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Abstract. We show that the potential g is uniquely determined by the spectrum,
and boundary values of the normal derivatives of the eigenfunctions of the
Schrodinger operator — A+ g with Dirichlet boundary conditions on a
bounded domain 2 in R". This and related results can be viewed as a direct
generalization of the theorem in the title, which states that the spectrum and
the norming constants determine the potential in the one dimensional case.

1. Introduction

Let g(x) be a real-valued potential in L*[0, 1] and let y(x, 1) solve the initial value
problem

-y +qy=uy for xe(0,1),

y(oa Au) =0,
VO,p)=1.
Define the sequence {y;(g)}i, of Dirichlet eigenvalues by the condition
(L) =0

and define the norming constants c¢; by

¢ilq) = V3 (x, ;) dx.

Oy

A well known result of Borg [B] and Levinson [L] is
Theorem 1.1. Suppose that q,,q,, eL*(0, 1), are real-valued and that, for all i

wiq1) = 1:(q)
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and
¢i(g1) =ci(g2);
then
q1 =43
It is possible to paraphrase Theorem 1.1 by
Corollary 1.2. Suppose that q,q,€L”(0, 1), are real-valued and that, for all i

1:(q,) = 1i(q2)s
and

V(L u(g1)90) =y (L 1(q2): 92)s
then
41 =4q>.

Proof. Integrating the identity

yayl —-QX}/ ’: _yz
ou  Ou ’

and setting p = y; yields the well known formula

1 ay
;= Zx’ ldng‘
¢ (j)y( 1) 6u(

As a function of y, y(1, u) is entire and of order 1/2 so that

¥, )= _ﬁ(l —ﬁ)

i=1 i

L)y (1, ). (1.1)

We may conclude from our hypothesis then that

v q,) = y(1, 1 q,),

and therefore that

0 y
Y (

0
L uig,) =21, 1 q),
6,[1( ’unql) a'u ’.quz)

and finally from (1.1), that
ci(g1) =ci(q2)
so that the corollary follows from Theorem 1.1 W

Now, Corollary 1.2 has a direct generalization to higher dimensions; let £2 be
a bounded domain in R” with smooth boundary and let g(x)e L*(£2). Let {1;(q) } 2,
denote the eigenvalues of
—Au+qu=pu in £
ul,p=0, (1.2)
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and let {p;(x)} =, be a corresponding complete set of orthonormal eigenfunctions’,
then we have
Theorem 1.3. Let q,,q,C*(Q) be real-valued and suppose that, for each i

1i(q1) = 1:(q2)

and

. 29,
%%(x;qu%(X;qz) for all xe0Q'; (1

then
q;(x)=q,(x) forall xeQ.

We may also consider different boundary conditions.
If {4(g)}>, denote the eigenvalues and {Y;(x;q)}{2, a complete set of
orthonormal eigenfunctions of

9
— Au+ qu = Au, éﬁwul(m:o, (1.4)
v

where a(x) is a fixed smooth real-valued function on 02, we have

Theorem 1.4. Let q,,q,€C®(Q) be real-valued and suppose that, for each i,
A(q1) = 4i(42),
Vi q) =¥i(x;q,) forall xedQ!; (L1.5)
then
q.(x)=g,(x) forall xef.

The bulk of the paper is devoted to the proof of Theorems 1.3 and 1.4; to this
end we shall make use of the Dirichlet to Neumann map, which we define as
follows: suppose that zero is not an cigenvalue of (1.2) and let u solve

—Au+qu=0 in 0 (1.6)
ulso= 1, (1.7)
we define
ou
A f=—] . 1.
=5 (18)

! Toeach eigenvalue u; we should properly associate not an eigenfunction but an eigenspace V; = 12 (£2);

if peV;, then peC(2), hence W, = { f|f =(8¢/oV)|,0:¢€V,} is a subspace of I2(602), equipped with
the inner product {9¢/0v|sg, 0W/0v]50> = {@,¥ > 2. Condition (1.3) should actually read
Wia:)=W.(q,)

as inner product spaces, and (1.5) should read similarly.
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If zero is not an eigenvalue of (1.4), let u solve (1.6) and replace (1.7) with

ou
a +oaulp=g
to define
R,g=1ul,,. (1.9)

