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Abstract. It is proven that a microcanonical Gibbs measure on a classical
discrete lattice system is a mixture of canonical Gibbs measures, provided the
potential is “approximately periodic,” has finite range and possesses a commen-
surability property. No periodicity is imposed on the measure. When the
potential is not approximately periodic or does not have the commensurability
property, the inclusion does not hold.

As a by-product, a new proof is given of the fact that for a large class of
potentials, a canonical Gibbs measure is a mixture of grand canonical measures.
Thus the equivalence of ensembles is obtained in the sense of identical
correlation functions.

1. Introduction

There is a long standing tradition in statistical mechanics of modelling in terms of
classical discrete lattice systems: lattice gases and spin systems (including the Ising,
Ashkin—Teller, Potts and Z, models) are amongst the most intensively studied
objects in this research area [1]. A general and rigorous theory of their equilibrium
properties and phase transitions was recently undertaken by Pirogov and Sinai
[2,3] and continued in [4] for instance. The mathematical context is that of a
stochastic process taking values in some finite set, and indexed by the finite subsets
of an infinite lattice. The underlying measure is a grand canonical Gibbs measure
defined on the configuration space for the infinite system.

The present article is an attempt to justify this ansatz. Indeed, there are more
natural choices for the equilibrium measure: the canonical and microcanonical
Gibbs measures, for instance. We shall, however, prove the equivalence of the three
descriptions in the context of infinite systems. On a thermodynamical level, the
equivalence is well established in that Legendre transformations were shown to hold
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between the thermodynamical functions. But whether the three ensembles lead to
identical correlation functions, i.e. whether the measures are identical, is a much
more involved problem, not in the least by the occurrence of inhomogeneous
measures and interactions. It is the latter problem which is the main concern of this
paper.

The DLR equations [5, 6] or suitable adaptations of these to the canonical [ 7] or
microcanonical [8-10] setting, rigorously define the equilibrium. (See definitions
2.2, 2.3, 24). Letting %(p, z) denote the set of grand canonical Gibbs measures (or
states) at an inverse temperature ff and a chemical potential (vector) z, €(p) the set of
canonical Gibbs states at an inverse temperature ff and .# the set of microcanonical
Gibbs states (all in connection with a fixed potential), the main problems to be solved
are the questions when .# < ( ) %(f) and when in turn €(8) = (J 9(B, z), (the reverse

B z

inclusions holding in complete generality). In particular, the second inclusion has
been the object of numerous investigations, culminating in Georgii’s work [7]. For a
wide class of potentials, including some non-uniformly bounded inhomogeneous
cases, it was shown that an extreme element of (), is an extreme element of (B, z)
for some z, thus solving the problem, since €(f) and 4(f, z) are Choquet simplices.
When the potential is uniformly bounded, there is no further assumption involved
[7, Theorem 5.15] and in general, it is conjectured that the equivalence holds as soon
as with non-zero probability there is one particle of every type (in the lattice gas
language). An inhomogeneous, not uniformly bounded model, supporting this
conjecture was studied in [11].

Much less is known as to the validity of the inclusion .# < () %(B) (or the

corresponding one for the extreme elements). Under the extraﬂhypothesis of
translation invariance of the measures and an additional technical assumption (a
sufficient condition for its validity being that all local probabilities be strictly
positive). Thompson proved the statement for translation invariant, finite range
potentials with a certain commensurability property. [8, Theorem 3.1. and Lemma
3.7].

Denoting by ex.#, ex€(p),...the set of extreme elements in # etc. our main
result (Theorems 3.3 and 3.4) shows that the inclusion ex.# < ( )ex#(p) holds without

B

the assumption of translation invariance of the measures nor of the interaction, but it is
assumed that no local event has zero probability. This hypothesis is not restrictive if
we wish to obtain elements in %(f) with finite f, or states in %(, z) with finite 8 and
nonzero z. Our conditions on the potential are: “approximate periodicity” (Defi-
nition 2.1), finite range and a certain commensurability property. The first
hypothesis is weak enough so as to include disordered systems and roughly means
that every local energy value should occur infinitely often. (We allow for multiple
component spins, and many-body interactions.) We expect that microcanonical
Gibbs measures with vanishing local probabilities are either ground states or ceiling
states, thus belonging to %(c0) or %(— o) respectively, or else have the property of
excluding certain particle types. In Remark 3.8, a few examples are given.
Analogous results have been obtained before, for continuous systems by
Aizenman, Goldstein and Lebowitz [9], and in a more abstract setting by Preston in
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[10]. The discreteness of the spectrum and the non-periodicity require different
techniques. It should be possible however, to transpose the basic idea, a straightfor-
ward application of the microcanonical hypothesis and of cluster properties, to
continuous systems. In fact, this basic step is a development of an idea we used
before, in collaboration with W. Sullivan, ([11]) to prove the equivalence of the
canonical and grand canonical ensembles in a certain highly inhomogeneous Ising
model. For the benefit of the reader we have included, in Theorem 3.5., an adaptation
of this proof to the equivalence canonical-grandcanonical in model systems with
uniformly bounded potentials. This proof may serve as an introduction to the proof of
the equivalence canonical-microcanonical which is more involved and which we
describe here.

