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Abstract. We show that every properly infinite, injective von Neumann algebra
acting on a separable Hilbert space is isomorphic to the weak closure of some
translation covariant representation, obeying the spectrum condition for the
generators of the translation group, of the C*-algebra of quasilocal observables
of a free massless spinor field. We construct explicitly such representations in the
case of II, and III, factors, 0 < A< 1.

1. Introduction

The von Neumann algebra generated by a representation 7 of the C* algebra 2 of
quasilocal observables of a local quantum theory [1] is known to be type I if = is
covariant for the space time translation group, the representation % of this group on
A . fulfills the spectrum condition

Sp(u) <=7, (1.1)

and there is a %-invariant vector which is cyclic for 7 (the vacuum) [2]. In absence of
the vacuum, n(A)” is also type I if the spectrum condition (1.1) is sharpened by
requiring the existence of a massive particle isolated from the rest of the spectrum
[3].

We show that in presence of massless particles all types of von Neumann
algebras can appear among the positive energy representations of 2. This answers a
question posed by D. Buchholz.

We study a simple model, the even part of the field algebra of a free massless
Majorana particle. Specifically, we consider the CAR algebra 2(K) over K, when K
is the direct sum of the Hilbert spaces of the irreducible unitary representations of
the covering of the Poincaré group of zero mass, spin 1/2 and helicities +. The
destruction and creation operators a( f), a(g)*, f, ge K, fulfilling the CAR, are related
in the standard way to the negative and positive frequency parts of the free massless
Majorana field .! The local field algebras () are the C*-subalgebras of 2(K)

1 By considering K @ K instead of K to allow distinction between particles and antiparticles, we could
similarly study a massless Dirac theory
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generated by i regularized with test functions with support in a given region . The
gauge transformation to the angle n defines an automorphism y of 2(K) such that

ya(f) = —a(f); W)= —v. (1.2)

The y-fixed point subalgebras B(O) of F(O) provide a model of local quantum
theory fulfilling the axioms in [1], where the quasilocal observable algebra B =
A(K), is simple, separable, the action of the Poincaré group is strongly continuous
[4], [5]; moreover B is isomorphic to the CAR algebra itself [6].

We will neglect specifying the spin indices since they will play no role here. Our
method is a generalization to the non type I case of the construction given in [ 7] of
positive energy irreducible representations of (K) without a vacuum.

This construction consists in choosing a special orthonormal set g,
gs.--gu-..€K such that

(i) supp g, < {k/lk|=e,}, n=1,2..;
(i) supp g,nsupp g,,= & if n¥m, (1.3)
(iii) > g, < o0.
n=1

Then ([7]) every discrete representation of the CAR algebra over K generated by a
state with infinitely many of the modes g¢,,¢,...occupied and all the remaining
modes empty, is an irreducible positive energy representation. This method of
construction has been generalized in various ways (see e.g. [8, 9]).

Let N, denote the closed subspace of K generated by g,,g,...and N, = NT.
The key point is that any representation of A(K), which restricts to a multiple of the
Fock representation on 2(N,), is covariant with positive energy. This is to be
expected intuitively since, if we choose a reference state whose restriction to A(N,) is
the Fock vacuum, the energy of this state should be bounded by Y ¢, < co.

Note that with evident modifications on conditions (1.3), specifying also the spin
variables, we could arrange that all our representations are rotation covariant.
However covariance under boosts is clearly impossible but for the Fock
representation.

In Sect. 2 we prove by abstract arguments that every injective properly infinite
von Neumann algebra on a separable Hilbert space appears as the weak closure of a
positive energy representation of B, which is Fock-like on U(N,),. In Sect. 3 we
discuss some explicit examples; we choose states where each mode g, is occupied
with a constant probability 4 and each mode in N, is empty. These states are a
simple variant of Powers states and for 0 < u < 1/2, respectively u=1/2, they
generate factor representations of B of all types I11,,0 < A < 1, respectively of type
II ., which are covariant with positive energy. Note that each covariant repre-
sentation of A(K) with positive energy is locally normal [10, 11].

It is natural to ask whether results similar to ours apply to a general interacting
theory, provided there are massless particles and each vector state in the vacuum
sector below some energy threshold can be approximated by asymptotic states of
finitely many massless particles [12]. We do not discuss this question here. It can
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however be expected that representations like those constructed here are not
generated by scattering states unless one considers very artificial incoming states for
the massless particles.

2. Abundance of Positive Energy Representations

We consider only CAR algebras over separable Hilbert spaces. We denote as above
by (M) the CAR algebra over a Hilbert space M, by (M), = {AeW(M)/y(A) = A}
its even part; we will say that a representation n of (M) is even if it is quasi-
invariant under 7y, i.e. woy & 7. In this case y will denote the automorphism of 7(20)”
such that §(n(A4)) = nep(4), AeA(M). The Fock representation will be denoted by
T, acting on .