Although R, depends on «(x)—which is known and fixed throughout—we do not
indicate the dependence explicitly. If we let AeC we may replace g in (1.6) with
g — 4 and consider A,_; and R, _; as functions of 4; we note that A,_; and R, _,
are meromorphic operator-valued functions of 4 (with poles exactly on the spectrum
of the associated Schrodinger operators). We shall obtain both Theorem 1.3 and
Theorem 1.4 as corollaries to

Theorem 1.5. Let q,,q,€L*(2) and suppose that, as meromorphic functions of 1€C,
either

qu“lzqu—).’ (1.10)
or
Aq‘_l=Aq2_x, (1.11)
then
41 =4>-

To see, formally, the connection between Theorem 1.4 and Theorem 1.5, let
G(x,y,4) be the Green’s function for — A+ g — 4 with the boundary conditions
(1.4); then the solution to

ou

—A —Du=0
u+(qg—Au=0, P

+oulp=9 (1.12)

is given by

u(x)= | G(x,y,A)g(y)dS(y) for xin Q,

cQ

while G is given by the eigenfunction expansion

1

so that, if we let x approach the 0.0Q

® 1
Ry—i(9)= Y ¥ix)| — [ ¥:(n)g(»dS(y),
i=1 20t~ 430
which expresses R, _; in terms of 4; and y,|;, thus (formally) proving Theorem 1.4.
The last theorem we state is a sharpening of Theorem 1.5 in dimensions n > 3.

Theorem 1.6. Let ¢q,,q,€L*(2), n=3, and suppose that A, is not a Dirichlet
eigenvalue of q, or q,. If

A A

g1—i0 — “lq2— 20>
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then
41 =4>-

For smooth potentials Theorem 1.6 is a direct consequence of a theorem in
[S-U-II]; we include a somewhat simpler proof here, however. We also note that
Theorem 1.6 is known to be true in dimension n =2, provided that ¢, and g,
are sufficiently close to constants (see [S-U,I]).

The paper is organized into three sections; in Sect. 2 we prove Theorems 1.5
and 1.6, and in Sect. 3 we use Theorem 1.5 to prove Theorems 1.3 and 1.4.

2. Proof of Theorems 1.5 and 1.6

We begin this section by constructing special solutions to (1.6) and (1.12), which
shall be used to prove Theorems 1.5 and 1.6. We shall find these solutions by
solving an equation in R” in order to do this, we shall extend the potential g(x)
to be zero outside the domain 2. We shall make use of the norm

Iz =111+ 1xD°% 2,

1/2
w=(tm & 7 we)"

R=>o0 B x<R

and the seminorm

We shall need solutions to

—Au+qu—Iu=0 2.1
of the form
u=e**+y, (2.2)
where
k'k=21 keR" (2.3)
v, Vyel}, 6<—1%, (2.4)
and satisfies
— Ay +qp — Y = — qe™; (2.5)
in addition, ¥ is a A-outgoing solution to (2.5); that is
0

P i/ = 0. (2.6)
We summarize in a lemma.
Lemma 2.1. For 6 < — 3, there exists &(8) > 0 such that if

4G+ [x]) 7 = < e(6)4/2 2.7)
there exists a unique solution u to (2.1) of the form (2.2) such that y satisfies (2.4)
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and (2.6). In addition

C(e, o
Wigs Digl,z, 28)
We shall also need other special solutions to
—Au+qu=0 in R" 2.9
of the form
u=e"*(1+y), (2.10)
where
¢L=0; el (2.11)
yel?; —1<46<0, (2.12)
and ¢ satisfies
—AY =20V + g = —q. (2.13)

