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Abstract. The triangle condition for percolation states that ) 7(0,x) t(x,y)

X,y

-7(, 0) is finite at the critical point, where 7 (x, y) is the probability that the sites
x and y are connected. We use an expansion related to the lace expansion for a
self-avoiding walk to prove that the triangle condition is satisfied in two
situations: (i) for nearest-neighbour independent bond percolation on the
d-dimensional hypercubic lattice, if d is sufficiently large, and (ii) in more
than six dimensions for a class of “spread-out” models of independent bond
percolation which are believed to be in the same universality class as
the nearest-neighbour model. The class of models in (ii) includes the case
where the bond occupation probability is constant for bonds of length less
than some large number, and is zero otherwise. In the course of the proof an
infrared bound is obtained. The triangle condition is known to imply
that various critical exponents take their mean-field (Bethe lattice) values
(y=p=1,0=4,=2,t=?2) and that the percolation density is continuous at
the critical point. We also prove that v, = 1/2 in (i) and (ii), where v, is the
critical exponent for the correlation length.
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1. Introduction

In the last decade significant progress has been made in the rigorous understand-
ing of critical phenomena, particularly concerning its mean-field behaviour in
high dimensions. For Ising and ¢* spin systems one of the important ideas has
been the combination of the infrared bound [16] with correlation inequalities. This
method, together with other ideas, has led to considerable understanding of these
models in four or more dimensions, including a proof of the triviality of ¢* field
theories in more than four dimensions and a proof that many critical exponents
take their mean-field values above four dimensions [35,1, 15,4, 3].

For the self-avoiding walk no general proof of an infrared bound is known,
and the methods which were successful for the spin systems cannot be applied. An
alternate approach was introduced by Brydges and Spencer [12], who used the lace
expansion to prove mean-field critical behaviour for the weakly self-avoiding walk
in more than four dimensions. This method was further developed in [31-33],
where mean-field critical behaviour was proved for the strictly self-avoiding walk
above some undetermined dimension d, > 4, and in [25], where the infinite self-
avoiding walk was constructed in high dimensions.

For percolation there is also no general proof of an infrared bound, and in fact
there are indications that the infrared bound is violated in less than six dimensions
[14,41]. However based on an analogy with the bubble diagram, which played an
important role in the analysis of the Ising and ¢* models, Aizenman and Newman
[6] introduced an unverified condition, the so-called triangle condition, which was
shown by them to imply mean-field behaviour for the susceptibility in percolation
models. The triangle condition is expected to hold above six dimensions.
Subsequently further implications of the triangle condition were obtained in
[8,28]. In this paper we prove that the triangle condition is satisfied in two
situations: (i) for independent nearest-neighbour Bernoulli bond percolation in
sufficiently high dimensions, and (ii) in more than six dimensions for a class of
“spread-out” models of independent bond percolation, which includes certain
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finite range models as well as certain models in which the bond occupation
probability decays exponentially as a function of the length of the bond. In the
course of the proof we obtain a uniform infrared bound below the critical point,
which is valid in high dimensions for model (i), and above six dimensions for the
models in (ii). The method of proof can also be applied to site percolation, and
yields the same results (with a suitable interpretation of the spread-out models).
Consequences of the triangle condition are that the critical exponents y, §, d, and
4, (defined below) exist and take their mean-field values, and that the percolation
density is continuous at the critical point.

The models in class (ii) are believed to be in the same universality class as the
nearest neighbour-model. It is known that for the nearest neighbour model the
upper critical dimension is at least six [13, 38], and the proof of this fact can be
extended to the models in (ii) [39]. Thus our result strongly supports the conjecture
that for these models the upper critical dimension is equal to six.

The proof of these results is based on an expansion for the two-point function
which is related to the lace expansion for self-avoiding walk. The expansion is used
to treat a percolation model as a perturbation of the random walk model whose
transition probabilities are proportional to the percolation bond occupation
probabilities. Similar methods can also be applied to branched polymers [21].

1.1. The Models

We consider independent Bernoulli bond percolation on the infinite d-
dimensional hypercubic lattice Z*. To each unordered bond (pair of distinct sites)
b={x,y} (x,yeZ*) a random variable n, is associated, which takes the values 0
and 1. The set of random variables {n, } is independent, and the distribution of n, is
given by

Prob(n,=1)=p,, Prob(n,=0)=1-—p,.

We require Z‘-invariance (translation, reflection and rotation by #/2) for the

Py = Po,y-x- . _—
We consider the following possibilities for p,:
(i) the nearest-neighbour model:

_[p if x is a nearest neighbour of 0
P0.5=70  otherwise.

(it) The spread-out models:
P,y =P L™g(x/L),

where g: R?— [0, c0) is a given function which is normalized so that [g(x)dx =1,
and is invariant under rotations by n/2 and reflections in the coordinate
hyperplanes. The parameter L will be taken to be large. (This type of limit to study
mean-field behaviour is related to the so-called Kac limit [23, 26].) A basic example
is

tif fxf, = max [x[<1

0 otherwise.

g(x)={



336 T.Hara and G. Slade

We require that g decay exponentially at infinity (i.e., there exist C, ¢ > 0 such that
g(x) = Cexp[—e | x|l,])- Then models (i) and (ii) are expected to be in the same
universality class. The bond density p is the only parameter in these models (apart
from an additional parameter 4 we shall mention briefly to define the critical
exponent J). For the models in (ii) we will show that the triangle condition is
satisfied for d > 6, if L is sufficiently large and g is piecewise differentiable.

If n, = 1 we say that b is occupied, while if n, = 0 we say that b is vacant. We use
Prob,(E) to denote the probability of an event E with respect to the joint
distribution of the {n,}, and denote expectation with respect to this distribution
by (-3,.

Givgn a bond configuration {n,}, two sites x and y in the lattice are said to be
connected if there exists a path from x to y which consists of occupied bonds. The
connected cluster C (x) of x is the random set of sites defined by

C(x)={yeZ" y is connected to x}.

The number of sites in C(x) is denoted by | C(x)]|.
We define the two-point function

7,(x, y) = Prob, (y is connected to x), 1.1
the susceptibility
x(p)=;fp(0,X)=<|C(0)|>p, (1.2)
the percolation density
P, (p) =Prob, (|C(0)| = ), 1.3)
and the magnetization
M(p,h)=1—‘<z< e "Prob,(|C(0)|=n). (1.4)

We also define two correlation lengths

-1
£(p) = —["19130 ’11— In, 0, (n, o,...,o»] (1.5)
and
Y Ix]? 7,0,%)\ "
&(p)= W . (1.6)

P

To simplify the notation we will often omit the subscript p.

For the nearest-neighbour model it has been known for thirty years that
(except for the trivial case d = 1) there is a critical value p, € (0, 1) (depending on the
dimension) such that the percolation density vanishes for p < p, and is nonzero for
p > p.[10, 19]. Such a critical value of p also exists for the models in (ii), for the g’s
we will consider. Recently it has been proved that p, can also be characterized as
sup {p: x(p) <o} [27,2]. In this paper we are concerned with the critical
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behaviour of the model, i.e., the behaviour of functions such as those defined
above in the vicinity of (p,h)=(p.,0). By analogy with other statistical
mechanical models, and in agreement with numerical calculations, this behaviour
is expected to be in the form of power laws, and we introduce the critical exponents
7, B8,0,4,.,,v and v, as follows:

x(p)~(p.—p)"7 as plp., 1.7
Py(p)~(p—p) as plp., (1.8)
M(p.,h)~h'’ as h|0, (1.9)
COIHKICO >~ (p.~p)~*** as plp., (1.10)
¢~ @.—p)" as plp., (1.11)

&H@) ~(p—p)™" as plp.. (1.12)

Here f(p) ~|p—p.|~* is defined to mean that there exist positive constants C,
and C, such that

Cilp—p| *<f(p) £ Calp—p.| ™.

There are other critical exponents that can be defined (see [17, 24, 37]), but these
are the ones for which we can conclude mean-field values. The exponent J is also
often defined by the (formally) equivalent relation

Prob,, (|C(0)|=n)~n"1712,

So far very little has been rigorously proved about the existence of the above
critical exponents. See [17,24] for a review.

On the Bethe lattice (Cayley tree), it can be shown that y, 8,9, and 4, | exist
and have the values y=f=1,0=4,,,=2for t+1=2,3,4,... [17]. The Bethe
lattice critical exponents are known as the mean-field values, and it is expected that
for the models (i) and (ii) in more than six dimensions all critical exponents take
their mean-field values. The definition of v and v, is problematic on the Bethe
lattice since these exponents are defined using the Euclidean structure, but with a
proper definition it can be shown that v, = 1/2 [17]. On the hypercubic lattice it is
expected that v and v, are equal, so the mean field values of these exponents is 1/2.
On the other hand, it has been rigorously shown by Chayes and Chayes [13] and by
Tasaki [38] that if all the critical exponents exist, then they cannot simultaneously
take their mean-field values in any dimension less than six. Thus the upper critical
dimension of the system is expected to be six.

1.2. Main Results

Aizenman and Newman [6] introduced an unverified condition, the triangle
condition, and showed that it implies that (1.7) holds with y=1. The triangle
condition states that

Vip,) <, (1.13)
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where V(p) is the triangle diagram
V(p) =3, 7,(0,%) 7,(x,) 7,(,0). (1.14)
X,y

Since the susceptibility x (p) = Y 7(0, x) diverges as p approaches p, from below for

the models (i) and (ii) we are considering [6], the statement that the triangle
diagram is finite at the critical point is not without content. Denoting by 7, (k) the
Fourier transform of the two-point function, defined by

,(k) =) 7,(0,x) e,
the triangle diagram can be written

V()= | d'ki, k).

[— =, )4
If an infrared bound
t,(k)SC(p)k™?, ask—0,

were known, it would then follow that V' (p) < co for d > 6. A uniform bound on
C(p) for p < p, would thus be tantamount to (1.13). Such a uniform bound, and
hence the triangle condition, is expected to hold in more than six dimensions.

In addition to the fact that the triangle condition implies y = 1, Barsky and
Aizenman [8] have shown that the triangle condition implies that (1.8) and (1.9)
hold with #=1 and é = 2, and Nguyen [28] has shown that it implies that (1.10)
holds with 4,=2 for t=2,3,4,.... It follows from (1.8) that the percolation
density P, is continuous at the critical point, a fact which has been proved until
now only for d = 2 [30]. (Continuity of P, has been shown for all other values of p
in [5].) Our main result is that the triangle condition is satisfied (i) for the nearest-
neighbour model if the dimension d is sufficiently large, and (ii) for the spread-out
models if L is sufficiently large, for d > 6. Hence all the above consequences of this
condition also hold in these situations.

In this paper we prove the following theorems.

Theorem 1.1. For nearest-neighbour independent Bernoulli bond percolation on Z*
there is a dy > 6 such that for d = d, the infrared bound

t,(k) < constk 2, uniformly in p <p,
holds. In addition the triangle condition is satisfied, i.e.,
V(p) =7, 7,,(0,%) 7, (x, ) 7,,(,0) < 0.
X,y

Theorem 1.2. The infrared bound
1,(k) < const k=2, uniformly in p <p,,
and the triangle condition both hold for d > 6, for the spread-out models (ii), if L is
d

sufficiently large (depending on d and g) and if a_x_ag_ is piecewise continuous
1-- d

.0x
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and g satisfies the following conditions:
ge’llxlie L (R?) for some >0,
fg() dix=1,

[10"g(x)|d*x < 00, where the derivative is interpreted as a distribution, and

o' =1] 6i and I1<{1,2,...,d},

pnel u

g is invariant under rotations by nt/2 and reflections in the coordinate hyperplanes.

As a consequence of the proofs of these theorems, we will also show that the
exponent v, for the correlation length &, exists and takes its mean-field value

v, =1/2 (1.15)

for the nearest neighbour model if d = d,, and for the spread-out models if d > 6
and L= L,. However a more complicated analysis is required to control the
correlation length &. It is proved in [20] that v = 1/2, under the same hypotheses as
(1.15).

Also, Eq. (4.10) below gives an upper bound for the critical probability for the
nearest-neighbour model in high dimensions, which together with a well-known
lower bound states that there is a constant C > 0 (independent of d) such that

1 1 C
2d—1=P= 557z

We have done little to obtain the best possible value of d;, in Theorem 1.1. Our
current best estimate is d, = 48, obtained by a slightly more complicated analysis
than that presented in this paper. This value can doubtless be improved, but a new
idea will be needed to obtain the triangle condition for the nearest-neighbour
model right down to the expected upper critical dimension of six. The fact that we
are unable to do much better than d, = 48 suggests that we still do not have a very
efficient expansion for percolation. (For the self-avoiding walk the situation is
better: the lace expansion can be used to show that the bubble diagram is finite and
y =1, v, =1/2 for the self-avoiding walk if d = 7[22]. Here y is the exponent which
measures the rate of divergence of the generating function at the critical point, and
v, is defined as for percolation. The upper critical dimension for self-avoiding
walk is expected to be 4, so d = 5 should be optimal.) However in view of the fact
that all of the models we are considering are believed to be in the same universality
class, the conjecture of universality, together with Theorem 1.2, strongly supports
mean-field behaviour for the nearest-neighbour model in more than six
dimensions.

The method of proof involves an expansion whose convergence is assured by
taking 1/d to be small in Theorem 1.1 and 1/L to be small in Theorem 1.2.

1.3. Overview of the Proof

In this section we describe the general structure of the proof of Theorem 1.1. The
same ideas are used to prove Theorem 1.2. The basic structure of the proof is the
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same as that used in [31], where in particular it was shown that the bubble diagram

for the self-avoiding walk is finite at the critical point, in sufficiently high

dimensions. (Proofs with this type of structure, in different contexts, can be found

in [11, 36].) In order to focus on the main ideas here we make some simplifications

and omit some details, deferring the complete proof to the remainder of the paper.
We define the following quantities:

T(p)=V(p)—1=3} ©(0,x) t(x,y) 7(»,0) —7(0,0)°, (1.16)
X,y
W(p)=3 Ix|*> 7(0,x)*. (1.17)
The massless gaussian propagator is given by
ik-(y—x) d
_ -d | ga; € — g1
C(x,y)=Q2n) Jd k =D’ where D(k)=d ‘;l cosk,.

