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Abstract. Let f(n) be the probability that the paths of two simple random walks
of length n starting at the origin in Z* have no intersection. It has previously
been shown that f(n)<c(logn)~ /2. Here it is proved that for all r>3,

lim (logn)" f(n) = co.

1. Introduction

Let S,(n, w) and S,(n, w) be independent simple random walks starting at the
origin in Z* (for definitions see [1]), and let IT,, IT, denote the paths of the walks

Hi(aa b)=Hi(a: ba w)={Si(na a)):a<n<b} s
II[a,b]=II[a,b,w]={S{n,w):a<b<b},
and similarly for IT,(a,b] and I1,[a, b).
The probabilities that the paths I1; intersect were studied in [1]. This paper
follows up on that paper by giving a proof of a conjecture made. Let

J(m)=P{I1,[0,n]"I1,(0,n] =0} .

In [1] it was shown that there exist ¢, ¢, >0 satisfying

¢,(logn) ™' < f(n) Scy(logn) ™12, (1.1)
and it was conjectured for r>3, that
lim (logn) f(n)=o0 . (1.2)

Here we prove (1.2).
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To give an idea of the technical problems involved in proving (1.2), we first
sketch an argument similar to the one in [1] which led to the conjecture. If

A,={I1,[0,n]NI1,(0,n] =0},
B,={I1,[0,2n]nII,(n,2n]=0 and I1,(n, 2n]NI1,(0, n] =0},

then

The methods of [1] allow one to calculate P(B,). However the set 4, has small
probability and it is not clear how to compute P(B,|A4,), although it was expected
that P(B,|4,)= P(B,). It was shown that if one could substitute P(B,) in (1.3), one
could get the result.

The main technical step in this paper is a computation of such a conditional
probability. We do not choose A4, and B, exactly as above but instead use powers
of the logarithm for scales.

Choose a>7y>f>1, and set

n n n
= [aogn)“]’ b= [aogny}’ b= [(logn)ﬁ]’

and consider the sets
Ala,)={I1,[0,a,]n1T,(0,a,]1=0},
D(d,, n)={I1,[0,n]nII,(d,, n]+0 or I1,(d,, n]nI1,(0,n] +0}.
In Theorem 2 we prove that for a—f>7,
P(D(d,, n)) = P(D(d,, n)|A(ay)),

ie. that A(a,) and D(d,, n) are asymptotically independent events.

It is easier to picture the idea of the proof if we consider S, and S, to be one
“two-sided” random walk. Let Q" denote the set of two-sided walks of length 2n, i.c.
nearest neighbor walks w(i), —n=<i<n, with ©(0)=0. We can define A(a,) and
D(d,, n) as subsets of Q". Let P denote the conditional measure on A(a,) derived
from the usual measure P on Q". Then we wish to estimate P(D(d,, n)).

We accomplish this by considering another measure on A(a,) which is close to
P.Let Q=0"*" and P the usual measure. Foreachwe Q",i=1, ..., b,, we say wis
“a, loop-free at step i”” [or I(w)=1 in the notation of Sect. 3] if

that is, if w is translated so that w(i) becomes the origin, and is then cut off so that
the translated walk is in Q", the translated walk is in fact in A(a,). We can define a
probability P on A(a,) in the following fashion:

— choose w e Q"*P» (using P)

— consider all i=1,...,b, such that I,(w)=1, and randomly (i.e. with equal
probability to each i) choose one such i

— translate the walk so that w(i) is the origin.

What we prove is that Pis in fact close to P. This can be proven as long as the
number of “a, loop-free” points for a particular w is an almost constant random
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variable. This is true because the random variables I; are (2a,)-dependent, i.e. for
li—jl=2a,, I; and I; are independent. If b, is sufficiently larger than a, (¢ —y>7),
we can prove the result.

We finally show, using the fact that b, is small with respect to d,, that
P(D(d,, n))= P(D(d,, n)). The details of the proof are worked out in Sect. 3.

In Sect. 2, it is shown how Theorem 2 can be used to prove (1.2). Essentially
what is used is a logarithmic scale equivalent of (1.3).

