(Pe—2)"'(I-)= o J =27 {(Py—0)"dC.
IT 6D
Formula (1.8) and estimate: VzedD, V{€dD:C ™ 'h<|z—{|<Ch (C>1) show
VzedD:(Py—z) " 'I—IM)=0hY): P>I2. (1.11)

We then consider (Py—z) ™ *I1=1II(Py—z)~ 'I1. For h>0 small enough, the family
of functions:
wa=HU9(pa7 la'=

are a basis of G. In the same way, we consider, for ze dD* =0D(uy(h), eoh) the
resolvent (P3—z)~':I2—I? and the spectral projector

1
II*= 21n j (z—Pp)~'dz

associated to the incoming resonances of P in D(uy(h),eoh). The subspace
G*=IT*(I?) is a sum of characteristic subspaces for P, with dimension g, dual of
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the latter. Let (w§),4 -, the dual basis of the (w,). Then the matrix of Py[G=IIP,II
is M =(Pyw,| W})j=1p=o- We have the following:

Lemma 1.3. Under the hypothesis (1.1) to (1.4) we have:
w,=Uep,+0O(h'?) in I2, (1.12)
(Pgw, | W§) = Ao(h)3,5+ O(H*?), (1.13)

and under the spherical symmetry assumption (1.2) we get respectively O(h) and O(h?)
in (1.12) and (1.13).

Proof. The second part of the lemma follows from a mere analysis of the proof. We
use the geometrical resolvent estimates of [BrCoDu]. Let J,, J, € € °(R"), suitably
chosen with J;=1 near 0, J,=1 near infinity, satisfying the condition J? +J2=1.
We introduce the identification operator:

J:ZR"® L(suppJ )~ FR") Judv)=Ju+Jp
and its adjoint:
J*: R ->LZRY®F(suppJ,) J*u)=Ju®Ju.

We then define: .
Pi= —h% 24+e*V(x) on I*R"),

where Vy(x)=4<{V"(0)x, x), with domain 2(Pj)=2(4)n2(|x|?) (quadratic appro-
ximation), P§ as the Dirichlet realization of P, in I*(suppJ,) and P4=P,@ P:. We
recall the resolvent equation

(Po—2)" ' =J(Pj—2)" 'J*—(Py—2) " "Io(Py—2)"'J*, (1.14)
where II, is the operator defined by
Ho(u@l’) = W‘Iiu - h2e- 29([A7 Ji]u + [A3 Je]v)

with
W=V(e’x)+e*Vy(x).

We get
(Po—2)" 'Ugpy=(Ao(h)—2) "' Uy +(Ao(h) —2) " '(Pg—2)" ' WU,0,,
and by integration along the boundary of D:

1
Wo=Ugpo+ 5= | (Ao(h)—2) " (Py—2)" ' WUqp,dz. (1.15)
2im 4p

Equation (1.14) gives:

(Po—2) ' WUgpu=J{(Py—2) "I WUgp,+J (Py—2)" T WUy,
—(Pg—2)"'WJ(Py—2)"'J;WU,o,
+h2e™2(Py—z)"[4,J ] (Py—2)" ' WU,
+h%e 2 (Py—2)" 4,1, ](Pi—z) "I, WU,p,. (1.16)

We set Up(x)=h""*p(h~'2x). U is unitary on I? and:
(Pi—2)" YU W=h"'U(Q),—h™'2) ' J (W ?x)W(h'>x)U !



622 N. Kaidi and M. Rouleux

with Qf = —e ™24 +2°V,. For ze dD, we easily show [BrCoDu]: (Q;—h~'z)~!
=(0(1): I?-I2. There follows:

(Po—2) " WU, =h™"U(Qs—h™'2) " J (W 2 X)W (h'/*x) {x) 3
x (xY3U U0, = O(h'?) (1.17)

for WH'?x){x>"3=0(h*?) in I[° and <(x)3U 'Uyp,=0(1). Let
h™YQy—h"'2)"'=U"Y(Py—z) 'U. The estimate (1.8) shows:

(Qe—h~'2)"'=0(1):2>I? for zedD.
As in [ReSi, Lemma 13.1], we notice that for any 6 =0: {x)’(Qi—h~'z)" (x> °
=0(1): ?>I? uniformly for ze dD. There follows:
(Po—2)"'WI(Py—2)""J;WU,0,
= b= U(Qy—h~2)~ " W(R2x)J (h?x) {x) >
X B 1Y@ —h™Y) XD T2 W(RPx)T (h'2x) <x) 3
X (XYU Upp,=O(h) in I?. (1.18)

The non-trapping condition (1.2) shows [BrCoDu, Lemma 2.5] that (P§—z) ™!
=0(1): IX(suppJ.)— *(suppJ,) uniformly for ze€ dD. As U,yp, decays exponenti-
ally outside the origin, we get:

J(Pe—z) I WUy, =0~ %™ in I? (6>0). (1.19)
In the same way:
h2e™2(Py—2)" 1[4, ] (Ps—z) "I WU, =0 " in 2 (1.20)