We also introduce the gaussian quantities 7 and W corresponding to T'(p) and
W (p), defined by replacing 7 by C in (1.16) and (1.17). It is not difficult to show
that for d>7 there are constants K, and K, such that T3 <K;d”! and
We<K,d ! (e.g., using Appendix B of [20] or Lemma 3.1 of [31]).

1.3.1. General Framework. The proof that the triangle condition is satisfied in
high dimensions is accomplished by showing that the following three statements
hold:

(i) For p<p., T(p) and W (p) are continuous functions of p.

(i) For p<1)2d, T(p) S T¢ <K d ' and W(p) S W; < K,d ™.

(iii) Let d be sufficiently large and fix any pe[1/24d, p,). If
T(p)<4K,d ', W(p)<4K,d ', and 2dp <4, (1.18)

then in fact
T(p)<3K,d™', W(p)<3K,d ', and 2dp<3. (1.19)

(In reality the precise statement of (iii) is more involved and can be found in
Sect. 4.) In the course of the proof of (iii) the infrared bound is obtained.

Together (i), (ii) and (iii) imply that there is a forbidden region in the graph of
T(p) or W (p), as depicted in Fig. 1. Therefore (1.19) holds and hence by definition
of T'(p) it follows that

V(p)<1+3K,d !, forall p<p,. (1.20)

But since 7, (x, y) is an increasing and continuous function of p [5], it follows from
(1.20) and the monotone convergence theorem that
V(p)=lmV(p)<1+3K,d" !,
p1pe

and hence the triangle condition holds.

The proofs of (i) and (ii) are simple and are given in Sect. 4.2. The difficult part
of the proof is to obtain (iii). This is done by obtaining an expression for the
Fourier transform 7, (k), which under the assumption (1.18) can be shown to be a
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/

aK/d

3K/d

s 4z 2 F

Fig. 1. Forbidden region (shaded) in the graph of T or W versus p, for p < p,

small perturbation of the massless gaussian propagator C(k)=[1—D (k)] '.
Hence T'(p) and W (p) are close to their gaussian counterparts T and W, and
thus the improved bounds on T'(p) and W(p) in (1.19) follow.

For the self-avoiding walk the analogue of step (iii) was obtained using the lace
expansion. Here we derive and use an analogous expansion for percolation, which
yields an expression for 7,(k). The lace expansion was derived in [12] using an
expansion followed by resummation, but it can also be derived using the inclusion-
exclusion relation [34]. It is the latter approach that we use for percolation. (In a
similar spirit, Park [29] has used the inclusion-exclusion relation to study
intersection probabilities for simple random walk.)

1.3.2. The Expansion. We describe the expansion in detail in Sect. 2, but let us
here give the basic idea of the expansion and explain how it can be used to obtain
(iif). We begin with some definitions. Two sites x and y are said to be doubly
connected (in a given configuration) if there exist two self-avoiding walks from x to
¥, consisting of occupied bonds, which are distinct in the sense that they do not
share a common bond (although they may share common sites). If x and y are
connected, but not doubly connected, then there must be at least one bond in the
connected cluster of x whose removal would disconnect x and y. Such a bond is
referred to as a pivotal bond for the connection of x and y. There is a natural order
for the set of pivotal bonds, namely the first pivotal bond is the pivotal bond
b = {u, v} such that one endpoint, say u, of b is doubly connected to x. Either the
other endpoint v of 4 is doubly connected to y, in which case there are no further
pivotal bonds for the connection of x and y, or it is not. In the latter case, the
second pivotal bond is the one for which one endpoint is doubly connected to v,
and so on. This leads to the picture of a cluster joining x and y shown in Fig. 2. This
picture was also used in [27]. It is convenient to always regard a site as being
doubly connected to itself. In Fig. 2(b), the pivotal bonds divide the cluster into
parts which are mutually avoiding in the sense that no two can share a common
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(a)
HE | I

X __[ ] B y

! 2 3 4 6 7 8 9

y

Fig. 2. (a) A configuration in which x and y are connected. (b) Schematic representation of the
configuration in (a)

(b) X

site. This represents a kind of repulsive interaction similar to that of self-avoiding
walk.

The event that 0 is connected to x is then the disjoint union of the event that 0
is doubly connected to x and the event that there is a pivotal bond for the
connection (and hence a first pivotal bond for the connection). We denote the
former event symbolically as

{0 is doubly connected to x} =0<—=x,
and the latter as

{0 is connected to x but not doubly} = ( ) l——7—x. (120

(u,v)

Here the ordered bond (u,v) is the first pivotal bond for the connection, so 0 is
doubly connected to u. The union in (1.21) is disjoint. Using this notation, and the
convention that 7(x,x) =1, we have

7(0,x) = Prob (0<—>x) + ) Prob (0 ). (122

(u,v)

At this point we need to make the following definitions.

Definition 1.3. Given a bond configuration {n,} and a set 4 of sites, we define
(a) the connected cluster of x in Z\ 4:
C4(x) = {y€Z* y and x are connected using bonds having no endpoint in 4}.
If ye C*(x) we say that y and x are connected in Z*\4,
(b) the reduced two-point function:

74 (x, ) = Prob, (y e C*(x)),

(c) the connected cluster of x after the bond {u, v} has been made vacant:
C® " (x) = {ye C(x): y remains connected to x after n, ,, is set equal to zero} .
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Now we use a lemma from [6] (which is stated and proved in Sect. 2.1) to write
the summand in the second term on the right side of Eq. (1.22) as follows:

Prob (0 ——=———x) =pI[0<—>14] 00, x)>. (1.23)

The factor of p on the right side is due to the fact that {u, v} is occupied, while the
restricted two-point function and the double connection of 0 and u are due to the
fact that (u,v) is the first pivotal bond. Next we replace the restricted two-point
function in (1.23) by

O, x) =1 (1, x) — [t (v, x) — 1€ O (v, X)]. (1.24)
This yields the equation
7(0,x) =Prob (0<—=x)+p Y Prob(0<—=u) (v, x)

(u,v)

—p Y U0<==u] (z(v,x) — """ O (1, x))). (1.25)
(4,v)

Our goal is to manipulate the right-hand side of (1.25) so as to obtain terms
which either involve a convolution with 7 evaluated at x, as in the second term on
the right side, or involve a multiple connection from x and no explicit two-point
function, as in the first term on the right side. (The reason for this will become clear
when we take Fourier transforms.) To this end we first observe that

(v, x) — 1€ O (v, x) = (I[v is connected to x in Z¢ but not in Z4\ ™ (0)]>.
(1.26)

The event on the right side of (1.26) is such that every occupied self-avoiding
walk from v to x must pass through €} (0) (which within the inner expectation
(1.26) on the right side of (1.25) represents a given deterministic fixed set of sites).
As an example of a situation that can occur in this event, we consider the
configuration in Fig. 3. There (u,,v,) is the first pivotal bond such that every
occupied self-avoiding walk from v to u, passes through C**}(0), and z’ is the

u Vv

Fig. 3. An example of a configuration contributing to the right side of Eq. (1.26). Thick lines
represent the bonds connecting the sites in C**}(0). Thin lines represent the bonds connecting v
and x. The point ¢ is a point in C**}(0) on an occupied self-avoiding walk from z’ to u,
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latter endpoint of the previous pivotal bond {z, z'}. Other possibilities and special
cases exist, for example v could be doubly connected to x, but we ignore such cases
in this overview. By another application of the lemma quoted above (1.23), the
contribution to (1.26) due to the configuration in Fig. 3 is equal to

Y Y UIE®, 2, (uy,0)] €O (0, %)), 1.27)

(u1,v1) 2z’

where E (v, z', (u,,v,)) is the event that (a) v is connected to z’ via a pivotal bond
{z,2'}, (b) 2’ is doubly connected to u, , with one of the occupied paths passing
through a site in C*(0), and (c) {u;, , v, } is occupied and is the first pivotal bond
such that every occupied self-avoiding walk from v to u, passes through C®*(0).
As before we will replace the restricted two-point function in (1.27) using the
analogue of (1.24).

This allows us to write (1.25) as

7(0,x) = Prob (0—=x)+p ) Prob (0 <—u) (v, x)

(u,v)

—pP Z Z <I[OOLI] <I[E(U»Z/9 (ulavl))]>> T(DI,X)

u,v) z’
(u1,v1)

+ other cases + remainder . (1.28)

The remainder comes from the use of (1.24) in (1.27). Let us now for simplicity
ignore the other cases and the remainder in (1.28). We take the Fourier transform
of (1.28), and use the fact that the Fourier transform of a convolution is the
product of the Fourier transforms. Solving the resulting equation for 7, (k) yields

1+ 80 (k)

0= i 7 tions, 1.29
(k) 1—2dp D(k)— I, (k) + I1, (k) + corrections ( )
where
folh)= 3 Prob D) e, 0.3
x+0
2dpD(k)+IIy(k)=p Y Prob(0<—=u) ™", (1.31)

(u,v)
(the first term on the left side of (1.31) is the # =0 term on the right side) and
Liky=p Y Y AO0<=—ul UE® 2, @u,v))D>e*". (1.32)

(u,v) z’
(u1,v1)

1.3.3. Bounding Terms in the Expansion. We can estimate g,, II,, and IT, using
the van den Berg-Kesten inequality [9]. In the form that we need it the van den
Berg-Kesten inequality states the following. Let V..., V, be sets of paths in the
lattice, and let E;, i=1, ..., n, be the event that at least one of the paths in V; is
occupied. Then

Prob [there exist pairwise distinct occupied paths w, e V;,...,w,€V,]
<Prob[E,]...Prob[E,]. (1.33)
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The inequality (1.33) with » =2 can be used to estimate (1.30) and (1.31) by
taking V; =V, to be the set of all paths from 0 to x:

1o (k) = ;0 7(0,%)> = T(p), (1.34)
|IT, (k)| < 2dp ;0 Prob(0 <—u) < 2dp ;o 7(0,x)><2dp T(p). (1.35)

The estimation of (1.32) is more involved. We will use the inequality

IE®,7, (uy,0)] £ Y Ilte C“P O IE @, 2, 1, (uy,0,))], (1.36)

where E (v,z’, t,(u, ,v,)) is the event that (a) v is connected to z’, (b) z’ is doubly
connected to u, , with one of the occupied paths passing through ¢, (c) (u,,v,) is
occupied, and (d) all of these connections are given by distinct paths. With (1.33),
this gives

L (k) <p Y, Y d0<—u] I[te C*? ()] U[E(v,2', 1, (uy,0:))]>)

w,v) tz’
(u1,v1)

<2dp* Y U0==u]I[teC™I O] t(v,z)) T (2, )T (t,uy) T(z,u1y)

(u,0),u1,t,z°

<2dp* Y t0,w)T(0,w)T(w,u)t(w, )T (0,2)T(Z, 1) T (t,u) T(2', uy).

(u,v),u1,t,2",w

To better visualize this inequality we will introduce a diagrammatic notation in
which it is represented by

1.37)

|ﬁ1| <2dp*

(One factor of p is inherent in the diagram.) As we shall show in Sects. 2.3 and 3.1,
the right side of (1.37) can be bounded in terms of T'(p) to give

1| £ 2dp)* (1 + T()? [T(P)3+ QT3> +1/d).  (1.38)

The right side of (1.38) is O(d™!) for large d, under the assumption (1.18).
Analogous upper bounds can be obtained for first and second k-derivatives of g,
II,, and II, involving W (p) as well as T(p).

1.3.4. Bounds on 7 (k). Proof Completed. In this section we describe how (1.19)
can be obtained, assuming (1.18). Incorporating the corrections in Eq. (1.29) into
corrections to g, and I, — II, , 7(k) can be written in the form

. 1+ gk
k) = -« 1.39
O = 2 D) - Ttkp) (1.39)
where
8 (k) = g, (k) + corrections,
and

I (k, p) = IT, (k) — II, (k) + corrections..
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Now for any p <p,,
1 —2dp D(k) — H (k,p) =1 —2dp D (k) — I1(k,p) — [1 — 2dp — 11 (0, p)]
+ [1 —2dp —11(0,p)).

Using (1.18), it follows from (1.34) that 1 + ¢(0) ~ 1 for large d, and hence (since
£(0) = x(p)) the last term on the right side is

1-2dp—10,p)=[1+£O]x(p) "' ~x(p)"* 20. (1.40)

Therefore )
2 < 1+lgfk)| ] .
2dp(1 —D(k)) + 11(0,p) — 1L (k, p)

The difference of IT’s in the denominator can be controlled in terms of the
second k-derivative of I7 using (1.18), along the lines we have outlined above for
bounding /7, . The assumption on W in (1.18) is used at this point. This allows us
to absorb the difference of I1°s into the gaussian term 2dp (1 — D (k)), which with
(1.34) yields an infrared bound. The fact that 2dp > 1 is used at this point. We then
write T(p) and W (p) in terms of 7 (k), and using this infrared bound obtain the
improved estimate (1.19) for T'(p) and W (p). The inequality 2 dp < 3 follows from
(1.40) and the fact that IT is O (d~!). Although the proof of the infrared bound
initially uses the assumption (1.18), once we have derived the stronger statement
(1.19) the assumption holds automatically.

This completes the outline of the proof. The remainder of the paper is devoted
to giving a rigorous proof of Theorems 1.1 and 1.2, following this outline. In the
next section we describe the organization of the remainder of the paper and
summarize some notation and definitions.

1.4. Organization, Notation and Definitions

In this section we describe the organization of the remainder of the paper and
summarize some definitions. We also introduce a convenient diagrammatic
notation.

In Sect. 2 a detailed derivation of the expansion for the two-point function is
given, and estimates are given for the terms of the expansion in both x-space and k-
space. These estimates are given by diagrams as in (1.37). In Sect. 3 it is shown how
the diagrams can be bounded by products of 7, W and a small number of related
quantities which play a role in the precise version of the assumption (1.18). In
Sect. 4 the statements (i), (ii) and the precise version of (iii) (from Sect. 1.3.1) are
proved, completing the proof of Theorem 1.1. In Sect. 4.4 the proof that v, =1/2
for the nearest-neighbour model when d=d,, is given. Finally in Sect. 5 the
modifications to the proof of Theorem 1.1 which are necessary to prove
Theorem 1.2 are described.