2. The Main Theorem
Theorem 1. If

f(m)=P{I1,[0,n]nIT,(0,n] =0},
then for every r>3,

lim (logn) f(n)= oo .

For any 0 <n<m, define the sets
A,=An)={w:I,[0,n,w]nI,0,n,v] =0},
D, ,,=D(n,m)
={w:I(n,m,w]nI,(0,m,w]+0 or I1,[0,m, 0]NII,(n, m,®]+0}.
Then for n<m,
Ap=A4,0(Dy, )",
P(A4,)=P(A,) [1—P(D,,,l4,)].

Alarge portion of [ 1] is devoted to estimating P(D, ,,). Theorem 4.1 states that
for c>1,

@.1)

lim (logn)P{II(n, cn]nII,(0, 00) £ 0} =3logc. 2.2
Analysis of the proof shows that a similar argument will work if we replace ¢ with
(logn)? for some B>0, giving

. logn 8 1
Jim foglogn P{I,(n, n(logn)’)nIT,(0, 0) £ 0} =35 . (23)

The probability of the set in (2.3) differs from P(D(n, n(logn)f)) by at most

P{I1,[0, n]nII,(n, n(logn)*] + 0}
+ P{I1,[n, n(logn)*1nII,[n(logn)®, c0) %0} .

However, by Theorem 4.1, both of the above probabilities are O <1_0{g—ﬁ> We can

therefore conclude

logn
loglogn

lim P(D(n, n(logn)?))=1p. 2.4)
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In proving Theorem 1, we will use (2.1) and hence will need to estimate the
conditional probability of D(n, n(logn)?) given A4,. Note that (2.4) only gives the
unconditioned probability. The main independence result is contained in the

following theorem which we prove in the next section.

Theorem 2. Let 1 <ff<a—7< 00, and let

~lwwr ) |
“= logny " 7 | ogny |’

P(D(e, )l A= lim 28

Then
Jim 08"
n—owloglogn

P(D(e,sn))=3B -
From Theorem 2 we can conclude a stronger independence result.

Theorem 3. If f>7 and e,= [(l )ﬂ] then

lim sup1 1 P(D(e,,, n)|A(e,))
. log |
<y}}+oo10 1 g P(D(enﬂn))_zﬁ‘

Proof. For each n, choose d, ..., ds (depending on n) by ds=nand fori=1, ...,

d— [_dw_l__]
' (logd; . 1)ﬁ

d;=n(logn) P 1+0(1)] .
Therefore for i=1,2, 3, Theorem 2 states that

Then for i=1,...,5

. logn
1
nlji loglog

—P(D(dis1,di12)|A(d) =3B
Fix ¢>0, and suppose

lim sup 28" 1 o PO )AL 23+ 2.

n— oo 1
Choose N sufficiently large that for n= N, i=1,2,3,

logn

1o d; N<ipgil
oglogn TP dia) 4@ S+,

and choose n> N such that

loglogn
logn

P(D(dy,d5)|A(ds)) 2 G +e)

.5)

(2.6)

2.7)
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Then
logl
Cogn P12 Pl )| Ads)
2 P(4(d)"D(ds, d)| A(ds)
— P(A(dy)| A(d)P(D(disds)  Ad))
2@h+ o PA) AW,
or

P(D(d3,dy)| A(d;)) 2

B+ 2
Doing a similar argument we get the estimate

P(D(d3, dy)|A(d3)) _ loglogn (f+¢) (B+2e)
P(D(dy,ds)|A(dy)) —  logn e ’

P(A(d3)| A(dy) =

and since this is less than —— 5+ 2 (for n sufficiently large), we can do this again and
get

logl )
P(A(d,)|Ad)) < Oi Ofn (B+2) (B+2e)

&
But
P(A(d3)) < P(A(d3)| A(d))
= P(A(d3)| A(d,)) P(A(dy)| A(d,))
é (loglogn>2<(ﬁ+8) (ﬁ+28)>2_ (2.8)

logn £

However from (1.1) we know

P(A(dy) = f(d3) 2 ¢, (logds) ™' Zc,(logn) ™"

Hence (2.8) cannot hold for an infinite number of values of n and therefore neither
can (2.7). This contradicts (2.5), which gives us the theorem.