IfM=N,®N,and y,, 7, denote the automorphism of 2A(M) generated by the
unitaries(— I) @I, I ®( — I) respectively,on N; @ N,, the subalgebra of y,, y, -fixed
points in A(M) is generated by U(N ), UA(N,),, and is isomorphic to the (unique)
C* tensor product A(N,), ®UA(N,),. The map y =(1/4)(1 +y, + 7y, +y) provides a
conditional expectation of (M) onto the y,, y,-fixed points.

2.1. Lemma. Let rt be an evenrepresentation of W(K), K = N; ® N,, with N, infinite
dimensional. If
| AN ,) & 7y, (2.1)
then
n(A(K),)" = n(AUN,).) @B(H}). (22

Proof. Since nis even and by (2.1), y, y, and y,; = yy, are normal in the representation
7. Let R, R,, R, R,, denote the weak closures of (A(K)), 7((N;)) and of their even
parts respectively. The normal extensions of y,, # to #; and £ respectively will be
denoted by 7, #, so that #,, = #!* and §(%) = .V #,..

By (2.1) there is a self-adjoint unitary U,eZ%, such that

U AU = 3,(A), AeR,. (2.3)

Let U, = E, — F, be the spectral resolution of U ; by (2.1)%, is a type I factor,
and since %#,, < %5, we have

EoREq=Eoii(R)Eq = R,.Eo v EqZ,E,
=R .Eo @B(A 3N ,)), (24)

denoting by # ¢(N,) the even subspace of the Fock space over N,. Since N, is
infinite dimensional, E,, F, are infinite projections in the type I, factor %, ; hence
there is W,eZ, such that

W WE=Ey, WEW,=1. (2.5)
Since #,, = Z) by (2.5) we have that #,, E, and %, are unitarily equivalent. By

(2.4), the Lemma will be proved if we show that E,#,E, and %, are unitarily
equivalent. Thisis the case if E, ~ I mod £,,1.e. there is an isometry We 2, fulfilling
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(2.5). We construct such a W by twisting W, as follows. Note that
F(Wo) = U WoUgt = Wy(Ey — Fy). (2.6)

LetfeN, | /| =1, U, =a(f)+ a(f)*;n(U ;) commutes with #,, hence with E,, F,,
the operator E, + Fon(U ) is self-adjoint and unitary, and by multiplying W with a
unitary on the right we still fulfill (2.5); by setting

W=WyE,+ F,n(U,))e#
we have FW) =5(Wy) (Eo + Foj(n(U )
=Wo(Ey—FNEo—Fon(Uj))=W,;
hence W fulfills (2.5) and belongs to %,. [.
2.2. Lemma. Let & be any properly infinite injective von Neumann algebra on a

separable Hilbert space, and K = N, ® N, with N, N, infinite dimensional. Thereis a
state @ on WA(K), such that

1) 7, (W(K),)" is isomorphic to R,
(i) 0| W(N ), = wp.

Proof. By a theorem of O. Marechal [13] there is a representation = of (N ,), such
that n(A(N,),)” = £, then =« has a cyclic vector and there is a state ¢ over A(N,),
such that n = n,. With wy the Fock state on (N ,), define

» = (¢ ®wr)on; 2.7)

then the restriction of @ to A(N,) is the Fock state and 7, |(N,) = ny.
By Lemma 2.1

o(W(K),)" = 7,(AN),)” @B(H), 2.8)

with J# a separable Hilbert space.

Since @ extends ¢ by (2.7), ,, is a subrepresentation of 75| 2(N ), and by (2.8)
there is a projection Peny((K),)’ such that the induced subalgebra n4((K),)" P
is isomorphic to #Z ® B(#), and hence to 2, since 2 is properly infinite. With & the
GNS vector of & in the representation 7, the desired state e is induced on 7, | A(K),
by the unit vector (&, PZ)~ Y2 PE. For, condition (i) is fulfilled by construction and
w|U(N,), is dominated by wy, hence coincides with it by purity of wg. []

2.3. Lemma. Let K be, as in the Introduction, the one particle space for the free
Majorana field, and K = N, ® N, with N, generated by an infinite orthonormal set
Sulfilling the conditions(1.3). For any even state w on W(K) such that w|W(N,) is the
Fock state, ©,, is a covariant representation fulfilling the spectrum condition (1.1).

