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Abstract. Ferromagnetic lattice spin systems can be expressed as gases of
random walks interacting via a soft core repulsion. By using a mixed spin-
random walk representation we present a unified approach to many recently
established correlation inequalities. As an application of these inequalities we
obtain a simple proof of the mass gap for the A(¢*), quantum field model. We
also establish new upper bounds on critical temperatures.

0. Introduction

In [1] Symanzik introduced a representation which expressed the ¢* quantum
field model as a classical gas of Brownian paths which interact only when they
cross. In [2,3] and in this paper we have developed variants of this formalism
which provide a transparent way to establish many inequalities.

In the first two sections we reconsider Symanzik’s formalism. We prove two
identities. The first identity expresses the spin system as a gas of random walks. In
Sect. 3 we use this representation to obtain new upper bounds on critical
temperatures. The second identity is a mixed spin-random walk representation.
We combine this identity with chessboard estimates [4] and Griffiths [5]
inequalities for N =1 or 2 component spins to obtain many new and useful results:
In Sect. 4, we apply this formalism to show that for a class of classical spin models
whose single spin distribution is monotone decreasing, there is always exponential
decay of correlations. Hence there is no symmetry breaking. In Sect. 5 we give a
new proof of the Lebowitz inequalities [6] and some generalizations related to
Newman’s Gaussian inequalities [7]. The following section rederives correlation
inequalities recently found by Simon, Lieb and Rivasseau [8-107. The final section
of our paper is devoted to a new and elementary proof of the mass gap for the
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weakly coupled A(¢*), model. The proof uses only inequalities of Lieb-Rivasseau
type and integration by parts.

We conclude this introduction by remarking that our results would extend to
N =3 component models once the Griffiths inequalities are established. Some of
our methods apply to lattice gauge theories. The first steps along these lines have
been made in [3]. For abelian gauge groups, the techniques of [3] can be
combined with the approach of the present paper to yield new correlation
inequalities for lattice gauge theories. This, however, will not be developed in the
present paper.

1. Random Walks and Matrix Inverses

The prototype for the expansions we are about to discuss is the following
representation for the inverse of the finite difference Laplacian:

[m>— 4151 = z( ! )'w’, (1.1)

2
w:i—>j 2v+m

where 4 denotes the finite difference Laplacian associated with functions on the
lattice Z°, (v=1,2,...); w is a nearest neighbor random walk of arbitrary length,
lw|, on Z*, starting at ie Z’, and ending at je Z"; m*>0.

The finite difference Laplacian, 4, is defined on functions on Z* by

(4f)= ZAijf(j)7

dy;==2v if i=j
=1 if i,j are nearest neighbors in Z'

=0 otherwise .

The formula (1.1) is a standard result in the theory of random walks, however,
in order to make this paper self-contained we will give the easy proof below.

The Laplacian is associated with nearest neighbor ferromagnetic interactions.
We will give a more general expansion than (1.1) in order to be able to discuss
systems with arbitrary ferromagnetic two-body interactions.

Let J be a matrix such that

J.=J.=20 if i%j
=0 if i=j; (1.3)
i,j are indices that run over a finite set, L, called the “lattice.” Let A
A=(40;), A,%+0 Vi, (1.9)

ivij

be a diagonal matrix. The notation in the following lemma is described below it.
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Lemma 1.1.

A-n;t= > (ﬂ Js)nlk_"(k’“’). (1.5)

:i— j \sew keL

If the right hand side converges absolutely, the matrix inverse exists and is given by
(1.5).

Notation. w is a random walk on L. This means w is an ordered set of ordered
pairs, called “steps” and denoted by s.

o={(i;,1,),(i513), -, (iy_1,in) Tiq, --r i€ L}, (1.6)

n(k, ) is the number of times w “hits” k. By definition, this is the number of
elements in {i,,i,, ..., iy} which are equal to k. The “length” of w, |w| is N which is
also equal to

ol = Y n(k, ). 1.7)

k

By convention we shall consider a random walk of length one to be a single site
(which is hit once). Such a random walk has no steps and an empty product in (1.5)
is set equal to one. [These conventions allow (1.5) to be correct when i=j.]

wili—jel =i, Iy=]. (1.8)
Remarks. (i) This lemma contains (1.1) as a special case. (ii) The expansion
converges absolutely if for some &> 1

WlZEY Ty, VieL. (1.9)

Proof of Lemma 1.1. Expand the left hand side of (1.5) in a Neumann series
A=DN"1=A"+ A7 JAT AT TAT T
The right hand side of (1.5) is a rewriting of this series. For example

(A™IATIAY =Y AT A A

i1i i i2i3”Vi3
i1,i2,i3€L
i1=1i,i3=j
— —n(k, )
= L (ITJ ) IT 4",
w \S€w keL

where w is summed over all two step random walks of the form

w={(iy,i5),(isi3) 11, =0iy=],i,€L}.
End of proof.

We shall also need a formula, related to Lemma 1.1, for the determinant of
A—J. Let 4 be the set of random walks that begin and end at the same (arbitrary)
point. We divide A into equivalence classes by letting w,,w,€ A be equivalent
whenever w,, w, have the same steps and the order of the steps in w, is a cyclic
permutation of the order of the steps in w;. We call the equivalence classes
“random loops.” Single points are not random loops.
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Given a random walk w (or a random loop @) define

J,=T117,. (1.10)

SEW

Lemma 1.2.
det A— J)h‘ (n A ) exp {Z Jgo n }"1_ n(i,@)};

@ is summed over all random loops. The sum converges absolutely if the entries of A
are sufficiently large in absolute value (see (1.9)).

Proof.
det(A—J) t=detA det" (1 —-A"1J)
=detA texp{—trlog(1—A"1J)}
21
=detA™! exp{ > Etr(A‘lJ)"}
k

=1

—detd- exp{ $i2 T Js>[—[/1j‘"‘f’“”}.
k= 1klEL w:i—i \sew jeL
lo|=k
We have just used the idea in the proof of Lemma 1.1. We continue with:
=deta™ exp (S]]},
@ \se® JjeL

When the determinant of A is written out explicitly we obtain Lemma 1.2.

