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Existence of Stark Ladder Resonances

Jim Agler!? and Richard Froese
Department of Mathematics, California Institute of Technology, Pasadena, CA 91125, USA

Abstract. We show that resonances, in the translation analytic sense of Herbst
and Howland, exist for the one dimensional Stark Hamiltonian, — d?/dx? + q(x)
+ ex, with g(x) a trigonometric polynomial, provided ¢ is sufficiently large.

1. Introduction

The problem of describing the motion of a particle in a one dimensional periodic
solid pervaded by a uniform electric field has received considerable attention in
the physics literature (see, e.g. [1,10,11]). Controversy has centered about the
existence of so-called Wannier states, or Stark ladder resonances, which were
described by Wannier in [9]. The purpose of this paper is to prove that for periodic
potentials given by trigonometric polynomials resonances in the translation
analytic sense of Herbst and Howland [5] exist for large values of the electric field.
The Hamiltonian for the system in question is
2

: d
H(e) = —W+sx+q(x),

acting in L*(R), where g(x) = Y c,e"™ is a real valued trigonometric polynomial.

Here ¢ is the strength of the electric field. It is known that for ¢ #0,6(H(c)) = R
and is purely absolutely continuous [3,4]. To describe translation analyticity we
begin with the unitary group of translations

(T(@f)x)=f(x+a) (L.1)
for aeR and note that

2

T(—a)H(e)T(a)= —;1%+sx +g(x—a)—ea.

Since g(x) has an analytic extension to complex x we can define the complex
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translated Hamiltonian

2
H(e,0) = —;7+8x+q(x—ioc)—iaa

for «aeR. In the case at hand, since g(x — i) is bounded in x, H(e «) can be
defined as a closed operator on 2(p* + ¢x). Herbst and Howland prove (for a
much larger class of ¢q) that o.(H(e,0)) SR —ica and o4 (H(e,a)) <
{z:—iea <Imz <0}. The eigenvalues in o4 (H(e,®)\(R—icx) are the re-
sonances. They don’t move as o changes once they have been “uncovered” by the line
containing essential spectrum. They can also be shown to be poles of suitable
matrix elements of the resolvent of H(¢) continued into the lower half plane. What
we prove is that for large values of ¢, H(e,a) indeed has eigenvalues not on the
line R —iea, for some value of «. Since there is the unitary equivalence

T(—2nn)H(e,a)T(2mn) = H(a, &) — 2en

for neZ, the existence of one resonance implies the existence of a whole sequence,
the so-called Stark ladder.

We briefly mention some of the folklore surrounding this problem. The spectrum
of H(0) has the familiar band structure. Let P, project onto the n'* band subspace
of H(0). Then for ¢ # 0 the operators P,H(e)P, and thus Y P,H (¢)P, have discrete

spectrum. It is thought these bound states should persist as resonances when the
off-diagonal parts P, H(e)P,,,n # m are added to ), P, H(¢) P, to give H(e). Previous

n
work has centered about proving that the off-diagonal parts are small as ¢}0
[2,7]. So far this approach has not led to a proof of the existence of Stark resonances.
We make no use of the above intuition. Instead we introduce an operator
inspired by the Birman-Schwinger operators common in Schrédinger operator
theory. The fact that this operator is compact follows from work in [4].
Our results are summarized in the following theorem.

Theorem 1. Let q(x) be the trigonometric polynomial given by

N
gx)= Y c,e™, c,eC,
n=-—N

where ¢y =0, and c, # 0 for at least one n>0. Let p= —id/dx. For ¢ >0 and aeR
define the closed operator

H(g,0)=p* +ex + q(x — i) — iea 1.2

acting in LA(R) with domain 9(H (¢,0)) = 9(p* + &x). Then there exists ¢, >0 such
that for every ¢> ¢, there exists aeR such that H(x,e) has an eigenvalue not
contained in the line R —ieo.