Let u be an extreme microcanonical Gibbs state. The microcanonical DLR
equations (see Definition 2.4 below) prescribe equal probabilities to all local
configurations in a certain finite volume, having the same particle numbers and the
same conditional energy for a given boundary condition. Assume that two local
configurations £ and &' are given in some volume A, with equal particle numbers but
not necessarily equal energy. We may assume in addition that £ and £’ are equal on
the “inner boundary A.” (5A denotes the set of sites in A, interacting with A°)
Assume that the potential is periodic; it is then possible to find a volume A4, a large
distance away from A, and two configurations # and #’ in 4 such that the joint
configurations (£,#) and (¢,#’) in A U A have the same particle numbers, the same
energy value and are equal on &(A uA). Therefore, by the microcanonical
hypothesis, (¢, 1) and (&', #') have equal probabilities: u 4, 4 (&, %) = p 4 (&, 7). Since
u is extreme, it is clustering and we have p,(&) ps(m) ~paoas En)=
Uao A€, 1) = pA(E) uys(n). By construction, we have in addition that the particle
numbers of # and # are equal and that the energy difference between ¢ and &' equals
that between #' and #. In the limit where the distance (A, A) tends to infinity we
obtain, provided all local events have strictly positive probabilities, that

A 1) = 1 a(n')/ 12 a(m) (1.4

and it is not hard to see that (1.4) implies the existence of a function f of exponential
type of the energy difference such that p ,(&)/u 4(&') = f(E(E) — E(&')). In view of the
relation between £ and &, and in view of the commensurability condition, this
implies the canonical DLR equations: local configurations with the same particle
numbers have probabilities whose quotient equals the quotient of the exponentials
of their energy values. (allowing for negative temperatures).

W hen the potential does not have the commensurability property or when it is not
approximately periodic, it is not hard to find examples of microcanonical Gibbs
measures that are not canonical (Example 3.7 and Remark 3.9). On the other hand,
the condition that no local configuration has zero probability is necessary in order to
obtain canonical Gibbs measures at finite inverse temperatures. It is well known that
grand canonical (g.c.) and canonical Gibbs measures at finite temperatures, and
admitting all particle types, have strictly positive probabilities for all local events. (In
the g.c. case, this prevails when no z-component vanishes.)

To further clarify the condition that there be no local events having probability
zero (i.e. that the measure be everywhere dense), we shall study elsewhere the one
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dimensional chain with translation invariant interactions in more detail. In
complete analogy with the property that with non-zero probability there is a particle
of every type (in the canonical case this implies an infinity of particles of every type),
we show that a microcanonical Gibbs measure in one dimensional systems, is
everywhere dense, as soon as with non-zero probability there are infinitely many
basic configurations of every type. In a chain with nearest neighbour interactions at
most, a basic configuration is a configuration in a set consisting of two nearest
neighbour sites. Hence in a ( + 1, — 1) nearest neighbour chain, there are four basic
configurations: (+1, + 1), (+1,—1), (— 1, + 1) and (+ 1, + 1), and these events
should occur infinitely often in order for the microcanonical measure to be
everywhere dense.

In general, if the potential is of range D, the chain is partitioned in intervals (cells)
of length (D — 1), and a basic configuration is a configuration in a set consisting of
two nearest neighbour cells.

In summary, we have obtained a clear understanding of when an extreme
microcanonical Gibbs measure u is a canonical Gibbs measure for some finite
inverse temperature f3. It is necessary and sufficient that u be everywhere dense, a
property which for one-dimensional systems is equivalent to the occurrence of
infinitely many basic configurations of every type. We conjecture that not
everywhere dense microcanonical Gibbs states are precisely the ground or ceiling
states, or else, have the property of excluding certain particle types. Additional open
problems are listed in Sect 5.

The reader interested in the main results only is referred to Theorems 3.3 and 3.4,
Examples 3.7, 3.8 and 3.9 and the proofs in Sect. 4.

2. Microcanonical Gibbs States

Introduce a finite set F whose elements a, b,... represent the different types of
particles (or spin values). The particles are supposed to live on a lattice L, which for
simplicity will be taken to be Z"; if multiple occupation of lattice sites is excluded, the
configuration space for the infinite system is Q= FL For A c L, let 2,=F*
Configurations in Q2 are denoted by &, #,...; their projections onto 2, (“local
configurations”) by & 4,1 4, --- and when A = {x}, xeL, &y will be written &,. If no
confusion can arise, the reference to A will be omitted. If A; "A, = ¢ and ée,, ,
nefl,,, then (£,7) or &, n or &n denote the joint configuration in A, U A,.

The symbol I, (or I,) denotes the characteristic function for the event
{&:la=w,)

Often it is convenient to reformulate the model as a stochastic process taking
values in F and parametrized by the set of sites in L. Random variables S, (xeL) and
SA(A = L) are defined by S (&) =¢&,, SA(E) =¢&,.

For every point a in F, (particle) number variables N¢% are
defined by N4(&)=|{xeA|é, =a}|. Let N°=Nj. Here and in the following
the symbol |.| denotes the cardinality of the involved set. Finally the following
vector valued number variables will be used: N 4(&) = (N%(&)),er and N(&) = N (&).
In this connection, we denote by I4”(.) the characteristic function for the event
N4 = N4(1).
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By a potential @ we mean a family {¢,} of real valued functions on £2, indexed by
the finite sets in L, such that ¢ ,(£) depends on &, only. By definition ¢ 4(&) = ¢ 4(&,).

Throughout the paper, the potential is assumed to have a finite range D and to be
“approximately periodic” as will be explained shortly. For some of the final results,
the following commensurability condition must be imposed:

VE, W, VA, VA2 ¢4,/ d4, (e

whenever ¢,4,(n) # 0.
With respect to a finite range potential @, it is useful to introduce for a finite set A

in L:
0A = {xeAc:dist (x,A) < D},
A = {xeA dist(x, A) < D},

A=AUdA.
The internal energy E (&) for £eQ,, A finite is defined by:
ExQ)= Y ¢4 2.1)
AcA

and for a given boundary condition % in Q,., the conditional energy of & in £, is
defined by

E llm =Y il (2.2)

A AnA#P

Equation (2.2) in turn defines the following function:
IEan9)( ) is the characteristic function for the event E 4(.[# ) = E (1 411 4°)-
For ieL, let T; be the translation defined by

VAcLT(A)=A +i
VEe:[T(E)]=&-i VkeL.
Occasionally, an arbitrary translation will be denoted by T.