2. Symanzik’s Polymer Representation and Integration
by Parts with Random Walk

The hamiltonian for our lattice spin system is

RERIDNNE 1)

i,jeL a=1,...,

H

o labels the components of our vector-valued spins S,=(S{"). J is ferromagnetic.
We impose the conditions:

Ji=J;20 if i%j, =0 il i=j. (2.2)
The unnormalized expectation corresponding to our hamiltonian is given by

[F1= [[1dS{gS2)e " F, (2.3)

where F (the “observable”) is a function of the spins. The normalized expectation is
Fy=[Fl/z, (2.4)

where Z=[1] is the “partition function.” The single spin distributions which are
described by the smooth functions g, are assumed to fall off faster than
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exponentially, ie.
g{e“—0 as t—oo, (2.5)
for all ¢ and all i. We make this strong assumption solely to avoid uninteresting

technical problems. Once we have achieved our estimates we shall relax it by
taking suitable limits in those estimates.

The Polymer Representation. Following Symanzik, [1], we shall show that our
lattice spin systems can be rewritten in terms of a gas of “random loops” or
polymers. Our integration by parts formula is presented second because it is a
mixture of this representation and the spin representation. However most of our
results rely on the integration by parts formula so this section can be skipped if the
reader wishes.

We substitute into the partition function, Z, according to

9,89 = [ g a)e ™ da,. (2.6)

r
I' is the contour Ima= — A, where A is chosen sufficiently large, positive, that
Lemmas 1.1, 1.2 will be applicable to AI — J. g(a) is the analytic continuation of the

Fourier transform of g. It exists by virtue of our assumption (2.5).
We obtain

Z= [ 114da) da;| ﬂdSiexp[—H—iZaij]. (2.7
r i i j
The S integrals are gaussian and can be evaluated:
Z= | [14da;) da;det ?[2ia—J], (2.8)
r i

where 2ia—J is the matrix
2igdy—Ju:  kleL. (2.9)

We use Lemma 1.2 to represent the determinant:

Z= | [1daga)2ia)~N?exp
T

N
5 Y J, [1(@ia)~"2). (2.10)
(4] 1

We expand the exponential and write the result as

2= 3 5] 3 ([)ewt-tiewwen. e
= @1 s @n k= 1

where

il

exp[— Uley, ...,0,)1= [ ] | dag(a)Qia)~m-ere,
iT

N
ni, )+ ... +nli,0,)+ 5

n(i, @, ..., 0,)

(2.12)
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(2.11) displays the partition function for our lattice spin system as a partition
function for a system of interacting random loops or “polymers.” We show, below,
that exp— U is real and positive.

We can repeat this derivation for [P], an unnormalized expectation of a
polynomial in the spins. The step analogous to the gaussian integration in going
from (2.7) to (2.8) uses

f ndS exp(— =3 S‘“’MUSY}) P(S)

ljzx

- 1 0 0
—det™V2[M] exp<2 P a5 M;;! 6S‘°”> Pls_o, (2.13)

i,j,a

where M =2ia—J. The exponential of the differential operator is defined by its
power series which is truncated when acting on a polynomial. We shall not prove
this fairly well-known formula for the moments of a gaussian integral. By
expanding M ™! using Lemma 1.1 and continuing as before for Z we obtain a
polymer representation for [ P] and then, by dividing through by Z, for (P>. To
express the result we introduce:

& 1 [N\ r "
Z(w, 0y, .. w)= Y _‘(,_) Y (l—[ Jo, 11 JQ,,{)
n=0n' 2 @150, @p \MT= 1 k=1
@y, - 0p)] (2.14)
for p=1,2,.... [1tis useful to note that Z(w,, ..., ,)/Z is a correlation function for
the polymer gas.]

-exp[— Ulwy, -

~n7

Theorem 2.1 (Symanzik).
SPSP.SPN= Y Zw,y,...,0)Z,

i2p
p=12,.... o, ...,w, are summed over all random walks that begin and end at
lattice sites in {i, ...,i,,} in such a way that {i,, ...,i,,} is partitioned into disjoint

pairs, one for each of w;,...,w,.

Remark. exp— U is real and positive because in (2.14) we can substitute

(2ia)™" (n—l j " e A gy (2.15)
and find that
© n -1
; da §(a)(2ia) ™" j Y —_g(20)dt (2.16)

(n can be fractional).

Integration by Parts. We are going to elaborate on the following well-known
formula:

1
f HdSiexp(— EZS"MUSJ') S F

= HdS exp(——ZSMU ))ZMH 3. (2.17)
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(Until we reach the end of our discussion we will treat scalar spins for simplicity.)
The real part of M is positive definite. To obtain an analogue of this formula for
our spin systems (which are nongaussian) we proceed as before by substituting
into [S;F] the representation (2.6). If the a integrals are deferred, the S integrals
become gaussian and (2.17) can be applied with M chosen to be the matrix

M=2ia~JE(2iaj5jk—ij). (2.18)
We obtain

[S;F]1={ Hdajéj(aj)f Hdee_H
-exp(—iZa )Z(Zza Dt as (2.19)

We expand (2ia—J)~* using Lemma 1.1 and interchange the sum over @ with the
a, S integrals:

= Z Jo)£ 1;[ dajgj(aj)(ziaj)~n(j,w)

k w:i—k
oF
f ndsje*ﬂexp(—izajs})é—s—. (2.20)
J J k
Now we do the a integrals using
e 0 tn~ 1
[ dag(a)(2ia)~"e™ 5" = | g(S? +2t)dt, (2.21)

0 (l’l_ 1)‘
which can easily be obtained with the help of (2.15), (2.16). We obtain
Theorem 2.2. Define measures dv, on [0, ) by

dv,(t)=0(t) dt if n=0

—(t:;)'dt it on=1,2,.... (2.22)
To each random walk, ®, on L assign the product measure
dv ()= q AV ot (2.23)
Then for any ieL,a=1,2,...,N
[S9F1=3 % Jufdv0 [ ; st (2.04)
where
()= | Hg(Sz+2t)dS e H(4) (2.25)

and F is any polynomial in the spins.
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3. Estimates on the Critical Temperature

We consider classical N component rotators in the “infinite volume limit.” Thus,
we assume the lattice L is a finite subset of an infinite translation invariant lattice,
L, of points in R". The simple cubic lattice Z"’ is an example but other geometries
are acceptable. We suppose the coupling matrix J is translation invariant, i.e.,

J=(Jij)=(J|i—j|) (3.1)

besides enjoying its usual properties, see (2.2). We set

N
= _ 1 () ()
HL=—2 2 Z Si Jiij »
i,jeL a=1

[(Ne=] [] dsPs(S?—1e (), (3:2)

ieL,a
D=0z, 2 =111,
and we define the (or :an) infinite volume limit by

(Fy= lim (F),, (3.3)

where F is an observable depending on finitely many spins. In (3.3) it may be
necessary to pass to a subsequence to obtain existence of a limit. We shall shortly
be presenting estimates which are uniform in L which guarantee such
compactness.
Define the coupling strength J by

J j;w Jij- (3.4)
[By translation invariance J is independent of i.] By definition the critical coupling
J. is the supremum over values of J for which the two point function (S®S%>
tends to zero, as |i—jj— co.