In this theorem ¢q(x) need not be real on the real axis. However if it happens to be
real on the real axis, then the results of Herbst and Howland apply and Theorem
1 asserts the existence of Stark resonances. We suspect, but cannot prove, that in
fact ¢, may be taken to be zero in Theorem 1.
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2. A Birman—Schwinger Type Operator

Let the symbol [-]*/? denote a branch of the square root, fixed throughout the
rest of the paper, which is analytic in the lower half plane. Throughout this paper
¢>0 and Im y > 0. Define
M(e,p)=[p* +ex —pu]~ 2, (2.1)
where p = —id/dx. Let
N
S(e,u,z)=M(e,p) Y c,z"eé™ M, p), 22)
n=-—-N

where the ¢, are the coefficients in g(x) (see Theorem 1). We have the following
analogue of the Birman—Schwinger principle.

Lemma 1. Fix aeR and ¢>0. Let S(e, t,z) be as above and let H(e, o) be given
by (1.2). Then H (e, a) has an eigenvalue at Aiff S(e, u, z) has an eigenvalue at — 1, with
z=e**  p=J)+ica+ea

for some choice of aeR.

Proof. Suppose H(e,o) has eigenvalue A. This means there exists Yy €2 (H(e,®))
such that

H(e, o)y = A (2.3)

This equation can be rewritten as

M™% = —q(x —i0)y, 24

where M = M (¢,A + iea). Here we use that 2(H (¢, ) = 2(M ~2(¢,A + iea)). Using
(2.4) it is easy to see that ¢ = M~y satisfies

S(e, A +ica, e®)p = — ¢. 2.5)

Conversely, if (2.5) holds for some ¢pel?, ie. if S(¢, A + iea, e%) has eigenvalue — 1,
then it follows that Y = M ¢ is in 2(H(e,«)) and satisfies (2.3).
For any aeR we have the unitary equivalence

T( - a)S(87 M, Z) T(a) = S(S, 'u, + ea, eiaz)’

where T(a) is given by (1.1). Thus S(e,A+iea,e”) has eigenvalue — 1iff
S(e, A +ieo + ea,e* ) has eigenvalue — 1 for some aeR. The proof is complete.
Given Lemma 1, the following theorem implies Theorem 1.

Theorem 2. There exists p, and &, with Impu, >0 and ¢, >0 such that for every
&> &g, S(&, o, 2) has eigenvalue — 1 for some value of z.

We conclude this section with an outline of the proof of Theorem 2. We will
show that S(e, u,z)e#,, the fourth trace ideal class (see [8] for definitions and
properties of trace ideals). It then follows that S(e, 4, z) has eigenvalue —1 iff
det,(1 + S(e, u, z)) vanishes, where det, is the regularized determinant. We will
show that for some fixed u, with Imu, > 0, Indet, (1 + S(e, po, z)) is analytic in z
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for |z] < 1. Thus for |z]| < 1

Indet,(1+ S(e, 1o, 2) = 3 £ (). 2.6)

Let & denote the set of ¢ for which S(e, iy, z) never has eigenvalue — 1, as z ranges
through C\{0} If ¢e& then det,(1 + S(e, u,2)) never vanishes, so the left side
of (2.6) is entire in z and it will be shown that in that case that case the left side
of (2.6) is in fact a polynomial of degree at most 4N ;. Thus, & must lie in the zero
setof f, for all £ >4 N . A calculation showing f5, does not vanish for large ¢ will
complete the proof.