Definition 2.1. A (finite range) potential @ is said to be approximately periodic if for
all finite A there exists an adapted sequence {A,}, with respect to @, i..:
There exist k,eL such that

An::Th(AL
dist(A,A,)> o0 as n- oo,

Ex(-1.) = E5 (T (I T, ().

Loosely speaking, every local energy value should occur infinitely often in the
lattice. Clearly, translation invariant or periodic potentials (i.e. potentials that are
invariant under some subgroup of L) are approximately periodic, but it appears that
the notion comprises in addition the potentials that typically occur in disordered
systems. See Remark A.1 in the appendix.

For o in some ,, let N%(¢) denote

Ni() =|{neL|T(A)=A,withA,c A and T,(0) =&, }|.
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When the potential is translation invariant, it is possible to find coupling constants
J,, indexed by the configurations in some &/ = £, (4 centred around the origin),
such that

Ea(€ln) = Y J.IN5(& 1) — N3u(&m)]. (23)

aedd

It is assumed that the set o/ is chosen to be minimal. The commensurability
hypothesis then reduces to: J,/J;eQVa, B in o/ with J; 0.
As an example, the nearest neighbour Ising chain (with F = {1, —1})

ExClm=—J ) SSi)(&n)

L+ 1]nA#¢

may be written as in (2.3) using the following objects: 4 =[0,1]; o = {a =(1,1),
B=(—-1,-1),y=Q1,-1),6=(-1L1)}cQand J,=Jp= —J; J,=J;=+J.

The following o-algebras are essential for the definition of Gibbs states. (An
algebraic formulation is given in the appendix, Remark A.2.) & is the algebra
generated by the product topology on 2 (with the discrete topology on F). & ,is the
algebra generated by {S,,xeA‘}, &, is generated by &# , and N,, and 9, is the
algebra generated by &, and E (.|.). The tail field ¥ ,=NF ,, the symmetric field
6, =n&,and the field 9, = N D , are defined by intersection over all finite sets in
L. If u is a probability measure on (2, %), u,(.|# ,) denotes the conditional
probability of an event in A with respect to u and F ,. u,(.|8,) and p,(.|2,) have
analogous interpretations.

Definition 2.2 [5-T7]. A (regular Borel) probability measure y on (2, %) is a grand
canonical Gibbs measure (or state) for the potential @, at an inverse temperature f

and an activity z (a vector in RY. with Y’ z(a) > 0) if for all finite A in L, and all £ in
acF
Q,:
HACIF 4) = 1a(Sa=EIF 4) = y4(E|.) pas. (2.4)
with

VaEln) = [Z4m]1 "] [2a)]¥ 4 exp [ — BEA(EIm)], 2.5)

acF
where
Z, (1) is a normalization factor.

Definition 2.3 [7]. A (regular Borel) probability measure u on (€2, ) is a canonical
Gibbs measure for @, at an inverse temperature f iff for all finite A, and all £ in £2,:

HaClEA) = VAN 0(E])  pas. (2.6)
with
Yan (&) = I3A(E)exp [ — BEACEINT-[Z g 1)~ 2.7)
where Z, y ., () is a normalization factor.

Definition 2.4 [8—10]. A (regular Borel) probability measure u on (€2, ¥) is a micro-
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canonical Gibbs measure for @ iff for all finite A and all ¢ in 2,:

usC1D,4) = VANAOLEA(I )(CI) pas., (2.8)
with

_ JN E A(n aln's) -1
VAN s i atnip (E11) = T4 ()] A LZAN s E atr s ]

=V 4(¢&n). (2.9)

The set 4 of all microcanonical Gibbs states is nonempty: ground states belong
to .. More generally: whenever a sequence of microcanonical Gibbs distributions
{va(.Ins)}, converges—and by compactness every sequence has a convergent
subsequence—its limit is a microcanonical Gibbs state.

In a standard way, one shows that the set of microcanonical Gibbs measures is a
Choquet simplex, and that a microcanonical Gibbs state is extreme in that set iff 7
is trivial. (It suffices to show that if u(.) and u(f.) are both microcanonical Gibbs
states, then fe 2, and conversely.) (Compare [12, Theorem 2.1], [8, Lemma 3.7}, or
see Remark A2 in the appendix.)

As a consequence it is sufficient to study extreme microcanonical Gibbs states.

Let us remark that the microcanonical hypothesis will enter only through a
simplified statement as described in Lemma 4.1.

3. The Main Results

In the present context, a measure u is everywhere dense (that is, pu(6) > 0 for every
nonempty open subset 6 of Q) iff for all finite A and all £in Q,, u,(&) = w(S,= &) > 0.

The main results—holding for everywhere dense measures—will be formulated
in this section. Most proofs will be given in Sect. 4, and the notion of everywhere
dense microcanonical Gibbs measure will be clarified in Sect. 5.

Definition 3.1. The spectrum X (@) (or Z if no confusion can arise) of a finite range
potential @ is defined to be the set of all differences of the form (¢ —1) with
0 = E z(w), T = E (), with o, n belonging to some finite 2, with N 4(w) = N 4(n)
and ws =154

Remark 3.2. If @ is a linear combination of the number variables N¢ that is,
E (Elm) =E(&) =Y. J,N4(¢), for some family of J,, then clearly, X(®) = {0}.
aeF

The converse statement, however is not necessarily true. The following is a
counterexample.
Let v=1 and F = {a,b}, and in the notation of (2.3), let

E Clm= Y JLINR(&n) —N2(En)],

x,yeF

with N¥ (¢;1) denoting the number of couples of nearest neighbour sites in A of the
form xy, contained in (¢,n). Thus D =1, but it follows that (&)= {0} iff J , +
Juo = J o + Jpa. The proof will be omitted.