[here we also use the fact that (P{—z)~!=0(1): *(suppJ,)—H?*(suppJ,) for
ze0D]. We eventually get, by similar arguments:

he™2(Py—2)~'[4,J]1(Py—2)" ' J;W Uy,
=h"1e”PU(Qy—h'2) ' [4,J(h'*x)](Q5—h"'2)7}
X J(R2)W(h'2x) (x) 73(xD3U " WUy, =0OkK'?) in . (1.21)
Summing up inequalities (1.17) to (1.21) we get by substitution in (1.15):
(Py—z2)" WU, =0h'"?) in I?
and (1.14) gives by integration on 0D:
w,=Ugp,+O(h'?),
which shows the first part of the lemma. The same procedure leads to:
I*Ugpi=Uspf +O(h'?) in I2. (1.22)

To show (1.13) we follow the argument of [Sj, Sect. 4]. First we show, using the
orthogonality conditions between KerIT and G*, KerII* and G:

(Powe | W) =20(1)d o5 +(W U0, | W)
We compute:
wi —Ugf =W — II*Uzef) + (IT*Ugef — Ugep)

+(wj —II*Uzp})+O(h'?) in I7.
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Then we get:
(0a | T Ug@}) =, + (0, U0, | Ugp — IT*Uypf) = 5,5+ O(h)
by (1.12) and (1.22). There follows:
IT*Ugps —wp=0(h), whence: wj—Uzpf=0(h'?).

So
(WU, |wp)=(WU,p,| Uspp) + (WU, | wf — Uspp).

As WU,0,=0(h*?) in I2, we get the lemma. [J
End of the Proof of Lemma 1.2. There follows from (1.7) that M has g, eigenvalues
‘close to Aq(h) (counted with multiplicity); if we set M —z=h(M'—Z'), then
1
_ -1 - - Y 3

where (M’ —z')"=(0(1) by (1.13) is the transposed matrix of the cofactors of M’ —z'.
Let A;(h)=A(h), A5(h), ..., A,,(h) be the eigenvalues of M, counted with multiplicity.
We have:

det(M — z) = (A(h)— 2) (Ay(h) — 2)....(Ae(h)— 2)

and for zedD, the relation (1.9) shows: |[det(M’—z)| = Ch®™~ V4o, Then we get:
(M —z)"'=@(h* M40~ 1), The estimates (1.12) and w} = Upe} + O(h'/?) then lead
to:

(P, —2)~ "I = O(h ~Meo-1) (1.23)

provided ¢, and ¢} are normalized. Substituting (1.11) and (1.23) in (1.10) we
eventually get the lemma. []

We now perturb P, changing V in:
V(x,h)=V(x)+ 4V (x, h)

where AV is a finite sum of potentials having the form:
x2

AV, X W) =h gyu(x,H)e 7,

where [, me IN*, [+ m=v=const and q,,, is a polynomial in x homogeneous of
degree 2m whose coefficients are bounded functions of h. We consider
Py= Py+ AV(e®x) as an analytic family of type (4) on I? for |Im 6| small enough. We
get:

AV(eox)=Fe’_'P0= @(hl) :LZ_)E'

By Lemma 1.2, if I> N, the Neumann series:
+ o0
kgo (Pg—2)"(Pg—Pg)(Pg—2) 1)

converging for h>0 small enough defines (P,—z)~! as a bounded operator on I?
for all ze dD(A(h), 5h"). Furthermore:
(Po—2z) t=0O(h M) 212,
(Py—2) ' —(Py—2) 1= O 2N : P12,



624 N. Kaidi and M. Rouleux
If I>2N,, the spectral projector:

- 1 T

H_z,l_'na";}(z_PO) dZ,

where D = D(A(h), k"), associated to the resonances of P, in D, is close in £(I?) to
the corresponding projector for P,. In particular, if g is the (algebraic) multiplicity
of A(h) and (SP g) denotes an orthonormal basis of F = F, then there are exactly g
resonances in D for P,and F = [I(I?)is a characteristic subspace of dimg, a basis of
which is given by:

vﬁ=ﬁ(lIIﬂ), ﬂ=1,2,...,q
In the same way we consider, for ze 0D*=0D((h), 6h") the operator
(P3—z)~':I?—>I? and the spectral projector:

~

* __ 1
II*= 2m a[ (z—Py)~'dz

associated to the incoming resonances of P in D*. The subspace F*=IT*(I?)is a
characteristic subspace of dimg, dual of the latter, a basis of which is glven by the
i *(¥9), B=1,2,...,q, where (¥}) is the dual basis of the (¥). Let vj € F* be the
dual basis of the (vp) We then assume that A(h) is a semi-simple eigenvalue of Py, ie.
(Po¥ | P¥)=Ah)dy, - (1.24)
Then the matrix of P, in the basis (vg) is given by (Pyvg] v;'°)=(139 Yl vF)=Ah)dg,
+(4V¥;|v¥). As in [Sj] and the proof of Lemma 1.3 we get:
— P =(v*— TP} + (T*P* - P¥)
=Oh>™ ANy L OBV in 2. (1.25)
We then have to estimate AV'¥, in IZ. As FCG=II(I?), there exists constants
a,5€ € with a,;=0(1) such that ¥;= 3} a,w, where (w,) is the basis of G
introduced in Lemma 1.2. By (1.15):

