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Asymptotic Behaviour of the Classical Scalar Fields
and Topological Charges
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Abstract. The existence and the properties of the limit at spatial infinity are
studied for the finite-energy scalar fields with respect to the topological charge
introduction. The limit is shown to be constant in time and in almost all spatial
directions. The proof of the existence of the limit given by Parenti, Strocchi and
Velo is extended to two-dimensional space. A generalized definition of the
topological charge is suggested for a g-model as an example.

1. Introduction and Conclusions

The possibility of introducing conserved topological charges [ 1] widely used in the
soliton and instanton physics depends substantially on the asymptotic behaviour
of the fields at spatial infinity. In the present paper, the existence and the properties
of the limit at spatial infinity for a system of classical scalar fields with a finite
energy are discussed from this point of view.

We consider a system of real scalar fields ¢ : R* x R—IR",

@1(x, t)
o(x,t)= , o x=(x1,...,x%
@,(x, 1)

with continuous first derivatives®. The Lagrangian of the system is assumed to be
of the form

& =3(0,9)(0"9)— Ulp)
leading to the field equations

0 .
Oey(x,0)+ aD—jU((p(x, N=0 (j=1,...,n)

1 The second derivatives of the fields and the first derivatives of the potential U appear in the field
equations but most of the following statements are valid for the field configurations of finite energy
regardless of field equations
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and the energy

B= |

RS

2
1 2 s
51?) +§(qu) + U(p) | &*x.

1/0¢
2
The map U :R"—R is assumed to be continuous’. We shall call it the potential.
Let us denote M the set of zero-points of the potential.

The topological charges can be defined as numbers characterising the ho-
motopy class of the function y, :S*7!'— M if there exists the limit

p(&)= lim o(rE,)eM (1.1)

and if it is a continuous function of a unit vector £€S*~! and of time telR.
Under very general assumptions, Parenti et al. [2] showed that for arbitrary
telR

P& =, (&)

at almost all £ S*7 1, if the limit (1.1) exists at an initial time ¢,. Therefore, not only
the homotopy class of y, but even the limit (1.1) itself is conserved [if necessary,
limit (1.1) is redefined on a set of zero measure at each time]. In [2], the limit y,
was defined as a dynamical charge of the field. The limit (1.1) was shown to exist in
two cases: for the fields with

Vo(x, t)e LR, (1.2)
U(op(x, t))e L'(R?) (1.3)

if s=n=1, and for Vo(x,t)e L%(R%) if s=3. For s=1 and n>1, the weaker
statement that the lign |p(ré, t)] exists for almost all £eS*™! can be proved. We

extend these results from the one-dimensional space (s=1) to the two-dimensional
one (s=2) in Propositions 1 and 2 of Sect. 2. The original method of proofs for
s=1 can be used for s=2 without substantial modifications.

The integrability conditions (1.2) and (1.3) are evidently valid for the fields with
finite conserved energy if the potential U(z)=0 for zeR" In Sect. 2, we give a
simple proof that the dynamical charge is conserved for such fields (Proposition 3).
Under certain conditions on the potential, the energy conservation was proved for
the solutions of the field equations in the completed space of smooth functions
with compact support [2, 3]. It is a nontrivial assumption in general.

