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Abstract. Debye screening is proven for a large class of classical Coulomb
gases at low densities. Among the models treated are jellium systems (where
particles interact with a fixed background charge), systems with arbitrarily
dilute fractional charges, and systems where the charges are not integrally
related. The interaction potentials of the corresponding sine-Gordon models
may have no symmetry and can have infinitely many stationary points which
are degenerate or nearly degenerate in energy.

Table of Contents

1. Introduction . . . . . . . . L. L L L e 515
2. The Mayer Series and the Main Results . . . . . . . . . . . . . . ... ... .. 519
3. The Peierls Expansion . . . . . . . . . .. .. oo 525
4. Stability of the ¢ =0 Stationary Point . . . . . . . . . . . . . ... 530
5. The Cluster Expansion . . . . . . . . . . . . . . ... 532
6. Estimation of the Expansion . . . . . . . . . . . . . . ... 540
7. Derivatives of r(A) . . . . . . . L L 546
8. Vacuum Energy Estimates . . . . . . . . . . . . .. ..o 548
9. Functional Derivatives . . . . . . . . . . . . . ..o 551
10. Derivatives of Covariances . . . . . . . . . . . . . . . ..o 553
11. Ratios of Partition Functions . . . . . . . . . . . . . . . ... 555
12. Proof Completed . . . . . . . . . . . ... Lo Lo 559
Introduction

The classical Coulomb gas has been the subject of several rigorous investigations
in the last few years. Brydges [1] established Debye screening for a lattice
Coulomb gas. His work was greatly generalized by Brydges and Federbush [3]
who considered the continuous statistical mechanics situation with a large class of
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allowable short range forces; see also [4]. These results were obtained in three
dimensions in a region of parameters corresponding to a dilute gas. Analogous
results hold in two dimensions at high temperatures and low activities. Frohlich
and Spencer [10] have shown that the two-dimensional lattice gas does not screen
in a regime of low temperatures and moderate activities. In their study of the three
dimensional U(1) lattice gauge theory [15], Gopfert and Mack expanded signi-
ficantly the domain of activities for screening in a lattice Coulomb gas.

The Brydges-Federbush analysis allowed for non-charge-symmetric systems,
but failed to deal with several interesting situations. As the charge of a species
tends to zero, or as its activity becomes large, the convergence estimates
deteriorate. Since a particle should decouple as its charge tends to zero (for
appropriate short-range forces), one ought to be able to handle these situations —
at least for slow enough growth of an activity as the corresponding charge tends to
zero. If the activity grows as the inverse of the charge, then the jellium limit of a
fixed background charge is approached. (Jellium is used as a model for ions
moving in a sea of conduction electrons in a metal.) Another situation which falls
outside the domain of [3] is where a species with a charge that is fractional with
respect to the other species has an activity much smaller than the other species’
activities. One would hope that such a species would not affect the system much.
Finally, if not all charges present are integral multiples of an elementary charge,
then the analysis of [ 3] fails. Integrally related charges are needed even in the basic
thermodynamic estimates of [18]. They are also important in Frohlich and
Spencer’s analysis of the two dimensional Coulomb gas [10].

In this paper we extend the class of models known to exhibit screening to the
cases described above. We require a dilute system. Our restrictions on the size of
activities are considerably weaker than the ones in [3]. This is achieved with an
iterated Mayer expansion along the lines of [14].

In the sine-Gordon (or ¢-) representation, the gas becomes a field theory with
interaction of the form Y z,(1 —e''*¢%), where e, is the charge of the i* species and

z; is its activity. The situations described above correspond to local minima of the
interaction becoming nearly degenerate with the global minimum at ¢ =0. The
situation of nonintegrally related charges corresponds to the interaction being a
nonperiodic function of ¢. The background charge gives rise to an additional
interaction —if'?ze ¢ for some constant ze. It can be obtained from
z(1— €’ by taking the limit z,— o0, e,—~0 with ze, fixed.

As was pointed out in [3], the failure to deal with nearly degenerate minima of
the interaction can be traced to difficulties with bounds on ratios of partition
functions. This is symptomatic of models close to first order phase transitions, see
for example [17]. The development of techniques to handle systematically ratios
of partition functions [19, 16, 17] clarified the issues involved here and led to the
current investigation. As we shall see, the “phase transition” in the models we
consider can only occur with negative activities. Thus the basic physical input we
need is an estimate that guarantees that the ¢ =0 minimum dominates the others.

The fact that the ¢=0 minimum always dominates may be somewhat
surprising. In P(¢), models, for example, it quite often happens that local minima
dominate global minima [17]. It was our initial hope that similar phenomena in
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the Coulomb gas would shed light on some behavior of ionic solutions: behavior
strongly dependent on concentration before the limiting law is reached in some
charge-asymmetric solutions [9], and phase separation [8]. In fact, no amount of
meddling with short range forces, charges, or activities within the domain of
convergence of our expansion can coax the model away from the ¢ =0 minimum.

We set up the model in a finite volume as in [3]. There are s—1 species of
particles, with species i having charge e; and bare activity z; 0. There is a uniform
background charge (the “jelly”). We can think of it as the s™ particle, where the
limit e,—0, z,—c0 has been taken with ze_ fixed. We can handle charges and
activities arbitrarily close to this limit as well. A careful analysis of the Mayer
series shows that if the radius of a particle tends to zero appropriately as z;— oo
and ¢;—0, then the system converges to a jellium system. We will absorb the unit of
electric charge into the inverse temperature f, so e; is dimensionless.

We put [,= (Z ze?B) ™12 Let AS A’ be rectangular boxes in IR?, with A built

from I,-lattice cubes (I, 1, will be defined below). Let 4, , be the Laplacian with
Dirichlet boundary conditions at 04. We split the Coulomb interaction into a long-
range part and a short-range part, the former acting mainly at length scales from
Alp to oo. (The parameter A is at our disposal, and is taken to be small.) The short-
range part must be cut off appropriately to avoid collapse, but the cutoff length
scale can be taken of the order of f, which is much smaller than A/, The long-range
part is given by

Up 06, V) =((— Ao ) ™1 = (= A+ 472152 "1 (%, ). (L.1)

Let o, be the density of species i. It is a sum of d-functions at the positions of
particles of species i for i#s, and it is a constant zJe/| for i=s. Let J= Y, e,0;

i*s
+(sgne,)o, be the charge density. The interaction of the particles in the system is a
sum of three terms:

V=U+W—d,, (1.2)
U=1 | J)u,(x,»)J(v)dxdy, (1.3)
AxXA
d0= Z %uo(xa’ xa)eiZ(ot)_ jvi(a)s Xa"‘X) Gs(x) dx P (14)
azi(x) Fs A’
W=% 3% | 0x)vx—y) o y):dxdy. (1.5)
i,j¥s A'xA’

The kernel u, is constructed as in (1.1) but with the infinite volume Laplacian 4
replacing 4, ,. Subtraction of d,, thus corresponds approximately to removing self-
interaction terms. The colons in (1.5) indicate that such terms are not included in
W. The kernels v;;=v;, are the short-range part of the interaction; we shall limit
their size below by requiring certain estimates on their Mayer series. If we include
the force arising from the second term in (1.1), the actual non-Coulomb part of the
interparticle force is (in infinite volume)

e~ 1x—3lialp

vij(x~y)—ei~4—mej, l,]-"’:S
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The second term in d,, supplies a short-range force between the particles and the
jelly. Both terms in d, will be absorbed into the activities.

To keep a specific example in mind, take a simple Coulomb system with hard
cores. Then we take for i,j+s

e‘lx‘ylllln
Ymlx—y| x=yIZRy 6
(x—p)= , 1.
o~ |x=¥l/Alp
(x—V)=f— , 1.7
vix—y)=¢ pr— (sgney) (1.7)
with
lee] 1
sup Y10 < - (1.8)
i j RU R
R} =cleej|R*. (1.9)

The length R parametrizes the stability of the system ; it is a short distance cutoff.
The condition (1.9) is needed only because we are interested in the limit e;—0, ze;
fixed. We could send e; to zero with z; fixed; then (1.9) would not be necessary.

Conditions (1.8) and (1.9) force R;; to go to zero with e;, but not too quickly.
There is a case of particular interest where all particles have charges of the
same sign, which must then be opposite to the sign of the background charge. In
this case stability is not a problem and we can study the pure Coulomb interaction
(1.6), (1.7) with some or all R;;=0. The constraint (1.8) is omitted and we put R=f.
The infinite volume limit is taken in two stages. With A4 a functional of the o,

inside 4, put

I(A):ZEN— [ e 4 (1.10)

¥ N ' ’

The multiindex N=(N, ..., N,_,) specifies the number of particles of each species

present, and z¥/N'!= []z}/N,!. The integral is over the positions of the ) N,
i i*s
particles in A'. Taking A’ to infinity, we obtain the expectation

NA)Zy
- =771 lim I(A)/Z,, 111
A= lim G o0 =27 lim 1A)Z, (1.11)
where
ZN
Zo=Y o | e B0 (1.12)
NN!(A’)N
z= lim 1(1)/Z,. (1.13)

Before discussing the A— oo limit and stating our main theorems, we perform a
sine-Gordon transformation and a Mayer expansion.
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2. The Mayer Series and the Main Results

This section is in five parts. We begin with the sine-Gordon transformation. We
then digress on the Mayer series. Estimates needed for the cluster expansion are
stated, and conditions on the short-range forces sufficient to prove the estimates
are given. The conditions are verified for the standard hard core system. In the
third part, the neutrality condition is discussed,and in the fourth we state our main
theorems. We conclude with an outline of the proofs which form the body of this

paper.
2.1. The Sine-Gordon Transformation

Let duy ,4(¢) be the Gaussian measure with covariance u,,. We have the identity
o = fexp(iﬁl/z Zei(a)¢(xa) + f iﬂl/zzses (X) dx) dl’tO,ﬁA((l)) s (21)
o A

and as a consequence
Z= jZ(d’) d/‘o,aA(d)) 5 (2.2)
where
~N
Z(¢)=exp([ ip*2 dx) lim Z5'Y — [ e ™ exp(ip!?
(¢) exp(!‘1 lﬁ Zses¢(x) x) A’l—l:ll’lllz 0 %N' (A!‘)N € exp(lﬁ ;el(d)d)(xa))

=M. (2.3)

Here we have put

Ei = Zi exp(ﬁeizuo(xa X)/2 - ﬁ j vz(a)s sle I dx) 14: S. (24)
R?

2.2. The Mayer Series

The limit A'—R3 in (1.11), (1.13), (2.3) is governed by a Mayer expansion. We
suppose that M can be written as

M= .;159 (x)+ - Z 1 § 01,1, (0 x0)E, (e, () + .. (2.5)

where
iB1/2,.;
8i(x) = b eid(x) 1,

o&(x)=ig S e p(x), o=z,=Z, (2.6)

and where each g; . ;(x;,...,x,) is independent of ¢.
We define the basic length for exponential decay,

=<Zgiei2ﬂ)_”2. (2.7)

We shall use units where [, =1 in Sects. 3-12. If a,, ..., q, are a set of unit lattice
cubes, a length L({a,}) is defined in (A.13) (see also [3]). It satisfies

e~ ellla) — Zb,,Ae_aL"‘ ({au}) , (2.8)

”A
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Wlth bﬂA;O’ ZAb"A=1 and
n

—7Lya ({au)/lp < ot — 1
(a;,..,,azt)::auo=ae =cy (29)
for any y>0. The sum in (2.9) is over ordered sets of ¢t unit lattice cubes, one of
which is fixed. Furthermore L, 4({a,}) is the length of some tree on {a,, ...,a,} and
possibly other points.
We require the following estimates on g;,
translation invariant, and it should satisfy

It should be symmetric,

,,,,, i

1 T2\t — ! —aL({a
a o, il iy ... Xat)-é(clﬂlzlzz))t "1 lo;.e.le Lau) (2.10)
. u=1
(the norm taken with one variable fixed, and t>2),
0, =Z(1+0(C,A?)=z(1 +0(C,A?))elCF/(*lp)) (2.11)
i i 2 i 2
Y oilel<C, Y ot (2.12)
i=1 i

The parameter A is the same as the one in (1.1); we need to take it small at a
number of points in this paper. Since z; is positive, (2.11) implies that g, is also
positive for A small. Note that (2.12) is compatible with the jellium limit e,—0, z;e,
fixed. We also assume a bound

sup lej=e,=Cs. (2.13)

We obtain these estimates for suitable z;, e, B, v;;, A using the Mayer expansion
in the appendix. Convergence depends on stability estimates and estimates on two-
body forces. The following measure of the size of two-body forces will be used:

Jvll,= | d3xe*™ Ju(x)|. (2.14)
Our most general result is contained in

Proposition 2.1. Suppose there are splittings vij=vg+vi1j,

conditions (i), (ii):

1__..n R : :
v =0+ v satisfying

(i) Let Wy, Wy, Wy be the N-body interactions constructed from vy, vi,, vf; as in
(1.5). Then

BWR = —C4(B/R)IN whenever Wy <o0, (2.15)
BWyz—C,N independently of Wy, (2.16)
bR 0. 2.17)

(i) The following two-body estimates hold :
o5l = Cglee 1B, (2.18)
[0}, = Colee 14215, (2.19)

1B~ e P~ 1)],= Colee, 2213 (2.20)
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Suppose in addition that e,, < C and that
o3ll 2 S Co2?15, (2.21)

Z ejsic, Zz,e, . (2.22)

Then logZ(¢), defined in (2.3), admits an expansion (2.5) satisfying (2.10)+2.12),
provided 2 is small and

Zziei2 S=(B/lp)? ¢ Atem AR, (2.23)

Here ¢y, c,, Cy, C,, C; depend only on C,, ..., C,.

We prove this proposition in the appendix, using the iterated Mayer expansion
formalism of [14]. We expand in the least stable part of the interaction first, and
afterwards expand in v}J Conditions (2.18), (2.19) are best understood if one thinks
of Yukawa potentials with ranges f, Al;,. The basic expansion parameter for the v?j
expansion is

sup Y. ofil,z ﬂec§ﬁ/R<cZz €7 pReColR;
iFs j*s

for the v}; expansion it is
sup 3. (lofll,+ 187 e ™= 1)l )z8e7 S cd?.
LFS j*s
Since vf; has a relatively short range 8 [see (2.18)] the large factors e“#/%
coming from (2.15) can be handled using (2.23). The longer-ranged interaction v},
has improved stability (2.16), (2.17) and so causes no problems. Thus we do not
require A2 <e” ¥R as in [3]. This leads to much improved conditions on activities
in Theorem 2.3 below. For the same reasons, a similar splitting was used in [15] to
treat a lattice Coulomb gas. There the self-energies of the particles (not included in
our model) were sufficient to ensure the analog of (2.23) for ff large and z of order
unity.
We now apply Proposition 2.1 to our standard hard core system.