However, if—again for general F—F contains a point 0 (to be interpreted as a
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vacancy) with the property that there is a normalization of the energy such that VA,
Vo in 2,4, Vk¢A:

EA(w) = EA Uik} (Cl), O),

then indeed X (@) = {0} iff @ is linearly dependent on the particle number variables.
Again the proof will be omitted.
The main result now reads:

Theorem 3.3. If i is an everywhere dense, extreme microcanonical Gibbs measure for
an approximately periodic, finite range potential @ with commensurable coupling
constants, then p is an extreme canonical Gibbs measure for some finite (but not
necessarily positive) inverse temperature . Moreover y(N* = coVaeF)>0 and B is
unique iff X(®) # {0}.

Conversely, if pis a canonical Gibbs measure with f(N® = 1 VaeF) > 0, then pis an
everywhere dense microcanonical Gibbs measure. (Approximate periodicity or com-
mensurability are not needed for this implication to hold.)

Theorem 3.4. If in addition to the hypotheses in the first part of Theorem 3.3, there
exists a finite A, and &, n in 2, with
) $54=1Ms
i) NA(&) = N),
iii) EA(§) < Ex(n),
and iv) p(&) > paln),
then u is a canonical Gibbs measure for some positive f.

The proof of Theorem 3.3 will be postponed to Sect. 4. Theorem 3.4 on the other
hand, is an easy consequence of Theorem 3.3.

The next result does not hinge on the approximate periodicity nor on the
commensurability of the potential, but holds for the class of uniformly bounded
potentials, that is @ satisfies

sup Y. [[dalle < o0. 3.1)

xeL Asx

Although the equivalence canonical-grandcanonical was prove in much more
generality by Georgii [7, Theorem 5.15], we include a proof as it may help to clarify
the basic idea in the more difficult case of the equivalence microcanonical—
canonical. The proof is basically that of Theorem 3.2 in [11].

Theorem 3.5. If pu is an extreme canonical Gibbs measure for some finite inverse
temperature f and some uniformly bounded finite range potential @, then u is an
extreme grand canonical Gibbs measure for B and some activity vector z, with
z(aeF) # 0 whenever with non-zero probability there is a particle of type a. Conversely
if wis a grand canonical Gibbs measure for (B, z) with z, # 0 YaeF, then u is canonical
and W(N°® = coVaeF)>0.

Lemma 3.6. If @ is a uniformly bounded potential, and u a canonical Gibbs measure
for some B, such that W(N® = 1 VYaeF) > 0, then pu is everywhere dense. Conversely if i is
canonical and everywhere dense, then yW(N® = coVaeF) > 0.

Proof. If u is canonical and u(N* = 1VaeF) > 0, then it follows from [7, Lemma
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5.33] that y(N* = coVaeF) > 0. For the direct part, suppose thereisa Aanda éin 2,
with p,(&) = 0. Since w(N® = coVaeF) > 0, thereisa 4 > A and an % in 2, with u 4(n)
> 0and N4(n) = N4(&) VaeF. Select an w in Q,with N ,(w) = N 4(#) and with v, = &.
Then from (2.6), (2.7), it follows that p,(w) >0, and hence p,(¢) >0, which is a
contradiction. (Compare Lemma 4.3 in [11].)

Conversely, if u is everywhere dense, then trivially u(N° = 1VaeF) > 0, and again
from [7, Lemma 5.33], it follows that y(N®= coVaeF)> 0.

Proof of Theorem 3.5. The converse part is the easier one. Let F = (ay,...,a). If pis
grand canonical Gibbs it is canonical as is seen from (2.4-2.7) or Remark Al in the
appendix. Let A, denote a sequence of translates of some volume A, with |Ay| = |F],
and consider &° in 2,4, with (%) =(ay,...,a). Denote by &" the translates of £° in
Q, and let dist (A, A,) - 0. Since z, # 0YaeF and since the potential is uniformly
bounded, it follows from (2.4), (2.5) that

lim inf (") > 0.

n— oo

Hence u(N® = coVaeF)>0.
For the direct part, we assume that u is an extreme canonical Gibbs state for

(B, @) with the property that
WN*=1for all ain F)> 0.
For N in Z¥ we denote by n(N) the set
{(¢,¢):3 finite A:peQy, ¢'eQy, ps4= P4, and N () — N4(¢) = N}.
Choose an arbitrary representative ({, ') of n(N) in a volume A, and let {A,} bea
sequence of translates of A, (4, = T,(4,)) with the properties that dist(4,, 4,) = c©

as n— oo and dist(A, 4,) > 2D for all n.
Define configurations #", " in A4, by:

n"=T() and 75" =T(0).
Then we obtain for all (&, &) in n(N):
L (& M)sca0 a4 = (E51sca0 4

1. NG a, (61" = Na(&) + Na, (1) = N (&) + N ap ()
=N+ NAE) + Nao()) =N =Ny 4,17, (32)

Hence we obtain from the canonical prescription (2.6) and (2.7) and (3.2),
Hao .G = Bag a,(E51™) exp [ — BE4 4, (61" + BE4u 4,(8 1™ (3.3)
But when dist (A, 4,) > 2D, we have
= BEAu 481" + BEs 4,(&s1™) = — BLEA(E) — EA()] — BLE4,(n") — E4,(n™)]
log g4(&, &) +1ogqq, (1", n™). (3.4)

As u is an extreme canonical Gibbs state, u is trivial on &, [7, Theorem 1.32] and
therefore on & . Thus, from [6]

,,lin; [0 4,(E1") — a()ua, (1™ =0 (3.5)
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and

Hm |pag 4,(81") — 1A a, (™) = 0. (3.6)

n— oo

Combining (3.3)—(3.6) and the boundedness of the potential, we obtain
Hm (ua(Q)pa, (1) — 1 Ia (M)A, E)da (", ™)) = O. 3.7

n— o

Hence, from Lemma 3.6 and again the boundedness of @:

. ﬂA(ﬁ) N — “An(nn) m n
nlgg [ HA(é,)qA(f,é )~! . (r’")qA.,('l 8 )]#A.,(ﬂ )=0. (3.8)

We claim that it is possible to find a subsequence n, and 5° such that

lim p Ank(n"") >0.
This claim follows from an argument, which for reasons of clarity, will be stated in
Lemma A.3 of the appendix. (It basically follows the above reasoning.)
From (3.8) we obtain for at least one subsequence T, and for all couples (¢, &) in
n(N):

£4(8)
pa(¢’ )

The limit in (3.9) does not depend on the chosen subsequence, nor on the
particular choice of T,, n, & &, provided the configurations belong to n(N). It
therefore defines a function g on Z¥, and it may be checked that g(N + M)=
g(N)g(M) and g(— N)=g(N)"!. To avoid repetition, see the corresponding
argument for the transition microcanonical-canonical in Lemma 4.5. It follows that
there is a z = (2(a)),cr such that

uAn(n..)

n—'OO”A,.( M)

qa& &) =

4a, " 1'"). (3.9)

g(N) = ll(Z(a))"“.

Since | F| = 2, z is uniquely determined. We have therefore obtained that for all A, all
¢ & in 2, with £;5 =54

Aa) _ [ ety o iexp [ — BEL + BEAE)]

/‘A(é) aeF
It follows from a compatibility argument (see the corresponding result in the proof of
Theorem 3.3) that u is a grand canonical Gibbs state for f and z. u is an extreme
grand canonical Gibbs state as it is an extreme canonical Gibbs state. ]

We conclude this section with a number of remarks and counterexamples.

Example 3.7 (Incommensurable potentials). Let v=1, F={—1,+ 1}, a, V€Q

with a=(+1,+1), y=(—1,-1), and J,/J,¢0Q. (J,,J, #0), all other coupling

constants being zero. Then (2.3) reads: E,(¢|y) = J MY n) + J,M4(E,n) (with
()= N30 () = N3, ().
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Choose f8, # f8,, and define conditional probability distributions u A,5(-1.), with
B =(B.,B,), by:

ta gl = (1/Z ) exp [ — B.JMA(E ) — B, T, M4, n)].

The family u, 4(.|.) is consistent. It follows that every limit point of u, 4(.|.) has
the given p, 4(.].) as conditional probability measures with respect to & 4. The
existence of a limit point y, is guaranteed by compactness arguments.

Clearly p; is not a canonical Gibbs measure. (Calculate e.g. u, 4(én, N 4) =
Bap(&s Naln)/pa,p(N4lm).)

On the other hand, p; is a microcanonical Gibbs measure since the specification
of a value for E,(.|.) uniquely determines, by the incommensurability of J, and J ,
the numbers N% and N?. (Compare [9].)

The example shows that the commensurability of the coupling constants is an
essential condition. Of course, it is possible to eliminate pathologies of the kind
described in the example by the requirement that the function of the energy
difference, which relates probabilities of local configurations with the same particle
number should be a continuous function of the energy difference. (cf. Lemma 4.4.)
However, it is hard to formulate an elegant a priori condition.

Remark 3.8. Not everywhere dense microcanonical Gibbs measures. Microcanon-
ical Gibbs measures that are not everywhere dense are abundant in the following
example. The potential is that of the ferromagnetic Ising chain in zero-external field:
F={-1,1} and
Ex€lm=—J Y S:Ser1&m)
x;[xx+1]nA#¢

Introduce the following configurations and the point measures associated with them
(using the same notation):

04:(04),=+1 Vn,
0_:(6_),=—1 Vn,
and the families
{0% 1zt w=+1 ifm<n
=—1 fm=n,
{0" 1}z (0% )= —1 ifm<n
=41 ifm=n.
Next define the transformation I°, I° on :
(I°€), = &(— 1" and (I°9), = &, (— 1)

It may be checked that the measures 6,,d_, 8% _, 6" ,, and their transforms under
I° and I°, are all microcanonical Gibbs measures. For the original measures, the
argument goes as follows. The specification of boundary spins, of N} , N and the
value of E,, determines a unique configuration, whence conditions (2.7) and (2.8)
easily follow. 6, ,d_, 8" _, 0" , constitute the set of ground states of the Ising model
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and correspond to the f = + oo case in the canonical and grand canonical language.
The same argument works for the transformed measures. These are the ceiling
states (f = — oo) for the Ising model. It would be interesting to fully characterize the
set of not everywhere dense microcanonical Gibbs states: are there other possibilities
besides ground or ceiling states or states where some particle type is excluded?

Remark 3.9. For highly non translation invariant potentials, a microcanonical Gibbs
measure need not be canonical Gibbs.

Let L =N°, F = {a, b}, and use I(.) to denote the characteristic function for the
event between parentheses. Define an energy of the form

Esélm= Y JdSLEN =511 n=a),
LlLi+11nA #¢
where J;=10"". Then the J;, are commensurable, yet every energy level is
nondegenerate, since

Y Ji=YJ; ifand onlyif M=N.

ieM JjeN

Define conditional probability distributions pu,, with fel*(N°), and such that
B; # B; for at least one pair i #j, by

#A,p(€|ﬂ)=(1/ZA(ﬂ))eXp[_ Z ﬁiJiI(Si(‘fJI)=Si+1(f,'1)=a)]'
[l,z+1]lr;'\/\ #¢

By the consistency of the u, ; and a compactness argument there does exist at least
one measure u, with the given u, 4, as conditional probability measures with respect
to # 4. Clearly, u; is not a canonical Gibbs measure.

On the other hand, ; is a microcanonical Gibbs measure since the specification
of a value of E(.|.) uniquely determines a configuration.