We summarize with

Lemma 2.2. For —1 <6 <0, there exists () > 0 such that if

(1 +[x[)g(x) [l = < &(9)IL], (2.14)
there exists a unique solution to (2.9) of the form (2.10) with (2.12). In addition,
C(e, 0
W52l —1<0<0. 2.15)

We shall sketch the proofs to Lemmas 2.1 and 2.2 in an appendix; see also
[L-N] for other estimates, which allow more singular potentials. We shall also need

Lemma 2.3. Let q,,q,€L”(£), extended to be zero outside €2, satisfy (2.7)
(respectively (2.14)) and suppose that

A=A, (respectively A, =A,,). (2.16)

If u,,u, are the unique solutions to (2.1) (respectively (2.9)) of the form (2.2)
(respectively (2.10)), then

u;=u, in R"\Q
Proof. Let v solve
—Av+qu—Av=0 in £
Vls0=1ty]s0-
Define

L for xeQ
" lu, for xeR™M Q.

As a consequence of (2.16), w and (dw/dv) are continuous across 0£2; therefore,
o solves (2.1) in R". w has the appropriate asymptotics at infinity ((2.4) and (2.6))
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because u, does; so that we may conclude, according to the uniqueness statement
in Lemma 2.1, that w = u,. Thus u, =u, in R"\ Q.
The other case is similar. B

Proof of Theorem 1.5. Let meR" be fixed and let
=3im+1); ml=0,
=3(m~1).

Let u; be as in (2.2) with ¢,(i = 1,2) in place of g (choose || so large that (2.7)
holds):

ou
59””‘q,u = je"‘x A+ Hu;= | e""‘(-~— ik-vu; >dS
s0 av
where v is the outward pointing unit normal and dS is the euclidean surface measure:

= eFA, _, — ik-v)u,dS.
i

qi—A
Now, according to Lemma 2.3,
Uy IGQ Uszlsn
and, according to (1.11)
Ag - iluglsn) = Ay, -5 (Ual50)
so that we may conclude
j‘eik'quul — j‘eikxqzuz'
0 Q2
If we now let ||, and hence 4, go to infinity and use (2.8), we obtain
j‘ im- xq — j‘etm x
Q
As meR" was arbitrary, we conclude that
91 =4>-
To complete the proof of the theorem, we note that (1.10) implies (1.11), as
Aq_;~=R;_1;_—O((X)I. .
Proof of Theorem 1.6. For fixed meR", we choose
{=%k+i(m+e), (=3—k+ilm—e)),
where

ke=km=em=0, |kl=Im+e|l=|m—el,

—E-vui>dS

and compute as before

x Zx u;
je qiu;= | e (6\)

e
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We conclude that
jeg"qlu1 = feg"qzuz,
and, letting |e|, and hence | k| = |m + e|, tend to infinity, we conclude from (2.15) that
[ eimq, = [ g,
o] Q

and hence that g, =¢q,. W

3. Proof of Theorems 1.3 and 1.4

To make the formal argument following the statement of Theorem 1.5 precise, we
shall need two lemmas.

Lemma 3.1. For m sufficiently large and feC*(00),

<%>M(Rq—l(f )= { r(x.y) f(y)dS(y), (3.1)
22
d m
<d7> (Ag-a(f)) = f e(x,y) f(»)dS(y), (3.2)
o

where r(x, y) and e(x, y) are the continuous functions in 2 x Q given by

i Y ()Y (y)

"(X,y)= Elmﬁﬂ’l N (33)
0 0
) acol( 9 qo,( )
e(x, y) = .=Zl Wm' (34)

Proof. Let w solve
(—A+gq—)""'w=0,
(—A+q—AN"w|p=m!f,
(—A+q—Wwl,,=0 0Zj<m

d\" dw
<d_].> (Aq—kf) =E

o fdm
w()= - a—{ T Gl y,m}f(y)dsm,

It is easy to check that

>

Q2

and that for xeQ

so that, for x,e0Q

Jdw Jg . 0 {d"
Sofy) = lim | {—G(x y, )}f(y)dS(y),

m
xx, OV 30 di
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where
& 9ilx)i(y)
—ig‘l W=7

Equations (3.2) and (3.4) will follow as soon as we establish the continuity in 2 x £ of

d\"d ¢ i
e(x,y)= — <ﬂ> “a—v:aG(X,y, ).