AVPy= 3 a,p,4VUy0,

lal=¢

+ X Qup | (o(h)—2) 1 AV(Py—2)"'WU,0,dz
laf=0 oD

and by the explicit form of AV and ¢, we easily get AVU 0, = O(h'*™)in I?. For the
complementary term, we again consider resolvent equation (1.16) and analyse each
of the terms as in the proof of Lemma 1.3. Then it is clear that AV(P,—z) "' WU 0,

l+m+

=0(h 2) in I?, which together with (1.25) shows that (4V¥,|v¥)
=4V, )+ 0(h2"+'”’ N1). We eventually proved the:

Proposition 1.4. Under hypothesis (1.1) to (1.4),(1.9) and (1.24) let M= (ngﬁ | v¥) the
matrix of P,|F in the basis (vp). Then if Lis large enough and I+ m=v=const we
have:

(Pyvg | X) = AR)S 5+ (AV P 5 | ¥F)+ O(RH ™~ N1
uniformly for h>0 small enough, with N, =1 independent of | and m.
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2. A Simple Case in Two Dimensions

Here we consider the hamiltonian Py= —h?*4 —|x|?. Constructions of Part 1 apply
to this situation which is also treated in [Sj]. We get the following:

Theorem 2.1 For any integer q >0, there exists a compact perturbation AV (x, h) of
P,= —h*A—|x|? such that the resolvent (P—z)~! of P=P,+ AV(x,h) for Imz>0,
extends across the real axis for z close to 0 (in the sense of analytic dilations ), as a
meromorphic function which has a pole of order q, for any h>0 small enough, in a
neighborhood of the semi-simple resonance Aq(h)= —2ihq of P,,.

With the notations of Proposition 1.4, ¥;= ¢, [formula (1.6)], and g=q,
=0+1, we have:

(Pove| vF) = 2g(1)d 5 +(AV @, | @3) + O+ ™Y 2.1

for I, me N*, [+ m=v=const, |¢|=|f|=0€N* and A,(h)= —ih(20 +2). A simple
computation as in [Sj] shows that

AV .| of)=h" LI" ( Le * Gam(x, 0)@,(x)®(x)dx + @(h)> ; 22

where the @, are the usual Hermite polynomials (the @, are obtained from the @,
by a rotation of 7/4 in the complex domain).

The first step in our construction consists in obtaining any element of the space
M(C) of complex symmetric matrices of order g as a finite sum:

<Z,,fm (e 'qom(x, )2, (x)®;(x) dx)l I=lo1=0

Elementary properties of Hermite functions show the following:

Lemma 2.2. Let I2, be the closed linear subspace in I(R?; e~ *"dx) of even functions
defined onIR?. Then for any 6 € N, the family (D,Dp),, = 5=+ SPans a linear subspace
E of dimension q(q+1)/2 in I, (we identify ®,D; with ®;P,).

Let us consider the linear subspaces 2, (respectively 2,) in I?, spanned by
homogeneous polynomials ¢,, with real coefficients (also depending on h) of
degree 2m (meIN¥) with even (respectively odd) m. We have:

Proposition 2.3. For s=1, 2, 9, is a dense subspace of I?,.

By Fourier transform in R and a Paley-Wiener type argument we can prove
the following:

Lemma 2.4. The set of homogeneous polynomials (x*"),>, (respectively
(x*m*2), 5 0) is dense in (R *;e™*dx).

Proof of the Proposition. First we notice that Lemma 2.4 still holds when
reinforcing a little the I? norm, e.g. replacing (R *; e~ *’dx) by 2[R *; e~ 3**/4dx).
We consider the orthogonal projectors in I7, : f(x)—4(f(x,, — x,)+ f(x;,X,)) and
fX)>3(—f(x, —xp)+ f(x,%,), with range L%, and L>_. For @el? .
ul? _:
|{§0”L2+ =2“(P”L2(1R+ xR +; exp(— x2)dx) * 2.5
Let @=R?*\{x,x,=0}. The proposition follows if we can approximate in
IR?%e”****dx) any function @eCg(Q) by polynomials in 2, s=1,2. If
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@ eCP(Q), then ¥(x)=x; 2p(x)e CT(R). Then there suﬁices to show the propo-
sition only for 2,. As the set of polynomials x*" is a dense subspace of
LZ(]R2 e™3**14dx), we get an hilbertian basis of (R * x R*; e~ 3**/4dx) consisting
in elements of 9, by the usual Gram-Schmidt procedure. Let 0eCYMR* xR™).
Then:

+ oo

o(x)= ; cjefx$,x3) (2.6)
with convergence in LR * x R™; e~ 3*/*dx) (the e; being polynomials with real
coeﬁiments) If e C(Q)NLA ., relations (2-5) and (2-6) show that ¢ is the limit
in L% of a sequence of elements of 2,. Finally, let us consider ¢ € CP(Q)NL~ _.
Then:

P(x)=x1 "x3 30(x,, x) el ,,

and:

+

(p(x)=x1xg ‘Zo Cje,(xt x‘zl)
=

with convergence in I?(R?; e~ *’dx), which finishes the proof. []

The mapping f:I?, > M, (R) (space of real symmetric matrices of order g)
defined by:

f((p) = (aaﬁ((p))|a| =|pl=0= (j e —X2¢a(x)d5ﬂ(x)(p(x)|a| =|Bl=0c

is clearly an isomorphism from E to M,/ (R) (Gram matrix). Let IT . : I?, > E the
orthogonal projection on E. As E is finite dimensional, Proposition 2.3 shows that
II,.(2,)=E (s=1,2) and f-II, is onto. We denote:

My: D DD,—>M, (D)

the mapping defined by #,(Q,,Q,)=fI1.(Q,)+if o II ,(Q,). Then 4, is one-
to-one from 2,/(E*n2,)®2,/(E*n%,) to M](T). Choose among all the
representatives a subspace & of 2,2, spanned by a family of g(g+1)
polynomials whose degrees are minimal. If Q=3 q,.(x)€D, define
0,= Y h'q,,(x) with ,me N* and v=1+m=const. Let Z the space corresponding
to 9,,& the space corresponding to & (giving minimal v) and My:6-M +((E) the
1somorph1sm defined by J/lo(Ql, 0,)=MyQ,,0,). Using the fact that i" is
imaginary if m is odd, real if m is even, formulae (2.1) and (2.2) then give the:

Proposition 2.5. Let:
Gy= {Qs= Y h’q2m(x,h)|vg2,mzs+1mod2}.
+m=vy

For n=2, consider perturbatzons of the hamiltonian P,= —h?*A—|x)?* of the
form AV= (Q +Q2)e“" 12 with Q,€ P, Then there exists a R-linear map
1 Qz)—’//fo(Qsz) which realizes an 1somorphlsm from a linear subspace & of
1D, in M (C) such that the matrix P F defined in Proposition (1.4) is of the
form
M = do(WId+ (MO, D)+ O(h)

=io(h)1d+hv/;{(’Q~1’ Qz, h (vz2).

The next step consists in noticing that any complex nilpotent matrix is
congruent to a symmetric matrix, and in establishing a geometrical transversality
lemma to absorb the @(h) term in (2.2). Let M (C) the space of all complex matrices
of order g and # C M (C) the complex mamfold of matrices M nilpotent exactly at
order q (i.e. M1=0, M4 140).



Multiple Resonances in the Semi-Classical Limit 627

Proposition 2.6. For any M € # we have
g=codimy, ¢ Ty =codimy ¢ Tyt "M S (©). 2.7

Proof. The first equality in (2.7) is classical; for instance we may, without loss of
generality, assume that M is given by its real Jordan form J; in a neighborhood of J
it is easily seen that the manifold s is given by:

filN)=...=f(N)=0, (2.8)
where
q—j+1

df](aN)= Z Aivj—1,i» 5N=(aij)1§i,j§q57}‘% 29

is a system of ¢ linearly independent forms on €. On the other hand we know (see
e.g. Gantmacher [G]) that any M € # is congruent to a symmetric complex matrix
KeM](C)ns#. We begin with computing T,,# intrinsically. If 4e M (C) we
have

(M +eA)!=¢eB(4)+ 0(?),

where
B(A)=M*"" A+ M 2AM + ...+ AM?™ 1,

Lemma 2.7. The map 0: M (C)3 A—B(A) has kernel Ty and is surjective onto
(AdM)~(0)={Be M ,(C); [B,M]=0}.

Proof. First notice that for any 4 e M (C) we have [B(A4), M]=0. Next observe
that (Ad M)~ *(0) is a subspace of dimension g [compute Be(Ad M)~ '(0) in a basis
(e)1<j<q such that e=M?"'¢, with M9 'e,+0]. Let us show that
codim, ¢ Kerf=q. B=B(4) and (), <;<, is defined as above, we get

J .
Be;= k; M7k 14 - j=1,...,q.
Let A=(a;)); <;,j<, in the basis (e;). The condition B(4)=0 gives q independent
relations on the a;;:

Jj
Y G jx=0 j=1,...q
k=1

(first component of Be;=0). Then we have codim Kerf=g. On the other hand
Ker0> T, and the latter space has codimension g; thus Kerf=T,,# and the
lemma is proved. []

We then work in a neighborhood of M=K. Up to a diffeomorphism the
relations (2.8) define # near K. By Lemma?2.5, we can identify 6 with the
differential of A—(f,(A),..., f(4)). On the other hand, we check that if
Be(AdK)™'(0), then ‘B=B. Let #* =# M, (C). Then near K,

HT={NeM/(©): fy(N)=...=f(N)=0}.

Then there suffices to show that df},...,df, (at K) are linearly independent
differentials on M (C). Let Be(Ad K)~'(0). We have seen that B is symmetric and
by Lemma 2.5 there exists 4 € M (C) such that B= B(A4). As B('4)="'B(A4) we find
B(A+3'A)=3B+%'B=B. Then M, (C) is onto, which gives the desired
result. [
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There easily follows the:

Corollary 2.8. Let K eM S (©)n#. Then there exists in a neighborhood of K an
affine subspace ¥ = of dimension q whose intersection with 3 is transversal,
ie. V,® (TKanM‘”((E)) M (D).