3. Proof of Theorem 2

Instead of dealing with S(e, p,z) directly we work with an operator unitarily
equivalent to it. For ¢ > 0 let U (¢) = exp (ip®/3¢). This operator is common in the
theory of Stark Hamiltonians as it has the property that

U(e)*(p® +ex)U (g) = &x.
Define
Re,u,z) = U (e)*S(e, u, 2) U (¢).
Using the identities

U (e)*M(e, U (e) = [ex —p] "2,
e ™ f(p)e™ = f(p +«), for f bounded and measurable, (3.1)

and

3 3
U(e)*e™ U () =e“"/2)"exp< - i(p + g) /38>6Xp <z< - —;) /38)6’"‘"/2’"
— -3 i(n/2)x in 5\ w2
= exp(—in’/12¢)e exp| ——p? Je ,
€
it is easy to see that
N
R(e,ps2)= ), caz'Kyle, ), (3.2)
n=—-N
where
K,,(s, 'u) = e—inJ/lza[Ex _ “] - I/Zei(n/Z)xexp(i _ gp2>e“"/2”‘[sx _ ”]— 12 (33)
Since R has the same eigenvalues as § it will suffice to prove Theorem 2 with R

in place of S. The following lemma uses the method of computing integral kernels
introduced in [4].
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Lemma 2. For e>0,Imu >0 and n #0, K,(¢, )ef, and

4 T
” K,,(S, ﬂ) ”4 é W

Proof. Let |||, denote the £, norm. Then |[K|}=|K*K|2, so it
suffices to show that K*K is Hilbert—Schmidt for K = K,(e, u). Since (see [6],
p 496) exp (— itp?) has integral kernel

exp (—itp?)(x,y) = (4mit)~ 2 exp (i(x — y)*/41), (3.9
the integral kernel for K = K, (¢, ) is
K(X, y) = <ﬂ'ﬁsﬂ>_ 1z e—in-"/l 2e [sx _ #]— 1/2ei(n/2)x
exp(is(x — y)*/4n)e ™/* [ey — ] 7112,
Thus K*K has integral kernel

K*K(xy)= | Ko K(w,y)du= |i Cox —p1 7 [ey — u] 2
e 4nn

“exp <i<;%(y2 —x%) + g(y — x)))

jlex ul” 1exp(:—(x y)u)du

—

Now set f(x)=|ex — /™! and let f denote the Fourier transform of f. Then

22 2 § T s ) (50 -0 Jaxdy

167 2
2
(%(x - y))

Since || f||?> = n/eImp, this concludes the proof of Lemma 2.
The next lemma plays a technical role in our proof.

IK*K|3 =

=3

21 1 1ee

n—oo - ©

— 2 4
dxdy =g 1*

Lemma 3. Let m>4 and let n, ...,n, be non-zero integers. Let K, =K, (¢ 1)

for >0 and ITmu >0 be given by (3.2). Define ¢ = Y. n;.

i=1

Then

m » . <
tr( I1 K..‘>= 0 ife <0
j d 27‘5(1) N _ ou
mt12 gm=32eyn ( [ TH
@i’ €

i n i .
-exp<—mj=1 nf)é[ exp<—;C(m;n,-;u,))dul,...,dum_llfag0,

m
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where £2,, is the region

m-—1
Q,={(uy,... up_):u; 20 for i=1,....m—1 and ) u; <1},
i=1
o, and B, are given by (3.6) below, and

m m—1 2
C(m;nju) = o* Z nk< + 30+ Z Bju;— Zk “j“j>

Proof . From the definition of K, , it follows that

- i 1/2 i(nj/2)x
= EX — e
LK, < 126 /% >[ w H
i .
“exp ( - Enjp2>e“”f’2)"(sx —p)” ‘}
,ei(nm/Z)xexp< _ énmp2>ei(nml2)x[sx _ “:I - 1/2.

Using the representation

0
(ex —p) ™ =ie" JemMeluENE,
0

and then repeatedly applying formula (3.1) we obtain

Il K,,j=(i)'"“8""'“exp(—£ ¥ nf/lZ)[,sx—/;]””2

j=1

n n -
+n2<p——l+0+——+-~ nm21 njm &~ a8,

(3.5)
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n n n n,,_
+nm<p~_1~,_2__3 ..... _m_1+0

2
+ B¢, +B252+“'+ﬁm—lém—l> })

n ) m—1
'exp<i< z %‘— 'Zl ﬁjéj>x>dél‘“d€m—l[Ex_#]_llzs
=

i=1

where o, f, are any pairs of real numbers satisfying o, + f, =1 for each k. The
expression inside the braces is quadratic in p. It can be written 4p? + Bp + C with
A =o0. Now assume ¢ # 0 and let

Be=c"1 i n;. (3.6)

With this choice of «, and f,, B=0 and

m a g k—1 m—1 2
C= 3 ”k(“zﬂkﬂ"‘zak"‘ Y Bi&i— “jéj> >
=1 =k

k=1 Jji=

where all undefined sums, e.g. o, and f,, are equal to zero.