We now list several definitions, some of which were made in the last section
and some of which are new.

Definition 1.4. (a) A bond is an unordered pair of distinct sites {x, y}. An ordered
bond is denoted (x, y). A path from x to y is a self-avoiding walk (not necessarily
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nearest-neighbour for the spread-out models) from x to y, considered as a set of
bonds. Given a bond configuration {n, }, an occupied path is a path consisting of
occupied bonds. Two paths are distinct if they have no bonds in common.
(Distinct paths may have common sites.)

(b) Given a bond configuration, two sites x and y are connected if there is an
occupied path from x to y. They are doubly comnnected if there are at least two
distinct occupied paths from x to y. A site x is always considered to be doubly-
connected to itself.

(c) Given a set of sites 4 = Z* and a bond configuration, two sites x and y are
connected in A if there is an occupied path from x to y consisting of bonds whose
endpoints both lie in A. The sites x and y are doubly-connected in A if there are at
least two distinct occupied paths from x to y consisting of bonds whose endpoints
both lie in A. Two sites x and y are connected through A if there is at least one
occupied path from x to y and if in addition every occupied path from x to y has at
least one bond with an endpoint in 4. Similarly we define x and y to be doubly-
connected through A if x and y are doubly-connected and connected through A.

(d) Given a bond configuration, the connected cluster C(x) of x is given by

C(x)={yeZ*: y is connected to x}.
Given a set 4 of sites, we define

C4(x)={yeZ* y and x are connected in Z*\ 4},
and the restricted two-point function
77 (x,y) =Prob, (ye C*(x)).
Given a bond {u, v}, we define

C"(x)={y € Z*: y is connected to x in the new configuration
obtained by setting ny, ,, = 0}.

(e) Given a bond configuration, a bond {u,v} (occupied or not) is called
pivotal for the connection from x to yif either xe C(u) and y e C(v), or xe C(v) and
yeC(u), but y¢ C™¥(x). Similarly an ordered bond (u,v) is pivotal for the
connection from x to y if xe % (u), yeC™ ¥ (v), y¢ C™*}(x). If x and y are
connected then there is a natural order to the set of occupied pivotal bonds for the
connection from x to y (providing there exists one or more occupied pivotal bond),
and each of these pivotal bonds can be ordered in a natural way, as follows. The
first pivotal bond from x to y is the ordered occupied pivotal bond (i, v) such that
uis doubly connected to x. If (u, v) is the first pivotal bond for the connection from
x to y, then the second pivotal bond is the first pivotal bond for the connection from
v to y, and so on.

Finally we describe the diagrammatic notation that will be used for the
remainder of the paper. This notation has the virtue of making cumbersome
expressions more transparent. We will denote the event that there is an occupied
path between x and y by a solid line joining x and y: x y. In a diagram
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consisting of several such solid lines it is always to be understood that there are
distinct paths making the required connections. For example, the diagram

y

X

denotes the event that y is connected to z, z is connected to #, z is connected to x,
and x is connected to u, all by distinct paths.

We will also use a Feynman diagram notation in which full propagators are
represented by wavy lines, unlabelled vertices are summed over the lattice, and
labelled vertices are fixed. In addition we will shade in any loop for which all
vertices on the loop may coincide. In unshaded loops the summation is
constrained such that at least two of the vertices must be distinct. For example the
diagram

represents

t(12) Y t(zu) tw,x) t(x,2) =7(3,2) V(p),

while the diagram

represents

2029 | 3 1) 700) 19— 762,20 | = 000 P () - 1.

A pair of wavy lines terminating together in bars denotes two propagators
ending at two sites y and y" and carries a factor of p;, ., and a sum over all ordered
bonds (y,y’). For example,

OQ} = Z Py,yy T(0,) 7(¥',0).
.y

2. The Expansion

In this section we derive the expansion for 7,(0, x) which is the main tool used in
the proof of Theorems 1.1 and 1.2. The results of this section are valid for general
Z‘-invariant bond percolation models, long or short range. (In fact, Proposi-

tions 2.3 and 2.4 hold without the assumption of Z‘invariance.) To simplify the
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notation we write p,, for p,. ;. In Sect. 2.1 we use the inclusion-exclusion principle
to prove an identity of the form:

N
7(0,x) = do,» + ;0(—1)" (0, x) + (=D Ry(0,x) + }, po,7(y,x)

y*0

N
+ ;0 (=1)"Y 11,0,y) = (', %). (2.1)

The identity (2.1) is valid for any p < p. and any nonnegative integer N, and the
nonnegative quantities g,, I, and Ry are given by explicit formulas in Proposi-
tion 2.3. There is a close relation between /I, and g,:

I]n(o»yl) =Z gn(oay) pyy"
y

In Sect. 2.2 the van den Berg-Kesten inequality is used to obtain x-space estimates
forg,, IT,and Ry in terms of the full propagator  itself. These estimates are stated
in Proposition 2.4.

Taking the Fourier transform of Eq. (2.1) gives the following formula for 7 (k),
which will play a key role in obtaining the infrared bound in Sect. 4:

N
1+ 2 (=D"g,(0)+(—DN*! Ry(k)
n=0 (2.2)

t(k)= ) N ~
1= L po = 3 (O )

y*0

To control 7 (k) we will employ k-space estimates for g,(k), I7,(k) and Ry (k).
These follow easily from the x-space estimates and are given in Proposition 2.6 in
Sect. 2.3.

Throughout this section we make use of the definitions and notation given in
Sect. 1.4.

2.1. Derivation of the Expansion

The expansion is derived using a lemma from [6] together with repeated use of
inclusion-exclusion. We begin (as outlined in Sect. 1.3.2) by writing

7(0, x) = Prob (0 is connected to x)
= Prob (0 <—=x)+ ), Prob (0 is connected to x but not doubly,
and (u, v) is the first pivotal bond). 2.3)
We define
80(0,x) =Prob(0 <—x)—9J .- 2.4

To analyze the second term on the right side of (2.3), we use the lemma from [6].

Before stating the lemma, we first introduce some definitions. Let B be a
random or deterministic set of bonds, and let E be any event. We denote by B, the
set of sites consisting of endpoints of bonds in B, and we denote by C**}(0), the
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connected bond cluster of the origin which remains after setting ny, ,, = 0. The

event that E occurs on B is defined to be the set consisting of those bond

configurations for which the new configuration obtained by setting n, = 0 for all
b¢ B is a configuration in the event E. The lemma involves events satisfying:

E occurs and the ordered bond (u, v) is pivotal for the connection from 0 to x

= E occurs on C™"}(0),. (2.5

An example of an E satisfying (2.5) is the event that 0 is doubly connected to u.
For simplicity we consider only the case p <p,, which is sufficient for our
needs.

Lemma 2.1. Let E be an event satisfying (2.5), and fix p < p.. Then

{I[E occurs and (u,v) is occupied and pivotal for the connection from 0 to x])
= pu, {I[E occurs and ue C(0)] =€ “* 0 (v, x)).

Proof. The proof is by conditioning on € ?}(0). Since p < p,, this cluster is finite
with probability one. Let

& = {finite connected bond clusters B: 0,ue B, and E occurs on B}.

Since E satisfies (2.5), apart from a set of measure zero
{E occurs and (u,v) is pivotal} = U {C™*(0), = B and (u,v) is pivotal}.

Beé&
Therefore

{I[E occurs and (u,v) is occupied and pivotal]»
= p,, {I[E occurs and (u,v) is pivotal])
=p. Y. Prob ((u,v) is pivotal| C**(0), = B) Prob (C***}(0), = B).

Beé&

Since
{C™")(0), = B and (u,v) is pivotal}

= {C*™*/(0), = B and v is connected to x in Z*\B,},

and since the events {C™"(0), =B} and {v is connected to x in Z*\B,} are
independent, the conditional probability is equal to

{ITv is connected to x in ZA\B,]) =% (v, x).
Therefore the above sum can be written
Puw Y, T, ) [C*0), =By =p,, Y, <z O(v,x) I[C™(0), = B)
Beé&

Beé&

=p,, <Ifue C*?(0) and E occurs on C®*(0)] z¢*" O (v, x))
=p,, {I[ue €™ (0) and E occurs] 7€*" O (v, x)). (2.6)
The last equality is due to the fact that if E occurs, but not on €**)(0),, then by

(2.5) (u, v) cannot be plvotal in which case either ve C**}(0) or v is not connected
to x, and hence €™ O (v, x) = 0.
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Fig. 4. Examples of configurations contributing to I, (v, x; A)

But now if ue C(0)\C™*(0) then 0 is connected to u through {v}, and hence
¢* O (p, x) = 0. Thus the right side of (2.6) is equal to

Pus {I[E occurs and ue C(0)] 7€ O (v, x),
and the lemma is proved. [

We now use this lemma, with E the event that 0 is doubly connected to u, to
write the second term on the right side of (2.3) as

Y Pu I[0=—=u] 1¢"" O (1, x)).
(,0)
To implement the inclusion-exclusion principle, we replace the restricted two
point function by
€O (0, x) = 7 (0, %) = [t (0, %) = <€ O (0, 0)]. vX)
This gives (2.1) with N =0, if we define
I,0,y") = ;0 Pyy I0<=——=y1> =3 p)y £0(0,) (2.8a)
y y
and
Ry(0,%)= Y pu, I[0<=—>u] {t(v,x) =" O(@,x)}>.  (2.8b)

(4,v)

To proceed further we rewrite the difference of two-point functions occurring
in the remainder R, using the following lemma. In preparation for the statement
of the lemma we make the following definition, which is illustrated in Fig. 4. Given
a set A4 of sites, define

I, (v, x; A) = I[v and x are doubly connected through A]

+ I[3z’ # v such that z’ is connected to v in Z%\ 4,
z' is an endpoint of a pivotal bond for the connection of v and x,
and z' is doubly connected to x through A]. 2.9

Lemma 2.2. Given a set A of sites and two fixed sites v and x,

(0, %) — T (0,0) =L W, X D+ Y pyy p(0,3;4) €77 O, %))

)

Proof. By definition of 74,

7(v,x) — 74 (v, x) = {I[v and x are connected through A]).
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Each configuration contributing to the right side belongs to exactly one of the
following two cases.

Case 1. Thesites v and x are doubly connected through 4. This contributes to 7,
giving the first term on the right side of (2.9).

Case 2. The sites v and x are connected through A but are not doubly connected
through A. In this case there is at least one pivotal bond for the connection from v
to x, and we subdivide this case into the following cases.

Case 2a. There is no pivotal bond (w, w’) (for the connection from v to x) such
that wis connected to v through A4. This gives the other contribution to 7, in (2.9).
There z’ is the latter endpoint of the last pivotal bond for the connection of v to x.
Case 2b. Thereis a pivotal bond whose first endpoint is connected to v through A.
In this case there is a first such pivotal bond (y, y’). The contribution due to this
case to t(v, x) —t4(v, x) is

Y I[(»,y") is the first pivotal bond (for the connection from v to x)
09 whose first endpoint is connected to v through A]).

Let E be the event that v and y are connected through A4, and there is no pivotal
bond (w, w') for the connection from v to y such that wis connected to v through A4.
Then E satisfies (2.5) (with (u,v) replaced by (y,y’) and 0 by v) and
I[E}=I,(v,y; A), and hence by Lemma 2.1 the above expression is equal to the
last term on the right side of the equation in the statement of the lemma. This
completes the proof of Lemma 2.2. [

We now return to the derivation of the expansion. Beginning with the equation

T(Oax)=5x,0 +g0(0’x)+ Z Pov r(v,x)+ZH0(0,y’) T(ylax)—RO(O’x)’

v¥0 y

in which g,, 1, and R, were defined in Egs. (2.4), (2.8a), and (2.8b), we use
Lemma 2.2, with 4 = C?}(0), to replace the difference of two-point functions
occurring in R,. This leads to a nested expectation in R,. In order to specify
unambiguously to which expectation the set €**}(0) (which is defined in terms of
a given bond configuration) corresponds, we use subscripts in nested expectations,
i.e., C*%(0) denotes C*}(0) defined by the bond configuration corresponding
to the configuration ¢ - ), . In applying Lemma 2.2 to (2.8b), C**}(0) is random
in the expectation of (2.8b), but deterministic with respect to the expectation
produced by application of Lemma 2.2. Using subscripts we have

R, (0,x)= (Z)puv U0 =——=u] {Ip (v, x; ééu'v}(o))>(1)>(0)

+ Y P 0=t Y p,, Ip®y;C0) 7O (., X)) (0 -
(VA9

(u,0)

The first term gives g;. In the second term we replace the restricted two-point
function t&"”"® by an unrestricted two-point function plus a correction as in (2.7).
The term involving the unrestricted two-point function gives rise to a term

Y 11,(0,y") T(y', x), where IT; (like g,) contains two nested expectation values.
<
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The correction term, containing a difference of restricted and unrestricted two-
point functions, is the remainder R, (0, x). Now the same procedure can be
iterated, beginning with the use of Lemma 2.2 to rewrite the difference of two-
point functions, and so on. The details are straightforward but tedious, and lead to

the following result. To abbreviate the notation, we write
Gy = C2Y (9)-0),

and
Ii):ID(y}’yj‘Fl; Ci-1).