The following theorem is an improvement of a mean field theory bound due to
Simon and Aizenman and Simon [8, 11].

Theorem 3.1. (1) For an N-component classical rotator
J.=ZN. (3.5)

(ii) If the lattice is simple cubic in v dimensions and J;;=B=0 if i and j are
nearest neighbors, zero otherwise, we can improve (3.5) to

N 1\t
B.= 5;(1—@12)7) . (3.6)

The first part of this theorem is due to Aizenman and Simon [8, 11]. It says that
the mean field theory prediction is a lower bound. We will present a proof of this
theorem using Symanzik’s representation. It should be pointed out that
Symanzik’s polymer representation is really just a good way of organizing the
conventional expansion in terms of graphs and so we are really not doing anything
very different from the graphical methods used by Simon and Aizenman, although
our method potentially gives a somewhat stronger result ; see (3.8), (3.9), and (3.12).
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Proof of Theorem 3.1. We shall show that if
J=3J,;<N, (3.7)
j
then

1
0SSP < - (1=N"L); ! (38)

ij s

uniformly in i,je L and L, and the right side of (3.8) tends to 0, as |i —j|— co. More
precisely, if (3.7) holds and

Z]i—j|2mjij<oo
J
for some m=0,1,2, ..., then

Z i—j1P"(SWSW  <const <o, (3.9)
J
uniformly in L.
For, by (3.8) and the Fourier transformation

1 1 vV T T . X . -
0§<S§“’S§“’>L§N<E) [ [ ™ — N1k 1dk,

-7 -n

where

Jky=Y e *i=dy, .

J
Since J;; =0,

J(k)<J(0)=17.
Thus, by (3.7),
(1—N~1J(k)
is a bounded, continuous function of k. This proves that
(1-N7"'D);!

tends to 0, as |i—jl—oo. If
Zli_jlzm‘]ij<oos
J

then j(k) is 2m times continuously differentiable. The same is true for
(1—=N~1J(k))~!, provided (3.7) holds. Therefore (3.9) follows. Part (i) clearly
follows from (3.8).

By Theorem 2.1 and a simple approximation argument,

B 0 1 N n
SENOTEND W VALY ~(v
amon!\2

i j

> (1l JQ,,() expL— Ul oo 0 )]
i@ S (3.10)
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Note that the right side of (3.10) is manifestly positive, since U(w,, ..., ®,, ®) is real
and J_,=0.
We calculate exp[ — U] using (2.12), (2.16) and find
eXpL— U(@y, -, @,y )] = [[ 27700000 10.0)
ieL
Lli, @y -y 0,) + 0l )= DT (3.11)

By comparing this with the corresponding evaluation of exp[ —U(w,, ..., ®,)] —
which is the same as (3.11) except that n(i, w) is omitted — we find

exp[—U(®y, ..., 0, )] [[ 27"

iew

.g(g~+q”(g-Hm¢m~}ﬂ_lemﬂ~mﬂwp~w@»} (312)

When this bound is substituted into the expression (2.14) for the two point function,
the factor of Z can be cancelled out [see (2.11)] yielding

@ g <
<Sl Sj >L:w;JJw£N<N

5 -2‘ +1><§—+n(k,w)—1)

—n(k,w)
2 (3.13)

Each factor is less than N ~"*) 50 (3.12) is less than

éNZ[N ) (3.14)

i~ j sew
See (1.10).
If in (3.14) one drops the restriction that w lie within L (as opposed to L) one
can resum the series over w and obtains

1 PR
§ﬁhNUW. (3.15)

This completes the proof of (3.8) and of part (i).
To obtain part (ii) we return to (3.12) and substitute in our special form for J:

sesoy<l s g Y

T 2T o:]|o] =m ke

~gg+q«§mmwﬂw, (3.16)

where [|w| is the number of steps of w. As in part (i) we enlarged the sum over
random walks to all w starting at i of length greater than or equal to |i—j|. In
addition w is understood to be a nearest neighbor random walk. At each step w
has 2v choices of nearest neighbors to hop to. For each of these possibilities the
weight in the sum in (3.16) is less than or equal to BN~ '. We can do better than this
by noting that if w steps back to the site it just left, then according to (3.16) the
weight is less than or equal to (8/2)(N/2+ 1)~ ! because then the site is visited twice
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and this is the factor associated by (3.16) to the second visit. Thus if
N ~1
ﬁN‘I(ZV-1)+(ﬁ/2)<—2~+1) =a<l, (3.17)

we can dominate (3.16) by a geometric series and conclude exponential decay
for the two point function. This means that the critical temperature /3, obeys

BN "'2v—1)+B(N+2)" 121, (3.18)

and this is the same as (3.6). End of proof of theorem.

4. Mass Generation in Spin Systems with Monotone Decreasing
Single Spin Distributions

In this section we combine the random walk expansion (Theorem 2.2) with
reflection (or Osterwalder-Schrader) positivity, in the form of chessboard estimates
and a spectral representation of the two spin correlation, in order to exhibit a mass
gap in a class of spin systems with decreasing single spin distributions. The
requirement of reflection positivity places strong restrictions on the two spin
couplings, J, and the boundary conditions (b.c.) imposed on the system; see e.g.
[4]. In order to avoid technicalities which would obscure the basic simplicity of
our arguments, we only consider periodic b.c. and nearest neighbor couplings,
although our results hold under rather more general hypotheses. (For an analysis
of general two spin couplings, J, compatible with reflection positivity, see [4].)
Thus, the lattice, L, is a simple cubic lattice wrapped on a torus,

L=Zyy, Ly, 4.1

where N, ..., N, are finite integers, and

J,-j={1’ if Ji—jl=1

i (4.2)
0, otherwise.