Proof. Since w = woy and o|UA(N,), = g, with ¢ = o|U(N,),, it is easily seen that
o =(p ®wp)on. (29)

By a theorem of Glimm ([ 14]; see also [15, 11-2-1]) there is a sequence of finite
particle unit vectors x; from #z(N,) such that ¢, = w, om; converge to ¢ in the
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weak-* topology of U(N,)¥ as i — co. Then the sequence of states on A(K) given by
;= (; @wg)en (2.10)

converges to w, given by (2.9) in the weak-* topology of U(K)* as i — c0.

Let X; denote the image of x; under the canonical immersion of #(N,) into
A 1(K); then w, is the vector state of A(K) induced by X, in the Fock representation.
The vectors X, are obtained from the vacuum creating finitely many particles in the
modes g,,¢,,...; by the exclusion principle and by conditions (1.3) each X; has

o0
energy spectrum in [0,¢], ¢ = ) &,, hence belongs to the spectral subspace for the
n=1
energy momentum operators relative to the compact set {£eR*/0 < 4, <e,|k|<e}.
By a result of Borchers [16], the weak™ limit w of w, o7 = w; generates a
covariant representation obeying the spectrum condition (1.1). []

2.4. Theorem. Let & be a properly infinite injective von Newmann algebra on a
separable Hilbert space; there is a representation n of the C* algebra B of quasilocal
observables for the free massless Majorana field, which fulfills

(i) m is a locally normal, translation covariant representation obeying the spectrum
condition (1.1);

(i1) n(B)" is isomorphic to A.
Proof. With o the state of 8 = (K), provided by Lemma 2.2. the even extension
@ =w°(1/2)(1 +v) of w to A(K) fulfills the conditions of Lemma 2.3; hence 7 is
covariant and fulfills the spectrum condition (1.1) (i.e. is a “positive” representation).
Since @ extends w, T = =, is a subrepresentation of the restriction n,|®B. Since B is
globally stable under translations and subrepresentations of positive repre-
sentations are positive by [17], = is also a positive representation. Then local
normality follows from [10], [11]. [

3. Explicit examples

We will need the following variant of a result in [4]. Notations are those of the
beginning of Sect.2 and Lemma 2.1.

3.1. Lemma. Let 7t be an even factorial representation of W(K) with weak closure .
We have the following alternative: either

(i) &, is a factor and ¥ is outer;
or

(i) Z,nR,= CI+ CU, with U a unitary implementing j on &. In this case % is
infinite and

R,=ADAR. (3.1)

Proof. If UeZ is a unitary implementing , 9(U)=U and Ue#,n .. So if &, is a
factor, ¥ is outer.

Let BeZ,=A,nZ# and f, gekK, ||f| =gl =1. We have n(U,U,)eZ, and
n(U,U,)B = Br(U,U ), hence

(U )Bn(U ;) = 1(U )Bn(U,) = 7,(B). (3.2)
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Since y,(B) does not depend upon f by (3.2), we see that y,(B)eZ, and y, is a
period 2 automorphism of #,n %. The y,-fixed points are in 2’ ~ % by (3.2) hence
are multiples of I. If ByeZ, N is not a multiple of I, B= B, — y,(B,) # 0 and

Yo(B)= — B; (3.3)

then B*B, BB* are y, invariant hence multiples of I, and B=zU, zeC, with U a
unitary inducing 5 on 2 by (3.2), (3.3); we can choose the coefficient z so that U? = I.
With AeZ, % we have

A=3(A+70(4) +3(A —yo(4)) = Al + pU.

Hence either we have (i) and Z$=CI, or #,=%,nA,=CI +CU.
If Z is finite we are in case (i). For nis quasiequivalent to =, , with ¢, the trace of
A(K). With ¢ = Ad V, Vany odd unitary in A(K), we have

Tl WK = T oty D Tpejaucky. - (3.4)

With p a *isomorphism of A(K) onto A(K),, ([6]), we have by (3.4)

90

Tpo®P ETpgep ® Tpooaop-
By the uniqueness of the trace, py°p = @o°0°p = ¢, hence n, -p ~ m,, and
ool W(K),)" = 7,0 p(UWK))" ~ 7, (U(K))",

which is the hyperfinite /1, factor, isomorphic to %Z. That is if Z is finite, %, is a factor.
If we are in case (ii), I is an infinite projection; with U = E — F the spectral
resolution of U, by (3.3) we have

(U )En(U,)=F;

hence E and F are equivalent mod £;since E + F = I, E and F are infinite and % &~
R, R = R then (3.1) follows from #, = R + #p. [

With A4 a positive contraction on K, let @ , denote the gauge invariant quasifree
state of A(K) defined by A setting (see e.g. [18]):

wA(a(f;l)*"'a(fl)*a(gl)' s a(gm))
= 5mmdet {(fn Agk)}:_ .n 5 fi’ ngK' (35)

i=1,2.
k=1,2...m

Taking A = 11,0 < 1 < 1/2 one gets the Powers states; the von Neumann algebra
A generated by w,, is the injective factor of type 111, _, for 0 <1 <1/2 and
the hyperfinite 11, factor for A =1/2. (The injective factors of type II_, and [II,,
0 < A <1 are unique by the work of Alain Connes; see [19].)