Proposition 2.2. Suppose that (2.23) holds, e,, < Cs, a<(211p) "1, and
Saiet R =R/ (1) S Crol?. (2.24)

Then the hard core system (1.6)~(1.9) can be split into v{), v/ 1 UF, Uy satisfying (2.15)~
(2.21). Thus if A is small and (2.22) holds, then g, . ; satisfies (2.10)~2.12).

If all charges have the same sign and R;;=0 for all i, j, then condition (2.24) can
be omitted and R can be set equal to f in (2.15), (2.23).
Proof. We put 3

vix—y)=e; (= 4+ 5727 (x, y)e;,
vix =) =e[(—= 4+ 2725 (x, ) — (= A+ 73 (x, ¥)]e;,
SR {oo if |x—yl=Ry;
Y |10 otherwise,
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where f=min{p, Alp}. Since vjjisa posmve operator, fWy is bounded below by the
sum of the self-energies, which is Z Bei(a) (B~ <C,N. We have

a=1
. =lewe;l [ @®x(dn|x])* exp[(a— B~ H)Ix[]1< Cglee |82,

since a<(241,)7* <(Zﬁ)_ 1 We obtain (2.19) and (2.21) similarly after noting that
Pi(x—yI=sleel(— 4+~ 2152)"}(x, y). Note that (2.23) and (2.24) imply that R/I,,
<cA. Thus aR <c¢, and so

1B~ e PH— 1), SR} Sclee | R¥B™ 1S Colee | 1213,

llv;

where we have used (1.9) and (2.24). Of course this estimate is not needed if all R;;
vanish.

We now prove (2.15). This is trivial when all charges have the same sign.
Stability is proven in the general case by considering first a comparison system
where each charge e; is smeared over the surface of a sphere of radius R;;/2 and
multiplied by a constant so that it interacts with charges outside the sphere with
the original Yukawa potential. The constant is bounded by 1 for all values of R;;/.
With self-energies included, the interaction is positive [7] and thus the N-body

interaction Wy is bounded below by — ¢ z €iin/Ry;> the sum of the self-energies. Tt

ii>

remains for us to bound the difference W° W from below, assuming the hard
core conditions |x,— X4l = Ry are satlsfled. We need only be concerned with
pairs o= f such that

Riwyim = 1%, = Xl < (Riggy i + Rigy i)/ 2 (2.25)

since terms violating the second inequality cancel between W9 and W. We can
assume R; <R, for i<j by a relabeling of species. Then we need only consider
pairs a, § with i(a) <i(f). For each o and each i > i(a) there are no more than some
fixed number of  with i(f)=i and satisfying (2.25). (All such f are spaced apart by
at least Ry, but are within Ry, of x,.) The af term in Wy or in W) can be
estimated by the corresponding Coulomb interaction. For Wy the af term is
therefore bounded below by —|e; i)/ Ricw i) by (2.25). For WN we know that the
potential created by the larger partlcle at x; is nowhere greater in magnitude than
ceig/Rip sy Thus the af term in — Wy is bounded below by — cleyyeinl/Rip i
2 —cleyyeipl/Riwip Combining the above bounds yields

N
; Z Z _clei(a)ei'/Ri(a)ia

=1i*s

and (2.15) follows by using (1.8). This completes the proof. []

2.3. Neutrality

We require a neutrality condition as in [3]:

Y 0,6,=0. (2.26)

i=1



Jellium 523

This condition puts implicit constraints on the activities z;. The origin of the
condition is the need for ¢ =0 to be a stationary point of M, whose most

s
important term is Y. {o,(e”"***®) —1). Condition (2.26) may seem more natural
i=1 " s
when one considers the behavior of M,(¢)= Y. g’ in the complex ¢-plane.
i=1
On the imaginary axis, ¢ =ia, aeR we find that M (ia) is a convex function of a

since
2 s

d—le(ia)= Y o€l pe >0,
da i=1

Thus M, (ia) has a unique minimum for real a, and it would be advisable to pass

the ¢-integration contours through this saddle point. [In fact ReM(ia+b)

<ReM (ia) for a, be R.] A complex translation ¢— ¢ +ia is equivalent to sending

0~ 0i=0. 7’ in M,(ia). After the translation we find

N

0= L My(a)-0= ¥~ 27
da i=1
and so (2.26) is satisfied with g] replacing ;.

Physically we expect that a system with a set of activities not satisfying (2.26)
would expel charges to 04, thereby placing most of the system in a background
potential a. This would “renormalize” the activities as above, and neutrality would
be recovered. Lacking the ability to prove that this occurs, we settle for condition
(2.26) above. Of course one can always adjust the background charge density g.e,
to obtain neutrality.

2.4. The Main Theorems

In the sine-Gordon language the main objects of study are the 4—IR? limit of

fﬂ[eMdﬂo,aA(d’)
jeMd.uo,aA(d)) |

where .o/ is a functional of ¢(x). The observables we will consider in (1.11) are of
the form

(ol yh= (2.28)

wa
A= fylxp,onx, ) IT 0,(x,), (2.29)
a=1
with f, a continuous function of compact support, or
A= 1] o.(x,) (2.30)
a=1
with x,#x, if i, =15 In (2.28) we take
U 1/2
of = [] &P ett (2.31)
a=1

with |a,| < A4,. Given the results on the convergence of the Mayer series, it is an
exercise to show that {4) , can be expressed as convergent sums and integrals of
expectations {.#/>%. We now state our main results about these expectations.
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Theorem 2.3. Consider the purely Coulombic systems with hard cores given in (1.1)-
(1.13), (2.28)+(2.31). Let C,, Cs, C,,, 0 be given, and suppose that

N

Z Zileilé%cétzzieiz’ e, =Cs,
i

i=1

and

Zzle2R3 R3J(BIZ) S C, A2 . (232)

Then there are constants c,, ¢, ¢, (depending on Cy, Cs, C,,, 0) such that for A<c,
and

Lzl = (Bl S e e el @33

the following result holds. Consider the neutral models satisfying > 0,¢;=0 (or else
i=1

adjust the background charge density g.e, to achieve neutrality); for these the

infinite volume limits of {</»% and {A) , exist and satisfy

R ETAT (2.34)
|<M°@>¢_ <&¢>¢<g>¢| é v VA e~(1 —d)dist(suppt <, suppt B)/lp , (235)
and
KA Sy, (2.36)
|<AB> _ <A> <B>| écAcBe—(l — d)dist(suppt A4, suppt B)/Ip . (237)

The constant ¢ , depends only on f,, w, and the activities of the species in A ; likewise
for cg.

If the charges of the particles all have the same sign, and if R;;=0 for all i,j, then
(2.32) can be omitted and R can be replaced with f in (2.33).

Theorem 2.4. For systems with more general short -range forces, let C,, ...,C,, 0 be
given, and put o.=(1—96/2)/I},. Suppose e,, = Cs, Z zlel=5C Zzl 2, and let v;; 5 split

into vy, Vi, vF, vy satisfying (215)-221). T hen there are constants Cys c3, Cy

l]’

(depending on C,, ...,Cq, &) such that for A<c,, B/l,<e”/*e” 2R and Z 0:€;
=0, the infinite volume limits of {4)% and (A}, exist and satisfy (2.34) (2 37)

Theorem 2.5. Consider the sine-Gordon theories defined by the measure e d,uo, 24(®)
with M given by (2.5), (2.6) and with the covariance of dug ,.(P) given

n (1.1). Suppose that e, <Cs, ZQ|e|<C ZQl ez, ZQl =0, 0,20, and 1,

=1,(1 4 0(C,A%))e0C:#/GID), Suppose further that 0i,....1, Is symmetric, translation
invariant, and satisfies (2.10) with 2<c, and a=(1— 5/2)/1 Then for B/l,<e” /%,
the infinite volume limit of {./)% exists and satisfies (2.34), (2.35). Here c,, c, depend
only on C,...,Cs, 6.
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Using Proposition 2.2 we reduce Theorem 2.3 to Theorem 2.5. With
a=(1—35/2)/I, the condition (24l,) ! >« is satisfied for A small. The estimate (2.23)
is implied by (2.33), so we obtain (2.10)—(2.12). The hypotheses of Theorem 2.5
are immediate consequences. By expressing particle density expectations in terms
of ¢-expectations and using (2.10}+2.12), (2.36), (2.37), we obtain (2.34), (2.35).
Similarly, Proposition 2.1 reduces Theorem 2.4 to Theorem 2.5. We shall hence-
forth concentrate on proving clustering in the ¢-representation for systems as in
Theorem 2.5.

The expansion involves two lengths besides l L >l > L. We take L /l and
D/L to be large integers which may depend on the constants C,, C,, etc. appearing
in Theorem 2.5, but which are chosen before 4 and ﬁ/l

2.5. Outline of the Proof

In Sect. 3 we define a partition of unity for the set of field configurations, basing
the construction on the shape of the leading term in the interaction potential.
Stationary points can come arbitrarily close in energy to the ¢ =0 stationary
point, and they can move off the real axis. Thus it is important to set up a precise
tradeoff between the energy of a stationary point (extracted in Sects.7 and 8) and
the size of the interaction coefficients (estimated in Sect. 9). A space-dependent
field translation is made for each term in the partition of unity.

In Sect. 4 we prove the basic estimate on ratios of partition functions with
different boundary conditions. We show that partition functions in which ¢—0 at
the boundary dominate corresponding ones where ¢ takes some other value at the
boundary. This is the essence of the thermodynamic stability of the ¢=0
stationary point. The proof is quite short, however the proof of the corresponding
result for the constrained partition functions generated by our expansion is much
more difficult. In Sect. 11 we use our expansion to reduce the problem to the
unconstrained case of Sect. 4.

Section 5 presents the expansion. Dirichlet decoupling is needed in order to
produce the right partition functions for Sects. 4 and 11, and this necessitates a
number of new features. In Sect. 6 we control the combinatorics of the expansion
and state a sequence of convergence estimates proven there and in Sects. 7-10. The
final section uses the expansion to prove exponential clustering and existence of
the infinite volume limit.

3. The Peierls Expansion

In this section we consider the leading term

N

SOEDWIET (3.1)

in the action — M of Sect. 2 and choose the values of ¢ that will make important
contributions to the partition function. The point ¢ =0 is a global minimum for S,
and in units where [, =1,

S'0)= Y oeip=1. (3.2)
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We need to consider values of ¢ for which S(¢) comes close to this minimum. The
set of such values will be denoted #. The set s is constructed in the following
lemma. Let y be a fixed constant close to, but less than, 1/2. We use

12y
4e?

(3.3)
as a measure of how close minima need to come to the ¢ =0 minimum to be
relevant.

Lemma 3.1. There exists a set of real numbers S containing 0 and a set of intervals
I ={[h—0,, h+0,]:he A} with the following properties :

(1) ReS@)zpp—h>+mp~t for ¢pel,=[h—5,h+5,], (3.4)
where
m,=min {(f ReS(h))%,n}, (3.5)
(ii) (J I,=R
ne
(111) Ihth, contains at most one point if h=h',
(iv) ——nf 2L, S4B Y2 for all he . (3.6)

21/

Proof. Suppose ¢ is such that Re S(¢p) <4n?p~'. Then by (3.2), (3.3),
1z(ReS)'(¢)= ZQieiZﬁ cosfl'%e;p

=1 Y 0ie? (1 —cosp' e, )

>1-e2fReS($)22y. (3.7)
Since Re S >0, the first inequality in (3.7) implies that
(ReSY|<2]/2087 " (38)

for ReS<dn?p~1.
Now suppose ReS(¢,)<2n*f~*. The remarks above imply that there exist
D <P, =P =¢5<¢, and hel[¢,, ¢,] a local minimum of ReS, such that

ReS(¢,)=ReS(¢,)=4n’p ", (3.9)
ReS(¢p,)=ReS(¢p;)=21n*"1, (3.10)
ReS(@)e[2n*p~ " 4n?p~ 1] for  deldy, d,1ulds byl (3.11)
ReS(¢)e[0,20?f71] for ¢eldy d,], (3.12)
RCS(¢)2V(¢—h)2+11hﬁ ' for ¢6[¢1,¢4], (3.13)

¢y — ol = —=np™ 2|y~ dulZ —=np~ "2 (3.14)

lf lf
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Each excursion of ReS below 21?7 ! will be contained in a neighborhood [¢,(h),
¢ ,(h)] satisfying (3.9)~(3.14) above. We define 5, to be the set composed of all h’s
arising from this construction. Since S(0) =0, S, contains 0 and #,=0. For he #,,
define

dy=min{lh— @, (W), |h— ¢, (h)]}. (3.15)
By (3.14), 9,2 —1—5;1[3“”2, so the lower bound in (iv) is satisfied. By (3.13),

[h— ¢ 4(h)] and |h— ¢o(h)| are no larger than 4nf~ /2, so the upper bound in (iv) is
also satisfied.