We only study the behavior of the two spin correlation, (SS¥), u=1,...,N,
where N=1,2,3, ... is the number of components of a classical spin, S, but our
methods have an obvious extension to higher spin correlations.
The Hamilton function of the spin systems considered in this section is given
by
HY=-% % NS%‘”(AU—S(SU)S?)

o
=-1(S,(4,—¢)9), (4.3)
where
4,;=J,;—=2v8;, and &>0. (4.4)

Clearly, 4= 4, is the finite difference Laplacian with periodic b.c., and the term
proportional to ¢ serves as an infrared (long distance) regulator which is to be
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removed at the end of our subsequent estimates, (i.e. e—0). The unnormalized
expectation of our system in finite volume is defined by

[-1P= [ —e PO g(S?)dS;, (4.5)
ieL
where dS, is the Lebesgue measure on RY, and g is a monotone decreasing function

on [0, ). The equilibrium expectation at inverse temperature f for the system
confined to L is given by

(=>P=0-1p/Z9, (4.6)
where Z{? is the partition function, and
(=>= ll\ng [,ILIl; (=P 4.7)

is the equilibrium expectation in the thermodynamic limit, and with the infrared
regulator removed. The quantities [ — 1, (= >, and Z{?, are defined in the same
way, but with g(S?) replaced by g(S2+2t,), 0=, < oo, for all i.

For couplings, J, as in (4.2), periodic b.c. at the boundary of L, see (4.1), and
H® given by (4.3), reflection positivity holds, and consequently one obtains the
following chessboard estimate (see [12]):

zP = 12,2, 1™, (4.8)
- meL ~
with |L|=(2N)...(2N,). We define
PO =29, /2] (4.9)

Then (4.8) yields

Lemma 4.1.
z9 /29 11 29,,).

meL
We will now pause to outline the idea underlying this section. It is to combine

Lemma 4.1 with

SPSPP= 5 3 (15 favalo

Bw:iﬂj keL
. ne"(2v+8)ﬂlz(]i)l/z(£:),
keL ~

which comes from Theorem 2.2. We bound the ratio of partition functions on the
right hand side using Lemma 4.1, whereupon the ¢ integrals become independent.
[See the definition of dv,(f) in Theorem 2.2.] Each ¢ integral has the form either:

tn——l

g(n—l)!

e~ 2RO e with n=1,
or:

[ 8@ P00y de  (n=0),
0
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depending on whether the random walk hits the site n=>1 times or no (n=0)
times.

If the single spin distribution ¢(S}) is monotone decreasing, then
2 =1,

and by a straightforward calculation each ¢t integral is less than or equal to 1/(2vf).
If we impose a slightly stronger condition than monotonicity on g(S?), then we can
improve this to

lim lim z9(t)<1,

eN0 LA ZY
and then each ¢ integral with n=0 is less than or equal to £/(2vp) with {<1. By

combining the representation for the two point function with Lemma 4.1 and this
estimate we obtain

n(k, )
<S(a)S(a)><< Z 1"[( ) )gli—jI’
w:i—~j keL
using the fact that in getting from i to j the random walk @ must hit at least |i—j|
sites giving at least |i—j| factors of &. The quantity in round brackets is, by (1.1), the

matrix inverse of — A4, times 1.

This bound is actually divergent if the lattice is 2 or less dimensional because
the inverse of — 4 does not exist. If the lattice is more than 2-dimensional it
exhibits exponential decay of the two point function.

We will now go through this argument in more detail. Our main result is
Theorem 4.4. We will show by means of a spectral representation of the two point
function that the difficulty in two or less dimensions, alluded to above, can be
circumvented. This is the purpose of Lemmas 4.2, 4.3, given below.

We now turn to the spectral representation of the two-spin correlation: We
single out one axis of the lattice L, e.g. the v-axis. Vectors in a plane perpendicular
to that axis are denoted by j, k, etc. Let {— >® be a thermodynamic limit of the
states { — >, Clearly (—>® is translation invariant. We may thus define the
partial Fourier transform

<S(a)(k O)S(“)(k t)>(£)_ Zezku m)<s(it)0)s§2 t)>(8)'
Lemma 4.2 [4]. If (S¥S¥5® tends to 0, as |i—j|— oo then

(S9(k, O)S(“)( Y@= [ do(A, k)AL, (4.10)
@

where do(-,K) is a positive measure, for all kK, —n=k,=m, u=1,...,v—1, and
suppdo(-,K)S[—1,1]. (4.11)

Moreover

| dQ()L,k
5

(4.12)
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Remarks. 1. Representation (4.10) is a fairly straightforward consequence of
reflection positivity and the spectral theorem ; see [4]. For the couplings J defined
in (4.2),

suppdo(-,k)<[0,1], (4.13)
which follows from the positivity of the transfer matrix of these spin systems. By

Fourier transformation in ¢t we obtain from (4.10)

1—-A2

SO = [ ol k .
SR = (ol K)o (4.14)

with k=(k, k,). The infrared bound proven in [13] guarantees that
(2—2cosk,)ISPRIPHO =B (4.15)

The upper bound (4.12) then follows from (4.14), (4.15), and (4.13) by noticing that

max (2—2cosk,/(1+A%—2Acosk,)<4(1+1)"2.

—nZkySm

2. We define the inverse correlation length (mass gap) m(f, ¢) by

. 1
m(B, )= lim — ~In¢S( 0,50
1
=lim —~1In | | do(Z kA1, (4.16)
me b @
Suppose now that for some m(f)
m(B, e)=m(f)>0 (4.17)
for all ¢>0. Then we claim that
suppdo(-,k)S[0,e""7],
for almost all k. This follows directly from (4.10) and (4.13). Thus, using (4.12),

[ A7V do(A k) Z4/B(1—e™mP)
)
and, by Lemma 4.2,
(S 0yStm o> =<8,0)5.00"
<de ™ B(1 — e~ mB)) (4.18)

1.
uniformly in & By a suitable choice of the v-axis, |tf|= ——=dist((j,0),(m,?)).
y

Therefore we obtain from (4.18) by taking e—0

4 —(m V) |i—j
<S$a¢)S§a)>§ ﬁ(l_e—m(li)) e ¢ BVIHi=il (419)
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Lemma 4.3. If for all >0 and for constants K(e) < oo and z<1, z independent of e,
(SPSYI < K(e)z 1, (4.20)

provided N, ..., N, are sufficiently large (depending on i,j, and ¢) then inequalities

(4.18) and (4.19) hold.