Proof of Theorem 1. Fix f>7, and let e; be an increasing sequence of integers

satisfying
[siz)
7 L(loge; )

Then by (2.1) and Theorem 3,
f(e;)=P(A(ep)=P(A(e;- ) [1—P(D(e;— 1, e))| Ale))]

>f(e] 1)[ 2ﬁ Q;

where ; is a sequence of numbers approaching 1. Fix r>%, and choose y, 3 <y <r.
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Then for j sufficiently large

flepzsies-0| 1-prEk | .9)

Let g(n)=(logn)~". Then

e. -r
. > 7" = P . -r
g(ej— 1)= <10g (logej)ﬂ> (logej .Blog loge_]) .

Hence
gle) <logej~ﬂloglogej)’_ <l_ﬁloglogej>’
gle;_y) = loge; loge; )~
For j sufficiently large,
logloge; logloge;
—= Y <]y .
<1 4 loge; ) == loge; (2.10)
Let J be an integer such that (2.9) and (2.10) hold for j=J. Then
gle .
flepe 2 fe) Pz,
.l
Hence for every i, by induction,
e =r
Sflege)2 f(( J)) gles+)= f( ))( e

Hence there exists a ¢,>0 such that for all j, f(e;)=c/loge;)™". Now for an
arbitrary integer n, choose j such that e;<n<e;, ;. Then

Jm2 flej41)2c(loge;, ) "2 C(logey) "2 (logn) ™"

Since such an inequality holds for every r>3%, we can conclude for r>1,

lim (logn)" f(n)= oo .

3. Proof of Theorem 2
Let 1 <f<a—7< 0 be fixed. Choose y> f§ with y<a—7. For each n let

“[wasr ) ||
“ [ognr | = | Togny |

and c, some number greater than n+b,.

For each j, let Q' denote the set of two-sided simple random walks of length 2j,
i.e. the set of all nearest neighbor walksin Z*, w(i), —j < i< j, with w(0)=0. We will
use P to denote the usual simple random walk measure, i.e. the uniform probability
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measure on €. As in Sect. 2 we define the events
Ala,)={we Q™ 0()*w(k), —a,<j<0<k=a,},
D(b,,n)={w e Q: w(j) =w(k) for some (j, k) with
—n<j<—b, 0<k=nor —n=<j=<0, b,<k=n}.
On Q¢ define for 1<i<b,
I(w)=indicator function of the set
{w:o(f)+wk), i—a,Sj<i<k<i+a,}.

Of course, I; (as well as several other quantities defined below) depends on n. Then

E(I)=f(a,). (3.1
Let
L@)= ¥ I@);
then

E(L)=b,f(a,). (3.2)

Also note that the {I,} are (2a,)-dependent random variables, i.e. if |i — j| = 2a,, then
I; and I; are independent.

Lemma 4. If X,,...,X, are non-negative identically distributed m-dependent
random variables with X; <M, then

Var(X, +...+X,)<2nmM?> .

Proof.
E[(X1+...+X,)"]= ‘21 _Zl E(X:X))
i=1j=
=Y Y EXPEX)+ ¥ EXX)
i=1j=1 li=jlsm
S[EX + ...+ X,)]*+2nmM? .
Lemma 5.

(a) Var(L)<2a,b,=2n*(logn)~ @+,
(b) For some c3>0, for every £>0,
P{ELZ — 1' ge} < C_g(logn)Z—(a—y)‘

e
Proof. Lemma 4 immediately implies (a) since I; < 1. Chebyshev’s Inequality on (a)
gives

VarL
P{IL—EL|z&EL)} = 2(EL?