It is clear that no two I,’s constructed so far intersect. In fact, (3.7) and (3.14)
imply that

Y -
— Lo,

/2

(ReS)(¢)=0  for ¢€[h,h+5h],(ReS)’(h+5h)z-—yl/—znﬁ"”z,

(ReS)(¢)=0 for ¢e[h—0,,h],(ReS)(h—9)) =
(3.16)

and so (ReS)" <1 implies that dist(I,, I,)= \/Eynﬁ ~1/2 Notice that (3.7) shows

S22V 4B —mp 22/ 2B -
zmax{lh— ¢, lh— @5}, (3.17)
so that ReS(h+5,)=2n*B 1. Thus all regions not yet covered by intervals I, have
ReS=2n*p~ 1.
The set s#, will contain arbitrarily large positive and negative h’s. Let J be an

interval [hy +6, ,h, —9,,] with h, the smallest element of 5#, larger than h,. Since
ReS(¢)=2n*B~ 1 for ¢peJ, any heJ has the property that

ReS(P)=y(p—h)*+nip~* for ¢eJn[h—Ly/2,h+Ly/2], (3.18)

where L,=2 [/57;[3‘“2. Cover J with n=[|J|/L,+ 1] equal intervals of length
|[JI/n= Ly (We are writing |J| for the length of J and [ -] denotes integer part.)
These intervals are centered at

hy=hy+8,, +(k+D/n k=0,1,...,n—1, (3.19)

and they cover J precisely, with no overlapping. We put

S, =1/ S Y/ 20p 12, (3.20)

and define 4, to be the set of all h Jk‘ arising from this construction, letting both J
and k vary. It is now easy to check that the lemma holds with # =#, U#,.
Equations (3.13) and (3.18) yield (i) for the two types of i’s; (ii) and (iii) have also
been satisfied. Condition (iv) has been proven for he #,. For he #,, (3.20) supplies
the upper bound. We showed above that [J]= ]/Eynﬁ “12 5o that

1/2
th—- 2[/‘17ﬁ D
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The Peierls expansion can now be generated by inserting an appropriate
partition of unity into the measure. We divide A into L-lattice cubes Q,. In each
such cube we define an average field and a fluctuation field:

A,=L73 [ ¢(x)dx, (3.21)
Qq

Ix)=d(x)— A, (x) for xeQ,. (3.22)

Let h denote a function on some region (such as A) taking values in # and
constant on L-lattice cubes. The Peierls expansion is the identity

6Xp( - %i ((x)— h(x))* dX>

Z= M d . 3.23
2k I 3 exn(~4 [ 600 h@)dx) Foedd). (323)
o« \h(224) 2
Define E by writing
M= i foi(x)dx+E. (3.24)
i=1
Using the identities
Y. 0i;=0,[3(x) f(A(x)) =0, 0,ef=1,
i=1 i
we can rewrite (3.23) as
Z=7Y e exp(—3[(p—h)*)duo 4), (3.25)
h
where
G=G,+G,, (3.26)
e =T1]r4,, (3.27)
o3 atera 1)
HA)= —=2 (3.28)

Y exp(—3(A—h32L?) °

he#

Gom 1 5 e ooy 4]

]
—-

= Y o f [P A=) ("0 —ip a5 - 1)
i=1
+(ePed L 1252 —iBt2e,5—1)]. (3.29)
We next translate the Gaussian measure from ¢ to p=¢—g using

exp(— 3 [(p—hDduy o A(P)=exp(— 5[ (w+g—h)>— 5[ gus i g— [wu; 9)dpe, o4 (W).
(3.30)
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We also absorb the mass term — 3y? into the measure, which changes the inverse
covariance to

Col=usft +1=22(— 4, —4,,+1. (3.31)
Denote the new measure by dpu, () and put
N = fexp(—3[y?)dpuo 04(¥). (3.32)
The result of translation and mass shift is
Z=N Y[ e e s (), (3.33)
where
R=—3{(w+g—h>=3[gusig— [puzlg+3fw*. (3.34)

Before defining the translation g(x) we need to generalize the set of partition
functions we will need to consider.

Definition. Let V be a connected region composed of unit lattice cubes. Let {a,(V)}
denote the components of dV, and let ¢,(V) denote the external boundary
component of V. Let hy(V) be a function on the components of 0V with values in
A . 1t specifies the boundary condition ¢—hy(o) at o.

We need a restriction on what functions h can occur in ¥ with boundary
conditions h,,.

Condition A. If there is a 0 with hy(a) £hy(a,), then h(x)=h,(c¢") for dist(x,o")<L’
whenever hy(c')#=h,(0).

Definition. If there is a ¢ with hy(0)+=hy(g,), then we call hy(s)e # the leading
boundary condition of (hy, V) and denote it hf(hy, V). If all o have hy(a)=hy(a,),
then Ki(h,, V) is defined to be hy(a,). The union of all ¢ with hy(a)=hi(h, V) is
called the leading boundary of V and is denoted LdV.

We will need to exercise some care not to violate this condition, especially in
Sect. 11. The leading boundary condition of ¥ is the only boundary condition that
discontinuities in & can approach.

Let o7 be a bounded function of ¢ that factors across unit lattice cubes. Write
o/ (V) for the part of o/ localized in V. We define some fixed h partition functions
by analogy with (3.34):

Zyh, V, o) = [ A (V)T EDE N dp,, (),

(3.35)
Zy(hy, V)=Z(h,, V. 1).

The measure du,,(y)=du,,(¢—g) has covariance

Cop=(A1(—Ap)* =4+ 171, (3.36)

and G(V), E(V) are defined as in (3.24) and (3.26)~(3.29) but with all integrals
restricted to V. The following formula for R(V) generalizes (3.34):

RWV)=—=3[(p+g—h>’—7 g (9= holho, V)upsig — ho(hy, V)
14

— [ puralg— h’o(ho,V))+é£ 2. (3.37)
14
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The full partition function can now be written as
Z=N)Y Z,0,4). (3.38)
h

We now proceed to define g(x) for the partition function Z,(h,,V, /). We
modify the definition in [3] only slightly. Pave IR* with cubes of edge length L'/4.
Let % denote the intersection of V' with the union of all L'/4-lattice cubes that are
at least L'/4 from discontinuities in . If the L-lattice cube Q, has a face in common
with ¢, we consider 2,na to be a discontinuity in & if A(Q2,)+h,(c). On & we put
g=h. Let { #,} be the connected components of V\&.

Define hj by extending hl #,; smoothly to R* with no discontinuities at d,#,\0V
or in ~ ¢, On components of ~V touching #; we have hj=hg(h,, V). Let
I'y=0Vn ¢, and put

Gy hb(hg, V)= (213~ Ay, )* ~ Ap, + 1) (G — hb(hg, V). (3.39)

Note that §,—hg(hy, V) at 8,,n0V. We define g by smoothing near 0,#,, as in [3].
Define B #; to be the union of the unit lattice cubes of #; touching 0 #;\0V. Let y,
be a C* function equal to zero outside #;, equal to one in #;\B #;, with 0=y,=1,
and with Vy, normal to 0V at V. In addition we assume that y,(x)=0 or 1 if
dist(x,df)< 1 for any face of the unit lattice making up V. We now define

g=xpds+(L—xph in 7, (3.40)

We use I’y in (3.38) instead of 0V or 04 so that the definitions will be invariant
if V' is reduced by inserting Dirichlet data outside #;. The restriction on where g,
changes from 0 to 1 is to avoid possible singularities at edges or corners of dV.
Note that we do not absorb quadratic expressions from jgi, fx, ¥)efx)e (y) into the
measure as in [3]. Doing so would not help with convergence when expanding
about minima which are not copies of the ¢ =0 minimum.

4. Stability of the ¢ =0 Stationary Point

In generating the cluster expansion of the next section, Dirichlet data is inserted on
surfaces in the unit lattice that are at least a distance L' from discontinuities in h.
When we have full Dirichlet data on a surface, nonlocal terms in E connecting the
inside to the outside will have been interpolated away. Thus the measure factorizes
across the Dirichlet surface.

Suppose we have a connected region V whose boundary is a Dirichlet surface.
If V is free from terms differentiated down from the exponent G+ E+R, and if
each component of 0V is in a region where h(x)=hy,e#, then we resum all the
terms of the Peierls expansion in V to yield a (slightly modified) partition function
in V. Modifications arise from the constraint that discontinuities in k lie at least a
distance L' from 0V, and from other constraints arising in the expansion in the next
section. The expansion depends on being able to replace this partition function by
one where h,, is replaced by 0. The error is a ratio of partition functions which must
be bounded by a surface effect.

In Sect. 11 we control ratios of partition functions by an inductive procedure to
remove the constraints. The induction terminates when an unmodified partition

function
Z(hoa V) = Zzh(hm V) (41)
h
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is obtained. Here hy(0)=h, for all ¢ and there are no restrictions on the sum over
h. Thus the whole procedure depends on an a priori bound on ratios of unmodified
partition functions. We supply the bound here since it is the physics behind the
stability of the ¢ =0 stationary point.

A more convenient form for Z(h,, V) can be obtained by translating from p to
(p=1v+g—h, The construction of g through a y; with ¥y, normal to dV at oV
insures that g—hy=4,,(g—h,)=0 at 0V. Thus the translation is compatible with
the Dirichlet data (see [3]). We have

WV dpy () =Ny LekD eXP( -1 wz) dptg, v (1)
Vv
=N;! exp(— i w+g—h>—=3[(g—ho)uz'(g—ho)— [ wuz'(g—ho)
14 |4 |4
- j. 1L/~)“'¢7_V1(ho —9)— % f (ho— g)“&?(’% - g)) dﬂo,ﬁv(ﬁ))
14 14

=Ny texp( =3[ (9= 1) dito,or (). (42)
Here du, 5 (1) has covariance u,, and
= Jexp(] =307 duo ar(v). (43)
As in the derivation of (3.25) from (3.23) we have
gl L B
1% ep(=5 [ 0-ney) ™ 0. P)

Q,CV \h(R,)

Z(ho, V) =Ny 'Y [M®
h

=N,! ,feM(V)d.“o,aV(ﬁ’)- (4.4)

The second step resummed the Peierls expansion in V.

The next proposition contains the main result on ratios of partition functions.
It is a kind of correlation inequality and is not amenable to proof with expansion
techniques.

Proposition 4.1. The unmodified partition functions with Dirichlet boundary con-
ditions defined in (4.1) satisfy the following inequality :
1Z(ho, VIS Z(0,V). (4.5)

Proof. We write e™") in (4.4) in grand canonical form again. We can eliminate the
restrictipn on integrations in M(V) by setting ¢(x)=0 for x¢V because then
g(x)=e?"?e¢® 1 =0. Using (2.3), (4.4), we have

Z(hy, V)=N;* [ exp( jiﬂ”zz e.P)

< lim Zg ! Z f e PV CXP( ipt/? Zez(a)d)(x )) dp, av(®)

A —-R3 (A N

=N;! hm Zy IZ { e ﬂWexp(tB“Z Y ei(a)h0+fiﬂ”22$esh0>
14

N'(A)N o xqeV

~jexp(iﬂ1/2 Z ey Plx,) + fiﬁ”zzsesﬁ,’) dtg (D). (4.6)

o1 XoE
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We have replaced ¢ with {+h, everywhere in V. The reason for using this
representation is now clear : The integral over ¢ is manifestly positive and so it can
be left alone when we take absolute values. The phase factors involving h, go
away, and we can reverse the manipulations in (4.6) to obtain

N
1Z(ho, VISN; ! lim Zg'Y — [ e ™ [exp(if? Y eilx,)
A —-R3 N N‘ (AN

o xqeV

+ § iﬁ”zzsesﬁ))duo’m(ﬂ))
v

=N,! f eM(V)d,uO’W(d))
=Z(0,7). 4.7

We have substituted ¢ for ¢ in V' to make the last equality more transparent. [

Remark. If we had not eliminated the constraint that h=h, near 0V, then
resumming the Peierls expansion in ¥ would have left remnants of the partition of
unity near V. Pushed back into grand canonical form, these functions are Fourier
transformed. After taking absolute values and returning to sine-Gordon language,
the functions are drastically modified. Any reasonable approximate characteristic
function y(A4) has the property that |||%|7|,..~cllogfl. These divergent factors
would cause problems with our expansion because they would have to be beaten
by factors of 1 while B<B,(4)=ce™ "

5. The Cluster Expansion

We develop the cluster expansion along the lines of [3], but a number of new
devices are needed to handle the special requirements of our situation. An
inductively defined expansion is needed to allow sufficient flexibility. Dirichlet
decoupling is needed so that partition functions inside clusters will have Dirichlet
boundary conditions to enforce the condition ¢=h, at 0V. With the Dirichlet
decoupling procedure we use, many contractions to a cube could occur without
long contraction distances to compensate. As in [11], the region to be isolated is
expanded appropriately to avoid this problem. We also expand the region to be
isolated to be as connected as possible, though this is probably not essential.
We derive the expansion first for a fixed h(x) in a connected region V< A, with
Dirichlet boundary conditions enforcing ¢ =hy(o) at each component ¢ of V.
Suppose that the support of &/(V) is contained in S, a union of “special” lattice
cubes. We think of .o/(V) as determining S, even though «/(a)=1 is possible for a
cube aCS. We order the unit lattice cubes lexicographically. Write
a;=[iy, iy + 1] % [iy, i+ 1] x [is,i5+ 1], where i=(i,, i,, i;)eZ>.
Then
a;<a; if i;<j
or i,=j, and i,<j,
or i,=j,,i,=j, and iy3<j;. (5.1

If X ,X, are two unions of unit lattice cubes, then we say X | is before X, if the first
cube in X, is before the first cube in X ,. The basic quantities to be expanded are
Z,(h,, V, ) and Z,(h,, V), defined in (3.35), where h satisfies Condition A of Sect. 3.
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The expansion generates an increasing sequence of regions X ;,X ,, ...,X,. Their
boundaries y;=0X; are contours for the insertion of Dirichlet data. Given a
sequence of interpolation parameters s={s,,...,s,_;} we define interpolating
covariances C(s) with full Dirichlet data on 6V and partial data on y,, ..., y,_,. Put

C,=(AIH(—4)—4,+1)7", (5.2)
where A, has Dirichlet boundary conditions on y. Then we define inductively
C(5y5008)=8C (51,08 )+ (1 =5)C,, (51558 1). (5.3)
Finally for s={s,,...,s,_,} we write
C(8)=Cap(S1s 58— 1)- (5.4
We shall need a formula for %C(sl, ...»8;_1). In terms of operators e, 4.,
-1
€,Cr(8)=Croy). (5.5)
0,Cr(s)=C(s)=Cr,(9), (5.6)
we have
Clspsensim)=e, Cfsy,.s8i5) 8510, C(54,..0,8_5)
-1
=...= [] (e, +s,,)C,. (5.7)
a=1

Since each 7, separates y, from y, if f<a<¢ we have 9, e, 6, C,=0. Thus

-1 1-1
CY(SI""’SI—I)z Z Z e?l"'87a~l(sa57a)' ( 5 )e"ﬁ+1 Gy 1C7+e €y 1Cv
a=1p=a (5 8)
This yields the formula
d 1-1
dS,_lc(Sp” S1-1) len(l) -Sp— 26/»1(1) . 6‘/1—1Cy1u4..uyw(,)_1u61/" (5.9)

Nonlocal terms in E(V) coupling across contours y, are interpolated with a
factor s,. For unit lattice cubes aj,...,a, we define

WX X)E; (). 8 (). (5.10)

,,,,,

1
éat(ap'-')at):E~ Z j Qi

Then we have

EV)= ), Y éla,....a,). (5.11)

t=2 (ai,...,a):a, SV
When X, is being decoupled from WX, E(V,s,,...,s,_;) is replaced by
E(V,sy,...,s;). The new version is the same as E(V,s,,...,s,_;) except that terms
with some pair of cubes (a;a;) separated by y, are multiplied by s, We say

(ay,...,a,) are partitioned by y,. Thus all the terms in E(V,s,,...,s,_,) are

Sp—1
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partitioned by y,_ ;. For each such term define #(/) to be the smallest integer such
that the cubes are partitioned by 7,,. Since the X, are increasing, the term acquires
factors s,,...s,_ in the interpolation process, and we have

[ngk]

l—
pn EV,Sg, 08— 0)= 2, Sy--Si—2
-1 =1 t

é(ay,...,a,).