Proof. Under the hypotheses of Lemma 4.3, in particular (4.20), we find

. 1
m(p &)= lim — —In(SE 0,S( ) 2In(1/2) >0,

uniformly in e. This being (4.17), we are done. [
We are now prepared for the first main result of this section.

Theorem 4.4. If for ¢>0 sufficiently small and L large enough, z2\(t) (defined in
(4.9)) is monotone decreasing in te[0, 00), and

2P Sz,<1,
Sor all t=t,, for some finite t,, then
(SPSWy <cjemlizil (4.21)

in particular there is no long range order and no symmetry breaking in the two spin
correlation.

Remarks. 1. When N=1, (4.21) implies that all connected correlations fall off
exponentially, with decay rate =c,. This follows by using FKG inequalities, [14].
2. Let

A=y, .. 0,), X=(,....j,), and Sg= [] S¢.
m=1
Let X+a=(,+a,...,j,+a). Suppose now that there exists some ac{l,...,N}
which occurs an odd number of times in 4 and B. Then, under the hypotheses of
Theorem 4.1,
(8488, D ZelX, Y)e . (4.22)

The proof of (4.22) is a straightforward extension of our proof of (4.21) which is
given below.
3. We shall show that the hypotheses of Theorem 4.1 are true if, for example,

1, IS|l=2,
szz{
@ =9 0, IS|>2.

For N =1, this result is already contained in [15].
(b) g(S?) is strictly monotone decreasing, and
[g(S*)[S["dS < 0,

for some #>0; e.g. g(S?)=(1+[S|*) "%, with o> N, (when v= 3, strict monotonicity
suffices).
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(c) v=3; g monotone decreasing, with

0<g,= lim §(S?)<g(0)=g, <.

These results are essentially best possible, because if g were positive and constant
the model is a massless Gaussian whose spin-spin correlation does not have
exponential decay.

Proof of Theorem 4.4. 1f we combine the random walk expansion (Theorem 2.2)
with the chessboard estimate (Lemma 4.1) we obtain the following upper bound
on the two spin correlation

<S“")S‘“’>< S 18 %229n(k, w)), (4.23)
ﬁ w:i—j keL
where
0 n—1
Z(a)( )— f e~(2v+s)ﬂtZ(LC)(t) dt

o (m—1)!

The factor exp[ —(2v+¢)ft] has appeared, because the diagonal part of the
Hamiltonian H®, see (4.3), must be treated as one factor of the single spin
distribution in Theorem 2.2. We now claim that

(v +2e)"p"zP(n) = p{(n) (4.24a)

is monotone decreasing in n, and
pP(=sz<1, (4.24b)
if ¢ is so small and L so large that the hypotheses of Theorem 4.4 hold. In this case

Y Jl@v+e e

- ﬁ w:i—j kel
(PP (4.25)
We have used the fact that each o starting at i and ending at j must visit at least

li—j| different lattice sites at least once which by (4.24a) and (4.24b) yields the
factor (p$(1))"~/. By Lemma 1

> H(2V+8) " ©) = (g— 4 TR (4.26)

w:i—j

(SWSyO <

where 4, is the finite difference Laplacian with periodic b.c. at the boundary of L.
Thus, using (4.24a) and (4.24b)

(SIS K (),

with K(e)= su

l!j %(S—A )t

and z< 1. By Lemma 4.3,

l]’

4 .
lim S(a)S(a) (&) < _ e~ mBYMIi— |l
AR ’
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with m(f)=1In(1/z)>0. This reduces the proof of Theorem 4.1 to the
Proof of (4.24). By rescaling the ¢ variable we see that

© tn— 1
€)(17) — —t3
pi(n) g(n—l)! e 'Z(y)dt,
with Z(t)=zP(t/B(2v +¢)). The measure
[n-— 1
— ~t
AP, (0= oyt

is a probability measure. By hypothesis, z{?(t) is monotone decreasing, and
2(0)=1. Thus Z(¢) is monotone decreasing and bounded above by 1. We now
extend the definition of dP (t) to arbitrary real values of n= 1. In order to prove the
first part of (4.24a) and (4.24b) it then suffices to show that

d
%j" dP (t)z(t) = j dP (1) logtz(t)— j dP,(t)log tf dP,(t)z(t)
<0.
The left side can be rewritten as

[ dP,(6)dP (t')[logt —logt'] [Z(1) — 2(t')]

which is negative, since logt is monotone increasing, and Z(¢) is monotone
decreasing. Finally, the inequality

pP()= [ e ) dt<z<1
0

follows immediately from the definition of Z(¢) and the hypotheses of Theorem 4.1,
provided ¢ is small enough and L large enough. This completes our proof of (4.24a)
and (4.24b) and of Theorem 4.1. [

Remarks. 1f g is a monotone decreasing function on [0, co) then
2O =[20,Z1",

with

Z9,=[e P ] g(S2 +20)dS;, (4.27)

jeL

is clearly monotone decreasing in t. In order to find examples of single spin
distributions, g, for which the hypotheses of Theorem 4.1 are true, it therefore
suffices to choose g to be monotone decreasing and then show that, for ¢ small and
L large

P()=zo<1, 12, (4.28)
for some ¢, < o0.
Examples. (a)
asy={ 0 =2
0, otherwise.
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In this example
B
=(8,(4L—¢)S)
Z=je [14(S7+24s,

jeL
B

=(1—2t/B)""2 [ exp F0- 2t/R)(S, (4, — s)S)] [Tg(SHds,;
JjeL

=(1-2t/B)2Z(1).
Thus

A

ﬁlogz‘g)(t) - (% %logZ‘e)
B B ﬁ (&)
——§(1—2t/@) : -<m(S( AL+8)S)>L 0, (429

where (—>P(t) is the expectation {— >, with 8 replaced by B(1—2t/%). By the

infrared bound [13]
< S, 4 S)>(S)(t)< N
o = B =20

Since suppg={S :[S|< %},
IS P(t)=e?,
and
®
<|L| (S, —4 S)> O=4vR*.