The definition of the topological charge as a homotopy class of the limit (1.1) is
applicable to the finite-energy scalar fields in one-dimensional space because the
limit (1.1) exists for both directions & = + 1 there. In the spaces of higher dimensions
s22, the finiteness of energy if insufficient for the existence of a continuous limit
(1.1) for all the directions £eS*™ . If the limit (1.1) differs from a continuous
function on a set of zero measure in S*7!, we could still speak about the
topological charge. We shall show (Proposition 4 of Sect. 2) that for Vpe L*(IR®) the
limit y,(¢) (1.1) has the same value for almost all £eS°™! if s>3, and for all £ at
which it exists if s=2. The topological charge is then zero. The proof of this fact,
formerly accepted by heuristic arguments [1] only, is our main result.
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The fact that a large class of finite-energy (finite-action in the Euclidean case)
fields has the limit at infinity which is constant in time and in all directions allows
for another definition of the topological charges based on the compactification of
the space by adding a “point at infinity” [4]. The Euclidean space R® becomes
topologically equivalent to the sphere S* after the compactification. The field ¢
can be continuously extended on the compactified space if the limit (&) (1.1)
exists uniformly with respect to the time ¢ in every bounded interval and all
£eS*™1 and if it is constant in &, Let us assume now that the values of the field are
constrained to some subspace TCR" with a nontrivial homotopy group n(T).
Then the extended field defines a map S*— T and the topological charge can be
defined as a number characterising the homotopy class of this map.

We propose a generalized definition of the topological charge applicable to a
class of fields which cannot be continuously extended on the compactified space.
The fields of this class can be approximated by a sequence of auxiliary fields with
well defined topological charges. The (generalized) topological charge of the
original field can be defined as a limit of the sequence of the topological charges for
auxiliary fields, if this limit exists and if it is independent of the choice of auxiliary
fields. We shall discuss the generalized definition of the topological charges for a
o-model in Sect. 3, but the general approach can be used for other models as well.

2. Limits at Spatial Infinity for Fields of Finite Energy

We prove several propositions on the existence and properties of the limits of the
fields at spatial infinity in this section. The following two propositions are the
generalizations of Theorems C.1 and C.2 of [2] to the case s> 1. Stronger results
are known for s=3 (Lemma 6 of [2]) and for all s if U(z)=2z% (Lemma 5 of [2]).

Proposition 1. Let M be the set of zero-points of continuous function U :IR—IR, and

Zjo |U(2)|1/? dz = +j°° |U(2)|12 dz= + o0 2.1)

z0

Jor some z,eR. If M is a discrete nonempty set and ¢ :IR°—>R is a function with
continuous first derivatives such that

| (Ve()? +|Ulp()dx < + o0, 2.2)

then there exists

lim o(rl)e M
for almost all unit vectors E€ S*™1 (for E=+1if s=1). If M =4, then no function
¢ :IR°*>R with continuous first derivatives satisfying (2.2) exists.
Proof. Let M be at most a discrete set and ¢ be a function satisfying (2.2). Then
* Tl (Bp(ré)\?
52 s tuan|dr<-+oo

1
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for almost all £eS°~!, and we can repeat the proof of Theorem C.1 from [2]
keeping & fixed.

Proposition 2. Let U :IR"—>1R be a continuous function, let

F(o)= [,?ﬁi:r}, IU(Z)I}” 2,

M=

1/2
for =0, where |z|= ( ij) , let M be the set of zero-points of the function F,

Jj=1

and let

+ o

g F(o)do= + 0. (2.3)

If M is a discrete nonempty set and ¢ :R°*—>IR" is a map with continuous first
derivatives satisfying the relation (2.2), then there exists

Jim lo(rc)le M

for almost all EeS*7! (for E=+1if s=1). If M=, then no map ¢ : R°—>IR" with
continuous first derivatives satisfying (2.2) exists.

The proof is similar to the proof of Proposition 1.

The next proposition is fundamental for the introduction of dynamical and
topological charges of scalar fields since it gives sufficient conditions for their
conservation. The proposition states that the field with finite conserved energy [if
U(z)2 0] remains in one Hilbert space sector in the sense of [2]. We offer a simple
proof of this fact for those who take the energy conservation as a physical
requirement.