Using (3.4) and (3.5) one can compute an integral kernel for IT K, Since the
resultant kernel is continuous, the trace of IT K,, is equal to the integral along the
diagonal of this kernel. Thus

i 4nig\ "2 i
t K —(jyn—1lem+1f 77" 7 v 3
r(le "’) e ( € ) exp( 12¢ = n’)

T o] oo #755)
w0 0 0 € j=1

'exp<i<a — mil {j>x>exp<—£C>d§1~-d§m_1dx.
j=1

3.7
We split the integral over £;--+&,,_; into two parts. Let
Fi(x)= j jl(éiax)dél"'dgm—l’ (3.8)
=0
Sge
Fyx)={ 2 1, x)dE, -+ dEp s, (3.9)
E{j,.:ga

where I(£;,x) is the integrand from (3.7), i.e.

I(f,.,x)=exp<i§mi1 é,-)exp(i(a—mil éj>x>exp( —£C>.
i=1 =1

We claim that

T ex— 0 Fa(x)dx=0. (3.10)

—
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First, note that F,(x) has an analytic extension to the half plane, Imx < Im(u/e).
Since Imp > 0, (3.10) will follow by Cauchy’s theorem if we can show that

|F,(x)| £ Clx|™! (3.11)

for large |x| in the lower half-plane. If ¢ <0, then

|F2(X)|§j fll(fj;x)ld«fl"'dém-l =e—clmx<Im<g_x>>_m+1’
¢;20

>
and (3.10) follows trivially.
We now consider the case ¢ > 0. In (3.9) the change of variables ¢; = pw; for
m—2
1<j€m—2and &, =p(1 — Z cu,-) yields

j=1

Fyx)= Tf(a)exp(iox)exp(i(%—x)p)dp, (3.12)

where

Jo)= g jexp<—§c)dwl~-dwm_2.

B, 51

I\'%

In this formula C is a quadratic polynomial in p. Thus,
/(@) Cy+ Copm.
Now integrate the right side of (3.12) by parts. This gives

29

flo)exp(iopfe) exp(iox) : )
i(we—x)  i(we—x) .if (p)exp (i(u/e — x)p)dp.

Fax) = —

Since for Imx <0,
exp(iox) | f'(p)exp(i(uls — x)p)dp

<exp(—oTm) | (C; + Cop™ Yexp((— Im () + Imx)p)dp

=C

Eq. (3.13) implies (3.11). This proves (3.10) when o # 0. It also establishes Lemma

3 for the case o <0, since, if 0 <0, then F,(x)=0. To handle the case ¢ > 0 note

that F, (x) extends to be entire in x. By an analysis similar to the one above we obtain
f(o)expliop/e) _exp(iox) o .

Fi(x)="— - (p)exp (i(u/e — x)p)dp.

L P e A
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Since for Imx > 0,
exp(iox) gf’(/))exp(i(u/e —x)p)dp

<exp(—oImx)(C, + C,0" 1) exp((— Im /e + Im x)p)dp
0
=C,

it follows that F,(x) decreases rapidly enough in the upper half-plane to allow the
evaluation of the integral of (ex — )~ * F, (x) by a contour in the upper half-plane.
Since (ex — p)~* has a simple pole there, this gives
| (ex—pw) ™ 'Fi(x)dx =2mic™ ' F,(u/e).

Using (3.7) through (3.10) and making the change of variables ou; = £; concludes
the proof of Lemma 3 for the case ¢ > 0.