Thus
(g)

(i -4u+09) 0

N
< 3 2 2
_mm(iﬁ(l_zt/ﬂ),%% )4—&@ R (4.30)
hence, using (4.29),
0 1
2 logZ9(p) < —
5 OB O= = Gy g YA
N 1
+m1n(g? T Bv,@). (4.31)

Thus, for all 0<e=1, # < o0, there exists some ¢, <%/2 such that

0
5 logz(0 <0,

0 . . .
for t>1,, with upper bounds on —logz{?(¢) which are uniform in ¢(0, 1] and in L.

ot
From this (4.28) follows.
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(b) g(S?) is strictly monotone decreasing, and
[g(S?)ISI"dS< o0, for some n>0. (4.32)
In this example the verification of (4.28), and hence of the hypotheses of
Theorem 4.1, proceeds again by estimating ailog Z9(t). For ¢>0 and L bounded, it

is immediate to verify that
0
< logzlf(1) = 2(g (S + 201, <0

. d
with ¢g'(x)= — g(x).
dx
Thus it suffices to show that

lim lim {g'(S3+20)>, <0, (4.33)
eN0 LAZY
for some interval of values of ¢ of positive measure. Since ¢g'(x) <0, for all xe [0, c0),
(4.33) can fail only if |Sy|=co, almost surely, in the limit L/ Z" ¢~0. This
possibility can be excluded if

lim lim <[S P =C,, (4.34)

eNO L7Z

for some #>0 and some constant C, which is finite for all t<oo. Using the
chessboard estimate [12] we find

IS, = [j e M g(S] +20) IS 7Sz | M.
J
By definition of H®, see (4.3) and (4.4),
0<H®Z 1/2(4d+e)(2 |sj|2).
JjeL
Thus
B(4d+e)s
S, < [ g(S?+20)[S["dS| [ g(S2 +2)e 2 dS)‘ L (4.35)

By (4.32), the right side of (4.35) is finite for all t < co, with a bound which is uniform
in L and e. This yields (4.28).

Remark. In dimension v=3 condition (4.32) is superfluous, ie. (4.28) holds for
every strictly monotone decreasing g. For, by (4.24a) and (4.24b) through (4.26)

<ISO| >(lf)r$ B (— AL+6)(;01 ’

hence

lim lim (ISOI P < !

N0 L7Z ﬁ

(= oo (4.36)

which implies (4.34) with n=2 and C,<C< o0 independent of ¢, provided v=3.



142 D. Brydges, J. Frohlich, and T. Spencer

(¢) v=3; g a monotone decreasing function, with

0<g,= Isllim 9(8?)<g(0)=g,< 0. (4.37)

As in examples (a) and (b) we must verify (4.28): Given t, let

2 (1_ 2 2
and gS%)=(1—1)g(S%) +19(S*+21), 4.38)

ZP(r)= fe—BHm 11 gr(Sf) ds;.
JjeL
Then
Lo
logzP(t)= jdr«logZﬁf)(r)

X (4.39)
= [ {g(S§+20)— g(S3)HP(v) dr,
)

where ( — >¥(z) is the finite volume expectation defined in (4.6) with g replaced by
g.- By (4.37) we have, for t>0,

g(Sg+20)—g(Sg)< -9, (4.40)
if R, IS0l £ 4, for some positive constants § and £, <Z,, (depending on t). We
define

<IS, |
X(S)— { L #,5I8|<2,
0, otherwise.
Then

(gS5+20)—g(SIN (D)= — X (Se)1) (7). (4.41)
Therefore the proof of (4.28), as L~ Z” and ¢ 0, is complete if we can prove that
KSPHP()=C>0, (4.42)

for L large, ¢ small and ¢t large enough. We now claim that if conversely

X(Se)P(r)=0, }
(X(So—a)P(r)=0,

then (4.43)

for all acRY, for all ¢ 20, LC Z". Consequently, S, = oo, almost surely. However, in
v =3 dimensions,

) ) 1 _
lim lim (SHP (1)< —(—4A)g0 <0,

en0 L7V

ie. S, is finite, almost surely, when ¢>0 and L is large enough. Therefore

lim lim {X(S,+a)>{(t)>0

ENO L/ZY

for some ae RN and, by (4.43),
lim lim <X(S,)>?(1)>0.

eNO L7V
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From this we conclude that
im lim zP(1) <1,
eN0 LAZY

for t>0. By (4.25) and (4.26)

o 1 .
lim lim (SPSYHE < - (— )1,
eN0 LTV J B J

with

z< [ e ' Iim Tim ZP(t/B(2v+e))di<1.
o

tN0 L7

Thus, we are left with proving (4.43). We start by noticing that the measures

(ZP) e MO [1g4S) dS;
JjeL
are quasi-invariant under the substitution
So—So+a, acRY,
with a Radon-Nikodym derivative, ¢,(S), given by
—§(2v+s)az

0.(S)=e e_””’(S""“)exp[B Y (S,—S,)-a

[k =1

}gf«so+a)2) s

9.S3)
We now show that for all p<co
L8N P(<C,, (4.45)

for some finite constant C, independent of ¢ and L. First, we note that

(9:(So +2)%)/9.(S9)°" =(go/9..)*F < 0,

for all p<co and all 7 and ¢. Second,
<exp{3pﬁ ) (Sk~so)'aD(S)(T)§8XP(9P2/332/2),
=1 L
by Gaussian domination [13]. Finally, using the chessboard estimate [12]
(e 2o () P I 200, )/ Z9(0)] I, (4:46)

where Z{(, a) is given by (4.38), but with g,(S7) replaced by g,((S7 + 3pa)?), for all j.
[To prove (4.46) one first applies the chessboard estimate and then changes
variables, S,—S,+3pa, je L, using the invariance of (S, 4,S) under that change of
variables.] It is easy to see that the second factor on the right side of (4.46) is
bounded by g,/g,.. This completes our proof of (4.45). In order to prove (4.43), we
note that
(X(So—a)yP(1)=<X(S)2.(S)P(1)
SLX SN PNV S)HP ()P
< CYHX SR,

with 1/p+1/g=1, and we have used (4.45).
This completes the proof of (4.28) for example (c).
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5. Gaussian Inequalities

The Lebowitz inequality [6], originally proven for Ising models in zero magnetic
field, says

{8:88,8) =<8 S <SSy
+<8S) (S8 + <88 <S8 - (6.1

In [7], Newman generalized these inequalities to

SPYSTSH {5 ). (52)

where F is a polynomial with positive coefficients. [(5.1) follows from (5.2) by
taking F to be a product of three spins.] He gave (5.2) the name “Gaussian
Domination” because the inequality would be saturated if {-) were gaussian.