Proposition 3. Let ¢ :R* x R—R" be a map with continuous first derivatives and

| [(a(p((;:, t)>2 +Volx, t))Z} dx<C (2.4)

for a finite constant C and all teR. Then for all t,t;eR

§ Lox,t) = o(x, 19)]* d°x < + o0 (2.5)
RS
and
lim [o(rE, 0= p(rE, 10)] =0 (26)

for almost all £eS*™! (for E=+11if s=1). Especially if the limit Ln;p o(ré,ty) or
}}{Ln lp(ré, t,)l exists at some toeR for almost all EeS*~1, then at all teR

rliI-Poo (P(rf, t) = rlil}loo (p(ré’ to)
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or

im [p(rE, 0] = Hm [p(r% to)

for almost all £eS*71,

Proof. By Schwarz inequality

t

yagp();’ T) dr{ é

1/2
lt—tq|1/2.

lp(x, 1) — o(x, o)l = 5

(5]

to

to

Now, according to (2.4),

j Lo(x, 1) — o(x, to)]z dExSC(t— to)z
RS

and (2.5) is proved. Equation (2.6) then follows, e.g., from Proposition 2 applied to
the map ¢(x,t)— ¢(x, t,) and the function U(z)=z>

Remark. In Proposition 3, we gave the condition (2.4) evidently valid for the fields
of finite conserved energy if the potential is non-negative. Weaker assumptions

i ) (aqog: T))Z d*x dt

to R®

<+

and

[ [Vo(x, t)— Vo(x, t5)]* d*x < + o

were used in the proof.

We gave the sufficient conditions for the existence of the limit of the field for
almost all directions at spatial infinity. Now we show that this limit has the same
value at almost all directions for s=2.

Proposition4. Let ¢ :R*>R" (s=2) be a map with continuous first derivatives,
Voe LA(RY). If s=3, then there exists a constant acR" such that

lim @(ré)=a 2.7

r—+o

for almost all £EeS*7L. If s=2, then the limit (2.7) (or _l}gn |<p(r€)|) has the same
( finite or infinite) value at all £€S* for which it exists.

Proof. 1t is sufficient to give the proof for n=1 and then to apply the result to each
component of ¢ separately (the proof for lir+n lp(ré)] in the case s=2 is also
r—t+o

similar). Let us start with the simpler case s=2. If there exist

Jm o(rg,) < lim ()
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for some ¢, £,€S" with polar angles w, =+ w,, then there exist r, =0 and numbers
b,ceR such that

o(ré)<b<c<ore,)

for all r>r,. Integrating over polar angle w, we have now for all r>r,

(}2 (6—¢>2 dcol > ——(C —b)*

ow r*|w, —w,|

2n 1
[ (TP doz
0 r

w1

because of Schwarz inequality

w2 1/2

f%dwl <lw,—w

3

lp(r&y) — @(ré =

11/2
1

(223 a(p 2

Jl ( 6@) dw

The contradiction with the assumption [ (Ve)*rdrdw < + oo is thus obtained.
The same arguments are used for s = 3, but they are applicable only after some

preliminary considerations. Let us first realize that the finite limit in the left-hand

side of Eq. (2.7) exists for almost all £eS*~ ! according to Lemma 6 of [2] and that

it is a measurable function of ¢ as a limit of measurable functions. It can be seen

now that either the statement (2.7) is valid or there exist numbers b <c such that
the sets

N= {éeSs" ! rlilglw (p(r§)<b},
L={€e§“1 rl}r}lmgo(r‘g’)>c}

have positive measures in S*~ ', Let us assume that the last possibility takes place.
The set N can be rotated to the position ZN where it has an intersection of
nonzero measure with the set L:

WLAAN)>0,

where u is Lebesgue measure on S*~! and #eSO(s) is a suitable rotation. The
existence of £ is proved in Appendix. We can choose such an orthogonal system of
coordinates that the matrix £ has a canonical form [5]

coso;  —sinay

sino cosa,

cosoy,  —sina,

sinay, cos o,

where 0 <|oy| <7 for [=1, ..., k.
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Let us introduce in IR® a system of coordinates similar to the cylindrical and
spherical ones by the equations:

x'=p, cosw;, x*=p,sinw,,
x* " 1=p cosw,, x*=g,sinw,,
o, =rsind, ...sin9,_,_, sind_,_,,
0,=rsind, ...sin8,_,_,cos9,_,_,,
valid for k> 1 only
o, =rsing, ...sind_,, cosSs_ZkH,}
x** 1 =rsind, ...sin9,_,,_; cosI_,,,

x*=rcosd,,

where 120, 0=8,=n (i=1,...,s—2k), 09,5 (j=s-2k+1,...,s—k—1),
0=w,£2n (I=1,...,k). For k=1 (this is certainly the case for s=3) we obtain the
usual spherical coordinates. In the following, all real values of w, are allowed (or
the formulas should be understood as valid by mod2x). The rotation by matrix £
is the transformation

w—o+e  (=1,...,k). (2.8)

Let us denote

1/2

5:1 >0
r

k
2.2
ZQ:“:
=1

(if at least one g, > 0). There exists an orthogonal matrix ¢ (dependent on angles 3)
of dimension k x k such that

Q10 0
el R
r . .

Q% 0

We shall use the variables w; defined by the equation

W) 210,

= 1 @ —1 .
»

wy 0Dy,

instead of w,. The transformation (2.8) becomes a translation in one variable
W o +6.
Let us denote

N,=2"Y(LNAZN).
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Now
N,CN, ZN,CL, uN;)>0.

There exist w ., ..., @, such that u(N,)>0, where N, is the part of N, contained
in the region described by the inequalities

lo,—wpl<3  (=1,...,k).
There exists o', such that

e (ND)= [ o(9)d" * 19 dw) ...dw}, >0,

N3
where
NE={(8 .., Gy 1, D% oo, W) ES s o, S 1, Dy D, -, W)EN L}
[&(9, @) is the unit vector described by the variables 3, w'] and
o(9)=sin*"*"29, ...sind_,_,.
Using our coordinates, we have
2 gs B [@iete aq) 2 7| s—3 s—k—1 ’ ’
[ oy dxz 4] | 30| don|r T drpa(9)d 9dw, ...dw;.
RS N3 Lo L wio 1

It can be shown that the last integral is infinite similarly as in the case s=2.
Proposition 4 is completely proved now.

3. Generalized Topological Charges for a a-Model

We introduce generalized definition of the topological charges for a g-model with
simple homotopy properties. Let us consider a field of unit vectors with n=s+1
components on the s-dimensional space. The field satisfies the constraint

lp(x, 1) =1.
The Lagrangian of the model is
¥ =300,0)("9)

and the corresponding Hamiltonian is
1[op\* 1
H= —<—¢’> + = (Fp)?. (3.1)
The smooth field with constant uniform limit

Plo)=lim o(¢,1) (32)

can be extended on the space IR® compactified by adding a “point at infinity”
(topologically equivalent to the sphere S°) and defines a smooth map S*—S°. The
topological charge defined as the degree of mapping is then expressed by the
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formula

1
) [gs det(p) d°x, (3.3)

where u(S®) is the Lebesgue measure (surface) of the unit sphere S* and we denote

deg(p)=

Oy e Qg

09, 0944

oxt T oxt
det(p)=

00, 0P, 4y

oxt T oxt

The finiteness of energy implies the existence of the constant limit (3.2) for
almost all directions in the space of dimension s=3 according to the results of
Sect. 2 and the form of the Hamiltonian (3.1). It is therefore desirable to generalize
the definition of the topological charge to some fields without constant uniform
limit (3.2) at all directions. We study this possibility for the fields which can be
approximated by a sequence of auxiliary fields having the necessary limit (3.2).