4. Proof of the Main Result

For the sake of simplicity in formulation and notation, the results will be formulated
and proven in a translation invariant setting. The adaptation to approximately
periodic potentials is straightforward: it suffices to choose appropriate “adapted
sequences” in the following proofs.

Lemma 4.1. Let u be a microcanonical Gibbs measure for a finite range potential. If ¢,
nef, with
1) Na(¢) = N4n),
1) @54="s4
iii) Ex(¢) = E4(n),
then u(S, = @) = ps(@) = pualn)

Proof. 1t follows from (ii) and (iii) that for all w in Q:
E (¢lwye) = Ex(n|wxe)s
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and together with (i) and (2.9) this implies v (¢ |w) = v,(n|w). Hence
pa(@) = jdﬂ(wm s N (@), Ef(@4|@40))va(d| @)
= [dp( e, N A(@), Epl@4] @ 5e))v 411 )
=laln). W

In the remainder of this article, the microcanonical hypothesis will enter only
through the above mentioned result.
The following two lemmas are preparatory for the main Lemmas 4.4 and 4.5.

Lemma 4.2. If @ is translation invariant and has finite range, X (®) is a group.
Proof. Let py,p,€X. Then, p, =g, — 1;, with
ai = EA.(wi),

= EA.(ﬂi),

for some A, A, and w'eQ,, n'e, with N, () =N, (1) and (0);4, = (1)54,;
i=1,2. (Definition 3.1). Let T be a translation such that dist (A, , T(A,)) > 2D. Then

EAz(wz) = ET(Az)(Tw2)5

EAZ(’12) = ET(AZ)(T’?Z),
and

E4po T(Az)(wl’ (Twz)) —E4. T(Az)("la (T'IZ))
= EA,((UI) + EAZ(Q’Z) - EAI(’?I) - EA;(']Z) =py+p;-

It follows that p, + p,eX if p,, p,eX. |
Lemma 4.3. Let u be an everywhere dense, extreme microcanonical Gibbs measure for
a translation invariant, finite range potential. Let {A,} denote a sequence of translates

of avolume A, such that dist (Ay, A,) = o0 asn — co. Let (" denote the corresponding
translates in A, of some configuration {° in Q, . Then limsup pu, ({")>0.

n—oo

Proof: Suppose lim p, ({")=0.

Let n"ef2, denote the translates of some configuration #° in 2, . Define
A,=A,00A,. Choose an arbitrary configuration ¢° in dA,, and let {¢"} be its
translates in 0A,. The microcanonical hypothesis implies with Lemma 4.1 and the
translation invariance of the potential that, whenever dist (Ay, A,) > 2D:

Aquu An (’70, ¢0a C", ¢n) = .quu Ap ({0’ ¢O’ ’7"3 ¢n) (41)

Since p is extreme microcanonical, it is trivial on 2, (cf. Sect. 2), and therefore on
Z .. Thus we obtain from [6]:

im |pag0 4,(1% 6°,8% @) — sy (n°, #%)y, (", 0] =0, (4.2)
and
im [0, 4,(% 1" &™) — pag (C s, (1", $™)| = O. 4.3)

n—o
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Then (4.1), (4.2), (4.3) and the hypothesis that lim p, ({")=0 imply for all ¢*:

n— o0

lim :qu(CO’ ¢O).L‘An(77ns ¢n) =0.

n— o

Since u is everywhere dense, we have for all ¢°:

lim py, (1", ¢") = 0.

n— oo

Thus, for all n°eQ,,: lim p, (#") = 0, which is a contradiction since Y u, (#") = 1.
n—w (1]

" | |

Lemma 4.4. Let u be an everywhere dense, extreme microcanonical Gibbs measure for

a translation invariant, finite range potential. Then there exists a function f on X such

that for all A, and any couple of configurations ¢, ¢’ in 2, with
i) Nx(@)=N A(¢/),
i) @54=sa
then
La(9)
1a(9")

Proof. Let n(o) be the set of couples of configurations (¢, ¢') belonging to a given
spectral value o, i.e. there is a finite A such that ¢, ¢'eQ, and

1) NA¢) = Nx(¢),

11) sa= D5

iii) E(¢) — El¢) =0.
Choose an arbitrary representative ({,{’) of n(s) in a volume A,. Let {4,} be a
sequence of translates of Ay,(4, = T,4,) such that

=f(Ex(¢) — EA(9)

dist(A,, 4,) — o and dist (A, 4,) > 2D for all n. 4.4)

Define configurations #", 7" in A, by
1" = T,{), (4.5)
n'" =T, (4.6)

Then for all (¢, ¢’) in 7(o):

a) N, An (9,1")= N4y An (@17
(from (i), (4.5), (4.6))

b) (¢, MMscav an = (@51 sa0 An)
from (ii), and (4.5), (4.6)

©) Eavan@1")=Es($) + E4,(n") = E(®) + E(()
=Ex(¢)+ 0+ Esf() =0 =E;u4,(81"7)

from (4.4), (4.5), (4.6) and the translation invariance.



Equivalence of Gibbs States 167

Properties (a), (b), (c) and Lemma 4.1 imply:
Bao 4, (01" = pag 4, (' 1"). (4.7)

Since p is an extreme microcanonical Gibbs measure, p is trivial on 2, and therefore
on & .. But then it follows from [6] that

nlig [Hao a,(@,1") — pA(@)pa, (") =0, (4.8)
lm (10,8 1) = Ba(® i, )] =0, 49)

Then (4.7), (4.8), (4.9), the everywhere density of u and Lemma 4.3 imply

i) lim sup uan('?'")‘ (4.10)
pa(@) lim sup p4 (1")

n—oo

The quotient of the limits clearly only depends on ¢ = E ,(¢) — E ,(¢), and hence
defines a function on X. |

Lemma 4.5. Assume the conditions of Lemma 4.4 to hold. The function f on X defined
in Lemma 4.4. satisfies:

o +0 =10 @1
f(—a)=f(6)"! forallo, tinX.