The inequality, (5.1), has been extended, [16], to models of the form (2.3) with
N =1 components and

g{SPH=e"S), (5.3)

where V is even and V" =0 on the positive real axis. Results for N=2, 3,4
components also exist [17].

We shall rederive and extend these results for N =1, 2. Our class of models has
single spin distributions of the form

g{SHy=e T4 (5.4)

with f”(t) =0 for te [0, co0). This class of single spin distributions overlaps with but
is not identical to the Ellis, Monroe, Newman class (5.3). Many well-known
models such as Ising models and ¢* field theories are in both. Some good features
of our proof are that we obtain the stronger version of gaussian domination (5.2),
and our method is simple and suggests many variations on the same theme. We
will explore one of these in the next section.

We shall demonstrate that these inequalities are really a consequence of
Griffiths II inequalities. For N=2 components, the analogue of these are the
Ginibre inequalities, [18], and so our method will also produce gaussian
domination results for N =2. The analogous Griffiths-Ginibre type inequalities are
expected but not known to hold for N> 2, so this is the obstacle to extending our
results to N>2.

Let F be a polynomial in § with positive coefficients. By Theorem 2.2

SP=3 3 sfa0ld] [z (59
(the Z normalizes [ — ] to {—)). Furthermore

sl 24s)
z|0s,|,  Z\aS;/,’
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(Recall that Z =[1],.) By the Griffiths II inequality as stated in [5, p. 120]
<0F> is decreasing in t

as can be seen by differentiating with respect to t;€t. Therefore

1|oF } <2

_s<ﬁi> _é<ﬁi>
3S,/o Z\3S,/’

A A

and so

<SiF>§;{ 5 L fa0 2] <§§> (56)

i~

By taking F=S;in (5.5) we see that the quantity in curly brackets is {S;S;» and so
(5.6) becomes (5.2). In this way we obtain the following gaussian domination
result:

Theorem 5.1. If <(-)) is ferromagnetic (J;;=0) and has single spin distributions

satisfying (2.5) and 9(S?)=e 16D

with "(£)=0 on [0, 00), then
(S;Fy= ; (S8, <§SEJ> , (5.7)
where F can be any function of S of the form
F=[]F{(S)
with each F; being either odd or even an:i F{(t), F{(t)=0 on [0, co).

We can allow F to have this more general form because the Griffiths I1
inequalities hold for this class of functions.

Remark. For N=2 the same methods show that for a=1,2

OF
WFY < T (@@
SRS T (55).

provided F is a polynomial in §® with positive coefficients and f is a polynomial
with positive coefficients for terms of degree greater than 1.

6. Application to the Lieb-Rivasseau Improvement of Simon’s Inequality

We consider the same class of models as in the last section:

(=>=0-JI1l,
[-1=] He—fi(s?)dsie—ﬂ_ )
ieL
H=-3 ) S@J.8¥; J,20,

i, jeL
4
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and we require that exp(— f;) obey (2.5) and

fIHZ0 if 120 (N=1)
for 1-component models, and for two-component models f; must be a polynomial
whose coefficients for degree greater than 1 are positive. Furthermore, as in the last
section, the limitation N=1,2 comes from not knowing the Griffiths IT -
respectively Ginibre — inequalities if N > 2.

The inequality we are about to state and prove was, aside from a generalization
we have made, obtained by Simon [8] and improved by Lieb [9] and Rivasseau
[10]. The proof Simon gave was based on the Lebowitz inequality (see Sect. 5). We
have simply noted that the gaussian domination result we have stated in the last
section is sufficiently powerful to quickly reproduce the improved inequality for
N =1 and 2 by a proof closely resembling Simon’s proof.

Define, for Q any subset of L,

H,= —%‘ZQ S@J, 89 (6.1)
i, je
Corresponding to {—) we have {— ), which is obtained by replacing L by Q
throughout all definitions.

Theorem 6.1. Let i be asite in L and let Q C L contain i. Suppose F is a polynomial in
the o™ component of the spins S; which is independent of the spins in , then

(SPFYS Y. (SUSDy 0T 1 SPFY .
JjeR
keQ2

Proof. We define a new Hamiltonian H%? by setting to zero all J;; coefficients for
which ie Q, j¢Q, ie.

H®=H,+H, _,,

and we define a corresponding expectation { — »?2 In terms of this we can write
the standard expectation as follows

(=>=(~ DK PH*?,

P=exp (% Y S@J, J.Sg.m) :

(6.2)

ieQ
JEQ
o

By the gaussian domination result, Theorem 3.1, with F replaced by F®, we obtain
(leaving off o superscripts)

(S, Fy=(SFOY (D)%

Q a o2 Q
S TS <5§;(F¢>>> / (@Y,
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a 2 aq) 9]
<a—s.,.<”)> - <Fa—s,.>

= 3 J(FS, >,
1:0

Now use

and note in the result that by (6.2)
(FS, @Y /(DY =(FS,>; (88" = {SS0q-

Theorem 6.1 is proved.
Theorem 5.1 applies in the above proof because @ can be approximated by a
polynomial with positive coefficients.

7. The Mass Gap for (¢*),

The proof of the mass gap for weakly coupled AP(¢), models was first established
by a cluster expansion [19]. In this section we shall establish the mass gap for
M¢*), using integration by parts (2.17) and Theorem 6.1. The proof is simple,
moreover one can establish reasonably good values of A for which the mass gap
occurs. On the other hand our method does not apply to higher degree
polynomials, nor does it yield analyticity in the coupling.

We first consider the A¢* model on a lattice 6Z* CIR?. The lattice spacing & will
later be sent to zero. For notational purposes we set N=1. Let A be a large
rectangle containing (0,0). We define

Hyd)==% Y o)), i jeAndz?
li=jl=s
and
95(D%() =exp{—2¢%() — 0 [*() + A :%():;1}-
Thus J;;=1if|i—j|=6 and i,je 4 and J;;=0 otherwise. The Wick order for :¢*:; is

defined with respect to G°(x— y), the Green’s function of — A + 1 on the lattice. The
Fourier transform of G° is given by

GO(p)=1{26"2[2—cos(dp,)—cos(Op,)]+1} 1.