I

2 (ay,...,qa,) partitioned by y,,, and
by 7,-, but not by Ty -1

(5.12)

Definition. Let %(h,h,, V) be the set of all faces of unit cubes in V that are at least a
distance L' from discontinuities in 4. [For this purpose we define h(x)=h,(o) for
x¢V near ¢.] The union of all faces in %(h,hy, V) breaks V into a number of
connected regions. We call the resulting regions the elementary regions associated
to h. Each X, will be a union of elementary regions.

Let a, be the first cube in S if S& 0 or the first cube in V if S=0. In the latter
case a, will be at the boundary of ¥ so we can define Y, to be the elementary
region containing a,, and then Y, will have g=h(o,) at its outer boundary. In
general we arrange for this to be the case by including in Y, all the elementary
regions that surround or contain a,.

Definition. A region R is said to surround a cube a if a ¢ R and if every curve from a
to infinity intersects R in a curve of finite length. A curve y surrounds a set ' if
y"¢y and if every curve from y’ to infinity intersects 7.

Draw the shortest path from a, to the elementary region surrounding a, that
has the largest diameter. Let T, be the set of cubes in IR? that touch this path. Then
let Y, be the set of all elementary regions that have a cube in common with T,. If
no elementary regions surround a,, then Y, is the elementary region containing a;.
Finally we put X, =Y, and y, =0X,.

The first interpolation attempts to remove interactions across y,. There is a
decoupled term (s; =0) which factors across y,, and there is an interaction term
1
fZ;Zh(ho, V,of,s,)ds, .

0 1

The interaction term is expanded further and several new regions are defined,

depending on what term in the expansion is being considered. We have

d—i— Zyho, V, o, s5,)= [ "V VR (V)P Vdp (), (5.13)
1
where du () has covariance C(s) and where

i, =

d —E(V,sqy..n8)+ | dxdy— d C(X, .54, .-, 5)
ds; VXV ds,

o ) ) )
N A Vs, ons)|. (514
(5w(x) T oo LS Sl’)(awm S0 DS )> G149

There is only one term 7(2)=1 in the sums (5.9), (5.12). Let 7, {1, 2, 3,4, 5} signify
which of the five terms in (5.14) is being considered. There are sums over ¢ for each
appearance of E in (5.14). The values are given by f,,t, (one or both may be
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superfluous, depending on t,). The integrals over x, y in (5.14) are expanded into
unit lattice localizations, and dE/ds,, 0E/dy are written as a sum of terms where
each vertex is localized in a unit cube. The cubes in which & or §/dy vertices are
localized will be denoted a,,. Some of these cubes are distinguished and denoted
d,,. Any cube containing a J/dyp is distinguished. Cubes in which g=h are
distinguished. For each factor &,, or &,, we distinguish the first three cubes (two
cubes if ¢, or t), equals 2). Distinguished cubes are ones where number divergences
can occur.

Having expanded out the interaction term, we construct the region to be
isolated at the next interpolation. For each factor &,, or &, draw the shortest tree
graph that connects all the cubes a,, of the factor. Tree graphs connecting a set of
cubes must have a vertex in each cube but can have additional vertices. If there is
more than one shortest tree, choose one but let the choice depend only on the set
of cubes to be connected. When 1, is such that there are functional derivatives,
draw in addition a shortest path that travels from one J/dy cube to 0Y; and then
to the other 6/6y cube. It should depend only on the cubes and y,. Define T, to be
the set of cubes in IR® that touch one of the trees connecting the a,, or that touch
the path from 6/dy(x) to 0Y; to §/0y(y). The region T, is a connected set
intersecting X ;. Like T}, it may run outside of ¥. Define Y, to be the union of all
elementary regions not in X, that have a cube in common with T,. Finally put
X,=X,0Y, and y,=0X,. The region X,UT,UT, is connected. Using an in-
terpolation parameter s,, Dirichlet data is inserted at y, and terms in E coupling
across y, are interpolated away. Again there is a decoupled term and an
interaction term which we expand further.

The general step is similar to the step just described. When X,_, is being
isolated, the operator i,_, is inserted as in (5.13). Using (5.8) and (5.10) we find
sums over #(l)=1,...,1—1, over 7,=1,..., 5, over ¢, t;, and over localization cubes
a,,. The distinguished cubes ), are defined as follows. As before, any cube
containing a J/0w is distinguished. We distinguish cubes in which g =h and which
have not been distinguished at earlier steps. The first three (or two) cubes in &, or
&, are distinguished. We draw shortest trees connecting the cubes of &,, &, and a
shortest path from 6/6y to 0Y,, to 6/0w. Cubes touching the trees or the path are
included in 7;. In addition any cube a satisfying

dist(a, a),) <(N(aj,)— D'* (5.15)
is included in T,. Here N(a;,) is the number of interpolation steps in which a;, has
been distinguished. We define Y, to be the union of all elementary regions not in

!

X,_, that overlap T, and we put X,=X, ,UY, y,=0X,. Each region X,u ( J T, is
i=1

connected.
The expansion proceeds until each term has its largest region X, decoupled
from V\X, or until X, =V. At this point we have

Zyho, V) =2 @) 1  Zbo(V),V, ). (5.16)
z

ViCV\Xw(2)
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Here Z specifies all the information needed to construct a term of the expansion.
We call it a cluster. It specifies:

A region V with boundary conditions hy(V);

An integer k=1 for which 5,=0;

A cube a,;

Regions T, and Y, =X,, and a compatible hX;

A contour y, —6X1 ;

Foreach [=2,...,k:

An 1nterpolat10n parameter s,_ ,

A value of n(De{l,...,1—1},

A type of term 1,

Indices ¢, t; for &-factors,

Localization cubes a,,,

Distinguished localization cubes a;,,

A region T, based on the trees and paths connecting the a,,,
A region Y, and a compatible k1Y,

A region X,=X,_,uY, and

A contour y,=0X,;

An observable #/(X,).

These data are compatible in the sense that Z must arise from the expansion of
some Z,(h,, V, /) as described above. For example V affects the covariances C(s)
and determines what part of T, is not contained in X,. The sum over Z in (5.16) is
restricted to clusters arising from the expansion of Z,(h,, V, &/). When Z is written
in parenthesis after one of the above symbols, as in X, (Z), we mean the value
specified by Z.

We have the following formula for o(Z):

K
AZ) = [ePXusterreset) T [is, o515k -y (0 1 1, @) 1 (X )e PR X9 dp (1),
=2

(5.17)

where the operators k, are written in the order x,_, ... «,. The form «,_, takes
depends on t,; for example we let ;=3 specify the term

Kl—*l(3> tl’ t;’ alat)= _f dXdyéy a yl 1Cvl UW(I)—AJ@V(x’ Y)

Az, X A1z,

0 0
5900 590 Elyg -, ) (5.18)
In V\X, we have a product of decoupled partition functions, one for each
component V; of V\X, [see (5.16)]. Components do not interact since &-factors
coupling across y, have been interpolated away. Each component has boundary
conditions hy(V)). For ¢ a component of dV; the boundary condition hy(o) is
defined to be the constant value of g at ¢. The function h in Z,(hy(V), V,, &) is
understood to be restricted to V. It must equal hy(c) within a distance L' of 6\0V. It
cannot specify an elementary region that surrounds X (Z), by our choice of T, and
Y,. There are no other constraints on k in V] arising from Z.
The partition functions Z,(hy(V}), V,, /) will not necessarily satisfy Condition A
unless some further conditions are placed on i, hy(V), and V. These will be imposed
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and Condition A will be checked each time (5.16) is applied. Assuming Condition
A for the moment, we need to check two things before we can say that the partition
functions Z,(hy(V)), V,, /) produced in (5.16) agree with our earlier definition (3.35).
In order that R(V), when restricted to V,, should agree with R(V)), defined in (3.37),
we need

gv=¢gy, on V
and

“L—a%/(g - %(ho(V), V)= ulja%/,(g - hi)(ho(Vi)» V) on V.

The subscript on g indicates which region was used in the construction of g as in
Sect. 3. In fact it does not matter whether ¥V or V; is used to construct g on V;
because only the part of 0V touching ¢, affects g in #;. New Dirichlet surfaces are
placed at least L' from discontinuities in h. Hence they are well outside of #; and
do not affect g there. The second condition is easily checked when hf(hy(V), V)
=hi(hy(V), V;), because new Dirichlet surfaces in LoV, are at least L' from places
where h+hi(hy(V),V), and hence g=hi(hy(V),V) near the surfaces. When
Ho(ho(V), V) % hy(ho(V)), Vi) we verify the sequence

ua(g = ho(ho(V), V) =ug (g — hohe(V), 1))
=1, (g —ho(ho(V)), 1)
= ul_ﬁ%/](g —_— I’llo(ho( V;)a Vz)) s

where u, has free boundary conditions. The first step follows because Condition A
for V; implies that LoV is far from places in V; where h (and hence g) differs from
ho(ho(V), V). The next step is just the fact that ug ' =A*I3(— 4)>*— 4 annihilates
constants. The third step follows because LoV.ndV is far from places where
g=+ho(ho(V}), V;) by Condition A for V; the same is true for LV;\0V because it is all
new.

We wish to use (5.16) to derive an expansion for some full partition functions
(with & no longer fixed) which we define now.

Definition. Suppose we are given V; hy(V), and a set of cubes 6/1\/ where h is required
to equal hy(o,(V)), the external boundary condition of V. In addition, for each
interior component ¢ of 0V we specify i(o)=y or n, depending on whether h’s
specifying elementary regions surrounding ¢ are allowed or not. We may as well
assume i(g)=y for hy(c)*hy(c,) — otherwise no h’s would be allowed. All this
information will be denoted V. Then we say that h is compatible with (h,, V) if it
satisfies the above requirements.
We can now define
Zh,,V, )= Z Zyhy, V, ),

h compatible with (hg,V)

(5.19)
Z(hy, V)=Z(h,, V, 1).

We will always deal with (h,, V) that satisfy the following two conditions.
Condition B. Every cube in &V is less than L' from 0, or from a ¢ with i(o)=n.

Condition A'. If there is a A with hy(o) =hg(0,), then all cubes less than L' from a ¢’
with hy(o’) +hg(0) are in OV.
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Condition A4’ is just Condition A4 applied at the level of full partition functions.

Some comments on Conditions A" and B should help us to understand what
sorts of (h,, V) can occur. If hy(V) specifies more than one boundary condition,
then an interior component ¢ has hy(s)=%hy(a,). The partition function would
vanish unless all such ¢ have i(¢)=y. Condition B keeps cubes of 0V away from
such o. If a different boundary condition occurs on an interior ¢’, then Condition
A’ includes nearby cubes in 0V. Thus we must have hy(¢")=hy(0,). To summarize,
at most two boundary conditions are present, and if two are present then
components with hy(¢)#+h,(c,) have no constraints [i(c)=y and no nearby 0V
cubes], and components with hy(0)=hy(o,) have full constraints [i(c)=n and all
nearby cubes in 6V] (see Fig. 1).

Note that Z(h,, V), defined in (4.1), is equal to Z(h,, V), where hy(o)=h, for all o
and where V specifies % =@ and i(c)=y for all o.

Equation (5.16) now yields the expansion

ZhgV, )= 0@ T[] ZhoV)V, ). (5.20)
z V. SV\Xi(@)
Here Z runs over clusters that arise in the expansion of Z,(h,, V, «/) for some h
compatible with (h,, V). We have summed over all & in V compatible with a fixed Z
to. obtain the factors Z(hy(V)),V,, &/) All cubes of V; closer than L' to 0V,\0V are in
0V, In addition, any cube in Vm@V is in aV A component of 0V, has i(o) =n if it
surrounds or equals some ¢ of 0V with i(¢')=n. A component of 0V that
surrounds X (Z) has i(g) =n. Otherwise i(c")=1y.

We now apply (5.20) to Z(0, 4, &), putting §A=0. Equation (5.20) is to be
iterated by applying it to the partition function Z(hy(V)),V,, &) that contains the
first cube of S that is not already part of some X, (Z). The process continues until
all cubes of S are used up. The clusters produced so far will be denoted with letters
X.. The expansion takes the form

z20,4,)= 3, [TeX)  [1  Zhe(V).V)). (5.21)

X, r V. CA\UXi(X)

Note that all partition functions produced by this expansion have constant
boundary conditions and all interior boundary components ¢ have i(g)=n. Thus
Conditions A" and B are satisfied.

For each V; with ho(V)#0 we multiply and divide by Z(0,V,). Note that for
these V, aV is always the set of cubes at a distance less than L' from 0V,. Also, any
interior components ¢ of dV; have i(0)=n and ho(a) hy(o,). We also d1v1de (5.21)
by Z(0, a)!!, where a is some unit cube, a specifies da=a, and |A] is the volume of A
(the number of unit cubes in A). We put

Z(h,,V, o) =Z(h,,V, o£)Z(0,2) ",
Z(hy, V)= Z(hy, V)Z(0,2)" ", (5.22)
AZ)=o(Z)Z(0, a)” @1,
s0 that (5.21) becomes
20.4,.4)=Y 2(X}) [1  Z0OV), (5.23)

X3 Vi€ A\[J XlXr)
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%o %o %0

gy o

n y n

A e, B |
TR % 2

a b c

Fig. la—c. Situations violating or satisfying Conditions A’ and B. In each of a~c let V be the large
rectangle minus the squares enclosing a y or an n. The shaded region is oV and the o; label the
components of dV. The values of i(s,) and i(s,) are indicated by y or n. Suppose that hy(a,)
=hy(0,)Fhy(g,), so that hy(s,) is the leading boundary condition of V. Then a satisfies Conditions A’
and B, b satisfies neither, and c satisfies B but not A’. If we changed i(c,) to y in a, then A’ would be
satisfied but not B. Now suppose that hy(o,) =hy(o,)=h,(g,). Then Condition A’ is irrelevant, and
Condition B is satisfied only in a and ¢

where

h.(V)),V.
sxp=lacxy) [ AhelhhV) (5.24)

Vi:ho(Vi) 0 Z(O’ Wl)

There are some compatibility conditions on all these sums over clusters. They

arise from the fact that at each application of (5.20) the set of clusters generated

depends on the available Volume Each X, must arise in the expansion of some
component (hy(V,),V,) of /1\ X.(X.,).

X, before X,.
The next several sections will be concerned with proving good bounds on o(Z).

To state the estimates we need some measures for how many convergent factors
are produced in the expansion.