Proposition 2.3. For N =0 and for p <p,,
N
T(O,X)=5x,0+ Z (_I)n g,,(O,X)"' Z va T(U,X)
n=0 v*0
N
+ ZO(—l)" Y AL0,5) (', %)+ (= DY Ry (0, %),
n= y'

where
80(0,x) =Prob (0 <—x)— o ,,

and forn=1,

g 0.0)="3 Py X Py T0 <=y, ) Ip Ip<Tp - <Tp

»1,y1) (Yns ¥;)

“p (> x; C~n—1)>(n)>(n—1) 3@ (1))0)
where yo, = 0. Also, for n =0,
Hn((),yl) =Zpyy’ gn(o’y)
y

Finally
RN(O’x): Z pylyi Z pYN+1yyfv+1<I[Ooy1]

1, 91) N+1,VN+1)

’ <111)<112) T <Iﬁ ) {T(J’I,v+1>x) — 7% (N+1 ,x)})w) e '>(2)>(1)>(0)-

Remark. In the nested expectation

U0 <y, ] UpTp (¥3, x; é1)>(2)>(1)>(0)

=U[0<=—y,]I<Ip (}1>Y2; C’"’éyl,yi}(o)) Up(yy,x; é{yz’yé}(y’l))>(2)>(1)>(0)a

which occurs in g, (0, x), it is worth emphasizing again that within the innermost
expectation, C*2:¥8 (y}) represents a deterministic set of sites, which is random in
the middle expectation. Similarly C§*"(0) is deterministic in the middle
expectation, but random in the outer expectation. The situation is entirely

analogous for g, and Ry.
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2.2. Bounds in x-Space for Each Term of the Expansion

Having completed the derivation of the expansion in the previous section, we now
turn to the problem of obtaining bounds on each term in the expansion. We use the
van den Berg-Kesten inequality [9] (in the form of (1.33)) as our principal tool, and
obtain the bounds given in the following proposition. Before stating the
proposition we introduce the following notation:

ho(0,x) =7(0,x)*> — 4 4, (2.10)

h”(O,X)= Z Z Al(O’ulavl) n A2 (ui—l’vi—laui’vi) A3(u,,,v,,,x), ngia
U, vy Uns Un i=2
(2.11)

where

Ay O,uy,v1)=0
Uy

= Z pylyi ZT(anl)T(Orzl)T(ylazl)T(yllavl)‘c(zl’ul)’ (212)

1, y1) zy

V- U; Vi1 U;
Ay (Ui 1,01, U;,0;) = + {:gwm
i - o
Ui—1 U Ui—1 Ui
= z Pyiyi Z (W1, ¥) T(Wi>2) (2 Ui 1) T(23, 05— 1) TO;— 1, 1) T(Yi5 ;)
0,0 z,
+ Z Dy,y; Z TO— 1% 1) TWi—1,3) T(¥i,2) T(23, 0 1) (25, )
i, yi) zj
T(is0) Z(Ui— 1,02 1,)1520) 5 (2.13)
where
0 fx=y=z=w
2%y, 2,w) = {1 otherwise,
and
A3(Mn,l7n,X)= = T(x’vn)r(vn9un)1(un>x)' (214)

Figure 5 shows the diagrammatic representation for A,,4,, and A,. The
diagrams which occur are closely related to the one particle irreducible Feynman
diagrams of a ¢3 field theory. The diagrammatic notation was introduced in
Sect. 1.4. In particular, for an unshaded loop the summation over the unlabelled
vertices is constrained to disallow the coincidence of all vertices on the loop,
whereas a shaded loop has no such constraint. Note that any loop containing one
of the summation bonds (y;, y;) cannot possibly shrink to a point and hence will
always be unshaded. With this notation we are now ready to state the bounds on
the terms in the expansion of Proposition 2.3.
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h,(o,x) =

h,(0,x)

hy(0,x) =

Fig. 5. Diagrammatic representation for Ay, h;, and h,, using the notation introduced in
Sect. 1.4

Proposition 2.4. The quantities g,, II, and Ry in the expansion (given in Proposi-
tion 2.3) for the two-point function t (0, x) satisfy the following bounds, for n, N = 0:

0=¢,0,x) =h,(0,x),
Oénn(o’yl)ézpyy’hn(o’y)’ (215)
y

0 é RN(O, X) é Z’)pyy’ hN(an) T(ylr X)-

(6294
Proof. We begin with g, and II,. By definition,
80(0,x) =Prob(0<—=x) - ,,

and by the van den Berg-Kesten inequality the right side is less than
7(0,x)*> — 8¢, = ho (0, x). This is the desired bound on g, . Hence, by definition of

1T, (2.82), ,
HO(an ) é Z pyy’hO(O’y)'
y

This is the desired bound on I7,. The bound on R, is similar.
To bound g,, I, and Ry for n, N = 1, we use the following lemma:

Lemma 2.5. !

y
(a) Ip(y'sx;, A)) £, Tue 4] (2.16)
(b) p (315 1415 4) e Co220 (3]
, Vi v
Yi v
<Y Iued] M{:EM + (2.17)
“ u Yi+1 Us R Vi1

The proof of Lemma 2.5 is deferred to the end of this section. Now we show
how the lemma can be used to complete the proof of Proposition 2.4. The basic
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idea is simple: the nested expectations given for g,, I1,, and R, in Proposition 2.3
are estimated using Lemma 2.5, working from the inside out.

We begin with g,,, and consider the formula for g, given in Proposition 2.3. We
fist estimate the innermost expectation {/, D>(,,, usmg Lemma 2.5 (a). (Within this
expectation, 2"} (y,_,) is deterministic; it is random within the next expec-
tation.) This gives

p (Vs X {y" ™ Dn-1Dwm = z Iu, e C, (y" Y (Pn-)] (
Then we estimate the next expectation (which now contains a factor
ITu, e C¥" (yn— )] due to the above bound on <I,),) using Lemma 2.5 (b).
This gives

pDn-15ws C237 0 (12 2)) L€ C2P (e DD 1y

' In-
A , , In-1 Uy
é Z I[un—lecn&lil’y"—l} (yn—Z)] ’ +
Up—1 Yn

Un—1 o
Up—1 Yn

Repeating this process gives the estimate for g, given in Proposition 2.4.
The bound on 77, then follows from the fact (Proposition 2.3) that

Hn(09y’) =Zpyy’gn(0’y)'
Yy

Finally, we bound Ry using the formula given in Proposition2.3 and the
inequality

0=y, )~ (¥, ) =7(y', %) (2.18)
to obtain

Ry(0,x) = Z IO, yx+ 1) T(Yx+1,%). O
YN+1
This completes the proof of Proposition 2.4, given Lemma 2.5. Now we give
the proof of Lemma 2.5.

Proof of Lemma 2.5.
(a) By definition (Eq. 2.9, see also Fig. 4),

Iy (y',x; A)y =<I[y" and x are doubly connected through A4])
+ (I[3z#* y such that z is connected to y’ in Z%\ 4,
z is an endpoint of a pivotal bond for the connection of y" and x,
and z is doubly connected to x through A]).

For any bond configuration contributing to the first term on the right side, there
exists a site u € A and three distinct occupied paths connecting y” and x, y" and u, u
and x respectively. Therefore by the van den Berg-Kesten inequality the first term
on the right side is bounded above by

Y (v u) T x) T(x,p).

ue A
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Furthermore, for any bond configuration contributing to the second term on
the right side of (2.19), there is a site u € A and four distinct paths connecting y’ and
z, z and x, z and u, u and x. Note that z + y’. Thus by the van den Berg-Kesten
inequality the second term is bounded above by

Yo Y t(y,2) t(z,x) t(z,u) T(u,X).

ueA z
z¥y’

Combining these two gives (a).
(b) By definition of I,

Ip(yis Yiv 1 A) e CO= 10 ()]
< I[y;+, and y; are doubly connected through A4, and v is connected to y;]»
+ <I[3 a last pivotal bond (z, z") for the connection from y; to y;,,,z and
¥i+1 are doubly connected through A4, z and y; are connected in Z4\ 4,
and v is connected to y;]). (2.20)

We first consider the case y; = y;. ;. For a configuration contributing to the first
term on the right side of (2.20), there are sites ue 4 and weZ* and five distinct
occupied paths joining y; to u, u to y; . {, y; to w, w to y;, {, and w to v. (Since y; , ,
and y; are doubly connected through A, each path connecting y; to y;,, goes
through A4, and hence u€ A4 can be chosen such that w and  lie on distinct paths
from y; to y;, ;.) Thus by the van den Berg-Kesten inequality the first term on the
right side of (2.20) is bounded above by

5 (}"é WU). 2.21a)
ued \ u Yi+1

The second term can be bounded similarly by

i Z v Vi v
Prob |3z €Z¢, ue A such that or -*_Z'
u Yi+1 u Yi+1
i 7 v Vi v
4 s
z'eZ u Yi+1 U 2 Vi+1

using the van den Berg-Kesten inequality in the last step. In (2.21b), y; =+ 2/,
because z' is the latter endpoint of a pivotal bond. Combining these two estimates
gives (2.17) for the case y; =+ y;. , apart from checking that the loop in the first
term on the right side of (2.21 b) cannot shrink to a point. However, the case where
that loop skrinks to a point is already accounted for in the second term of (2.21b).
(The loop in (2.214a) cannot shrink to a point when y; % ;. ,.) This proves (2.17)
for the case when y; +y,, .
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When y;=y,,,, it follows from the definition of I}, that

Up(isyie 13 A) Tve CO 220 (1)) < Ilyje Al Uloe CO= 20 ()]
= 1I[y;e A] Prob(y; v)=I[yied] z(y;,0). (2.22)

However the upper bound (2.22) is bounded above by the second term in (2.21b)
(which includes it as the case y; =z’ = u = y;, ;). Thus (2.17) holds also in the case

Vi=Yyis1- U

2.3. Bounds in k-Space for Each Term of the Expansion

In this section we obtain bounds on g, (k), I1,(k) and Ry (k) which will be used in
Sects.4 and S in deriving the infrared bound. These bounds are given in
Proposition 2.6, and follow in a straightforward way from the x-space bounds
obtained in Sect. 2.2. In the statement of the bounds, derivatives with respect to k,,
are denoted by d,, and | x| (= || x | ) is the Euclidean distance from x to the origin.

Proposition 2.6. The following bounds are satisfied:
18, < ) ha(0,%),

036,0) <d "t Y IxP 0%, s=1.2,
'I?n(k)lé Zva Zhn(O,X),
80,612 [T poy T1xm.0+ T poulof? T h0.0)], s=1.2,

05 0,0 - 1,605 5[5 o, T 157 10,9+ T polol Tha0.9)].

[Ry(OI< Y. Pow x (D) Y hy(0,%),
103 Ry () < d™ 1(p) [zpo,, S %2y 0.) + Y pos 0] zh~<o,x)]

+d™1 Y pop X, hn(0,x) Y |y 7(0,), s=1,2.
v x y

Proof. These bounds all follow in a straightforward way from the x-space bounds
given in Proposition 2.4. Beginning first with the bounds which do not involve
derivatives, it follows from Proposition 2.4 that

1,001 = [T 2,0, £ T 2,0, S Y. 4,(0,%),
1, =| ¥ e H,.<o,y'>| < YOS Y poy ¥ hn(0.3),
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and

| Ry (k)| =

Y et * Ry (0, )

X

S Y Ry(0,x) <Y po, x(P) X hn(0,%).

To obtain the bound on d; g, (k), s = 1, 2, we use symmetry and Proposition 2.4
as follows:

10,84 (k)| =

2 (ix,)°e™ ™ £,(0,x)

X

< X xig0x)=d"" 3 |x*g,0,x)sd™" } |x]*h,(0,x).

The bound on & I, (k) is obtained in much the same way. We first note that
103 L) <d™" Y1y P 11,00,y)Sd™" Y. po, |y +0I* A, (0, ).
Y y,v

By symmetry the cross term 2y - v gives no contribution to the sum on the right
side, and hence

105 ()| = d ™" Y, po, (131 +101%) (0, ).

».v

The bounds on |75, Ry (k)| can be obtained in a similar fashion.
Finally, again using symmetry, we find

N ~ , , 1 d ) 2
B,0)~ 1,60 = T 11~ cosk -y 1 1,0.5) S5 5 3 kurh) Ty ()
v Yy \p= y
1
zi z kukv Z va(yu+vu) (yv+vv) hn(07y)
U,y v
1 d
=§ Z ki Zp00(|yu|2+|vuiz) hn(an)
p=1 y,v

2
='% 2 Poo (1> +10]?) 2, (0, ). (2.23)

Note that for the nearest neighbour model this expression gives the upper bound
2
A A T
IL,(0) — I,(k) = 7 (1 =D (k) 2dp 3. (Iy1* +1) 1,(0,5), (2.24)
y
since

_1y o kP
1—-Dk)=— Y (1—cosk,)22n —
=1

d,
The corresponding expression for the spread-out models will be given in Sect. 5. It
follows immediately from the first equality in (2.23) that the left side is

nonnegative.
This completes the proof of Proposition 2.6. [
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3. Diagrammatic Estimates

In the last section bounds were obtained for 05, (k), 0511,(k) and 05 Ry (k),
§=0,1,2,in terms of Y 4,(0,x) and Y |x|*A,(0, x), for any Z*invariant model.

The definition of 4, (0, x) is given in Egs. (2.10) and (2.11).
In this section we derive upper bounds (also valid in any Z“-invariant model)
on Zh (0, x) and Z |x]?h,(0, x), in terms of quantities T, W and H which are

1ntroduced in the next definition. These quantities will figure in the precise version
of (1.18) and for the nearest neighbour model should be thought of as being
O(d™ 1) uniformly in p < p, . Indeed we will prove that such uniform bounds hold
in Sect. 4. (Related estimates which show that T, W and H go to zero as L
approaches infinity will be obtained in Sect. 5 for the spread-out models.)

Definition 3.1. For a, a,, and a, in Z* we define

T.=7, ©(0,%) 7(x,y) ©(y,@) — J4 05 (3.1
W,=Y 1x]* 7(0,x) t(x,q), 3.2)
z+a; yTa
al az Z |x|2 ’% = Z |X|2 T(O,X) T(X,y)
X, ¥, 2 ; 5 > x;‘J:',Uz,
~t(x,u) 1(0,u) 7(0,2) T(u,v) (v, y+a,) t(v,z+a,). (3.3)

We write T, and W, simply as T and W. We also define
T=supT,, W=supW,, H= sup H,

aeZd acZd ay,azeZd

(3.4)

1,42°

Finally we define
X
W= 1x < =), Poy |x1* 1(0,x+a) 7(y, %)
x O‘K\—\"x-i—a Xy

and
W'=sup W, .

We simply write W' for W;.
In Sects. 3.1 and 3.2 the following lemma is proved.