In the continuum limit 6—0, G(p)=(p2+1)_1 which is the Euclidean free field
propagator. The normalized correlations are defined by

[ 60V d(x)e™ @ [ g5($*()) d())

{P(0)p(x)) (6, 4)= - i . o
P(0)P(x)) 4(8, 2) [ e a9 TT g,(2()) db()

jeA

In the continuum limit this expectation is

[$O)9(e™ > dy ()
Je e )
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Here dp, is the Gaussian measure of mean 0 and covariance (— 4 ,+1)"* and

V(g, A)= [ :¢*(x):dx. The subscript 4 on 4 means that 0 Dirichlet boundary
A

conditions are imposed at 04. We now state the main theorem of this section.

Theorem 7.1. Let { > ,(0, 1) be defined as above. There are constants 24 >0, m>0,
C independent of A such that

lim {$(0) p(x) (6, 4) < Ce ™! (7.2)

whenever 0S4 4, [x|=1.

Remarks. Our proof also applies to the two-component (¢*#), model. The exponen-
tial clustering of the n point correlations follows from (7.2) and the gaussian
inequalities. Hence we have established a mass gap.

Proof. Let QCA be a square centered at the origin with sides of length [ By
Theorem 6.1

(D0)p(x)> 4 (8, )= 3. {P0)$(2)> (8, 4) {p(2) p(x)> 4 (3. 1), (7.3)

where the sum ranges over zeQ, z'¢Q and |z—z'|=9J. We shall show that for
0=1=4, and some [>1,

Y {Pp0)p(2))q (6, Ny <1, (7.4)

z€002

where A,, [, and y are independent of J. As in [8] successive iterations of (7.3) and
(7.4) imply exponential decay of the two point function.

In order to prove (7.4) let ze 09, then the integration by parts formula shows
that

8 P0)P(2)) (8, A)=8"1G0, 2)
—428% Y {P(0) :0%(»):py 071Gy, 2).  (T.5)

yeR
Now it suffices to show that (7.5) is less than [4/]~ ! for any ze dQ. Suppose that

[ . . .
z=(§,zz). Let G¥(x,y) be the Green’s function with zero Dirichlet boundary

. . l .
conditions on the line x, = 5 +06. By the random path expansion, Theorem 1.1,

and the reflection principle we know that
0=Go(».2) S Gy, 2) =Gy —2)— G (y—2),

where z= (é +29, zz) is the image of z. Hence

sinp,0

5_1G?(y’ Z)= j‘ eip()"‘z)e“ipl'é

2
4TC |plso71n

éa(P) dp,dp,.
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0
It is not difficult to show that § ~!G¥(y, z) approaches e G(x, z) as 6—0. Moreover
1

871Gy, z) SKe M2 7Eif |y—z]21

- . (7.6)
SKly—z~! if |y—zst1,
where K is independent of § and [. These bounds may be checked by explicitly
calculating the dp, integral using a contour integral.
The above inequalities show that the first term on the right side of (7.5) is
bounded by (e”"?). To estimate the second term we again integrate by parts and
obtain

1246% Y, (12 (1) 1500 (8, 4) G50, ) 61 Go(y, 2)— 16A*CF  F, >0 (8,4),  (1.7)

ye2

where

F =062 ) :0%():5GH0,y)

y'en

Fy=6% ) 19%():50™ ' Goly,2).

yeQ

The first term on the right side of (7.7) is small as A—0 since <:9*(y):>5(5,4) is
uniformly bounded as 60. To bound the second term we apply the Schwarz
inequality with respect to the Gaussian measure. Thus

(F F o0, )SF F)*p g (0,4=0) e D502 (5,0)- 27

The right side is bounded, using standard estimates, by const exp[Aconst[*] for
0=<A=1. The partition function Z is bounded from below using Jensen’s
inequality. Hence we can fix [ large and 4,(/) small so that y in (7.4) is less than 1.
End of proof of Theorem 7.1.

References

1. Symanzik, K.: Euclidean quantum field theory. In: Local quantum theory. Jost, R. (ed.) New York,
London: Academic Press 1969
2. Brydges, D., Federbush, P.: Commun. Math. Phys. 62, 79 (1978) (also in unpublished work by
J. Frohlich and T. Spencer)
. Durhuus, B., Frohlich, J.: Commun. Math. Phys. 75, 103 (1980)
. Frohlich, J., Israel, R., Lieb, E.H., Simon, B.: Commun. Math. Phys. 62, 1 (1978)
. Simon, B.: Functional integration and quantum physics. New York: Academic Press 1979
. Lebowitz, J.L.: Commun. Math. Phys. 28, 313 (1972). See also [5] p. 131
. Newman, C.: Z. Warsch. verw. Gebiete 33, 75 (1975)
. Simon, B.: Commun. Math. Phys. 77, 111 (1980)
9. Lieb, E.H.: Commun. Math. Phys. 77, 127 (1980)
10. Rivasseau, V.: Commun. Math. Phys. 77, 145 (1980)
11. Aizenman, M., Simon, B.: Commun. Math. Phys. 77, 137 (1980)
12. Glimm, J., Jaffe, A., Spencer, T.: Commun. Math. Phys. 45, 203 (1975)
Frohlich, J., Lieb, E.H.: Commun. Math. Phys. 60, 233 (1978)
Seiler, E., Simon, B.: Ann. Phys. (NY) 97, 470 (1976)

[o o BEN Be NV I NN



150 D. Brydges, J. Frohlich, and T. Spencer

13. Frohlich, J., Simon, B., Spencer, T.: Commun. Math. Phys. 50, 79 (1976)

14. Lebowitz, J.L.: Commun. Math. Phys. 28, 313 (1972)

15. McBryan, O., Spencer, T.: Commun. Math. Phys. 53, 299 (1977)

16. Ellis, R.S., Monroe, J.L., Newman, C.M.: Commun. Math. Phys. 46, 167 (1976)

17. Bricmont, J.: J. Stat, Phys. 17, 289 (1977)

18. Ginibre, J.: Commun. Math. Phys. 16, 310 (1970)

19. Glimm, J., Jaffe, A., Spencer, T.: Ann. Math. 100, 585 (1974)
Glimm, J., Jaffe, A., Spencer, T.: The particle structure of the weakly coupled P(¢), model and
other applications of high temperature expansions. In: Constructive quantum field theory, Velo,
G., Wightman, A.S. (eds.), p. 133. Berlin, Heidelberg, New York: Springer 1973

Communicated by A. Jaffe

Received September 24, 1981