We conclude to the existence of multiple poles for the resolvent of P|F as
h—0 as in [Sj]. Let ¥§F=.y'(¥;). Thus ¥ is an affine-linear subspace of
dimension g containing .#; '(K). As in [Sj] we verify that the maps .#, and ./
are analytic with respect to O, and (0, and that their differentials satisfy:

Al =dMy+Oh).

Let 7, the image of ¥ through .#. Then ¥, is an analytic submanifold of real
dimension 2q which differs in a neighborhood of K from the manifold 77, by a
quantity 0,, (for the ¥* topology). In particular, if A>0 is small enough ¥
intersects transversally & in a neighborhood of K whose size is of order h. Thus we
proved that there exists an affine-linear submanifold 73 e™*"2C&e™*"/? (with
obvious notatlons) of real dimension 2¢ consisting in potentlals AV(h)=A4V(x,h)
=(0,+0,)e” /% and a real analytic map h—AV(h)e ¥ 3*e”*"? defined for h>0
small enough such that M has a nilpotent part to the order ¢. This achieves the
proof of Theorem2.1. [

When trying to extend Theorem 2.1 to radial potentials verifying assumptions
(1.1) to (1.4) and (1.2), we encounter the following obstruction: the multiplicity q of
Mh) is generally equal to the dimension of the space of spherical harmonics
associated to the orbital quantum number ¢. For n=2 we then have g =2 for any
021 and the result of [Sj] cannot be improved in general. Note however that by
choosing potentials which have a high contact order with —|x|? at x=0, it is still
possible to construct perturbations 4V which give rise to arbitrarily high order
poles for the resolvent of P. But such an extension is not very natural; the good
generalization of our result occurs in dimension 3.

3. Case of Radial Potentials in Dimension 3

For a radial symmetric potential, the states corresponding to a same “energy” level
Ao(h)= —ih(26 +n) of the hamiltonian Po= —h?*4+3V(0)-x. x generally split
according to the orbital quantum number (quantization of orbital momentum);
these states only can be perturbed by breaking the spherical symmetry to obtain
degeneracies, for Theorem 2.1 does not directly extend to P, as soon as n=3. If
n= 13, the (geometric) multiplicity of a resonance A(h) of P= —h24+ V close to A4(h)
[in the sense of (1.7)] is equal to 2(g —2k)+1, for k=0, 1,...,[a/2].

(From the point of view of representation theory, we can say that the space of
corresponding resonant functions (after dilation) is an irreducible component of
I?(IR?) under the action of the group 0*(3), isomorphic to an eigenspace of the
Laplace-Beltrami operator on I?(S?), while the eigenspaces of P, split into several
irreducible components. (For an introduction to problems relevant to representa-
tion theory in Quantum Mechanics, we refer e.g. to Mackey [M].)

In particular, for k=0, A(h) is the first resonance (state s) of the operator

2
P(o)= —h? (56;7 + %% G(Gr ”) +V(), 3.1)
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acting on the r variable, where x=rw, r>0, weS? (of course, non-zero k’s
correspond to other values of ). We are going to show that the algebraic
multiplicity of the A(h)’s is equal to their geometric multiplicity (at least as h tends
to zero) or, in other terms, that the resolvent of P has only simple poles.

Let us recall some properties of spherical harmonics. Let 4, be the Laplace
operator on S"~ !, The eigenvalues of — 4, have the form 4, = o(c +n— 1) and their
multiplicityisd, = <a Z 1) — (a " " ) 3). Let %, the corresponding eigenspace,
then %, is an irreducible component of L*(S"~ ') under the action of 0*(n),
isomorphic to the space of harmonic polynomials on R* homogeneous of degree o.
If n=3 we have d,=20+1 and

Y, =Vect{Y, .| —6<1<0}.

Let P=—h?4A+V on I2(R?), where V satisfies to hypotheses (1.1), (1.2, (1.3),
and (1.4). P is not essentially self-adjoint on ¥F(IR*\0), but we can consider its
Friedrichs extension and it is easy to see that it defines a non-bounded operator on
I?(R3) with domain 2(P)=H?*(R?): thus this extension is prec1se1y the natural

extension of P from €(R3). In polar coordinates we have P= 6—) @—) P(0),

6=0t=-¢

where P(0) is the self-adjoint extension from €L(IR™*) of operator (3.1), whose

domain is contained in:
© 2
HYR*)= {ueLZ(R+,r2dr) f (( + "“’*”) jul? + “;—‘r‘ ) r2dr<oo},
0
Then we get 2(P(0))=H{ (R *)nH#, where Hy ,(IR*)is the closure of €7(R ")
in HY(R™") and:
H,={ue Z(R*,r’*dr)| P(o)ue Z(R*,r%dr)}

2 20 1
= {ueLzl —h?A(o)u= —h? (W o @) ueLZ}.