Lemma 3.2. T
(@) 0= ho(0.0) < 5

and for n=1,

1/2
0= hO.)SA+TP | T po 3 +2 (T 02 TB) +25|r ",
p . Pov g .
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where _
D =S8Up po,
and
r=(1+T+T7) [ﬁ+2po,,T].
(b) 0= Ix]? b (0, x) < W,

0 Y [x2h 0, ) S W +6TA+T) W +6W(1+T) [ﬁ—i—ZvaT],

and forn <1,

052 IxI*h (0.0 = @n+1) (% Zp0v+(n+1)r> A+T2 W

+(2n+1)’[ }](H—T)z " 1W’+(2n+1)[[ ]l(H—T)Z " 2H<ZP00>2a

where [x] denotes the largest integer which does not exceed x.

Remark. The exact form of the upper bounds in the lemma is not important unless
a good value of d, is sought. Otherwise the relevant feature, for the nearest-
neighbour model, of these bounds is that under the assumption that T, W, W', H
are all O(d™') and 2dp is O(1), the bounds imply

o@d™) n=0
(a) Oéghn(o,x)é{o(d—l)n n=1,2,.. and
: 0@ n=0.1
(b) 0§§|xl hn(O,x)é{nZo(ar-l)"‘1 n=2,3,4,.."

(The n =2 bound in (b) is believed not to be optimal, but it does suffice for our
purposes.) An analogous remark applies for the spread-out models, as described in
Sect. 5.

The proof of Lemma 3.2 (a) is given in Sect. 3.1 and the proof of part (b) in
Sect. 3.2. Finally in Sect. 3.3 we prove the following bounds on 7, and W’:

Lemma 3.3.
T,=T+(3T)2d)'?,

1/2

s%’gzpo”wzpww(WT/3)1/2+(2p3,,|v|2W> ,
1/2

W, <23 po W25 polol? § +4<zpo,,lv14 ) +4po,|al?.

3.1. Bounds on ) h,(0,x)

In this and the next section we make extensive use of the graphical notation
introduced in Sect. 1.4 and the graphical representation for 4, given in Egs.
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(2.11-14) and Fig. 5. This section is devoted to the proof of Lemma 3.2(a). The
proof uses translation invariance and repeated application of the simple inequality

Y () glx)| ssup | f(0)] Y g (3.5)

This inequality is used to reduce ) 4,(0,x) to a product of basic units.

X
The case n =0 is the simplest. We just observe that

T=Y 7(0,x) t(x,») t(»,00—1=3 Y 7(0,x) 7(x,0),

x*0
and hence T
Zho(O,X) = Z T(Oa x)2 é 7
x x*0 3
For n= 1 we use translation invariance to rewrite (2.11) as
Zhn(o,x)= z /‘71 (ay) H /Tz(ai—uai) ‘Z3(an)’ (3.6)
x A1yenn, an i=2
where
4,(@=Y 4,(x,0,a) = :
a X a X
Ay(a,a)=Y 4,00,a,x,x+a) =Y 2 + {::{W ,
- | £ . po
0 x+ad 0 x+ad

a ¢

Ay(@)=Y 4;(0,a,x)= (3.7

0
Then we apply (3.5) repeatedly to obtain

g h,(0,x) < (sgp 4, (a)> (S},‘,p {; A, (a, a’)})n_ 1 (; A, (a)) . (39

The last factor on the right side of (3.8) is 1 + 7. To complete the proof of
Lemma 3.2(a) we use (3.8) and the following lemma.

Lemma 3.4. The following inequalities hold for any ae Z*:

a 1/2
@ iﬁ:: < po, T/3+2(Zp30 T/3) 125,

0

WM AAAAA
(b) éZPOvT"—P-s
g ~— 0 v
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.;Ma

<a+D[ L1342 (S, 78) +25)],

0

(d O <(1+7) [gpwﬂﬁ}
@ [:E::: éT’[;po.,ﬂﬁ}

Proof. (a) Using the Schwarz inequality and the inequality used to bound
Y hy (0, x) we obtain

a

=Y Po, T(0,X) T(x,a) = P, [ Y t(v,x) r(x,a)+2r(v,a)]

xFv,a

o\
éZva T/3 +2 z Poy T(vaa)+2p0a

v¥a
1/2
S ) PoT/3+2 (Z P2, T/3> +2p.

(b) Using translation invariance the left side is equal to

ZPOv z T(—U,X) T(x>y) t(yaa)~

X5y

By considering separately in the sum over v the term v = — a, we obtain the upper
bound

Z vaT+p0a(1 + T).épov T+ﬁ

v¥a v

(© By (3,5),

’

X+a a
[ VYV VA

lIA

x e ()

The first factor on the right side is equal to 1 4+ T, and the second can be bounded
using (a) and translation invariance.
(d) and (e) are proved similarly. [

Now the desired bound on ) A,(0,x) follows immediately from (3.8) and

(c—e), and the proof of Lemma 3.2 (a) is complete. [
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3.2. Bounds on Y’ |x|*h,(0, x)

In this section we prove Lemma 3.2 (b). The proof is similar to the proof of
Lemma 3.2 (a) given in the last section, although the situation here is more

complicated due to the presence of the factor | x|2.
The case n =0 is the simplest, since by definition of W

Y x|2ho(0,x) =) |x]* 7(0,x)> = W.

For higher order terms the basic idea is to use (3.5) together with the triangle
inequality, as we now illustrate for the case n=1. By definition of #,,

(3.9)

Y IxPh 0,0 = Y |x* o<l

and by the triangle inequality
xP<(x—ul + lu—z| + [z])* <3 (Ix—ul® + lu—z|* + |z]*).(3.10)

We insert (3.10) into (3.9) and consider separately the case where both of the
shaded triangles in (3.9) are points. In this special case (3.9) contributes W, and
hence

YIxPh0,x)SW +3 Y (Ix—ul®> + lu—z* + |z]?) 04

zZ,u,x

where at least one of the shaded triangles on the right side is not a point. Each of
the three terms in the summation on the right side is now treated separately, using
(3.5), translation invariance and Lemma 3.4. For example,

The term involving |x — u|? is handled similarly, and satisfies the same upper

bound. The remaining term is
0 Ihaannns X
g} sup |3 |x]?
0 0 ai,az AAANAANAA

x a; X+a,

<2(14+T) TW',
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where we have used the fact that one of the two triangles is not a point. As a result,
YAxPPh O, x)SW +6TA+T) W +6W(1+T) [zpo,,Tﬂi],

which is the desired bound.

The case n =2 can be handled in a similar fashion, although the additional
factors of 4, make the analysis more involved. It is at this stage that it becomes
necessary to work with the quantity H, as we are unable to bound the diagrams
encountered solely in terms of T and W.

It is convenient to use the following expression for 4, (0, x), which is equivalent
to (2.11). To write the expression we recall the definition of 45 (, v, x) in (2.14) and
define

t thaaanns v
B (s, t,u,v) = (3.11)

and

BZ(u9 v,S, t) =

u

(3.12)

Then (2.11) can be rewritten

hn(O,X) Z A3(0 Slvtl) H Bl (s,,t,,u,,vl) 1—[ Bz(uz 1’ i— l’snt)A (un’vn’x)

Skt
Uy, Vi
=" h,(0,5, £, i, 7,x). (3.13)
To bound Z | x|? h, (0, x) we use the triangle inequality as for the case n=1:

|x|2§(2n+1) (|11’2+|U1 - t1|2+|sz_l’1|2+---

+ {“Sn_ unl2 + lun—X|2] or [l tn—Un‘Z + Il)n—x‘Z]}), (314)
where in the term in brace brackets in (3.14) the first expression is used if # is even
and the second if n is odd.

The effect of each term on the right side of (3.14) is treated separately, and we
proceed term by term. Beginning with the |z, |* term, and using an unlabelled sum
to denote summation over all vertices, a minor change in the organization gives

-

Cn+1)"'> 1,1 h, (0 51,1,

v, x
éz |t1|2 l_[ /Iz(ai—laai) 123(%)
4 t1+a0 y+a1 =2

< W sup (g > <Sup Y 4,(a, a)> Y A5(a). (3.15)

Now Lemma 3.4 applies as before.
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The |v, — ¢,]? term is treated as follows:

Q@n+1)"1Y v, — 1112 h,(0, 5, 1,4, 7, x)

0 0 thamannr x no -
hS )( lx|2) H Ay (a;—y,a;) A5(a,)
aq ag x+a; i=2
<Y 45(a) W'(sup Y 4,(a, a)) Y As(a), (3.16)

and again Lemma 3.4 can be applied.
The term involving |s, — v,|? can be organized as follows:

@n+1)71Y |5, —vy|? h, (0, 5, 2, i, 7, x)

SO ) ¥

l;[ A 2041, @) Zs(an)

< (; 3(a))2 <51:p ;/Tz(a, a’))"‘2 (s}‘,lop :)i:}) W<S,l.lzp g;t:::z)

Now Lemma 3.4 can be applied.
To estimate the term involving |u, — s,|* we define

Ay(a,a') = + s
2( ) ; ax-}-a’ a x+a

and write
@n+1)71Y |uy — 5,12 h, (0,5, £, i, ¥, x)

a; livnanna, +Xx i=

0 vwAranan x n
< Z/T;,(ao) A} (ag,ay) ( |x|2> Il Ay (-, a) A5(a,)

n—2

< T p0, (T4@) (500 ¥ B (5w A 00)

Now Lemma 3.4 can be applied.

Finally we treat the term |u, — 5], which is the most complicated one, and in
which we use . The contribution due to the term involving the second term on the
right side of (3.12) is equal to

N N 0 X ONV\AMNy ((FA\VV VY 4
ZAa(ao) A3 (ay,a,) % ly]? g
ai x+a, a y+b b z+a,

n

11 42(ai-y,a) As(a,),

i=4
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which can be bounded above as was done for the | s, — v, |> term. The contribution
due to the first term on the right side of (3.12) is equal to

01 X 01 x
D W
Z e <a0x+a1 Qo x+a1>

X U, tz3 y+tas

(N n
lu, — 13/ g "1_[4 4,1, a;) 45(a,)
| i=

X+ a y
-3

=8 (Sr0) (24,0 (s TL6@0) (s Th@o)

and again Lemma 3.4 can be applied.
This illustrates the method for bounding ) |x|*4,(0,x). By applying

Lemma 3.4 and carefully counting the number of terms of each type which occurs,
the upper bound in the statement of the lemma can be obtained. We omit the
straightforward but tedious details. [

3.3. Proof of Lemma 3.3

In this section we prove Lemma 3.3. We begin with the inequality for 7. Fix a % 0.
Using the fact that (k) = 0 [6],

T, = (Zn)“‘Jd"k [£(k)> — 1] ei*a
= (27:)“’Jd“k[f(k)—1]2 [2(k) +2] €™+ 37(0, a)

§(2n)“‘Jd"k[f(k)— 1]2 [£(k) + 2] + 37(0,a) = T+ 37(0, a).

Now for a # 0it follows by symmetry that there are at least 2 d terms which give the
same contributions as 7(0, a)? in
B= ) 7(0,x)*<T/3.

x*0
This leads to the desired inequality for 7,,.
To obtain the inequality for W’ we argue using the Schwarz inequality as
follows:
W= poylxI? 7(0,x) T(x, ») £ Y. poy 2,70, %) (e, ») [Ix] |x —y| + [x]|y]]

X,y y x

<Y oy WY oy (Z 7(0,x) 7(y, %) | x| | y| +T(0,y)|y|2)

x¥y

=Y Py W+, poylyl Y, ©(0,x) x| t(x,») + Y. po, Iy |y 7(0,y)
y y y

x*y

12
éZPOyW+Zp0ylyI(WB)”2+(Zp%ylylzW) .
¥y y y
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Finally, the bound on W, is obtained similarly:

Wi=3 poylx|* 7(3,%) 1(0,x+a)

X,y

S2Y Poy 11, ) T (0, x+a) [lx —yI> +1y)°]
X,y

=2ZPmeJ)WQX+Q+W“xP+WV]
X,y

=23 poy 2. 7(0,x) 7(0,x+a+y)|x|?
y

X

+22P0yU’|2[ » r(o,x)r(o,x+a+y)+2r<a,y)]

0,-y—a

<23 Py W+2} poylyl* B+4 ; Poyl¥I? ©(a,y) +4po,lal?
y y y*a

_ 1/2
<2 poy W+2BY poy|yI2+4 (B; péy»yr‘) + 4pgalal®.
y y y¥a

The desired bound now follows from the inequality B< 7/3. O

4. Proof of the Main Results (Theorem 1.1) for the Nearest-Neighbour Model

In this section we use the results of Sect. 2 and 3 to prove Theorem 1.1. The general
structure of the proof follows the outline given in Sect. 1.3 and is described in
Sect.4.1. Throughout this section we consider primarily the nearest-neighbour
model, for which p,,=p if |[v|=1 and p,,=0 otherwise. In particular,
Y Po, =2dp. We use this and similar facts in the bounds given in Lemma 3.2,

without further mention. However since Lemmas 4.1 and 4.2 hold quite generally,
we state and prove these lemmas for both the nearest-neighbour and the spread-
out models introduced in Sect. 1.1.

We use the notation

Dy (k)= ZPOxeik'x

for the spread-out models at the gaussian critical value pg, i.¢., the value of p for
which D, (0) = 1. For the nearest neighbour model at its critical value p; =1/2d
we write simply
D(ky=d™' Y cosk,
n

in place of D, (k), and we use Dg to represent either D or D, .

4.1. General Structure

The fact that the triangle diagram V (p) is bounded uniformly in p < p, is proved
using the following three results. Lemmas 4.1 and 4.2 are valid for both the nearest
neighbour model and the spread-out models introduced in Sect.1.1. Proposi-
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tion 4.3 is valid as stated only for the nearest-neighbour model; a variation valid
for the spread-out models is proved in Sect. 5.1.

Lemma 4.1. For both the models (i) and (ii) of Sect.1.1, if 0<p<p; then
7,(x, y) = Cs(x, y), where Cg(x, y) denotes the gaussian propagator at p = pg:

ik (y—x)

Ce(x,y) = (2n)‘dfd"k f_DW.