If'in addition the potential satisfies the commensurability condition, there exists a 8
in R such that f(o) =exp [ — fo] for all ¢ in Z. If X # {0}, B is uniquely determined.

Proof. To prove the first statement, suppose the couple (¢, ¢') belongs to n(c), and
the couple (n, ') belongs to n(z). We may assume ¢ and ¢’'€2,, n and n'e 2, with dist

(A,4)>2D. Then
0 = E5(¢) — Ex(¢') + Ea(n) — Es(n) = Ey , a(#,1) — Eau a9, 7)s

and similarly

T=E o ald 1) — Exo a(@1).

Hence

_ Bav A @) Baoa(@'sm)
SOSO = d@m) 1o s ®)

- Hau A(d)’ ’7) _
o a@o) D

since 0 + 1= E 4 4(¢,n) — E_ 4(¢',%') and
1) Ny a(®:m)=Nyoa@,n)=Nuuald'n)

ii) (¢, Mscau 4H= (¢, ﬂ)a(Au )= (¢, ”,)J(Au 4)*
That f(—6) =f(0)" ! is immediate.



168 P Vanheuverzwijn

Next, assume the commensurability property. If X' = {0}, the existence of a f§ is
trivial. If not, choose ¢ # 0in X and let f(¢) = x. For any 7 in X' there exist numbers p,
q in Z such that pe = gt. The result then follows from (4.11): f(t) = x?/4. |

Proof of Theorem 3.3. If ¥ = {0}, the result is trivial, but #is not unique. Let X' # {0}.
Lemmas 4.4 and 4.5 have shown that there is a f in R such that

£A(9)
1a(9)
for all A, all ¢, ¢’ in 2, with
() NA@)=NA(@),
(il) ¢psa= P54
Let M = A U0dA, and suppose w, ' in 2, satisfy
N ,(w) = N 4(o"). 4.13)

=exp [ — BEA($) + BEA(4')] (4.12)

Then, from a compatibility argument

ta@) =Y, ppl,n),

nepa

which equals, by (4.12):

= ) uule,n)exp [ — BEp(w@|n) — Epl'|n))]

neop

= ull exp[— P(Ex(@].) — Exl@'|.))]]. (4.14)

But (4.14), together with (4.13), is an algebraic version of the canonical DLR Egs.
(2.6), (2.7) ([7, Proposition 2.197; see also Remark A2 in the appendix below). u is
necessarily an extreme canonical Gibbs measure, for otherwise it would not be
extreme microcanonical.

Since u is everywhere dense, it follows in particular that y(N“ = 1 YaeF) > 0, and
hence (Lemma 3.6) that u(N°® = coVYaeF) > 0. Conversely, if p is a canonical Gibbs
state, it is a microcanonical Gibbs state, and if u(N°=1VaeF)>0, then p is
everywhere dense (Lemma 3.6).

5. Comments

Apart from the condition of the everywhere density of the measure, the content of
Theorem 3.3 is quite clear. That condition was necessary in order to obtain
canonical Gibbs states at finite inverse temperatures or grand canonical Gibbs
states at finite f and nonzero activities z,. Yet it is interesting to further clarify that
hypothesis.

If the system is one dimensional and the potential is translation invariant (it need
not have the commensurability property), it is possible to prove the following result:

Theorem 5.1. Let u be a microcanonical Gibbs measure for a translation invariant,
finite range potential ®@in one dimension. Then u is everywhere dense if and only if it has
infinitely many basic configurations with respect to ®. n

In this connection we have:
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Definition 5.2. Let @ be a translation invariant potential of range D on a one
dimensional lattice. A measure u on £ = FZ has infinitely many basic configurations
with respect to @ if it is possible to partition the chain into translates A, = T,(A,) of
some interval A, of length (D — 1), with ne(D — 1)Z such that

WN(.) = 0VE ne,,)>0. 5.1
Here N°" (¢), for ¢pc£2, denotes the cardinality of the set
{ne(D — 1)Z|T(Ao) = Ay; Ty 1(Ao) = A1
T()=¢s, and T, (m=¢, } W

Thus, the chain is partitioned in cells of length D — 1, and a basic configuration is a
configuration in a set consisting of two nearest neighbour cells.

The reader will remark that Theorem 5.1 is an analogue of Lemma 3.6, but it
must be stressed that the occurrence of one basic configuration of a given type does
not imply the occurrence of infinitely many of these (cf. Remark 3.8).

Theorem 5.1 will be proven in a separate publication.

We conclude with some open problems.

It would be interesting to extend, if possible, this analysis to the following
potentials:

1. long range potentials.

2. not-approximately-periodic potentials. In view of Remark 3.7 it isimportant to
determine the border case for which the equivalence microcanonical—-
canonical still holds.

3. incommensurable potentials. Here the problem is presumably not too hard.
The first part of Lemma 4.5 holds and it therefore suffices to impose additional
conditions guaranteeing the function f obtained there, to be a continuous
function of the energy difference, since X (@) is dense in R.

And finally:

4. Is it possible to characterize the set of not everywhere dense micro-
canonical Gibbs measures; are there other possibilities besides ground states,
ceiling states or states where some particle type is excluded? (corresponding to
the cases f = + 00,8 = — c0,and [ ] z, =0, respectively in the grandcanonical

acF

setting). For an abstract characterization, see [10].

Appendix

Remark A.1:Disordered Systems. The purpose of this remark is to show that certain
disordered systems do obey our condition of approximate periodicity. To avoid
notational complexity, we present a model where the disorder is on the nearest
neighbour coupling constants only, but it will be clear from the discussion that this is
not restrictive. To simplify even further, we assume that there are no other
interactions.