We can recover Z2(P) by means of the formula:

2(P)= {u= S Y uYyalup e 2(P)No 1]

=0 1=—0

z S luPHRY ) < oo

6=01=-0

||P(o)un%z<oo}

(see e.g. [Ro]). We deduce:

Sp(P)= J’ Sp(P(0))

[note that the (locally finite) union is generally disjoint, in an asymptotic sense that
will become clear in the Appendix, which is not the case when P(o) is replaced by
the hamiltonian P(¢)= —h?4(c)—r?

Let U, the operator of analytic dilations, and:

Py=U,PU, ' = —h%e " 2°A+V(e*’r?)
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for @ in a complex neighborhood of 0. We have:

U,PU; ! @ ® UPOU;'= @D @ Pilo)

=0 t=-¢ 6=0 t=—¢

with

2 290 a(o+1)> V).

12,20 ~« 0
Polo)=—he <6 7+ r Or
Simplicity of poles for the resolvent of the Pg(o)’s induces that for P, Let us
consider the harmonic oscillator:

Q=—rA+|x*,  2(Q)=H*R)ND(xI*).

Wehave Q = (—B (—9 0(0), where Q(o) is the self-adjoint extension from € (R *)

of the operator Q(a) = —h?4(0) +r* with domain 2(Q(0)) = H§ (R *)NH,nD(r?).
The (simple) eigenvalues of Q(ag) are given by1 e(h)=hQ0 —ak+ 31) (k=0) and the

corresponding eigenfunctions e™""/ 2"r"L(,:rJrf)(rz/h), where L(:+7) is a Laguerre
polynomial [NiOu, p. 48]. k is called radial quantum number. The eigenstates of Q
are all degenerate (except the fundamental).

Theorem 3.1. Let n=3. Under hypothesis (1.1),(1.2),(1.3), and (1.4), and for Im6 >0
small enough, then for all Cy,>0 such that:

—ie(h)¢ 0D(0, Coh) Yk,
and for all h>0 small enough, there exists a bijection b=b(h) from
Iy(h)={ —ie,(h)| ke N}nD(O, Coh)
to the set of outgoing resonances of P(a) in D(0, Cyh) such that
b(E)—E=0(h*)(h—0).
In particular, the resonances of P(c) in D(0, Coh) are simple.

Idea of the Proof. The idea is to compare the resonances of P(¢) to those of P(¢)=
—h24A(e)—r?, as h—0 by mimicking the proof of [BrCoDu]. As it goes along the
same lines we leave it to the reader, except the following lemma (cf. Lemma 2.3 of
[BrCoDu]) which needs the assumption on the dimension (for n> 3 it is equally
true, but we don’t know if it holds for n=2 and ¢ =0). We first perform another
unitary transformation to put the operator P(¢) in a normal form.
Let U:2(R*;r*dr)—>?(R*;dr) defined by U(u)(r)=ru(r). We set
2
A=UoAo)o U™ 1= ;7 - "-(“rj—l) P=U-P()U' and
Py=UoPyo)o U™ !,

From now on, we work with 4, P, P,. Let: I = {#eC|Im6|<a}. We notice that
{P,|0€l,} is an analytic family of type (4) with domain 9(4) for a>0 small
enough. The strategy of [BrCoDu] consists in decoupling the operator P, in an
“interior” hamiltonian Pj= —h%e”2°A—¢?%? (quadratic approximation) on
[}(R*) and an “exterior” hamiltonian P§ which is the Dirichlet realization of P,
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outside a small neighborhood of the origin in R*. P} has domain 2(P%)= 2(d4)
N9(r*) when Im6+0 and its properties give asymptotically, roughly speaking,
those of P,. We need the following:

Lemma 3.2. The family {P}|0¢€I,,;Im0>0} is an analytic family of type (A) the
spectrum of P, is independent of 0€l,, for Im6>0 and given by
Sp(Pg)= —iSp(—h24+7r?).

Proof. There suffices to check that {(P|0=ip, B€]0,n/4]} is a family of closed
operators on IZ, with domain 2(4)n2(r?). For f = /4, this is obvious. As 4 and r?

are self-adjoint, and thus closed, there suffices to show in turn that if 0 <|f| < %,
then
1Poull® + llull® 2 Co(h* | ull* + [r*ul®)  (Co>0), (33)

for ue 2(4)n2(r?). But in operator sense
|Pi|2=h*A? +r* 4+ h? cos4B(r* A + Ar?)—2ih? sin4p(rd, + 0,r)
= (h*4% +r*) (1 —|cos4p|) —2ih? sindf(rd, + 0,r).
On the other hand
F2ih?sindp(ro, + 0,r) = — 2h|sin4p| (r> — h>4) + 2h3|sin4p)|
= —2h|sin4p| (r* —h?4)

(here we use the assumption on the dimension, which rules out the existence of a
repulsive term). Inequality (3.3) easily follows as in [BrCoDu].It also shows that P},
is an operator with compact resolvent for 0 < || < /4 (cf. the proof Theorem XII-16
in [ReSi)). There follows from the analyticity of P} that its spectrum is independent
of 6, which proves the lemma. []

(a+1)

There follows in particular from Lemma 3.2 that the spectrum of Pi, for
Im# >0 consists in the simple eigenvalues