Definition. Let d(Z) be the sum of the lengths of the trees and paths connecting the
s 1=2, ..., k. Let 8(Z) be the number of functional derivatives d/dy specified by Z.
Put ¢, or 1;=0 when 7, is such that the corresponding &-factor is absent. Then
define

{(Z) = max {5(2), i (tl—i-t})}. (5.25)

For f a face of a unit cube in X,(Z), let oh(f) be the discontinuity in h across f.
Define

|| = sup
¢, {xi, ni}

M so) |
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Proposition 5.1. Consider the sum of clusters produced in the expansion (5.20) for
some fixed h,, V, and /. Under the conditions of Theorem 2.4,
YD) (c(L)2) ™1 @2l = 3ADADEAXKDI T e L2OMI* /(X (7)) " S (5.26)
z !

We obtain in Sect. 8 a bound
|Z(0,a)] "' <1+ch, (5.27)

and so estimates like (5.26) will hold for g(Z). The ratios of partition functions in
(5.24) will be estimated by a very mild surface term exp(e’cm”zﬁ Ux k(x,)‘) . The

surface effect is absent in the bound of Sect. 4 and arises from the constraints
0V;+0 and i(oc)=n in each V, It is controlled by the expansion (5.20) applied
appropriately in an inductive argument. In the process we obtain bounds on the
“external” ratio of partition functions in

. Z(0,V,)
Z(0,A,.o) _ V. EA\ Xu(X,)
D= = LE - , (5.28)
N Z(0,4) {%} (%) Z(0, 4)
bounding the ratio by exp(c(L)/l UXk(xr)D )

6. Estimation of the Expansion

We wish to prove Proposition 5.1, assuming some bounds on parts of o(Z). Our
first task is to bound the sum over Z in (5.26) by a supremum with appropriate
combinatoric coefficients included. Define

0,(Z) =1(Z)(c(L)2) N2 1 = 39/ g DI T 2O | g (X (Z))]| 7" . (6.1)
r

We adopt the convention that ¢ and ¢ denote small and large constants,
respectively, and different appearances can denote different constants. The size of ¢
depends only on the constants 6, C,, C,, ¢,, ¢,, etc. appearing in Theorems 2.2-2.4,
and not on 4, fi/l,, L, or L. Dependence on one of these parameters will be written
explicitly, as in ¢(L). One can take ¢ small, but not depending on 4, B/, L, or L, so
that ¢~ ' <c. Recall the discussion of L({a,}) in (2.8)~2.10). Let {a,,,} and {a,, } be
the subsets of {a,,} involved in the trees &, &, respectively.

Proposition 6.1.

z 0,(Z)<supo,(Z) XKD T+ 1 1—[ ot LA ON()? ged(2)
z z f

j?\“

—eLya({a12,})
{Srl(l)"'sl—2<ZAb’1Ae na ({ar )(
n

Proof. Write the sum over Z as

Y Y [@IY Y ¥ Jas, ¥ T ¥ 63

k Yy,h!Yy T2 t2,t5 {aza} Y2,h Y, n3)=1 3 Yi,h [ Y

Y byae” ({am})ﬂ e

1 n

I

2
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with each summation variable compatible with the ones on its left. We convert
sums into supremums from left to right using the identity Z f(h= supCT f(T),
valid for f(T), C;=0 when
Y Crt<1. (6.4)
T

For the sum over k we put
C,=c, (6.5)

and (6.4) is satisfied.
For the sum over H,=(Y,,h!Y)) we put

CHI= fIC"[Y esL3(5h(f))2(1 +Ce—sL3n2B“)IYzI/L3_ (6.6)
=11
Consider the case =1. We first want to sum over T, or equivalently the cube qa,

closest to a, in the elementary region of largest diameter surrounding a,. By (3.6)
the smallest value of oh(f) is 2732y~ /2. Therefore

z n e-—sL3((7h(f])2§1+ Z e—eL3r]1[3"‘(dist(a;,ac)+1)
ac fEY) ac*ay

Sl4ce mht (6.7)

A similar argument bounds the sum over the L-lattice cube Q, farthest from a,
whose boundary contains a discontinuity in h. The cube @, contains or borders on
regions where h(x)=hy(oy(V)) because this holds at the outer boundary of Y.
Therefore we can sum over h(Q,) using

Y e O <42 i e HATETINE | cem T (6.8)

h(20) n=1
The term 1 in (6.8) corresponds to no discontinuity (in which case Q, is the first
L-cube in a,). We continue applying (6.8) to L-cubes adjacent to regions where h
has been fixed. When h has been fixed in the cube containing Q,, it determines a
minimal region that must be contained in Y. The region consists of all cubes less
than L from discontinuities in h. We continue summing over h in new regions
using (6.8) and expanding the minimal region to accomodate discontinuities.
Eventually the region will contain T, nV. The process stops when £ has been fixed
in a region such that no cubes in V are less than L from discontinuities. At this
point Y, and h!Y, are determined. Gathering the estimates yields

H e—eL3(6h(f))2(1 4 ce e B” 1)—(lel/L3+ <. (6.9)
Yi,h 1Yy fCYy B
The corresponding estimate for /> 1 is easier, because 7, is determined by the {a,,}
and we can take Q, to be any cube in T, bordering on X,_, or on dV. The estimate
(6.4) follows from (6 6) and (6.9).
We next consider sums over T;=(s,_,#(])). Define
A= e, ... 8-, Y|, (6.10)

a

C;llze(sz—1~1)A1—x88nm S 2| (l)l (611)
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Then we verify (6.4):

-1

;C;Il =fds,_, Y e PAgs s LY
1

nl)y=1
=§dsl_1e(sx—x"1)A1~1Al_l
—l—e M1, (6.12)

We can take C, =5, C,=c", C, =c", and (6.4) will hold for the 7, t, and ¢,
sums.
Let d(Z) denote the part of d(Z) arising from differentiation with respect to
5,_ ;. We wish to bound the sum over {g,,} using
- e~ edi(Z)

¢ = TRal] anAe_sL"A({m“‘}) anAe_EL"A((m“z” (6.13)
¢ |Yn(1)| nA n4

as combinatoric coefficient. (Some of these factors may be omitted, depending on
7,.) The sums over the d/dy cubes a;,, a;, are handled by the estimate

Z e"‘d"z)gclxﬂl)l, (6.14)
ag,,dz,

which holds because d,(Z) has a contribution from a path from a,; to dY,, to a,.
If we are dealing with the dE/ds,_, term in (5.14), then we use the fact that {g,,} are
partitioned by y,, but not by y,,_, to show that the tree connecting the {a,,}
must intersect 0Y,,. Thus we can sum over one cube on each side of 0Y,, using
(6.14). The remaining sums over the a,, can be estimated by using (2.9). Putting
these estimates together yields (6.4).

We need only gather the coefficients to complete the estimation. In (6.5) we
note that k=t(Z)+1; in (6.6) we note that

k
I1 (1 + ce™eL2m P~ YL < pelXu@)] (6.15)
=1

The factors |Y,,| cancel between (6.11) and (6.13). Finally, we observe some
cancellations between coefficients in (6.11),

-1

(S-S, —8, ...s,ﬂ)IYa])

=exp (kil el—s,... Sk—1)|Y;|>

a=1
§ealxk(2)l , (6.16)
completing the proof of the proposition. [
Proposition 6.2.

sup IQ(Z)I (C(LM)_ HZ)/2 p(1 = 20/3)d(Z) eale(ZH 1’[ eeLS(éh(f))Z
z S

k
JEDAvAIRE] [snm s Z(Z byae” «%») (Z byae” “M)] =
=2 n n (6.17)
Comparison of (6.17) with (6.2), (6.1) yields Proposition 5.1.
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Proof. Recall the formulae (5.17), (5.18) for o(Z). Let us rewrite R(X,) using g,,
defined by

go—ho=Cprop(h—hp), (6.18)
where C;, =ur L +1 and hl=hi(hy(V), V). By (3.37), we have

RX))=—3 § (g—h?*—-3 j g—ho)uray(g—ho)— § w(g—h+upy(g—hg))
=-3 I [(g—h)2+guo 91— [ wCralg—g.)
Xk X1
=—F,—F,. (6.19)
Our construction of g insures that g—hf appropriately at LdV, so that
g—hbeD(urs,) and the replacement of u, ., with u, is justified.

We now proceed with a series of estimates, some of which will be proven in
later sections. Combining them will yield the proposition. We have

F 2cl*Y (Sh(f)?, (6.20)
s

because [guy 'g=[|Vgl* (see the proof of Lemma 5.2 in [1]).
The other term in R(X,) satisfies the estimate

le™ 2 Loy @ug =€ (6.21)

where p, can be large. The proof of (6.21) is similar to the one in [3]. The left-hand
side is calculated as

exp(3P1 (9= 9)Cra C()Cralg—9g.) Sexp(cf(Crailg—9.))%),

using [|C(s,x,y)ldy<c (see Sect. 10). Where x3=0, we have g=h and
Cralg—9)=0.In ¢, we are away from LGV\F and h=h (recall that I'y=LaV
Nn#y). Thus where y,=1, we have g—h;= =Cp,(h5—hy), and again
Crov(g—g.)=0. Thus the integral on the rlght 1s supported where y,¢{0,1} for
some f. Call this set B. At ye ijﬁ we note that I'y=@ if h(y)=hy so that

Crov(g—9)=CravxsC ryhg—h(y)).

Note that hy(x)=h(y) unless dist(x, y)= L/8. In Sect. 10 we boundl@“Crp(y, x)| by
ce X712 for |x—y|=L/8, ye B, |« <4. Thus we can apply the derivatives in C;,},
to obtain

jj (Cralg—g.)* Sc }" dy(J dxe™ V2 |hg(x) — h(y))*.
B B

The right-hand side can be bounded by e™“* )" (6h(f))* as in [3]. By summing

-
over f3, taking L' large, and using (6.20), we O{b_tffili’l (6.21).

We consider next the functional derivatives /3y in x; in (5.17). Each §/0y in a
cube a distinguishes ¢ and counts in N(a). Let #(a) be the number of factors ¢, that
are localized in a. The number of terms resulting from the application of all
functional derivatives is bounded by

[T(t(@)+ N(a)+ V@ <P [T (eN(a) ™. (6.22)
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To control derivatives of F, we use the estimate

nlfs

)<e5F‘ [IN@™@ 2. (6.23)

2
2

This follows from the proof of (6.21), where we bounded j %

by e¢F ;. The factor

A" can be extracted because a; must be within L of a discontinuity in h. Thus a
piece o is available for the boun a) NI <Leh<e UL the
i fF, i ilable for the bound (AN(a)™N@ < e’ <™ F 17 By th

definition of ||.«/| we have

o9

l_ll dp(x )M(X")

(e L X (6.24)

We will prove in Sect. 9 the following estimates on functional derivatives of G,
and E:

"G
20 S (1§ )

+1000)] +1g(x) — H)D(L +10C))*, 20, (6.25)

¢ 5\t
aIJ1 (511)(3%))01 éot(ala "'9at) é(C/lz)t—le_(l-‘5/2)“{“«))[3"1 l_[ (Cﬁ)na/z

aing>0

ST DB (w(r)l+lg(yv) — h(y,)l

distinguished

B A1) (6.26)

Here f is symmetric and || f]|,. <1 (the norm taken with one variable fixed). The
subscript o on (J/dy(x,))" indicates that the operator acts only on ¢;_ in (5.10).

We bound the factors produced in (6.25) and (6.26) by taking a supremum over
{y,}. For the factors |g—h| we use

[Tlg(x)—hx)l < e [T(eN(@)L )™, (6.27)

which follows from the estimate L3(g(x)— h(x))* < cF,(Q,), where Q_ is the L-lattice
cube containing x. The factors || and |d| are controlled using

c b/2 B
<ef ‘(—) [T(eN(@) L )N, (6.28)

b
lz—l1 (p(xl+16(x)) 7

LP2 (dus)

with p, large and even. This is proven using
(II/J(X)I+|5(x)|)2§c(w(x)2+(L‘3 | w)z +(g(X)—L"3 § g)z)
25 25
§c(1p(x)2+L"3 [+t (Vg)z) )
2 N
The last factor is less than ¢L”'F (€2,); the other factors are handled by the usual

Gaussian integration estimates. We need |C(s,x,y)|<cA™'e 792 which is
implied by (6.34) below. The factors ,,,f~"/* are produced because we are not
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quite at a stationary point of the action when h(x)+0. Hence large coefficients are
possible, but they are compensated by a vacuum energy term as follows:

[T0nef ™) eXp( ) —8L3?If<nu)ﬁ"l> s [TeN@L M@, (6.29)

26 C Xk

We now state the main vacuum energy estimates to be proven in Sects. 7 and 8.
The main estimate produces the energy factors used in (6.29) and controls the
remaining functional derivatives. With p, near 1 we have

82X n 5w(x) Gl(Xk)

é(ﬁ1/6ec/i)ne3F1/4 n N(a)cN(a) exp(ﬂ Z _ CL317}?(Q°‘)ﬁ_ 1) exp(ﬁl/Gec/l ‘Xkl) (630)
a o € X1

LPs (dus)

The nonlocal interaction terms are estimated using

0Dl g SEH T exp( T L 67 (631
Q5 S X
with p, large.
The various number divergences produced above are handled with exponential
pinning:

[T(cN(@) L™ 3)™N@ < (L)@ e ™ (6.32)

This is proven by noting that there must be N(a)/2 lines in d(Z) starting at a and
going a distance at least [(N(a)—3)/2]'/*. Hence a factor exp(—eN(a)>*) is
available in e ~*® for each a, and (6.32) follows by noting that the total number of
distinguished cubes is bounded by 2t(Z).

The factor exp(—¢&N(a)>'*) also beats the volume divergence associated with the
region around a of size ¢N(a)** included in X,. There is also a contribution to X,
of size cd(Z) from the cubes touching the trees and paths in d(Z). Finally, we have
contributions from cubes within L of discontinuities in h. Altogether we can
estimate the volume divergences by

exp[(e+c(L)A+BY0e) X, [Je” “@ e F1 L DT (6.33)

We need the following estimate on differences of covariances, proven in Sect.
10:
0, ..o, C

=1,—(1-9/2)dist(x, Y yq1),
Pty Yi-1 71V u)’n(l)—nuﬁV(x’y)lgc’1 e 18t n® y). (634)

Here dist(x, 0, y) is the length of the shortest path from the cube containing x to
0Y,, to the cube containing y. The remaining convergence in d(Z) comes from the
L({a,}) in (6.26), using the estimate

o~ (1= 8/2)L(ias)) (1 = 2/3+ 20)dr({asd) (Z b el ((%)))- 1<, (6.35)
A

Here dr({a,}) is the length of the shortest tree connecting {a,}. The bound (6.35) is
easily proven using d;({a,})=L,.({a,}) and (2.8) with a=1-4/2.