Let us consider a field ¢ : R* x R—S* for which the following assumptions are
valid. There is a system of open intervals in R covering R. For every interval I
from this system there exists a sequence of fields ¢, : R*x I-S* (m=1,2, ...) with
continuous first derivatives and the following properties:

(i) the constant rliI-Poo @,,(r&, 1) =a exists uniformly with respect to ¢ S°~ ! and

tel for every m=1,2,...;
(i) at all tel

lim ¢, (x,t)=o(x,1),  lim Vo, (x,)=Vo(x,t)

for almost all xeR®;
(iii) at all te] there exists a function g, L’(R®) such that

Vo, (x, )] = g,(x)

for almost all xelR® and all m=1,2, ....
Then there exists

Jim deg(g,,)=deg(¢),

where deg(¢) is given by Eq. (3.3). It is a conserved integer number as a limit of
such numbers?, independent of the choice of the sequence {¢,}?., of the
properties (i)~iii). The number deg(p) can therefore be defined as a generalized
topological charge of the field ¢ although it may not always have a simple
interpretation as the degree of a mapping.

It should be stressed that the existence of the sequence {¢,}>., is our
assumption and we did not study the conditions warranting it. The sequence can

2 deg(p,,) are conserved in time intervals I, deg(¢p) is conserved for teIR consequently
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be easily constructed if s =2 and if the field ¢ has the following properties: ¢ has
continuous first derivatives; Vpe L(IR%); there exists a constant be S* and for any
bounded interval I CIR there exist positive numbers A, g, such that |p(x, ) — b| > ¢,
for |x|>A; and tel. The maps ¢,, are obtained from ¢ by modification of its
behaviour (redefinition) at large |x| to obtain a map constant outside a compact
subset (ball specifically) of R®. More details of this construction are given in [7].

The assumptions (i)(iii) can be somewhat varied, e.g. the uniformity of the
limit at r— + oo with respect to ¢ can be replaced by the independence of the
majorant ¢, on ¢ or directly by continuity of deg(¢) expressed by Eq. (3.3) in . The
fields ¢,, do not need to satisfy the field equations. They even do not need to be
continuous in time, supposing deg(ep) is continuous. However, the generalized
solutions of the field equations ¢ defined by a sequence of smooth solutions ¢,
might be of interest.

Appendix
We show the existence of the rotation £ used in the proof of Proposition 4.

Lemma 1. Let G be a locally compact Lie group of differentiable transformations
transitive on the finite dimensional differentiable manifold S, u be a measure on S
invariant with respect to the transformations of G, 0<u(S)< + oo, v be the right
invariant measure on the group G. Then for every function f integrable on S and
every point £€ S

G
[ 1@ dv(et) =" fon)dytr.
G H(S) s
Proof. By the substitution #' =%y, X' =% we obtain

Sf IG J(9n) du(n) dv(Z) =¥(G) i S dutn’)

(expressing integrals as ones over the parameters of S and G, the same Jacobian

appears as in the equation
11 (@Rn) dyton) = { fr)
S

valid by the assumption ; theorems on homogeneous spaces can also be used here
[6]1). Since G is transitive on §, to all £,neS, there exists a transformation #,,€G

such that n=2,,¢. Using the fact that v is the right invariant measure on G, we
obtain

Sj IG S (%) duln) dv(#) = £ (f; SRR, &) dv(R) dpu(n)
= u(S) Cf; SR dv(R).

By comparison of the two expressions for the double integral, the statement of
Lemma 1 follows.
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Lemma 2. Let the assumptions of Lemma I be valid, (G)>0, LCS, NCS, u(L)>0,
WN)>O0. Then there exists a transformation A€ G such that

WLAAN)>0.

Proof. Let us denote by f,g,x, the characteristic functions of the sets N, L,
LNZ ~!N for every 7 €G. Then

18 =9(S) f(T¢)
for éeS and

7)= 19
J1 15 U T )= e wlL) (N)>0

by Lemma 1. Therefore there exists 7 € G such that
WLNT ~'N)= [ x-(&) dpu(&)>0
5

and it is sufficient to put #=7 "1
In the proof of Proposition 4 we use Lemma 2 for S=S*"! and G=SO(s).
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