<[e(EL)]~*2(logn)~@*"p2 .
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But by (3.2) and (1.1),
(EL)*=(b,[f(a,))* Zcin*(logn) 272",

Therefore,

2
P{|L—EL|=¢(EL)} > (c_2> & %(logn)* =7,
1
Let
Ay ={weQ": 0()Fw(j), —a,5i1=0<j=a,},
and let P denote the conditional probability measure on A, induced by P, i.e. P(w)

——— P(w). We can restate Theorem 2 as

. logn & n 1
,}1_{2) loglogn P <D <(10g")ﬂ’ n)) =2/

Unfortunately, the measure P is very difficult to work with. Instead we will replace
it by a more tractable measure which we can show is close to P. To set the
framework for our strategy, we state an abstract lemma.

Lemma 6. Let (Q2,, P,) and (Q,, P,) be finite probability spaces and T:Q,—Q,.
Suppose Q,CQ,, Q,CQ, and for every w, e Q,,

| Py(w,) _ _11
'P1(T_1(w2)m91)

f( )

<e.

Then if F:Q,—-[0,M],
(-0 Bor- M a-pi@+ (1- o p@)) |
< Ep (F)S (14 9By, (Fo T)+ M[1—Po(@)].

Proof. Let U={w, : Tw, €Q,}. Then

POz 5 PAT ' @INE)Z 5 1 Pao2)
1
=155 F2(@).
EPZ(F)>w§ F(wz)Pz(wz)
> Y F(o,)(1—e)P (T Y(0,)na;)
wreN>
z(l—e)‘wzﬁ F(Tw,)Py(w)— X F(Twl)ﬂ(wl)]
1€ Fucis,

=(1-¢) r_Ept(Fo n- > F(Twl)Pl(wl)_MP(Uc):l

w1eNy
Pz(gz)ﬂ-

i _ 1
>(1—¢) LE,,l(FoT)—M[I—Pl(Ql)+1— 0
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Similarly,
Ep,(F)= Zﬁ F(w,)P(w,) + ZﬁcF(wz)Pz(wz)

=(I+e) ¥ F(Tw)Pi(w)+M(1—Py(Q,))

wi€fdy

S(1+e)Ep (FoT)+M(1 —P,(2,)).

We will now apply Lemma 6 to our particular case. Let (Q,, P,) be (4,, P) as
defined above. The function F : 2, —[0, 1] will be the indicator function of the set
D(n(logn)~#, n). The probability space (2, P,) will be defined so that the measure
TP, on Q, will correspond to the measure P as described in Sect. 1. Let

Q,={(w,k):0eQ ke{l,...,b,} with [(w)=1}.

Define P, on Q; by P,(w,k)=P(w)[L(w)] . That is, we take a point w at
random, using P, then randomly, according to a uniform distribution, choose an
“a, loop-free” point. Note that P,(Q,)=P{L=1}. An easy estimate using (2a,)-
dependence gives

C 1

P{L=0} < (1 — f(a)2< (1 - —L)“‘WW <0 <—) |

logn n
We let Q, =Q,uU{*}, where * is a dummy element with P,(*)=P{L=0}.
Define T:Q,—Q, by
[T(w, ] ()=w(i+k)—wk), —nZizn.

This is just a shift making w(k) the origin. Since I ()= 1if (w, k) € Q,, T(w, k) € Q,.
We extend T to Q, by defining T'(*) arbitrarily.
For w,eQ,, 1Zi<h,, let

bn—i

Jiw,)= ) 21 .Ij(wz)-
Jj=1-i
Then by definition of T,

bn
P[T" 1(wz)mgd =P(w,) j§1 [Jj(w2)] -t

—Pa(0)f(@) 3, U] . (33)

It is difficult to analyze J; directly because there is a dependence on the fact that
w, € A,. Instead we define for we Q", 1<i<h,

bp,—1
H(w)= -E- I{w).
Ijjl 22an
Then for every w,
H(w)=J(w)<H(w)+4a,, (3.4
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and H; is independent of the algebra of sets generated by {B,}, n € Q*, where
B,={0e®:0()=n(), —a,Si<a,} .

What we will show is for some 6>1, ¢>2,

g

However, since the H; are independent of the sets {B,} we can replace P in the
above inequalities with P,. Then (3.4) gives

.