Ao(h)= —ih(2o +4k+3) (keN).
The proof then again goes as in [BrCoDu]. []

We conjecture that the simplicity of poles for a radial symmetric potential
holds for all h. To show degeneracies, it is then necessary to break the radial
symmetry of the potential, which justifies the general procedure of perturbation set
up in Sect. 1. We just showed that assumption (1.24) is always verified. We have the
following result, similar to this of Sect.2:

Theorem 3.3. For n=3, let P satisfy hypotheses (1.1), (1.2), (1.3), and (1.4) and let
Mh) be a resonance of P close to Ay(h)= —ih(20 +3) in the sense of (1.7), with
(geometric) multiplicity q=20+1 (0€IN¥) satisfying also hypothesis (1.9). Then
there exists a compact perturbation AV(x,h) of P such that the meromorphic
extension (in the sense of analytic dilations) of the resolvent (P—z)™* of P=P
+ AV(x, h) close to z=0 in the half plane Imz <0 has a pole of order q, for any h>0
small enough, in a neighborhood of the semi-simple resonance A(h).

We proceed now to sketch a proof of Theorem 3.3. The resonant functions of
P(0) associated to the outgoing resonance Aq(h)= —ih(20 + 3) are given by

Sfx)=Coh oI oY () p=(0,7),  x=ro.
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Let ¥y(x) be the resonant functions of P(c)®1d%, associated to resonances of
P(o) close to Ay(h) in the sense of (1.7). We can easily prove, with similar arguments
to those giving Lemma 1.2 and Proposition 1.4:

Lemma 3.3. With notations of Proposition 1.3 we have:
AV IN=UVIH+OR ™Y,  B=(01), y=(0,7).
With the same notations, and under hypothesis (1.1) to (1.4) and (1.9) we have

— o (o o T@+m+3/2)
(Povg | v3)= A3, +h (%‘ T T(e+3/2)

X sz 2m(@, 0) V(@) Y(w)d + 0(’!)) ,  B=(0,7),(0,7).

We then proceed to an analysis totally analogous to this of Sect. 1.2. The first
step consists to show the independence of products (Yy(w)Y,(w))g,,-

Lemma 3.4. For all 6 €N the (Yy(w)Y(w));,,(—0 =B,y < 0) formaset of q(q+1)/2
linearly independent trigonometric polynomials. Here q=20+1.

The proof of this lemma ultimately uses known properties of Legendre
polynomials (cf. [NiOu]) and elementary trigonometric functions, it is somewhat
lengthy but straightforward and so we leave it to the reader.

The next step, as in Sect. 2, consists in noticing that the products (Yy(w) Y,(w)),,,
are even functions on S? [either by a direct computation, either by noticing that
e"zrz"Y,,(a))Yy(w) is a linear combination of the (P,(X)®,(X))y=|o=0]> then in
establishing a density result of trigonometric polynomials 2, (s=1.2) in IZ,(S?),
e.g. by an argument of approximation in the topology of uniform convergence for
even functions in ¥(S?) whose support avoids the equator f =n/2 and a meridian,
by polynomials of 2 (Stone-Weierstrass). Again the proofis left to the reader as an
exercise. We then achieve the proof as in Sect.2 by a transversality argument.

Appendix

Here we show that the hypothesis (1.9) of separation in the spectrum is generally
fulfilled, under a condition relative to V(0). We actually show a more precise
result concerning the E, ; levels classification of resonant states for a radial
potential, as h—0, which seemed to us to be new, even in the self adjoint case (see
however [DaPa]).

Proposition Al. Let P= —h%4+ V(x) on R" with odd n>3 satisfying hypotheses
(1.1), (1.2, (1.3), and (1.4), and V¥ (0)+0.
(i) If Ao(h)=—ih(26+n) is a resonance of the hamiltonian Py= —h*A—|x|?

g+n—1 .
associated to P, then there exists q,= ( " > resonances of P close to A4(h) in

the sense of (1.7) counted with their multiplicity

o'—n—1 o'—n—3
e (T)-Cor)
where o' =0 —2k for k=0, ...,[0/2] and such that A,, ,(h)= —ihm+ h*a,, , + O(h*)
(o, x€R) with m=20+n and «,, , *a,, , for k+k'.
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(i) In particular, if n=3, with the notations of Sect.3, the k™ resonance of
P(6)= —h*4(0)+ V(r?) is of the form Ay, a4+ 3.(h) with ke N.

Proof. We use analytic dilations. We compute, in a somewhat formal way, the
asymptotic expansions for the resonances of P at order 2 in k (their existence being
justified in [Sj]). For Im6>0 we first perform a Bargmann transform:

T}u(x) — R“" eie”(xz +y2+ 2y 2xy)/2h u(y)dy

for ue L(R"), x e C". Then it is easy to see that if we set W(|y|?)= V(|y|*)+ y?, the
conjugate operator Qp,=T,P,T,”" is the formal pseudo-differential operator

defined by:
CHRCA DY 0, = — ih(2xD, + 1)+ Op(W(e®(e™ 2hé —x)%/2)),

where x0, =r0, denotes the radial holomorphic vector field x,0,, + ... +x,0, . We
still denote by Q, the image of Q, by the transform x—h~1/2x and p=W"(0)/8,
where W is considered as a function of t=r?; in the sense of pseudo differential
operators we have:

Qo= —ih(2rd,+n)+ uh*Op((e°¢ — 0°x))*) + O(h3). (A1)
At the level of principal symbol we simply get:
Qo= —ih(2r0,+n)+ ph*(— e~ 2°A+2ird, + in+e*’r?)> + O(h?).