The proposition now follows from (6.20)-(6.35). We split up the du, integral
using Holder’s inequality, and each part is estimated above. The factors s, ... s, ,
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cancel between (6.17) and (5.17). By (6.26), we have factors A**~2 for each &, Each

distinguished ¢; in &, can come with a factor |p| or it can be functionally

differentiated ; in each case we must allow a factor A~ 2 from (6.28) or (6.34).

Altogether we have a factor A3 ~#/2 < "2 for each &, There must be at least §(Z)
k

— ), (t;+1) other functional derivatives which hit F,, &/, G,, G, or some ¢; a
1=2

second time. These get factors A~ /% from (6.34) and factors 4, /2, or B¢ from

(6.23)(6.26), (6.30). [The first derivative of ¢, produces a B2, but we use it to

cancel the 7! in (6.26).] Extra powers of || or || (and hence A~ ¥/2) are generated
k
in (6.25) but these are associated with a /2. Overall an extra §(Z)— ). (¢,+1)
1=2
factors of A'/% are produced and thus a A'®/2 is available, as required by (6.17). All
other factors are accounted for in (6.20)—(6.35), and Proposition 6.2 is proven. [

7. Derivatives of r(A)

In this section we use Cauchy’s integral formula to estimate derivatives of r(A),
defined in (3.28).

Lemma 7.1. For any he #,

N
d—dzﬁ r(A). SCNNNOeT b A AT IS, (7.1)

Proof. As in [3] we write

CXp(L3 Zgi(eith/zeix_ 1)) exp(La Zgiei/}uz e;X(e—ﬂ”zeiy_ 1))

rlxtiy)= exp(L®y?/2) > exp (— L3 [(x—h')*+2iy(x—h')]/2)
h'e#
.11
_ L (7.2)

Consider first the region
e—hl <2871, |yl Smin{L™ 3, 242, B0} (7.3)

By Lemma 3.1 we have
[|Se Lomb™lemvl26=h2 (7.4)

We expand in x and y, use Y, g,e;=0 and (ReS)(h)=0 to obtain

T <exp(L3 Y ge™#"% — 1)+ L* ¥ g(cos p2ex — 1) (e~ #*e» — 1))
<exp(L? Y efefy’/2— L3 Y 0,8 %€l 570 )6
+L*Y (1 —cospZex)cp2yl)
Sexp(LPy*/2+c+cL’npf Pyl +cL® ) 0, e} Iy(X — 1))
Sce" <, (7.5)
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for some § between 0 and y and some X between x and h. Only the h'=h term
contributes significantly in IV, so we have

V|~ S celmm2, (7.6)
Thus
[r(x+iy)| S ce” LPMf 'l =201 =022 (7.7)
and (7.1) follows for |4 —h|< B~/ if we note that 1— 2y is small and
(L 12 he™ H0 12 S NNY2 (738)
Next we consider the region
xel, Ix—hlZp~Y%2, ISL™*n~1pY2/16, (7.9)
where the following bounds hold:
TR e

I <exp(cL® ) g,flel <c,
I~ <e,
V|~ S e,

(7.10)

For the last bound we used the bound on |y| to show that all terms in the sum
comparable to the h” term are correlated in phase. Thus all but the 4" term can be
neglected for an upper bound. Altogether we have

. — - _ 3y — B2
|r(x+ ly)' gce L3n.p 1e(1 2y)L3(x—h")2/2
< ce LB LA 16

e R L S AP R (7.11)

The transition from 4" to h in the second inequality was made using (3.5), (3.6),
assuming y is close to  and the coefficient of L3n?~ ! is fairly small. The resulting
Cauchy estimate for [A—h|= "1/ is

N

dAN

F(A)‘ < Ce—cLi‘m%ﬂ-1eL3(A—-h)2/8N!BN/6(0L317B—2/3)Ne—cL3ﬂ‘1/3, (712)

and (7.1) follows immediately. []

We use Lemma 7.1 to obtain more precise estimates on r(A4) with no
derivatives.

Lemma 7.2. For any he #,
[H(A)| S e LB (14 c L™ 3210 A, (7.13)
In addition,
[r(A)— 1| S cL~32p1/0eL24%6 (7.14)
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Proof. The first bound is just the fundamental theorem of calculus:

ifl/2e;h
]V(A)I exp(L3ZQ b 1)) + jcBI/G —cL3n2p-t L3(A _h)z/gdA'
= Y exp(—L3h—H)*)2)

h'ed
Se LT (1 4 cBYO| A — hlek ATy, (7.15)
For the second bound we take h=0, use the estimate
‘1— exp(— L3h’2/2)\ Se LTt (7.16)
h'es

and handle the interpolation term as above. []

8. Vacuum Energy Estimates

This section is devoted to proving (6.30), (6.31), and (5.27). We need to extract some
of the small 8 and small A behavior of the vacuum energy to avoid swamping the
convergence factors of Sect. 6. Other new features arise from the Dirichlet boundary
conditions, which prevent us from following [3] exactly.

Lemma 8.1. Let p, be close to 1. Then

2G2(X1) l_[ G1(X1)
51.0(?6 ) LPs(dps)

_S_(B“ec“)”e””“l_[N(a)CN(")eXp( I N L A R (3

(e ¢%

Proof. Let D be the union of the L-lattice cubes containing x;s. We apply
Lemmas 7.1 and 7. 2 to the factors #(4) in ¢! to obtain

p3
G2(X1) Gl(xk)
Je H 5w( )¢

éj ‘epstl l—[ (I4+cL™ 3/2ﬂ1/6eL3(A(9m)‘h(Qa))2/6)p3
[eM )]

Y i 50y i 7 TN
Q,CD » u ’

< z “epst|(cL—3/Zﬁl/6)|S| H ep3L3(A(Qo=)_h(Qm))2/6

- SCXK\D Qagg

‘GXP(Z —cL*ji0, 8" 1) [IN@ ™ (cpy="e. (8.2)

o

du(w)

We have used (1+x)?<1+px(1+x)?"" and expanded the product over Q,¢D
into subsets S of X,\D composed of L-lattice cubes. We take S to be the union of
the unit lattice cubes intersecting D or S nontrivially.

The next step is to use the bound

|epst(a)| <1+ §p3|G2(a)e’p3Gl(“)|dt
si+ cﬂ”z[f (L4 1B~ 12+ [p(X)] +16(x)] +[g(x) = h()) (1 + lé(x)l)zdx]

~exp( j 2p35(x)2dx) , (8.3)
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which follows from (6.25) and |G,(a)| < | 26%. We expand the product over aCX,\S

into a sum over subsets T of unit lattice cubes. Denote by V(a) the quantity in
square brackets. Noting that (4 — h)? <(p+g— h)?, we have the following bound
on (8.2):
% fexp[ | 2p30*+ps(p+g— h)2/6)} (cL™32B6)Sl(cp) Tl

TuS

SSXi\D TEXi\S

11 ") exp(z —cLnpo B~ 1) [T N@™@(cpyr="®. (8.4)
alT Q, a

The factors V(a) can be handled separately with Holder’s inequality, still keeping

the coefficient of (y+g— h)?/6 close to unity. In each aC T, we pick up a factor

¢A73? from the Gaussian integration (6.28). We prove below that

| (2q0%+q(y+g- h)2/6)] dp () S eFi4eITOSIA (8.5)

TuS

fexp

for g>p, near 1. Thus we can sum over S and T in (8.4) to obtain the estimate
I1 1+c[f”2/1“3/2<1+jlg—hl—l—f}1,flf‘l>e”“‘]e°‘§“’1
SEXi\D aSXi\S a a

.e3p3F1/(4q)(CL— 3/2ﬁ1/6)|SI GXP(Z _ CL31’],%(Q )/g— 1) n N(a)cN(a)(cﬁ)psn/6

Qq

é Z exp(ﬁI/Zec/Ale\gneclgl/xesp3F1/4(CL— 3/2[31/6)[5[ (86)

SE<Xi\D

-exp(z ~ Lo B~ 1) [T N(@)N@(cpyr=me

Qo

Sexp(BYoe X, [)eror /4 exp(z — L3 B~ 1) [ N(@)N@(pHoel#ypr,
Q, a
which proves the lemma.

To prove (8.5) note that C(s) is a convex combination of covariances of the
form
Cr=(A3(—A)*—A+1)7 1,
so by [3, Eq. (9.67)] it suffices to consider that case only. We use (p +g—h)? <2y?
+2(g—h)* to obtain

5 exp< j ) (2q52 + q(w +g— h)2/6)) du(p)e” 2gF(TuS)/3

TuS

<f eXP( [ 2g67 +qw2/3)) du(y) eXp< - Tf (4940 19]/3) ~ ®8.7)

TuS

Let P be the operator which projects out the constant component of a function in
each L-lattice cube. Then

6*=(P¢)’ =(Py+ Pg)> 2(Py)* +2(Pg)*. (8.8)

We have u; ' = — 4, (Neumann boundary conditions on all L-lattice cubes) and
—AyZcL™?P, so that

4q(Pg)*<cL’guy'g. (8.9)

Thus for small L we can estimate (8.7) by

§ eXp(Tf . (49(Py)* +qy?/ 3) du(y). (8.10)
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We now bound (8.10) by e!"“5V* as in [3, Appendix 3]. We have
ICH?BaPrrosP +2qx7,5/3)CH2 I S I CH2 (8P +24/3)C12||
SICHA(eLA (= 4y) +29/3)Cr | £2q/3< 1,
again with L small. In addition, ®.11)
tr Cp(8¢Pyr 5P +2q1,5/3) S ctr(Cryr ) S | TUS|/A, (8.12)

where we have used (6.34) for the estimate Cp(x, x) < c/A. This completes the proof
of (8.5) and the lemma. []

Lemma 8.2. Take p, <co. Then

HeE(Xk,su.“,sk-1)”Lp4(dus) éecilxkleeh exp( Z 8L3yh%(9a)ﬁ_ 1) . (8.13)
QaC Xk

Proof. We use (6.26) with n,=0 and two ¢;’s distinguished for each &, to bound

[EX IS Y, Y (ea?)y ™ lem WM fdy dy, f(yy, y,)

t=2 {az}
DI+ ) = hY DI+ B2 (@) +19(r2) = B )+ Ty )
S [ WPHg—h>+mp™ ). (8.14)

We have used [3, Lemma 9.6] and the fact that the norm of the integral operator
associated to f is bounded by | f(y,, )l =1. The second and third terms are
bounded by eF, +) eLypq, B ' For the first term we use

§exp(f cpyA2p2)dp(p) S e ¥l (8.15)
which follows from

1C($)"22ep, 22 1, C(s) 2] < 1,

tr(C(s)2epa APty ) S 4, ®10)
using again |C(s, x, y)| < ¢/A. This completes the proof. [
Proposition 8.3.
1Z(0,a) "= 1+4cA. (8.17)
Proof. We have
Z(0,a)=Z(0, a) = e¥>@eT1@eE@qy, (). (8.18)

Use the bound of Lemma 7.2 on |r(4)— 1| to show that
1Z(0,2)— [ 9 @e"@dy, (¢)|
§ z y|eGZ(a)eE(“)I(CL_3/2ﬁ”6)lsl l—[ eL3A(Qa)/6dHaa(¢)

SCa,S*0 02,ES

S LB [P exp [ 207+ 67/6) die )

ScL™%12BYSeAe < ). (8.19)
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We have used Holder’s inequality, Lemma 8.2, and (8.5). Next we use (6.25) to
show that

1Gy(a)l=cp? [ (1 +1gD)°, (8.20)
and hence (6.28), Lemma 8.2, and (8.5) imply that

I ¥ @eP O, (d)— [ P @dpy ()
Scpsup [(1+1900)°[e"] eXp(J 252) dpioo(9)

§c/31/2/1"3/2e“e‘“§c/1. (8.21)

Finally we use (8.14), (8.15) to estimate
If P @dpy (@) — 1] = c2? ({ w2> eXp(ciz f w2> dpa( @)
Scle?<el. (8.22)
The proposition follows from (8.19), (8.21), and (8.22). [

9. Functional Derivatives

We prove (6.25) and (6.26). Functional derivatives of G, and E need not be small
when h=+0. However, we can bound them by small factors times functions
involving 77,8~ /2, which can be controlled by the corresponding vacuum energy
term.

Lemma 9.1. For any n=0,

20| SO i )+ )

+1g(x) = h()) (1 +[3(x)))? . 0.1
Proof. We have by (3.29)

G,=] ,_il 2(Gix)Gi(x) + Gi(x))dx , 9.2)
where l
Gi=eifet_ 1,
Gy=e#'"e0—ift2e5—1, ©.3)
Gi=el"" 0 1 JBe?6? —ift2e 65— 1.
Since A= +g—J, we have

IGI‘ — I(eiﬂ‘/zei(w+g—-h~6)___ 1)eiﬁ1/2eih+eiﬂl/2e,h__ II
a

< BY2le(lpl+1g—hl+18) + |/2)/1~cos p*2eh . 9.4)
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Other possible derivatives are easily estimated as follows:

o .
i < n/2 | >
5wnGa =p"lel", nz=1,
Gl<pezsra, | gl <pes
= i ) 51/) bl = i k)
‘5w" Gy <B"%lel", nz2, (9.5)
i 3/2 383 6 i 3/2 352 2 i 3/2 3
IGI=Ble)*6°/6, |G| =p>%e|0?/2, |G =p*?lel’s,
oy oy
" i < n/2 In >
&pnGc Sp"lel", n=3.

If at least one derivative hits G*, or if we consider the G term, then we have the
bound

Y 0B le )y BB(1+16])} S (cpymx /2= DB N 9.0 (1 +6))°
i=1 i

i=1
= (e 11202121 4[] 9.6)
We have used |e|<c, Y 0,e2f=1,=1.If G. is undifferentiated, the first term in (9.4)
is handled similarly, leading to the bound
(cpymex /2= 22 || + |g — h| +10]) (1 +18])*. 0.7

The second term leads to the estimate

Y. 0./2)/1—cosp™Pe i (B**le)™>"(1 +10)?
i=1

1/

s 1/2/ s 2
<( S 0et) (£ el1-cospen) @)
i=1 i=

= (Re ()" 2(cAymx2= D21+ [3)), 9.8)

when #,=(BReS(h))*> [see (3.1) and (3.5]. When n,=n, we use
n~'=2e,(1—2y)"*<c to bound the first line by

Y 20.7 BBy 2B+ 6])* AP DRL+1S)?, (9.9)
i=1

to prove (9.8). This completes the proof. [

Lemma 9.2. The estimate

t 5 Ne
1 (&p(xa))a fla-...a)
__<__(C/12)t_ 1e—(1 —5/2)L((a¢})ﬁ— 1 l_[ (C,B)""‘/Z
aing>0
ST DY)l +19(r) — Ry + 0B~ 2y, 1 (,})  (9.10)

distinguished a
ng=0

holds for some symmetric f with | f| .. =1 (the norm taken with one variable fixed).
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Proof. We bound ¢(y,) as in (9.4):

l8'| =!(eiﬁ1/2eg(w+g~h)__ l)eiﬂ‘/le,h_'_ei/}‘ﬂe,h_ 1|
1

<BY2le (] +lg—h)+ /2 /1 —cosp %e;h . (9.11)
For the undistinguished o’s we use ¢,/ <2. For the o’s with n,>0 we use

Applying (2.10) with «=1—§/2, we obtain

(x| < B2, 9.12)

t 5 ™ 1
), L 0 a0 50

a=1
t
S 0 S Do )T e AT IRMED T o, ¢, B
ay X ... Xag a=1
[T Blel™)
ang>0

[T (B ledwla) + g2~ hy))+ /2 1= cospPeh(y)),  (9.13)

distinguished a
ne=0

where || f;, .1 =1. We sum over species indices using

s S
iZ ee?f=1, Y loeBl<c,
=1 i=1

Z |Qieiﬂ1/2‘ /11— cosﬁl/zeih S vz
i=1

1

the third bound proven as in (9.8) and (9.9). Estimate (9.10) is immediate. []

.....