To see this, note that the ¢,e C*(£2) and satisfy the straightforward energy estimates

@il asco < c1(q, D) wl** + c,(g, Q),

where ¢, and ¢, depend on g and its derivatives and £. A large enough choice of
m will therefore assure uniform convergence of (3.4) in 2 x Q. This proves (3.2)
and (3.4); (3.1) and (3.3) are analogous and therefore omitted. W

Lemma 3.2. Let feC*(00Q); q,,q,eC*(2); and 0 <t <3; then

xljrflw IRy, —1 = Roy= )N o0y =0, (3.5)
llir_nm A, - = Ay~ D) o2y =0 (3.6)

Proof. We shall prove (3.6); (3.5) is similar. Let u;(i = 1,2) solve
(—A+q,—Hu; =0, wl,n=1 3.7

Now, w = u, — u, solves
(—A+q —No=(q,—q1)uz, ©[;p=0,
and therefore satisfies the energy estimate

C()sup|q, —q,] llu, [ 120
lollgsa = =0 ; 05552, AZ4,. (3.8)

= =32 > =5 =4
(inflql—il)
xe2

It follows from (3.7) that

C(Q)SUBWz = AN HY200)
flu, “L2(.Q) < inf g, — 4| 3 AZ . (3.9

xe £

For 0 <t <%, combining (3.8) and (3.9) yields
oo

ov H'(30Q)

L CQ)w ||H’*3/2(0)

1Ay 5= A=) ooy =

o]

C(2)suplg, — Msughh =@l 1 [l g2

xe

s ((1~-21)/4) ’
(inf|q1~/ﬂ> (inf]q2~/1|>
xe 2 xe 2
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and the term on the right approaches zero as A approaches minus infinity.

Proof of Theorems 1.3 and 1.4. Suppose that the hypothesis of Theorem 1.3 holds.
Lemma 3.1 implies that A,, -, — A, - ; is a polynomial in 4, and Lemma 3.2 implies
that the polynomial is zero. Hence A,, ~; = A, _, and we may invoke Theorem 1.5.
The proof of Theorem 1.4 is similar. W

Appendix

In this appendix we sketch a proof of Lemmas 2.1 and 2.2. Lemma 2.1 appears to
be a well known consequence of standard arguments from scattering theory (see
[A-H] or [A]), so that we shall give only a brief sketch of its proof.

In fact, Lemma 2.1 is easily seen to be a regular perturbation of

Lemma A1, Let fel%;, d<—1%, and A>a >0, then there exists a unique L2
A-outgoing solution to

—AYy—iYy=f in R

and
C(o, 6
Iz < fﬂ)”f”ﬁa- (A1)
Sketch of proof. Define
- J©
‘p_|g|2—x—io’
where, by definition,
1 . 1

=1 .
EE =700 o [eF—i—ie

The estimate (A.1) follows from Theorem 5.1 of [A—H], with a little care taken
to keep track of the constant depending on A. (Note that the | | used in [A-H]
is strictly weaker than | |2 , for 6 < —3). The fact that  is the A-outgoing

solution follows from Theorem 7.4 of [A—H], with Q(x, D) taken to be d/0r — iﬂ.
[ |

Lemma 2.2 is easily seen to be a regular perturbation of the following which
is Proposition 2.1 of [S-U,II]:

Lemma A.2. Suppose that {-{=0,|{|>B>0,—1<6<0,and feL}, ; then there
exists a unique weL? solving

Ao+ {Vo={

moreover,

ool s S8

<= Ml
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