Lemma 4.2. For both models (i) and (ii) of Sect.1.1, T, W,, and H,, ,, are
continuous in p, for p < p, and for all a, a,, a,eZ°.

Proposition 4.3. For the nearest-neighbour model (i), there is a universal constant
dy > 6 such that for d = d, and for any fixed pe[1/24d, p.), Py=> P5, where P, is the
statement that the following set of inequalities holds:

T<aK;d™ ', W<aKyd !, 2dp=<a,
W,<aKyd™' for |al, <2x(p){(d+2) In[Sx(p)]+2Ind},
H, , <100Ky,d~' for @?)gllai||1§2x(p){(5d+2)1n[5)((p)]+2lnd}.

ai,a; =

In Proposition 4.3 K; and Ky, are universal constants such that for d = 7,

1 -
Ty= Y, C(0.9) C(x.3) C(3,0)~ C(0,07 S g Krd ",
X,y

and

We=) |x|? C(O,x)zg% Kyd™ .

The existence of such constants follows from Appendix B of [20] or Lemma 3.1 of
[31]. (In the notation of [31], C(0,x)= ) Ny(x,T).) The constant Ky is a
T=0

(large) universal constant which depends only on K and Ky, and is determined in
the proof of the proposition. The statement P,, for fixed p < p., involves only
finitely many inequalities, since y(p) <oo. For |a|,; or |a;|, violating the
inequalities in P,, it follows from the exponential decay of 7,(x, y) that W, <d ™!
and H,, ,,<d '; see the proof of Lemma 4.4.

It follows immediately from Lemma4.1 that for pe[0,1/2d] the first three
inequalities in the definition of P, hold with « = 1. The other inequalities in the
definition of P, can be proved for pe[0, 1/2d] by using Lemma 4.1 to bound all
propagators by the gaussian propagator, and then analyzing the resulting
gaussian quantities. This can be done using the method of Sect.4.3.3(d-e¢), by
putting G = 1 and I = 0 there. It follows from the fact that P, holds for p < 1/24,
together with Lemma 4.2 and Proposition 4.3 that there are forbidden regions in
the graphs of 7, W, W, and H,, ,, as a function of p, for p <p,, as illustrated in
Fig. 1. Therefore P; holds and so in particular V' (p)=T(p)+1 is bounded
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uniformlyin p < p,.. Since 7, (x, y) is an increasing and continuous function of p [5],
it then follows from the monotone convergence theorem that
Vip)=1lim V(p)<3Kpd™'+1,
P1Ppe
and hence the triangle condition is satisfied.

In the course of the proof of Proposition 4.3 it is shown that if P, holds, then
the infrared bound stated in Theorem 1.1 follows. But as we have noted it follows
from Lemmas 4.1 and 4.2 and Proposition 4.3 that in fact P; holds, and hence the
weaker statement P, holds, and the infrared bound follows. Also, it follows almost
automatically from the proof that the relation &,(p)? ~ x(p) holds, and hence
v, =1/2.

The proof of Theorem 1.1 has now been reduced to proving Lemmas 4.1 and
4.2 and Proposition4.3, and showing that the infrared bound follows from P,.
This is done in the remaining subsections. The two lemmas are elementary and do
not use the expansion. The proof of Proposition 4.3 is the significant part of the
analysis.

4.2. Proof of Lemmas4.1 and 4.2
In this section we prove Lemmas4.1 and 4.2.

Proof of Lemma4.1. Fix any pe|0, ps]. Any bond configuration in which x and y
are connected contains an occupied path w from x to y. We denote the sum over all
paths from x to y by )’ , and the sum over all simple (not necessarily self-

w:x—y
avoiding) walks from x to y, consisting of bonds for which p, +0,by > .Then

w:x—y

7,(x,y) £ Y’ Prob,(w is occupied)= ' []ps

w:x->y w:x—>y bew

<Y Ilpr=Cex),

w:x—y bew

where in the last inequality we used p<p;. U

Proof of Lemma4.2. In [18] it was proved that for quite general finite range
models, if y(p) < co then 7,(x, y) decays exponentially. Moreover in [6] it was
shown that

7,(0,x) exp[— | x[y/x(p)] for model (i).

For model (ii) a similar exponential decay holds if g has compact support, and for
general exponentially decaying g exponential decay of 7, (x, y) (for p < p.) can be
shown using the same argument as that used for the Ising model in [7]. The
exponential decay of the two-point function implies that 7, W,, and H,, ,, are
finite for p <p,.

Continuity of these quantities for p < p, then follows from the fact that 7, (x, y)
is monotonic and continuous in pe[0,1] [5], together with the monotone
convergence theorem. [
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4.3. Proof of Proposition4.3. In this section we restrict our attention to the
nearest-neighbour model. We prove Proposition4.3 and show that the infrared
bound follows from P, , thereby completing the proof of Theorem 1.1. We begin
with a preliminary lemma in which bounds on 7, W and H are obtained from the
assumption P, .

4.3.1. Bounds on T, W, and H. In this section we prove the following lemma.

Lemma 4.4. If p <p, and we assume P, then

T<4d '[Kr+(BKr/8)*]=c d ™!,
Wi Sd ' [4Ky +4(Ky Kp/3)' 2+ 2Ky/3) ] = c,d 71,
W<4Kpd', H=<A40K,d ',
W' <[16Kyy+16(Kyy Kp/3)2 + 42 Ky) 2 d = cyd ™,
W' <8d 4K}y +4Ky/3+ 22Ky 3) 2 +1] < ey [Kiy +1]d .

Here W, denotes W, where a is any nearest neighbour of the origin. Note that the
constants ¢y, ¢,, c3 and c, depend only on K and Ky, , and not on Ky, .

Proof. By Lemma 3.3, for any aeZ* we have
T,<T+[37)2d]'?,

and the bound on T then follows if we assume P, .
To obtain the inequality for W, we proceed as follows: Denoting a nearest
neighbour of the origin by e,

W, =Y |x*7(0,x) t(x,e)

X

SYxlt(0,x)|x—e| t(e,x)+ Y. |x| 7(0,x) |e|z (e, x)

x*e

+1el7(0,e) |e|t(e,e).

Applying the Schwarz inequality to the first two terms on the right side, and using
the fact that

1(0,e)><2d)™" ), 7(0,x)* = 2d) 7' T3,
gives o

W, < W+ [W~ Y (e, x)2:|1/2+ (TI6d)2 < W+ [WTJ3]Y2 + (T/6d)1/2.

x¥e

The assumption P, then gives the bound W, <c,d™ .

We next give the proof that P, implies the bound W < 4Kj,d~*. Although P,
only involves W, for [[all; =2y (p) {(d+2)In[5x(p)]+ 2Ind}, it is possible to
estimate W = sup W, by using the exponential decay of the two-point function to

bound W, for large values of | a|;. In fact, we shall show that
W,sd™! for |al;22x(p) {(d+2) n[Sx(p]+2Ind}.  (42)
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Given (4.2), it follows that
W <max {4K, d™ ', 4Ky d ',d '} = 4Ky d ™ .

To prove (4.2) we use the fact [6] that 7(0, x) <exp[— || x||,/x (p)] to obtain
WosY IxPexp[—(lxl+lx—al)/x®]
<Y IxI? exp[—llxl;/2x(P] exp[—llall /2% (P)]

Sd[Sx @ ? exp[— | alli/2x(P)]-

The inequality for H is proved similarly, and we omit the proof. The bounds on
W' and W’ follow from P, and Lemma3.3. O

4.3.2. Bounds on 1 (k). In Proposition2.3 an expansion was given for the two-
point function 7 (0, x). Since 7 (0, x) decays exponentially for p < p,, the Fourier
transform 7 (k) exists. Taking the Fourier transform of both sides of the expansion
and solving for 7 (k) yields

A(N)

7 (k) G (k)

“1-2dpD(k)— O™ (k)’ 3)

for any p€e[0, p.) and for any nonnegative integer N, where

N
GV =1+ Y (1) &,()+(=D"" ' Ry(h),
n=0
and N
AN =y (=1 m,k).
n=0
In this section we prove the following lemma.

Lemma 4.5. Fix pe[1/2d,p,) and N =0, and assume P,. There exists a d,> 6,
independent of p, such that for d = d,,

[II™M (k)| S cd™ 1, Iajﬁ”‘”(k)l <cdd?, s=1,2. 4.4
If in addition N is sufficiently large (depending on d and p), then
Fky=1-2dpD(k)—O™M(k) 2(1—c"d" ) (1 —D(k)), (4.5)
|GV —1|Scd™?, [06NMK)|Scd™?, s=1,2, (4.6)
and
0Stk)SU+c"dHYA-DK)™". 4.7

The constants c, ¢', ¢” and c¢" depend only on K and Ky, (and not on Ky, , p, or d).

Remark. For pe[0,1/2d], 1 (k) £1(0)=yx(p) £ x(1/2d) < oo. (It is known that
£ (k) is nonnegative [6].) Together with (4.7) this shows that for large d the infrared
bound stated in Theorem 1.1 is a consequence of P,.
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Proof of Lemma4.5. The bounds (4.4)—(4.6) are simply a combination of the
results in Proposition 2.6, Lemma 3.2, and Lemma 4.4 with the assumption P,. In
the course of the proof, we use ¢ and ¢’ to denote universal constants which may
depend on K; and Ky, but not on Ky, p, or d. These constants may take on
different values in different occurrences. First, by Lemma 3.2, Lemma 4.4 and P,,

cd™ ! n=0,1
B WACEES P @9
and a-! 0.1
c n=9,
S NERACES R 4.9)

Now using Proposition 2.6 and (4.8-9) we immediately obtain
N
(TN <2dp Y. Y hy(0,x)Sed ™.
n=0 x

The bound on 85 I7™ (k) is obtained similarly.
To bound |G™ (k) — 1| we use Proposition 2.6 to obtain

N
|G® (k) —1] < L Lh(0.x)+2dpx(p) Lhw (0, ),

and then note that the first term on the right side is bounded above by ¢cd ™!, while
the second is bounded above by 2dp x (p) (c'd™")". For N sufficiently large, this
last quantity is bounded above by cd ™!, and the desired bound on |G® (k) —1|

follows. .
The bounds on |95G™ (k)| are obtained in a similar fashion. To estimate

|0, Ry (k)| we use the bound from Proposition 2.6 and the inequality
2IxP0,x) =) x| exp[~ | x [l /x(PI=d @y (p))* 2.

To obtain (4.5) we first observe that by (4.6),
1—=2dp— 1™ (0)=G™(0) x(p)~' 20.
Therefore 2dp <1+ cd™?, and also
1—2dpD(k)— ™M (k)=1—2dpD (k) — ™ (k) — [1 —2dp — IT™(0)]
+[1—2dp—IT™(0)]
> 2dp[1 — D (k)] + TN (0) — T™M (k).

By Proposition 2.6 and (2.24),
N

aA®0) - 1™ = - Y [11,00)— 1,k)]
n=1
n:odd

2 N
g%ﬁ—D(k))de[— ‘_;1 Z(|x|2+1)hn(0,X)]-
n:odd

Now, using (4.8-9) gives (4.5).
Finally the infrared bound (4.7) follows from (4.3) and (4.5-6). O
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4.3.3. Proof that P,= P;. In this section we use the consequences of P, given in
Lemma 4.5 to derive P,. This completes the proof of Proposition 4.3 and thus of
Theorem 1.1. We fix an N large enough (depending on p) that (4.5-7) hold, and
omit the superscript (V) to simplify the notation. As usual we use ¢, ¢’ and ¢” to
denote universal constants which depend only on K and K, , but not on Ky, p, or
d. These constants may represent different values in different occurrences.
Throughout this section we fix pe[1/2d, p,).

The statement P; consists of five inequalities (given in Proposition4.3). We
obtain these one by one, beginning with 2dp <3

(a) 2dp <3: In the proof of Lemma4.5 it was shown that for pe[1/2d, p,),
1—2dp—11(0)=0,
and hence by (4.4)
2dp<1—MO0)<1+cd !, (4.10)
The right side of (4.10) is less than 3 for d = ¢/2.
(b) The bound on T: By definition

T= (27:)“’Jd“k [£(k)*—(0,0)3]
=Q2n) " d%k[2+1 (k) E(k)—1)>—(247(0,0)) (z(0,0)—1)*],  (4.11)

and Ty is obtained by replacing 7 (k) by [1 — D (k)]~!. (In fact, for percolation
7(0,0) =1 and the second term on the right side of (4.11) is zero.) By (4.7), for
dz 4cII/’

0=2+t()=2+(+c"d" YU -D®]'S2+3[1-D(K)]™. (4.12)

Also, .
_2dpD(k)+G(k)—1+ 1 (k)
T 1=2dpD(k)—-H (k)

#(k)—1
We define
F(k)y=1—-2dpD (k) — 11 (k). (4.13)
Then by (4.4-6),
[2(k)— 11> S F (k)2 2{QdpD (k))* + (|G (k) — 1| + | I (k) ])*}
<201 =D 2 (Dk)>+c'd?), (4.14)

for d sufficiently large. Using the fact that the integral of [1 — D (k)] ™™ is bounded
uniformlyind = 7 form =1, 2, 3 (see Appendix B of [20] or Eq. (3.12) of [31] for a
proof), it follows from (4.11), (4.12) and (4.14) that

T<20 (2n)“’fd"k(2+%[1 — DR DK —D (k)] 2 +c"d?

<25T,+c"d < Kpd ' +¢"d 2<3Kpd 1,
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for d sufficiently large, where we used the fact that C(0,0) —1 < cd™' (which
follows from Appendix B of [20] or Lemma 3.1 of [31]) together with the form of
T, described below (4.11).