9.14)

10. Derivatives of Covariances

We establish here all the covariance estimates used in this paper. The following
formula will prove useful:

Cr=AB(—A4p)*— 4.+ 17!

=(L=422) 2 [(— Ap+r )" = (= Ap+r) 71, (10.1)
where
ry =R 1+ )/ 1-4222]. (10.2)
Recall that I, =14 0(4*)+ O(f/A), so for small A and f we have
r_—11£6/4, |r.—A"?Zc. (10.3)

The following lemma contains the main result (6.34) on differences of covariances.

Lemma 10.1. Let dist(x, 0Y,,,, y) be the length of the shortest path from the unit cube
containing x to 0Y,, to the unit cube containing y. Then

1

|6 6, C (X, )| Sch™te I ToD s Xnary) - (10.4)

Yoy "t U1 T VIV L Uy~ 1 VOV
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Proof. We use the path space representation [12, 6] for the two covariances
(—4+r)7 !
(=Ap+ry) 'x,y)= [ dte™"=' [P, (dw)yp(w). (10.5)
0
Here P! (dw) is the conditional Wiener measure on the set of all paths starting at x
at time zero and ending at y at time ¢, and

(@)= {0 if w(hel forsome t'e[0,t]
=1 otherwise.

We see that §, acts on C by inserting a factor (1 — y,(w)) in the Wiener integral:

(10.6)

Yn(y Yi-1

3,8, Crle, ) =(1— 412212 [ di(e™ ="+
0

-1

P, (do) [T 1=y, (@)xw)=0. (10.7)

a=n(l)

Consider the case where dist(x,dY,,,y)=1. Drop the e "*' term and the
factors (1—y, (w)) for n()+1=<a=<I+1 for an upper bound. Note also that

(1 - ny,u)(a’))Xr(w) = (1 - Xay,,“)(w)), since
yﬂ(l)\a (l)"r yl . UV,,(,)_ 1U6V

Let {F,} be the unit cube faces comprising 0Y,;. Then (1—y,y, (@)= Y
(1— g (@), and we have the following estimate on the left-hand side of (10.4): *

Z j‘dte ¥ tj‘P (dﬂ)( XF(,((D))é Zce—(1—~6/4)dist(x,F¢,y)

o o

éce_(l —4/2)dist(x,0Y ), y) ) (108)

The first step made use of standard estimates on conditional Wiener integrals
[20, 12, 6].

When dist(x,Y,,,y)<1 we drop all characteristic functions y-(w) and
(1—,.(®)). This yields the free covariance which is exactly calculable as

=2 x=yl _ pmritol

Colx, ) =(1—4A22) 112 (e

4mlx—y|
Zc(rt?+ri?)<ca . (10.9)
This completes the proof. [
In Sect. 6 we used the estimate
05C ,(y, x)| Sce™ 712, (10.10)

for |o| =4, [x—y|>L'/8, and y,(y)¢{0, 1}. We use some Poisson kernel techniques
from [5]. It suffices to prove the estimate for each term in (10.1). Let B be a unit
cube containing y such that dist(y, aB\F)Z}1 and BNI;C0B. Such a cube exists
because of the condition y,(y)e {0, 1} for dist(y, 9f) <4, f a face of Ij. Let fy(2)
=(— Arﬁ+r) Yz,x)= C, r,(z,x) be defined for ze 0B, with r=r, or r_. We have



Jellium 555

| fol Sce™ X712 with fy=0 at dBNI}. Considered as a function of y, C, (v, X)
solves the Dirichlet problem for (— 4 +r) with boundary values f, on dB. There-
fore we have the Poisson kernel formula

A

Con0X)= [ 5-Cponly. Dfo( 2z (10.41)
aB 0N,

Note that C, , has an explicit series representation in terms of (—4+7)~ ! using
the method of images. Thus derivatives of C, ,4(y,z) are bounded for |y—z|=7,
where the integral in (10.11) is supported. Thus |35C, r,(y,x)|<ce™* V2, and
(10.10) follows.

The estimate {|C(s,x, y)ldy<c was needed in Sect. 6. It follows from the fact
that C(s) is a convex combination of C;’s, each of which is bounded by
c(—A+r_)"! by (10.7). The bound is obvious for this kernel.

11. Ratios of Partition Functions

Our task is to control the ratios of partition functions produced in the expansion
of Sect. 5. We reduce inductively the constraints on h implied by V. When all
constraints are gone, Proposition 4.1 can be applied.

Definition. Let v(h,, V)=1 if a component of 0V has hy(o)=hy(o,), and let
v(hy, ¥V)=0 otherwise. Let n(V) denote the number of components of dV for which
i(6)=n. The function c(W)zlaf/l +n(V) measures the effect of constraints on our
estimates for ratios of partition functions.

Proposition 11.1. Suppose h,, V are such that Conditions A" and B of Sect. 5 hold.
Under the conditions of Theorem 2.4,

Z(h05 W)
Z(0,V)

Proof. We use a double induction. We assume the proposition for all ¥ that are
strictly contained in ¥ and for all V with ¢(V)<c(V). When ¢(V)=v(h,, V)=0 the
proposition reduces to Proposition 4.1, so we can take ¢(V)>0 when v(h,, V)=0.
We may as well assume h,=0.

We define S(hy, V) to be the first cube adjacent to a component of 0V with
hy(o)*£hy(o,) [Case 1]. If no such component exists, S(hy, V) is the first cube in 0V
[Case 2] and if 8V=0 it is the first cube adjacent to a component of 0V with
i(c)=n [Case 3]. In Case 2 we define V' by deleting S(h, V) from &V, In Case 3 V
is defined by switching i(o) from n to y for ¢ adjacent to Sth,, V).

In Cases 2, 3 we write

Z(hy, V)=Z(hy, V') - ) Z,(hy, V)

h compatible with (hg,V’) but not (ho,V)

Sexple” = (V) — cL¥n*B~ (hy, V). (11.1)

Z(hy, V')
Z(Oa W) [ h compatible wilh%,\/’) butnot (0,V) "
- ) Z,(hy, V), (11.2)

h compatible with (ho,V’) but not (ho,V)
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and apply the expansion (5.16) to each Z,(-, V), using S=S(h,, V) as the special
cube. This yields
Z(h,,V)
Z(he, V)= *—9—,[2(0,\% PIDIIS VI | A K{AR 2]
Z(0,V) nX VL SVAXK(X)

22X [ Z,m() V). (11.3)
K X Vi SV \Xi(X)

Fix X and sum over h compatible with X. Wg obtain a product of partition
functions Z(hy(V}), V;). A cube is in 8/I>1 ifit is in VNV, or if it is less than L' from
X,(X). Note that h must generate an elementary region surrounding a boundary
component adjacent to S(hy, V) in Case 3. However, all such regions are included
in X,(X). Hence a boundary component ¢ of ¥} has i(g) =n if it surrounds X ,(X) or
if it surrounds or equals a boundary component ¢’ of V with i(¢") =n. Otherwise
i(6)=y. The result of resummation is

Z(hy, V)
0 Z(hy(V),V,
Z(O,Wl) [Z( >V)+ %Q(x) Vl.g]];!(k(x) ( 0( 1) )
- ;g(x) [T zmh).V). (11.4)

Vi EV\Xk(X)

Z(hO:V)=

The first sum over Xis over all clusters generated in the expansion of Z,(0, V) for
some h compatible with (0, V') but not with (0, V) [Class 1]. The second sum over
X is similar but with h, replacing 0 [Class 2]. Class 3 contains X=@ only,
representing the first term in (11.4).

As in Sect. 5 we multiply and divide by Z(0,V,) and incorporate the ratios
Z(hy(V), V¥)/Z(0,V)) into a connected object

Z(hy, V') Z(hy(V), V) :
—— 2 Y Xin Class 1
Z(0, V') Q(X)Vigvl\lk(x, Z(0,V)
. Z(hy(V), V) .
Zh,,V,X)=¢ — —_— Xin Class2 (11.5
0o V.X0=) =2 11 20w (113
Zhy, V) , Xin Class 3.
Z(0,V)
If we recall that
Z(hy, V)=Z(hy, V)Z(0,2) "1, (116)
0(X) = 0(X)Z(0, a) X1 '
then (11.4) becomes
Z(hg, V)=Y 0o, V,X) ]  Z(0,V). (11.7)

X ViV AXK(X)

We can derive an equation similar to (11.7) in Case 1 by applying the
expansion (5.20) directly to Z(h,, V) with &/ =1 and S=S(h,, V). We multiply the
expansion by ratios of partition functions, and (11.7) follows with

h,(V),V,
B VX)) [ V)

(11.8)
Vi SV\X(X) Z(O’ WI)
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We would like to apply the proposition to the ratios of partition functions in
E(hy, V,X). It will be useful to recall the comments on Conditions A" and B below
Eq. (5.19).

Condition B is satisfied for the ratios of partition functions occurring in /(\11.5)
and (11.8). This is because we only attempt to change i(¢) from n to y when oV=40.
New ¢’s are generated with i(o)=n.

To understand why Condition A’ is satisfied, consider first Cases 2 and 3. The
function hy(V) is constant over the boundary components of ¥. New boundary
conditions can arise in V, but always with full constraints. Thus Condition A’ in
the proposition is not violated. In Case 1, consider new exterior boundary
components g,(¥;). These components can only surround other o(V}) with
i(a(V))=y [otherwise the X generating V; would have been incompatible with
(hy(V), V')]. Hence all interior o(V;) have no constraints and oy(V;) has full
constraints, which verifies the condition. Now consider new interior boundary
components of V.. Again these arise with full constraints and so do not violate the
condition.

Finally, we note that the induction hypotheses apply to the ratios of partition
functions in (11.5) and (11.8). They occur either in regions strictly contained in V or
else in V' and (V') <c(V).

Before estimating the expansion (11.7), we need a lemma to control ratios of
partition functions with zero boundary conditions. Suppose we have (0,V)
satisfying Conditions A’ and B. If X is a collection of cubes in ¥, we want to control
the effect of deleting X from V. Let {V;} be the components of V\X. Define V; as in
(11.4). Put a cube in 0V if it is in 0V or if it is less than L' from X. Put i(g)=n if it
surrounds any part of X or if it surrounds or equals a boundary component ¢’ of V

with i(o")=n. Define . R
ZO,.Y\X)= [] Z0O,V). (11.9)

ViSV\X

Lemma 11.2. Under the conditions of Proposition 11.1,
|20, V\(X, UX )|
. (1 +c(D)A)*! (11.10)

| ZO0Vx) |
Proof. The induction for this lemma proceeds in parallel with the one for the
proposition. We assume the proposition for V' strictly contained in V. This is
allowed since the proof of the proposition for V uses this lemma only for regions

contained in or equal to ¥ We also assume the lemma for larger X,. Then for 4 a
cube of X ,,

ZO VX, UX )| _ I_Z}O, WX UX )| |Z(0, WX, u4)|
| Z0.V\X,) | [ZOV\X,u) || ZO,V\X,) |
-1 |20, V\(X, U 4)
< (1 +c(L)A)x “IoviK) |
and we are reduced to the case where X, = 4, |4|= 1. Only the component of V\X,

containing A is modified from numerator to denominator in (11.10). Calling this
component V,, we need only prove that

IZ(O, V,\4)
Z(0,V,)

(11.11)

<1+c(L)A. (11.12)
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Expand the denominator using (5.20) with &/ =1 and S=A4. After multiplying by
ratios of partition functions we obtain

2(0,Vy)=20,2 Y oY) T[] Zh(V), V)

V.SV o\Xi(Y)
< Z(hy(V), V) 5
= S0V T Z(0,V,
%Q(Y) Vi:h()I(;[f)=F0 Z(O> W;) V.SV o\Xi(Y) ( )
Z(hy(V), V)

=20,V \)+ Y a1 Z(0,Vo\X(Y)). (11.13)

Y nontrivial Vitho(Vi)*0 Z(0> Wz)

The last step used the fact that g(Y)=1 for trivial Y’s, that is, for Y’s with
X (Y)|=1 and & constant. We now have

Z(0,Vg) = Z(0,Vo\4) 5 2BV, V) Z0. VoW,
20900 vneia ko ZOLY) Z(O’W(’\A)u;m)

and we can apply the induction hypotheses to each ratio of partition functions.
The last ratio is bounded by (1 +¢(L)4)*<™!~ 1 because more is deleted from V, in
the denominator than in (11.12). As mentioned above, we can apply the
proposition to the ratios Z(hy(V;), V,)/Z(0, V,) because each V, is strictly contained
in V. Also, Condition B for V implies Condition B for V,\4 and the V.
Condition A’ is satisfied because boundary components of V; have hy(o)=0 except
for a4(V}), which arises with full constraints.