The modular automorphisms ¢, of #* determined by the GNS vector &, of w ,
are induced by the one parameter unitary group

- i>“ 1, teR, (3.6)

feK—><

as is easily checked with the help of (3.5) by verifying the KMS condition [22], [23],
[24].

v
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In particular

1— 2\
F=o0, if (T) =1 (3.7)

3.2. Proposition. The von Neumann algebra #” generated by the even subalgebra
in the Powers representation is the injective factor of type I11 ;. )2 for 0 <1 <1/2
and the hyperfinite 11, factor for 2 =1/2.

Proof. The case A= 1/2 follows from the proof of Lemma 2.1. Let 0 <1< 1/2.
By Eq. (3.7) 2¥ is stable under o,, hence the modular automorphisms of #%"
determined by the faithful normal state induced by &, are the restrictions of g,, te R,
to 2% [20], [23]. Hence the modular operator 4, of (#, &,) is the restriction of the
modular operator 4 of (#%,¢;) to the even subspace of m,, , and by (3.6)

o =(12) o)

N2z
Sp(4,) =<1—ﬁ—> 1o},

Since w,; is invariant under permutation of factors in the tensor product
description of (K) and y commutes with such permutations, by [21, th.1] we have

S@%) = <1—%>z U0}

2Z
S = (1_;*_> U0},

where S(#) is the Connes invariant given by the intersection of the spectra of all
modular operator determined by faithful normal states of Z (see [23]).

Since by [23] 0, is outer unless it is the identity, by (3.7) ¥ is outer and by (3.8') and
Lemma 3.1 2% is a I11(/(1 — 4))? factor. Note that this conclusion follows also
directly from (3.8') and Lemma 3.1, (ii), Eq. (3.1). O

The first equations in (3.8), (3.8") are by now classical [23]; it is likely that
proposition 3.2 is also known; we gave details to make our examples explicitly
analyzed.

(3.8)

(3.8)

3.3. Corollary. Let K =N, ® N,, with N, N, infinite dimensional, and let E denote
the orthogonal projection of K onto N,. The von Neumann algebra m, w(?l(K)e)"
generated by the even subalgebra in the quasifree representation determined by AE, is
isomorphic to the injective factor of type 111, _;: for 0 <A <1/2, and to the
injective factor of type I _ for A= 1/2.

Proof. Immediate from Lemma 2.1 and Proposition 3.2. []

We now specialize K = N; @ N, as in Lemma 2.3, so that 2(K), = B is the C*
algebra of quasilocal observables for the free massless Majorana field, and N is
generated by an orthonormal set fulfilling (1.2). Let E be the orthogonal projection
on N;.
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3.4. Proposition. The representations of B =W(K), induced by the states v, U(K),
are covariant with positive energy.

Proof. Although this follows from the general statement 2.3, we give an explicit
proof. Consider the theory (K @ K) with the action o, of the translation group
induced by the one particle group representation ae R* — %(x) @ %(x), where %(x) is
the translation operator for the Majorana particle on K.

Define a self-adjoint projection on K @ K by

p. - AE A1 = )V2E
AT = W)V2E (1 —-ME
The quasifree state on (K @ K) defined by P, in Eq. (3.5) is a pure state ([18])

whose restriction to A(K @ 0) = A(K)is w, ;. Moreover the range of P; is spanned by
the orthonormal set

(3.10)

hn = /q“llzgn ®(1 - ;L)llzgna

which fulfills conditions (1.3). Therefore, by [7] «,,, is covariant with positive
energy and so is 7,,,, |2(K ®0).

Then also T, UK ®0), is covariant and obeys the spectrum condition. By
indentifying B with A(K ®0), it is easily seen that =, |B and the GNS
representation of w,z|B are quasiequivalent. Since they "both have infinite
multiplicity, they are also unitarily equivalent and the assertion follows. [J

One could similarly construct explicitly type 111, representations of B obeying
the spectrum condition, by considering quasifree states w4, with A = A4, 1 D 1,1 DO
actingon K =N, ®N, ®N;, where N; and N, are generated each by an infinite
orthonormal set fulfilling the conditions 1.3, and 4, 4,€(0, 1/2) are chosen so that
(A,/(1 = 2,))% ((1 = 4,)/4,)? is not rational.
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