(¢) The bound on W: By definition and the Parseval relation,
d
w=>[lx|t0,x)]*= Y Qn)~*|dk[0,% (k)] (4.15)
x p=1

Differentiation of (4.3) gives
0,t(k)=F(k)"2G(k)2dpo,D(k)+ F(k)~* 8,G (k)
+F(k) 2 G (k) 0,0 (k). (4.16)
By (4.15-16)

d
WY 3Qm)~\d% {F(k)~*9[G (k) 8,D(k)}*>+ F(k)~2(9,G (k))>
p=1

+ F(k)~*(G (k) 0,11 (k))*} . 4.17)

We use (4.5) to estimate the powers of (k) occurring in the three terms on the
right-hand side. By (4.6), the first term (including the sum over ) is bounded by
30 W for d sufficiently large, and by (4.6) the second is bounded above by cd 3.
To bound the third term, we first note that by symmetry 0,,17 (k)isequal to zero for
any k for which k, = 0. Denoting by k the result of replacing the 4™ component of
k by zero, it follows from Taylor’s theorem that

0,01 (k) = 0,11 (k) — 0,11(K) =k,02 I1(k*),

where k* is a point on the line segment joining k and k. By (4.4) and (4.6), the third
term in (4.17) is bounded above by

cd™* 2n)~%|d% [1 — D (k)] *k>.

2
Since k%d~! __<_n7 [1 —D(k)), this is bounded above by ¢'d~3. This gives the
desired bound on W, for d sufficiently large.

(d) The bound on W,: For |a|= 1, it was shown in Lemma 4.4 that W, < ¢,d™*
and hence W, < 3K;,d™" if we take Ky, = ¢,/3.
For the case |a| > 1 we again use Fourier transforms and write

W,=Y|x[>7(0,x) t(x,a) = —(2n)~*|d% % (k) i (k) e™ e, (4.18)

where we have used subscripts to denote partial derivatives with respect to k,.
Now
t,,00)=F"1G,,—2F2G,F,— F*GF,,+2F3GF?, (4.19)
with
F,=—2dpD,—1I,=2p sink,—1I,
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and
F,=-2dpD,,—M,,=2pcosk,—1I,,.

Therefore

d
W,=— Z (2n)_dfddk eik-a
n=1
[£2G71G,,— 2t3G 26, F,— #*G ', + 264G 2E2]. (4.20)
We estimate the terms on the right side using (4.4), (4.6) and (4.7), together with
the fact that the integral of [1 — D(k)] "™ is uniformly bounded form < 3and d = 7.
The first term (including the sum over ) is less than cd ™!, and since F, < ¢'d ™' the
second term is less than c¢d~2. The estimate on the third term is more involved.

The contribution to W, arising from the gaussian part 2 p cos k, of F",m in the
third term on the right side of (4.20) is

d
A= 2p Q) [t 0P 4 GO —11 47 F cosk, e,
n=1
To estimate the contribution 4, to 4, due to the 1 in the square brackets we write

d
d"#; cosk,=Q2d)™"' Y e*”

v,jv]=1
to get
|4, S2dp2d)™" Y |@@m) 4| d% (k)3 e @tV
v,|v|=1
=2dpQ2d)”" Y T4, <3TS3cd™t
v, |v]=1

(Note that a + v = 0 here since |a| = 1.) Then by (4.6—7) and the fact that 2dp < 3
we have

|A,| <AL + |A,— AL < 3c,d™ +ed P <cd L.

Using (4.4) and (4.6-7) it is not difficult to see that the contribution to W, due to
the 117 . term in £, in the third term on the right side of (4.20) is also bounded by
cd™ .

Finally the last term on the right hand side of (4.20) can be bounded above by
cd ™! using an argument involving Taylor’s Theorem which is similar to that used
in the last paragraph of (c). (Note that it is necessary to exploit the fact that
F,(0) = 0if we are to avoid quantities which diverge in more than six dimensions.)
All the constants ¢ and ¢’ encountered here depend only on K, and Ky, so it is
possible to choose Ky, (depending on Ky and Ky, ) sufficiently large that the desired
bound W, < 3K;,d™* holds, and that the corresponding gaussian quantity is less
than K;,d~! (as claimed in Sect.4.1).
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(e) The bound on H: Using the Fourier transform, and then integrating by parts,
we can rewrite Eq.(3.3) as

AK; raskaeam 2 2 £ 2 )
H,, 4 jﬂ (271)" eikrar=kaad) ¢k V2 £ (k,)? £ (k,—k,) T (ky—k3)
d
ity —ks) [— > o f(ks)]
P

d 3 d
- ; J,Ul {'izn% elvar—haad ¢k V2 £ (k,)? £ (ky — k)
Atk —ks) (0,7 (k3)) (0,t(ks—k,)) —t(ks—k,) (0,7 (k3)) (5uf(k1 _ka))}-

Taking absolute values of the integrand on the right side and using the symmetry
between k, and k, leads to

II/\

d 3
=3 [T G #0600 206 206~k
Ak k) (@8 )P+ @, — k)

Rewriting this upper bound in x-space gives

d a:
nS T Tinllx-al l
0

@.21)

Now we use the basic inequality (3.5) to bound the right side. First,

d
Z Z Ixul |xu_au| x

r=1 x,a

d
= | sup Z leullxu"au

a p=1 x

0 a

<w supi é A+TsWA+T)(1+T), 4.22)

a
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where in the second inequality the sum over x was estimated using the Schwarz
inequality. The second term on the right side of (4.21) can be bounded similarly:

< w. (423)

Now we use (4.7) to bound the diagram on the right side of (4.23) in terms of its
gaussian value:

S +c"d™h)s 4.24)

gaussian

The gaussian diagram on the right side is finite for d> 6 and we have verified
numerically that it is bounded by 3 uniformly in d=9.

For d sufficiently large, depending on K; and K, it follows from (4.21-24)
that

W<30K,d 1. (4.25)

gaussian

This is the desired bound. Also, this calculation shows that the gaussian
counterpart of H,, ,, is bounded above by 10Ky, d ™' for d sufficiently large, as
claimed in Sect.4.1. O

4.4. Proof that v,=1/2
By definition [Eq. (1.6)],

d 4
GHpr=- 3 . @26)

Since £~'=G 1%, F,(0)=0, and 7 (0) = x(p), it follows from (4.19) and (4.26)
that

d
&) =— ) [G (071G, (0) — x () GO) ™' £, (0)]

=
NG T

=— Y G0) " [Gy(0) ~x(p) @p— 1, (0))].

n
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By Lemma4.5 (since we have proved P;, P, does hold), it follows that for
12d<p<p.,

L@PP=0Wd H+[1+0W@ Hx),
and hence for some constant C > 0,

C (=& MP)? =Cr(p) for pell)2dp,). (4.27)

Since x (p) ~ (p.— p)~* follows from the triangle condition, &, (p) ~ (p.—p) ™'/,
i.e., VZ = 1/2.

5. Proof of the Main Results (Theorem 1.2) for the Spread-out Models

In this section we prove Theorem 1.2 by adapting the proof of Theorem 1.1 to the
spread-out models introduced in Sect. 1.1. These models are defined by

Pox=p L g(x/L),

where g is a nonnegative function on R? such that d’g (0'¢ =[] 9,8, 1= {1,2,...,d})
is piecewise continuous, which satisfies: pel

fgx)dx=1, g-e’*lieL (R? forsome 6>0,
[10"g (x)|dx < co, where the derivative is interpreted as a distribution, 5.1)
g is invariant under rotations by /2 and reflections
in the coordinate hyperplanes.

To simplify the technicalities we have required that g be exponentially
decaying, although some weaker decay can also be handled. The fact that
Theorem 1.2 holds independently of the exact form of g is an illustration of
universality.

Just as for the nearest-neighbour model, p. = sup {p|x (p) <oo0}€(0,1). The
only significant difference between the analysis of the model (ii) and the nearest-
neighbour model is due to the change in gaussian propagator. (The situation is
similar for the long-range weakly self-avoiding walk studied in [40], although in
that work the 1/r? decay considered was sufficiently slow to change the upper
critical dimension, unlike the models under study here.)

The hypotheses on g are used indirectly, via certain of their consequences, to
prove Theorem1.2. To state these consequences we introduce the following
notation. We consider simple random walks with transition probabilities

poY=p - L% (x/L). (5.2)
Here p, is defined so that D, (0) =1, where
D, (k)=p. Y L™ %g(x/L) e**. (5.3)

The gaussian propagator (in k-space) for the model is then
Co)=[1—Dy(k)] ", (5-4)
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and we define 7}, and W, the same way that T; and W, were defined (under
Proposition 4.3), using this propagator. We also define

S=Y x> p2. (5.5)
(As will be seen in Sect. 5.2, S = O(L?); clearly S=1.)

To prove Theorem 1.2 we will use the following lemma.

Lemma 5.1. The hypotheses (5.1) on g imply that given d> 6 and ¢ > 0, there is an
L, depending on ¢ and g, such that for L = L, the following conditions are satisfied:

sup p§y, Z(p‘L’)Zée/S , (5.6)

sup poAlxI* Se, (5.7)

> (26D |x]* < Se, (5.8)

1 — D, (k)= |k|*/3n%d, (5.9)
C,(0,0)—1<¢/S, (5.10)

T, <¢/S, (5.11)

W, <e, (5.12)

Qn)~ jd"k z 102D, (k)| [1 — D, (k)]™® < 40, (5.13)

»<10. (5.14)

gaussian

The values of the constants appearing in these conditions are not sharp and
can be adjusted.

This section is organized as follows. In Sect.5.1 Theorem 1.2 is proved,
assuming Lemma 5.1. In Sect. 5.2 the proof of Lemma 5.1 is given.

5.1. Proof of Theorem 1.2 Assuming Lemma 5.1

In this section we prove that the triangle condition and the infrared bound follow
if conditions (5.6-14) are satisfied, for ¢ sufficiently small. Theorem 1.2 then
follows from Lemma5.1. The basic structure of the proof is exactly as in
Theorem 1.1: the result follows from Lemmas4.1 and 4.2 and the following
analogue of Proposition 4.3, together with a proof that the infrared bound follows
from the analogue of P,. The proofthat v, = 1/2 proceeds the same way as for the
nearest-neighbour model in Sect. 4.4.
The analogue of Proposition 4.3 is the following.

Proposition 5.2. There is an ¢, > 0 such that if an independent bond percolation
model on Z° (d > 6) satisfies conditions (5.6—14) for some ¢ < ¢,, then for any fixed



Percolation in High Dimensions 381

PElpL.p.), Py implies Py, where P, is the statement that the following set of
inequalities holds:

T<a-25¢S, W<a-30e, pﬁga,
L

W,saK'e for |all;=M,(p),
H, ,,<o-500e for Eli’«?guai“xéMz(P)-

The universal constant K’ is determined in the proof of the proposition. The
quantities M;(p) are finite for p < p, and are defined such that

W,se for |al;zM,(p), H <e¢ for I{l?)g”ailthz(l’)-

The existence of such constants follows from the exponential decay of 7,(x, y)
(discussed in the proof of Lemma4.2), as for the nearest-neighbour model.

Proof of Proposition5.2. The remainder of this section is devoted to the proof of
Proposition 5.2. In the course of the proof it will be shown that the infrared bound
is a consequence of P,. The first step is the following lemma.

Lemma 5.3. If p < p, and we assume P,, with ¢ sufficiently small, then there are
constants c;, independent of p and K', such that
T<ce'?, W<4K'e, HZ2000e, W' <cye, W, =<c3K'e.
Proof. The bounds on W and H follow immediately from P, and the definition of
M, (p). The bound on T follows from P, and the fact that by Lemma 3.3,
T, T+ (3T)2d)">.

The bounds on W' and W, also follow directly from Lemma 3.3, conditions (5.6—
14) and P,. To bound )’ p,,|v| we use the Schwarz inequality:

1/2
ZPOvlvlé[ZPOx'prlylz] _P g
v x y pL

In conditions (5.6—14) the powers of S-are chosen in such a way as to cancel the
powers of S which arise from the bounds on W, and W, of Lemma3.3. [

Lemma 5.3 combined with Lemma 3.2 yields the following bounds, in which ¢
and ¢’ are constants independent of pand K’, and ¢ is taken sufficiently small
depending on K’,

celS for n=0,1

< < ’
0=;hn(09x) = %(618)(’!‘1)/2 for nzz (515)

ce forn=0,1
OSTIPROIE |0 s nsy - G10

These bounds can be used in conjunction with Proposition 2.6 to control 7 (k),
just as in Sect. 4.3.2.
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Indeed, using the notation under (4.3), (2.2) becomes
(k) = G‘”’(k)/[l - I{L D, (k) — ﬁ‘”’(k)] .
L

Proceeding exactly as in the proof of Lemma4.5 the following inequalities, in
which the constants ¢, ¢’, and ¢” are independent of d and K’, are obtained.
[IM k)| <ce/S, [0ONk)|Sc'eld, s=1,2. (5.17)

If in addition N is sufficiently large, depending on p, then for pe[p.,p.),

Flky=1- })”— D, (k) —IT™M (k)= (1 —c"e) (1 — D, (k)), (5.18)
L
IGM(k)—1|=Zce/S, |05GM(k)|Sceld, s=1,2, (5.19)
and
tk)S(+c"e)(1—-D. (k)" (5.20)

The proof of (5.18) uses (5.9), and the fact that (5.19) holds for sufficiently large N
uses the exponential decay of 7,(x, y).

We now turn to the proof that P, implies Py, and proceed step by step through
the five inequalities in the statement of P,. Most of the analysis is identical to that
of Sect. 4.3.3, using (5.17-20), and we refer the reader to that section. Now ¢ plays
the role of 1/d. To simplify the notation we omit the superscript ().

(a) pﬁ < 3: This is identical to the nearest neighbour case in Sect. 4.4.3(a).
L

(b) The bound on T:: This bound can also be obtained by the same argument as in
the nearest neighbour case, by faithfully following Sect. 4.3.3(b). Note that the
integral of (1 —D,;) ™ (m=1,2,3) is bounded, in fact close to one, by conditions
(5.10-11) and the Holder inequality. In the last step (5.10) is used.

(c) The bound on W: This case follows 4.3.3(c).