Note that ¥, can surround boundary components of ¥, but any components it
surrounds must have i(o) =y. [Otherwise the Y specifying V; with hy(V}) %0 would
never have arisen in the expansion.] Condition B implies that there will be no
contribution to ¢(V,) from interior boundary components of V,. Thus we have

(V) ScLPX (V) (11.15)

Viho(V,)£0
so that
Z(hy(V).V) _
Vitho(Vi)+0 Z(O’ Wl) N
This and |Z(0,a)| ! <1 +c4 yield the following bound on (11.14):

l Z(0,V,)
Z(0,V,\4)

exp (ce” FPP L3X (Y))). (11.16)

- 1' < Y [(YW)eBHI < (L)) (11.17)

Y nontrivial

We have used Proposition 5.1 to bound the sum over Y, noting that #(Y)=2 or
Y. (6h(f)*=cn*B~* for nontrivial Y’s, so that an extra factor c(L)4 can be

!
extracted. The bound (11.12) and the lemma follow from (11.17). [
We return to the proof of Proposition 11.1 by writing (11.7) as

2y, V) _ 20, V\X,(X))

Z(0,V) ;E(hO,W,X) Z(0,V)

(11.18)
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Consider the total of all the constraints ¢(V;) or ¢(V') in the ratios of partition
functions in (11.5) and (11.8). We can ignore V, with hy(V})=0 since the ratio
vanishes in that case. We have ¢(V)=¢(V)— 1. For Xin Class 1 all the remaining
constraints are bounded by cL?*|X,(X)|. This is because the regions ¥, not
surrounded by X have hy(7})=0 and contribute no constraints. Also, internal
boundary components of a ¥; with hy(V})%0 must have i(c)=y, and there are no
constraints associated with such components by Condition B. For X in Class 2
there are constraints coming from regions not surrounded by X since they will
have hy(V;) 0. However, by arguments as above we can bound the total constraint
by ¢(V)—1+cL3X,(X)|. The same bound holds in Case 1 for the ratios in (11.8).

We now sum over X in Classes 1, 2 (Cases 2, 3) and over X in Case 1 using
Proposition 5.1. If Xis compatible with V" but not V then there is at least one face
S in X (X) with 6h(f)=0. The same holds for X in Case 1, since there must be a
discontinuity in h surrounding a ¢ with hy(o)+h,(c,), and this discontinuity is
automatically incorporated into X. We obtain

Z(0,
3 Stho, v, 0 250N
< ; a0 exp(e ™ (V) = 1+ L X (X)) “Z(O’Z?;\Xvk)(xn
< Y lo()lexp(e™ 7 (V) — 1))ecHHe!
Se P exp(e” LT (V) — 1)). (11.19)

We have used the lemma on Z(0, W\Xk(X))/Z(O,V) and the factors Z(0,a)” ! have
been bounded by 1+ cA. This proves the theorem in Case 1 (when v(h,, V)=1). If
we combine (11.19) with the contribution from Class 3, we obtain

Z(h,, V)
Z(0,V)

which completes the proof when v(h,, ¥V)=0. O

S(14e PP Yexp(e 7 (V) —1)), (11.20)

12. Proof Completed

We complete the proof of Theorem 2.5 by establishing convergence of the
expansion, exponential clustering, and the infinite volume limit. Proposition 11.1
and Lemma 11.2 bound the ratios of partition functions in (5.28) and (5.24) by mild
surface effects; the factors Z(0,a)"! in § are bounded by (5.27). Thus we can
estimate (5.28) by

deﬁil __<:Z ‘Q(Xl), S DAXXD] Z IQ(X")|ec(LM|Xk(Xn)I

< Y esew, (12.1)

nEwy

where we have used Proposition 5.1 and |.<7|| = ¢ for each sum over X,.
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Clustering is first proven in a finite volume using the doubled measure trick
[12]. We write

(ot BYG— (A Y4B G =3t — ) (B, — B IOT (122)

where ¢, and ¢, are two independent fields. Expand the ¢, partition function
Z(0,4, o, — «,) using (5.21) with S taken as the set of cubes intersecting the
support of &/. In this and subsequent expansions, consider clusters that intersect
or surround the support of 4 later. Promote the rest of the expansion to the form
(5.23) by multiplying by ratios of partition functions. Next expand the ¢, partition
function with S taken as ()X (Z,) from the first expansion. Proceed as above,

alternating ¢, and ¢, expansions, until at some point the union of the ¢, clusters
equals the union of the ¢, clusters. Outside this region we have the difference
Z(O V,%8,)— Z(O, V, %,)=0 multiplying the term. Thus we need only consider the
terms which extend as far as suppt 4.

For these terms we expand once more each measure, taking S as the set of
cubes intersecting suppt #. We now bound all the ratios of partition functions to
yield an estimate like (12.1):

At BYY— (At Y B T BT DY [T, e A (12.3)

Zn

The Z, can be clusters associated with either measure, and the sum of their
diameters must be at least dist(suppt./, suppt %). Note that

Ad(Z)+eL? Y (Sh(f))* + ct(Z) =2 diam (X (Z)), (12.4)
S

so that the required exponential decay can be extracted from (5.26). When Z, does
not intersect suppt.e or suppt %, we either have 9(Z,)=1 or else we can extract at
least a factor ¢(L)A from (5.26). Thus if we allow a factor ¢*c*%, each sum is
bounded by 1+ ¢(L)A. Each such factor can be absorbed into some e“®*¥x@1 54
that (12.3) is bounded by

% "2 exp(— (1 — 9) dist(suppt ., suppt %)).

It remains for us to consider the infinite volume limit. The cluster functions
o(Z) depend on A through the differences of covariances

o, .0, C

Pn(ty Yi-1 V1Y U}'n(l)—luaV:(l _50/1)5%;(1) 5?1—1C)’1U~~ U)'n(z)—lu(ﬁV\f’A)'(lz'S)

The second term, representing the deviation from the infinite vo]ume limit, is

estimated by the methods of Sect. 10, yielding an extra factor e~ #4is!™w 24 Thysg

o(Z) converges as A—IR3, and §g(Z) = o(Z)— lim o(Z) satisfies (5.26) with a factor
A-R3

e @0 jncluded on the left-hand side. We also need convergence of
Z(0, A\X)/Z(0, A). As in [1] we write

ZO0,AX)  Z(0,4\X) _ Z(0, A\X)Z(0, &)~ Z(0, A\X)Z(0, A)
Z0,4)  z0,4) Z(0, 1)Z(0, ')

(12.6)
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Expand each term in the numerator as in the clustering proof, going back and
forth between the A and A’ partition functions until the same region is deleted
from both or until the clusters reach the boundary. If the clusters have not reached
the boundary, then the terms cancel in (12.6) up to errors involving Jg(Z).
Altogether we can extract a factor ¢ ¢4istX.24ve4) from the o(Z)s and from the
S0(Zy's, and the expansion can be estimated as before by e4Xlg~edistX,04004)
Thus Z(0, A\X)/Z(0, A) converges as A—R3. This yields convergence of {.sZ)%.

Appendix. An Iterated Mayer Expansion

This appendix is devoted to the proof of Proposition 2.1. The iterated Mayer
expansion formalism of [14] is well adapted to this problem, and we follow the
notation of that paper closely. The least stable interaction is v{, and we expand in
it first. We have the stability estimate (2.15) only when the hard core conditions in
v}; are satisfied. Thus we must preserve the hard core conditions when expanding
in v?.
A O-vertex is a single particle b with coordinates ¢,=(e;4),X,) and vertex
function :
d%(&) = Zite) - (A1)

In general an [-vertex o is a finite non-empty collection {a} of (I—1)-vertices, no
two sharing any constituents. [A O-vertex is its own constituent, and the
constituents of o are the constituents of the (I—1)-vertices in a.] Let C(x) be the set
of constituents of a, and write bea when be C(a). The type [«'] of an [-vertex is an
equivalence class of [-vertices which contain the same number of (I— 1)-vertices of
each type [o]. We denote by T, the set of types of [-vertices. An [-vertex « has
coordinates {£,},.,.
We can define 1-vertex functions through the formula

(_ﬂt—l 1

t
G;(éa) = t Sb j dsl e dst— 1 Z H [Sﬂ(l) e Sy 200(61’1’ ébn(l))]
0 n =2
t
TP TT 6%, ), (A.2)
m=1
where
V¥(&, E)=1kpio(Xs—x),  *=0,1,n,R. (A.3)

Here o consists of ¢ particles b, ..., b,. The symbol S, stands for symmetrization of
the expression following in b,, ..., b,. Interpolation parameters s and the tree # are
as in Sect. 5; we have 1 =#(l)<l. The interpolated interaction is

Wos, 0= D SuSpeq oS- 10°(E, . Ep)- (A4)
1Sm<n=st
This is a convex combination of interactions satisfying (2.15), so we have fW(s, o)
> — C4(B/R)t. [We define ¢(&,) only for &, satisfying the hard core conditions
X, — X/ Z R for b,cea.]
The 2-vertex functions are defined using interpolations as above for v", and like
e " =14 5(e”#"" —1) for the repulsive interactions v®. Let o be a 2-vertex that
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contains ¢ 1-vertices o,,...,«,. The type of a 1-vertex is just the number of
constituents. Let N‘E‘/}] be the number of 1-vertices of type [f] in «'. Then

t!
0%= 62,
[T Niy!
[BleT,
(_ﬁt—l 1 t
6= — S, g dsy...ds,_, Y 11‘[2 Sy -+ S1-2 (A.5)
T

t
! [Un(éaz’ éan(l)) + uR(éaz’ &an(l))] } Hl(sa oc/)e_ s, H O-alzm(éam) .
m=1
Here we have defined

U*(éap éam) = z U*(éw éc) s *=n, R s

beay, c€tm
b*c

—1(, = BoR(&p, &) __
uR(é“” éan(l)) = z LG _b[iuR(éblé)c) >
bearceam 1T Syy -+ Si— 1(e ) — 1)

! A.6
Hl(s’ (xl) = n eXp [ - BUR(Zjama gam)] 1_[ 1_[ ( )

m=1 1=m<n=st beoy,c€tm

L4y ..5,_ (e PoRCGoS) _1)]

t

Wis, o)=Y spees, 0%, )+ Y 0,08,
1=m<nst m=1

and S, denotes symmetrization in a,,...,a,. The factors exp[—po®(¢, ,&, )] in

H(s,o) enforce the hard core conditions assumed in defining o‘im(éam).

We now use these vertex functions to write a formula for the potentials in the
s—1

Mayer series (2.5). Writing [d&, for Y { dx,, d¢, for [ [ [ d&,, &(&,)=&,4)(x,), we
have an expression for (2.3): =14 bex

2(9)=exp(] B *zie,0)dx) lim exp( 3. [dEoX )] ~ 1+ [TL+AE) (A7)

[aleT> bea

There follows the formula (i, =*s)

ENICORRS D f W D N AP Y A N
t=r r [x]leT>
Cl)=1{1,....8
where the x-integrals now extend over IR®. The derivation of (A.8) follows the
corresponding derivation in [15] using the formalism of [14] and estimates on
ol(&,) given below. The formulas for o* are modified to allow for the-different
interpolation procedure used (see the appendix in [2]).

We state bounds on ¢, 62, and g using augmented tree graphs n?, defined in
[3]. An augmented tree graph on {1, ...,s} is a tree # on s’ vertices, s' = s, together
with an injective map A from {1, ...,s} to {1,...,5'}. Let « be a 1-vertex with t=2
and constituents b,,...,b,. We claim the 1-vertex functions satisfy the following

estimates: ,
'O-i (éa)l § ZA: bn“‘aalz (éw ’7A) 5
n

t (A9)
j H dxb|0'alt (9 ’7A)I eXp [O‘L,,A(xbl, sy xbt)] < n |Ei(bu)ei(bu)|(cﬂizllz))t_1 .
u=1

bea
b¥bo
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Here n* runs over augmented tree graphs with s=s =t. The coefficients b, are
positive and sum to 1. We have let L, 4(x,,, ..., x;,) denote the length of the tree on
Xy, ---» Xy, defined by .

In (A.2), a tree  and a term specified by S, determine #* and o.(¢,,n*). We
integrate out each x, using (2.15), (2.18). This absorbs the factor
explol,a(x,,, - X;,)] and produces t— 1 factors of f? and at least a factor e, , at
cach vertex. We bound e~ #%°&% < ¢~ DR a1d normalize the n“4-measure defined
by the s-integrals by including a factor bounded by ¢' 1. This yields the coefficients
b’ . We then use 3e#R < ¢B1%13 to obtain (A.9). When t =1 we have simply ¢(¢,)

i(b

(Al)mmllar analysis applies to 6% If « has t =2 constituents, then

|63 = Zb,,mz(éwﬂ ),

a2 4 < 22— 1 (A.10)
j H dx,|6,(E ) eXp[“L alx)]= 1——[|Zz(1>)e;(b)|(cﬁf1 I5)

bea

b¥+bo
Each 7?1 is an augmented tree with s=s5=t¢; L,4(x,) is the length of the
corresponding graph on x,={x,},.,. We obtain (A.10) by substituting (A.9) in
(A.5). We cancel denominators in factors u® against corresponding factors in
H(s,o'). The rest of H!(s,o’) can be bounded by 1 by (2.17). We have in addition
e PP < o171 by (2.16). Next we apply (2.19), (2.20) to the x,-integrals. This
ylelds factors t(o) t(et, ), where each element «; of o has () constltuents Thus a
factor €2~V should be included to allow for normalizing the #*-measure. Again

we have 62(£,) =2, if t=1

We can now prove (2.10). Write the sums over t and [o] in (A.8) as a sum over
ny, H,,..., where n; is the number of elements of o containing j constituents. Then

we have Zn}]—t>r and t,= ) n; is the number of elements of «. We have for
j

r=2
Hgil,m,ir”L‘(aZX.“Xar)
A (A.11)
<r ¥ ()‘—jdxz jdx,jdérﬂ.“jdé,zb;Aléf(ﬁa,nA)l.
ny,N2,... r;n n2 n4

Note that by (2.4), (2.21), and u(x, x) =(4nll,) "' we have Z;=z,(1 + O(1?))e?F/Ho),
Thus (2.22), (2.23) imply that ) Zle,|pl5 <c, and using (A.10) we can bound (A.11)
by '
! t t,!
r! T Eend Byt Y ( )—TZ,—(cAZ)f*' Y bl e~ @ (A 12)
u=1 nina,... Py N,.... 74

Here L, 4({a,}) is defined by tgk.ing the minimum of L, 4(x,) over x, x,, ..., x, with
x4, u=1,...,r. For this minimal tree we can remove unnecessary vertices to
produce an augmented tree 7j# with s=r, s'<2r—1. A new convex combination

Z bﬁA exp['aLﬁA({au}}] = ¢ ~eLau) (A,13)
;"A
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results. Putting y=cA?, we have

t\, 1! Y LA S
) R 2y
R TR 1/ Py rldy" 2\

_ra oy
Crldy1-2y = (A.14)
for A small. Thus we have the bound
||Qi1,4,,,i,|lu(a2 X... % ay) <r! H |2iueiu|(6ﬁﬂzl%)r_ Lo oltad), (A.15)

u=1

When r=1 we must include the contribution from an « with only one constituent.
We obtain

dy1-2

completing the proof of (2.11). Estimates (A.15) and (2.22) now yield (2.10) and
(2.12).

o215 e |(———1)<|ze|cxz (A16)
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