Let 2={—1,+1} and B={b|b={i,j} = L with dist(i,j)=1} be the set of
bonds. Put B, = {beB;b < A}. Suppose the bonds take values in some finite set K;
(In spin glass models K = { — J, + J} and in dilute ferromagnets K = {0, J} for some
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positive J.) If # = K5, and ¢ , = KBA, an element j = (j,),.p, defines a potential @/
in the following way. For b in B and ¢ in €

Q{()=—jif =11 or (=1 1),
{Q)=jpif E=(1,—Dor(—1,1),

and @4, =0 whenever A ¢B. Then the local energies read:

EJA(f |n) = — Z j{i,i+1} (8:8:+ 1), m).

B{hi+1}nA#¢
Let us denote (j,),. 4 by j 4, and define random variables on ¢ by:
Ja)=Ja-
The disorder is introduced via a probability measure p on K and the
corresponding homogeneous product measure P on #:
P=®p.
beB
We shall now show that P almost surely, @) is approximately periodic.

If A is an arbitrary finite set in the lattice, let 2% denote the event that there is an
adapted sequence for A (Definition 2.1). Then

P(2%) = P(There is a sequence of translates A, of A such that:
dist(A,A,)—> 00 as n— o0 and Jz=J5 )

Let A, be any sequence of A-translates with dist(A,A,)— co; then the latter
probability has the following lower bound:
lim lim PGm:n<m<k:Jz=J;)

n— o k— o

lim lim (1— > rp( —P(jz))k—"+1]>= L

n—o k— jxelx

Therefore, we have for all finite A: P(2%) =1, and the final result follows upon
taking the intersection over all finite A in L. [ |

Remark A.2. There exists an interesting and convenient formulation, in algebraic
terms, of the theory of equilibrium states. On 2 a number of transformation groups
are introduced.

% is the group of invertible, local transformations on €. (A transformation U is
said to be local if there exists a finite A such that (Uw); = w; YVoe2, VieA*. U is said
to actin A.)

¥ is the group of invertible, local transformations, preserving the particle
numbers. (That is, if V acts in A, then N,(Vw)= N ,(w)Vwe.)

For a potential @, #(®) is the group of invertible, local transformations,
preserving the particle numbers and the conditional energies. (That is, if W actsin A,
then E ,(Ww|n) = E s(w|n) Yoe,Yne ,..) Define the following objects: for Ue#,
let

UH —H=lim (E4oU —E,), UN—N=1lim(N,oU—N,).

Az AtZ”
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It may then be shown that, writing Wf =fo W etc., the following results hold.

i) A state p is a microcanonical Gibbs state for the potential @ iff VW e % (®),

VfeC(2), WWf)= pu(f)
ii) A state u is a canonical Gibbs state for the potential @ at an inverse
temperature f iff VVe?”, Vfe C(Q):

p(V =1 f) = u(fexp(— B(VH — H))).

iii) A state u is a grand canonical Gibbs state for the potential @ at an inverse
temperature § and a chemical potential p = (u°), iff VUe%, VfeC(Q2):

U™ f)=u(fexp(— BUH — H))exp (Bu(UN — N))).  m

Lemma A.3. Let u be an everywhere dense extreme canonical Gibbs measure for a
uniformly bounded, finite range potential @ at some inverse temperature f. Let {A,}
denote a sequence of translates of a volume A, such that dist (Ay, A,)— 00 as n— 0.
Let (" denote the corresponding translates in A, of some configuration (° in Q4 . Then

lim sup p4, (") > 0.
Proof. Suppose
lim p4,(07) =0. (A1)

Let n"ef2,, denote the translates of some configuration n° in Q,,. Define 4,=
A,UdA,. Choose an arbitrary configuration ¢° in dA,, and let {¢"} be its
translates in 0A,. The canonical hypothesis implies whenever dist(4,, 4,) > 2D:
HA()U An (110’ ¢0’ Cn’ d)n) = #Aou A, ((0’ d)o’ rln’ ¢")'exp [ - BEAOU A,.(’?O, ¢0, Cn’ ¢n)]
'exp [ﬂEAou An (CO, ¢0, ’7"7 ¢n)] (A,Z)
An easy proof of this statement follows from Remark A.2 in the appendix. (Remark
that N, 4, (1°@°, ("™ = N a0 4,((°°, n"¢".) But when dist (4,, 4,) > 2D, we have
- )BEAU A,.(”()’ ¢0’ Cn, ¢n) + BEAQU A"(CO’ ¢07 nn’ ¢n)
= — BLE,(n° ¢°) — E5,((°% ¢°)] — BLEA, (" ¢™) — Ea, (1", ¢")]
=108q4,(1°¢°,(°¢°) + log g4, (4" 1"d"). (A,3)

Since p is extreme canonical, it is trivial on &, [7, Theorem 1.32] and therefore on
Z . Thus from [6]:

lim [/"Aou An (’70’ ¢O, Cn’ d)n) - .qu(no’ d)O)HA,.(Cn, ¢n)| = Oa (A54)
and
Jim |Hago 4, (6% D%, ) — 144, (L% DO)a, (", ™) = . (A5)

Since sup|q,,({"¢", n"¢")| < co by the boundedness of @, one obtains from (A,2)
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(A3), (A4) and (A,5):

lim [pso(n°, @OWaa, (C", @) — 4o (L% @O s, (", §7)

“qaon°9%, L°0°)q,4, ("¢ 1"$") ] = . (A,6)
Now, (A,6) and (A,1) imply:

Hm g0 (0", @OWa (0", )20 (1°0°, L°0°) 44, ((" 9", 1" $") = 0.
Therefore, since p is everywhere dense and @ is uniformly bounded:

lim py, (1", ¢") =0

n—=oo

for all n° in Q, , and all ¢° in 2, 4, But this is a contradiction, since Vn:

Y manen=1 N

%9604,
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