(d) The bound on W,: The treatment of this case is the only one which differs
significantly from the nearest neighbour case. Direct calculation as in (4.20) gives

d
W,=—Y (27:)“’Jd“k et
p=1

- [#2G71G,,—2¢*G %G, F,— t3G'E,,+ 2¢*G 2 EY,  (5.21)

with . p .
Ei=~20,D,(0) - 0,11(5), (5.22)
and
Bk =— ;,p: 02Dy (k) — 0211 (k). (5.23)

In (5.21) the first term and the contributions to the second and third terms
from the derivatives of I/ can be bounded just as in Sect. 4.3.3(d), using (5.17-20).
Their sum is bounded by O (¢).
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The fourth term is treated as follows. First we use
2 p 2 12
F<2 (P—L B”DL> +2(0,11)%,

and for the second term use the mean value theorem and (5.17) to bound |6”I7 | by
O(e)|k,|, and then argue as in Sect. 4.3.3(d) to bound this contribution to (5.21)
by O (e)?. The contribution from the first term is bounded by

d
const (2n)‘djd"k (@,D.)* (1 —Dy)~*=const W, <conste,
u=1
using (5.12).

Now we are left with two terms: the contributions from derivatives of D; in
the second and third terms of (5.21). We first consider the second term and use
(5.19-20) and the Schwarz inequality to obtain

d
<const Y. |d'|G,0,D,| (1—-Dy)3

u=1

d
Zl (2n)‘djddk 2t3G7%G,0,D,
=

< const [Z Jddk (8”DL)2 (1—-Dp) ¢ Z Jddl G',f @ —DL)_z]llz

S0 W20
Finally we consider the term

d d
y (2n)-dfddk #3671 62D, ™% < const Jd"k Y 192D, (1—Dp)~3.  (5.24)
p=1 p=1

The integral on the right side of (5.24) is bounded above by O (¢), by condition
(5.13).
As a result of the above estimates, we have

W,<ce,
where ¢ is independent of ¢ and K'. Choosing K'= ¢/3 gives the desired result.

(e) The bound on H: The argument of Sect.4.3.3(e) can be used here. The
condition (5.14) is used. [

5.2. Proof of Lemma 5.1
In this section we prove Lemma 5.1, which together with Sect. 5.1 completes the
proof of Theorem 1.2.

5.2.1. Verification of Conditions (5.6-8). The gaussian critical value p, is given
by

= [; L™ g (x/L)] -
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The sum over x in this expression is a Riemann sum approximationto || g|; =1,
and hence

lim p, =1. (5.25)
L—>
By definition,
S=p, * Yy L™*(x/L)* g(x/L)~ L*| x*g|l;, (5.26)

and hence S = O (L?). Since ge L, it follows from (5.2) that sup P =0(L™").
Since ge L,,

LD =piL™" Y L% (x/L)*~ L™ | g|3=0(L™").
This gives the condition (5.6), if L is taken sufficiently large.
Similarly, it follows from the fact that x2ge L, that
sup PoRlx[2=0(L7"2),
which yields (5.7). Finally, the fact that x*>ge L, implies
Z (p(L))Z |x|4 O(L—d+4)

yielding (5.8). The big O notation is used to represent an upper bound involving
constants which are independent of L, but may depend on 4 and g.

5.2.2. Basic Properties of the Gaussian Propagator and (5.9). In this section we
show that the condition (5.9) is satisfied, and obtain some further results which
will be used to estimate T}, etc., in the following sections.

Recall the definitions:

Dy (ky=p, Y L™ %g(x/L)e™**

and 3
Co(k)y=[1=D ()] "

For a function 4 defined on RY, we define a transformation

hy(k)=p, Y L™ *h(x/L) ™ *.

In this notation, D, (k) =g (k). We also use the notation |I] to represent the

cardinality ofaset /< {1, ..., d},and write 0" = [ | 6
vel

| 0’k ||, are to be interpreted in terms of d1str1but10ns

. o h . .
Lemma 5.4. Suppose that h vanishes at infinity, that x.0x, %, is piecewise

continuous, and that h,, exists for all L. Then for L sufficiently large,
|| =21 A, (5.27)
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Also, for any I< {1, ..., d} and for any k,
-1

|hpk) <2 0%, |I]2L sin(k,/2)
vel

(5.28)

Proof. The bound (5.27) follows from (5.25) and the fact that Y L™¢|h(x/L)]

—||A]l; as L—oo. The bound (5.28) is proved using summation by parts, as
follows. To simplify the notation, we assume that 1e/. Then

d
h)=py ¥ L™h(x/L) e~ ™2 [¢hrt1+ D _ gixi] [2sin (k, /2)] ! exp[ y ikvxv]

=2

= —pre 2 isin(k,y/2)] 7 Y L7 h(x/L) —h(x/L—é,/L)] %>, (5.29)

where é, =(1,0,...0). To avoid nonilluminating complications, we consider
henceforth only the case of continuously differentiable 4; the general case can be
treated similarly. By the mean value theorem (5.29) is equal to

—pre ™2 2isin(ky/2)] Y L7¢ % O h(x*/L) e™* >,

where x * is a point on the line joining x/L to (x — é;)/L. Iteration of this procedure
gives

EL(k)= (=D p, n [e~*/2)2 Lisin (k,/2)] ZL_dth(x**/L) e,
vel x
where || (x**—x)/L ||, £ L™ . Therefore

AGIEA l_!!2Lsin(l’<v/2)|_1 2 L7 h(x**/L)| ~[ T 12Lsin(k,/2)|"* |0l .

vel

This gives the desired bound. [

The following lemma is proved using Lemma 5.4. Fix M > 0 such that the
integral of g over the region |x|,<M is strictly positive. We write
0=3n|0,gll;/2L and 6, ==n/LM, and use ¢ to denote a constant which is
independent of L and whose value may change from one occurrence to another.
We also fix a small ¢ > 0 (e.g., e=1/5). It seems likely that the bounds in which ¢
appears, in the remainder of this section, can be strengthened to the corresponding
¢ =0 bounds; however the bounds we obtain are sufficient for our needs.

Lemma 5.5.
lim D, (k)=0, forallk=+0. (5.30)
L— oo
For L sufficiently large, the following inequalities hold:
|D (k)| <3, for llkl,20, (5.31)
1 —Dy(k)zck?L?, for ||kl <0y, (5.32)

1 =Dy(k)zck®L?™%, for 6,<| k|, <6 (if0,<3), (533)
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05D (k)| =210 (x5g) |l []I2Lsin(k,/2)|"", for s=0,1,2andallk, I,
! (5.34)
|0,DL(k)| = 2L2|ku| I x,fg Iy, foralk. (5.35)

Proof. Equation (5.30) follows from (5.28) with A=g and I={u}, u=1,...,d.
To prove (5.31), suppose that |k,| = J, and let 7= {v}. Then by (5.28) and the
definition of ¢,

D (k)| <nLl™ k| " 0,81, =2/3.
To prove (5.32) we suppose || k|, <J,, and use symmetry to write

1-Dy(k)=p, YL "g(x/L)(1 —cosk-x) zp 2n~2 ) L7 %g(x/L)(k-x)?

x:|k-x|=n

2p2n”* Y LT%g(x/L)(k-x)?

x: || x|l SLM

—p 20 Y L (/L) (/L)
x: || x|[1SLM
~2r7 kP2 | g(x)xidix>ck*L?,
[Ixll =M
for L sufficiently large.
The inequality (5.33) is proved as follows. Fix k£ such that §, < || k||, = J, and
let X, = {x:1—cosk-x>L"%}. Then

1—Dy(k)yzp, L™® Y L %(x/L)=k*d"'6" 2L °p, Y L g(x/L)

xeXx xeXx

~ck*I*"¢ [1 -y L_"g(x/L):I.
x¢Xk
It suffices to show that the sum on the right side goes to zero as L goes to infinity.
The domain of summation consists of those x for which 1 —cosk-x< L7°
Since for any x we can find an integer » (depending on k-Xx) such that
1 —cosk-x2=2n"2(k-x—2nn)?, this domain is contained in the set of all x such
that x/Le Y;, where

2
YIF{J’GZ‘ii | - y—2nn|2§% L%, for some nel}.

Here we have written k£ = kL, with | k| €[n/M, 37| d,g],/2]. For R>0, let
B ={y: |l yllo < R}. Since g decays exponentially, given ¢ > 0 we can choose an R
such that

Y L%g(x/L)<e.

%éBR

But then we can choose L sufficiently large that

Y Lig(x/D)<e,

%e}’knBR
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since the sum on the left side converges to zero as L goes to infinity, because g is
bounded and the measure of ¥, N By goes to zero as L goes to infinity. This proves
(5.33).

The inequality (5.34) follows from (5.27) and (5.28). To prove (5.35) we use
symmetry to write

10,Dr (k)| =|p. Y, L™%g(x/L) x,sin(k,x,) [] e*™

v¥pu

SpL Y L% (x/D) x| kx| ~ Lk, | Ixi gl O

We now use the bounds given in Lemma 5.5 to estimate C;, (k). These estimates
will in turn be used to estimate T; and W, . The condition (5.9) is an immediate
consequence of (5.37) below, if we take L sufficiently large.

Lemma 5.6. For

k+0, Cotk)»1asL—o. (5.36)
In addition
(3 i1kl 20
05CWS g ikl S5 37
o 11< [31D®)] i1kl 20
TACRTES by NP A [ (538)

A 910,Dy (k)| iflklo20
< 13
IaﬂcL(k)l:{O(L_2+28)|ku||k|_4 lf||k||°o§5 (539)
Here the big O denotes upper bounds involving constants which are independent of L,
but may depend on d or g. Also | k| denotes the euclidean length of k.

Proof. The limit (5.36) follows immediately from (5.4) and (5.30). For (5.37), we
use (5.31-33). Since C (k) —1=D,(k)/[1 —D.(k)], the first bound in (5.38)
follows from (5.31), and the second from (5.32—-33) and the fact that | D (k)| =< 1.
Similarly (5.39) follows from calculation of the derivative, (5.31-33) and (5.35). O

5.2.3. Conditions (5.10), (5.11), (5.14). The following lemma will be used to
estimate Ty for this model.

Lemma 5.7. For d> 2,

@)~ f d'k | Coll)—1]< O (L% [Unm"wffz]'

Ford>2N, N=>2,

—d d A __ 4N —d+eN C‘;
@n) jdkch(k) 1"so >[1+d_zzv]'

The constants ¢, and c; depend only on d and remain bounded as d |2 in the first
bound and d| 2 N in the second.
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Proof. We divide the domain of integration into two parts: k|, <J and
k|, = 0, and use (5.38) to bound the integrand. This gives

(27r)""fd"k|CAL(k)—1I"§3N(2n)—" § dkIDL(R)IN

Mellwzd

_|_O(L—(2—a)N) (zn)-d j ddklkl-ZN

lellw=0
<@ [ dkID®
Ikl 20
d—2N
FOEL-e-om) 0,ms LIV

where Q, is the volume of the unit sphere in R?. The first term on the right side is
estimated using (5.34), as follows.
The region | k|, = ¢ is the disjoint union, over I = {1, 2, ...d}, [+ ¢, of

R, ={keR*|6<|k,|<m forvel, |k,| <0 for u¢l}.

By (5.34),
(27r)“’R§ d'k|D ()M <2V [ d'g Y @n)~¢ [ d’k [][=QLIk,D)™1
I Ry vel
- - Ing|" ifN=1
S ML g {glzml—m FN>1
This gives the bounds in the statement of the lemma. [
Corollary 5.8. For d>2,
1CL(0,0)— 1] < O (L% [(1nL)d+dc_“2] (5.40)
Ford>6,
—d+3¢ €4
T, <O (L3 <1 + d~6). (5.41)

Proof. The first inequality is an immediate consequence of the first statement in
Lemma 5.7. The second follows from the second statement in the lemma and the
fact that by definition

TL = Z CL(09 X) CL(-x’ y) CL(y’ 0) - CL(Oa 0)3
=(27T)_"Jd"k (CL(R)+2) (CL(k)—1)* = (C1(0,0)+2) (C,(0,0) = 1)*. [

In view of (5.26), Corollary 5.8 ensures that the conditions (5.10) and (5.11) are
satisfied for sufficiently large L. The condition (5.14) follows immediately from
the following lemma.
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Lemma 5.9. For d> 6,

=1, (5.42)

where the lines in the diagram denote the gaussian propagator Cy (k).

Proof. Fix d> 6. By (5.36) and (5.37), | C, (k)| is bounded above by | k|2 for k
near zero, and C; (k) approaches one pointwise as L goes to infinity. Since the
replacement of C, (k) by |k|~2 in the diagram in (5.42) yields a finite result for
d > 6, the conclusion follows by the dominated convergence theorem. [J

A similar argument can be employed to prove that as L — oo, T} converges to
zero and Cp(0,0) converges to one. However this is not sufficient for the
conditions (5.10-11), and thus we presented the more detailed bounds of
Corollary 5.8.

5.2.4. Bounds on Quantities with Derivatives: Conditions (5.12) and (5.13). The
condition (5.12) on W, is an immediate consequence of the following lemma.

Lemma 5.10. For d> 6,

W, < O(L2+4%) <1+df6>. (5.43)

Proof. By definition,
d
Wy=Y (2n)"’jd‘*k 0,C.(k))>.
p=1

We divide the domain of integration as in Lemma 5.7 and use (5.39) to obtain

W,os812n)~* | d%|9,D(k))>+O0(L™***) | dk|k|™C.
Tkl oz Ikllo=6
The second term on the right side gives the second term on the right side of (5.43).
The integral in the first term on the right side can be estimated by writing the
integral as a sum over integrals over R;, exactly as was done in the proof of
Lemma 5.7, and using (5.34) with s = 1. The only difference here is the extra factor
of I* which arises from s =1 in (5.34). [

Finally we prove the following bound, which gives the condition (5.13).

Lemma 5.11. For d> 6,

(2n)-dfddk|agoL|(1—DL)-3§0(L2+3H) [(lnL)“-{— f6]. (5.44)

d
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Proof. Using (5.37) and (5.33) gives

(21z)“’jd“k|03DL| (A=D)™3<272m)™* | d*|32D,]

kil oz

+0(L—6+3s+2) j‘ ddklkl—ﬁ.

ITkllo =6

The second term on the right side gives the second term on the right side of (5.44).
For theintegral over || k|| ,, = d we use (5.34) with s = 2, asin Lemmas 5.7 and 5.10,
to obtain the desired result. [J ’
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