The case o =0 requires a separate argument. We omit the details, noting that
the precise value of the trace when ¢ =0 is not crucial in what follows.

From Lemma 2 it follows that for ¢ > 0, Imu > 0 and z # 0,R (e, u, z)e #,. Thus
det, (1 + R) is well defined. It follows easily from (3.2) that

IR, 2l < C(I1z|" + 2| ™M) (Imp) ™.

Now choose M, >0 and a neighbourhood A" of |z| =1, and that for Imu > M,
and ze A, |R(e,u,2)|| < 1. Then for such u and z, Indet,(1 + R(e, y,2)) is well
defined and analytic in z.

Lemma 4. If ¢>0and Imu > M, then Indet, (1 + R(e, u, z)) extends to be analytic
in |z| for |z| < 1.

Proof. If Imu> M, and ze A" then ||R(e,u,z)|| < 1. Thus the eigenvalues {4}
of R must satisfy sup|4,| <1. Using this fact and Theorem 9.2(a) from [8], it
k

is not difficult to see that

© m+ 1
Indet,(1 + R(e,p,2)) = Y. (~:n)—tr(R(e,u,z)"‘), (3.14)
m=4

where the convergence is uniform for ze 4"

By Lemma 3, tr (R(, 1, z)™) extends to be analytic on |z| < 1, so the conclusion of
Lemma 2 follows by the maximum modulus principle.

For the remainder of this section fix p, with Im g, > M,. Define the functions
f.(€) for £>0 by

Indet(1 + R(e, o, 2)) = 3. fAe)2* (3.15)

for |z] < 1. Let & denote the set of ¢ for which R(e, uy,2) never has eigenvalue
—1 as z ranges through C\ {0}.
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Let N be the largest integer such that cy, # 0, where c, denotes the coefficient
in q(x).

Lemma 5. If e¢cé then Indet,(1 + R(e,p,2)) is a polynomial in z of degree at
most 4Ny, i.e. f,(e)=0 for £ >4N,.

Proof. Ifee& thenIndet,(1 + R(e, uy, z)) extends to be entire in z. Using Lemma 2
and Theorem 9.2 (b) from [8] we see that

Ill’l det4(1 + R(S, .u0>z))l é Cl “ R(E, /'LO’Z) ”i
S Co(lz[*M + 2]~ *M)e ™ (Impp) 2.

These two facts imply the conclusion of Lemma 5.
Lemma 5 shows that & must lie in the zero set of f',(¢) for every £ > 4N . Thus the
following lemma will complete the proof of Theorem 2.

Lemma 6. The function f sy (¢) satisfies

lime® 12 f oy () #0.

& C

Proof. From (3.2), (3.14), (3.15) and Lemma 3 it follows that

_ © (__ 1)m+1
85 1/2f5N1(8)=85_1/2 Z A
m=4 _N<n, . n.<N, m
Zn,=5N,
'Cnl"'Cnmtf(Kn,“'Knm)
i (_ 1)m+1
m=35 —-N=n,.n,<N,
Zn=5N,
27 (i)™

Cpy 7€ (SN )3 exp (5N uo/e)
(dri)t

- ;
exP —<11ij ni) ) eXp<—EC(m,'n,-;ui)>du1,..dum_l.

=1 ‘Qm

The interchange of sums used to derive this formula can be justified by
noting that the series obtained from the substitution of (3.2) in (3.14) converges
absolutely for small |z|. To obtain the relevant estimate, use Lemma 3 to express
tr(K,, --- K,,) and the fact that [€,|=((m— 1)!"'. We also used the fact that if

Z n;=5N, with n; <N, then m must be at least 5. The series in m can be
=1

bounded by a fixed £, sequence for ¢ large. Thus, we can take the limit inside the
sum. Only the m =5 term survives:

s (=16, 2m(i)
Jim &) =5 Gy

This establishes Lemma 6.

(5N)> 324Nt £0.
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