We look for eigenfunctions of Q as classical symbols in h, valued in polynomials in
x. At the first order in h the eigenfunctions of Q= —ih(2rd,+n) are the
homogeneous polynomials g,(x) of degree ¢ € N. Following [V, p.446], we have
the (unique) decomposition:

[o/2] o
q;:(x)= Z r ha—lk(x)a
k=0
where h,_,, is an homogeneous harmonic polynomial of degree o —2k. Then:
Q4(g,) (x)= —ih(20 +n)q,(x)

[o/2]
+ph? Y (@ e 2 e MR () + O(?)
k=0
with (A2)
a(r?) = (€*°r* +im)? + 4ie**r* — dk(m — 2k —2) — 2m,

b= —4ik(m—2k—2)(m—2),
cy=4k(k—1)(m—2k—2)(m—2k—4),
where we have set: m =20+ n. We then look for the eigenfunctions of Q, in the form
u(x)=r**h,_ (%) (1 + hfi(r?) + O(h?)) (A3)
and the eigenvalues:
Adh)= —ihm+ h*a,, .+ O(h*) (Ad)

fork=0,1,...,[6/2]. Substituting (A 3) and (A 4) in (A 1) we get to the second order
in h, after simplification and setting as before:t=r?:

—4itf,(O)+ wa )+ bt " re P+t e ) =0, ;. (AS)
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If we write fi(t)= j_ozo: . Bjt’ the latter equation gives by identificating the
coefficients of the powers of ¢:
fl)=iuc,/8e™*%t =% +iub,/de 2% 1 + u(m+ 2)/2e°t — in/8e*°t* + const
if the following compatibility condition is satisfied:
u(m?+2m+4k(m—2k—2))+«,, , =0.

This relation determines the second term of the asymptotic expansion of 4,(h).
Further, if there exists k and k' such that «,, ,=a,, ., We get:

(k— k') (m—2(k+k)—2)=0,

whence k=k' for m=20—nis odd if n is. Then we proved point (i). Point (ii) easily
follows by inverse Bargmann transform and polar coordinates. []

References

[AgCo]  Aguilar, J., Combes, J.M.: A class of analytic perturbations for one-body Schrodinger
hamiltonians. Commun. Math. Phys. 22, 269-279 (1971)

[BaCo] Balsev, E., Combes, J.M.: Spectral properties of many-body Schrédinger operators
with dilation analytic interactions. Commun. Math. Phys. 22, 280-294 (1971)

[BrCoDu] Briet, P., Combes, J.M., Duclos, P.: On the location of resonances for Schrodinger
operators in the semi-classical limit. II. Commun. Part. Diff. Eq. 12, 201-222 (1987)

[DaPa] Daubechies, I, Paul, T.: Wavelets and applications. Proceeding VIII-th Int. Congress
on Math. Phys. Mebkout, M., Seneor, R. (eds.) pp.675-680, Singapore: World
Scientific 1987

[G] Gantmacher, M.: Theory of matrices. II. Chelsea 1972

[HeSj] Helffer, B., Sjostrand, J.: Resonances en limite semi-classique. Memoire de la S.M.F.,
(1986), Tome 114(3)

[HeMa] Helffer, B., Martinez, A.: Comparaison entre les diverses notions de résonances.
Helvetica Phys. Acta 60, 992-1003 (1987)

[KaRo] Kaidi, N, Rouleux, M.: Resonances multiples en limite semi-classique. Proceedings:
Journées des Equations aux dérivées partielles. St. Jean de Monts (1988). Société
Math. de France

M] Mackey, G.M.: Quantum mechanics from the point of view of the theory of group
representations. Lect. Appl. Math. 21, 219-253 (1985)

[NiOu] Nikivorov, A., Ouvarov, V.: Théorie élémentaire des fonctions spéciales. Editions Mir
(Moscou) 1974

[Ra] Ramm, A.G.: Perturbations of resonances. J. Math. Anal. Appl. 88, 1-7 (1982)

[ReSi] Reed, M., Simon, B.: Methods of modern mathematical physics. IV. Analysis of
operators. New York: Academic Press 1978

[Ro] Rouleux, M.: Diffraction analytique sur une variété a singularité conique. Commun.
Part. Diff. Eq. 11, 947-988 (1986)
[Si] Sj6strand, J.: Semi-classical resonances generated by non-degenerate critical points.

Lect. Notes in Mathematics, vol. 1256, pp. 402-429. Berlin, Heidelberg, New York:
Springer 1987

vl Vilenkin, N.J.: Special functions and the theory of group representation. Trans. Math.
Mono. Vol. 22. Providence, R.I.: Am. Math. Soc. 1968

Communicated by B. Simon