In the notation of Lemma 6, let Q, be the subset of Q, given by

P ﬂf(a,.) z (H) '~ 1| gaogn)-"} <0((logn)™*), (3.5)

>(logn)“’} <0((logn)™*%). (3.6)

fl@) 3, (H +4a) -

f(a,) bZ (Jj)—l_l‘ z(logn)_"} < O((logn)™?). 3.7
j=1

2,- {}ﬂan) b <Jf>-1—1] é(logn)‘“}-

We now consider Ep (F o T). Since the transformation T shifts the walk w by at
most b,, we get that

P{I1,[n(logn)#,n—b,]nI1,[b,,n] +0 or
I1,[0,n—b,]nI,[n(logn)~#+b,, n] +0}
SEp,(FoT)
< P{(I1,[0,n]UII,[0, b,])NII,[n(logn) " # n+b,]%0 or
I1,[n(logn) = —b,, n]n I ,[nlogn) #,n+b,]+0} .

By (2.2) and (2.4), both the left- and right-hand sides of these inequalities equal

lolgol"g" Gp) (14 0(1)). Therefore

log logn

Ep,(FoT)= GB) (1+o(1)). (3.8)

Plugging (3.7) and (3.8) into the result of Lemma 6, with ¢=(logn) %, we get

log logn , log logn

logn
which gives Theorem 2.
It remains to derive (3.5) and (3.6). First note that each H; is a sum of (2a,)-

dependent random variables. The ideas of Lemma 4 and 5 can be applied to H;
giving (uniformly in j)

H.
Pl —1| 2¢}b <e20((logn)>~ @
ﬂEHj ’_s}_s O((logn)* =),

GA) (1 +o(1) SEp,(F)= @A) (1+o0(1)),
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or, in other words,

EH;
P{TJ - 1‘ gg} <& 20((logn)? ). (3.9)
j
Let
2a, + 1 b, —2ay
L@="3 "I, L@=_% I©).

The ideas of Lemmas 4 and 5 can again be applied to L, and L, giving

B S |

p{L

gs} <& 20((logn)*~@="), i=1,2.

EL,
Since EL;~3EL2>3}EH;, and for each j, H;2min(L,, L,),
P{H;24EH, for some j=1,...,b,} <O((logn)>*~*~7). (3.10)
Choose 1 <6< pu such that ¢>2, where ¢ =(—y)—2—2u—0. Let
EH;
L={[=2 —1| = (logn)~*}.
! { H; = (log) }

Then (3.9) states that for some ¢, >0, for all j, P(I}) < c,(logn)** 2+~ @7,
Now let

.

% — 1} <7, we must have

J

> b,,(logn)‘"} Nn{H;Z4EH; all j}.

—b
j;l Hj "

If we 4, since

i

7(3{j: weI})+b,(logn) *z=b,(logn) ",

or
#{j: we I} 24b,[(logn) ~°—(logn)~#]
=b,0((logn)™%).
But
1 bn
Plw: #{j?werj}ZR}éﬁ P(I})
i=1
< ﬁc (lo n)2+2ﬂ_(‘1_7)
=R 4 g
Therefore,
P(4)<O((logn)> "2+~ @=N*%) = O((logn)~*). (3.11)
Combining (3.10) and (3.11) we get
bn .
P{ ¥ E L, zbnaogn)-*’} <0((logn)~?)..
j=1 Hj
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In a very similar way one can show that
P{ b E(H;+4a,)

j;l H;+4a,
But, using (1.1) and (3.1),
EH;=b,f(a,) [1+0((logn)>~ "],
E(H;+4a,)=b,f(a,) [14O0((logn)*~*~"].
We therefore can conclude (3.5) and (3.6).

b,

4. Remark

zb,(logn)~ "} <0((logn)™%).

G. F. Lawler

We have proven that f(n)=F(n) (logn) /2, where F(n)<c,, and for every s>0,

lim F(n)(logn)*= co.

It is still an open question whether or not
lim F(n)=0,

n— o

i.e. does there exist a ¢ >0 such that cg(logn)™ < f(n)?
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