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Abstract. We consider differentiable maps and compact invariant sets. We
introduce dimensional quantities related to the ergodic invariant measures,
and prove some simple relations.

We consider differentiable maps and compact invariant sets. An estimate from
above for the Hausdorff dimension of such a set has been given by A. Douady
and J. Oesterlé [DO] and by Mafie [M, ]. In this paper we discuss some other
relations of this kind. We first show how to deduce an estimate involving Lyapunov
exponents of the system. We also introduce the fractal dimension f (m) of a measure
mon a compact space, which weights an “essential” dimension of (X, m).

The results are the following: for any ergodic invariant probability measure,
we consider the spectrum of the linear tangent map (the so-called Lyapunov
exponents) and the “dilating dimension” of this spectrum dim dil Sp m; the dimen-
sion of a compact invariant set is bounded from above by the supremum of dim
dil Sp m over all invariant probability measures; individually, for any ergodic
invariant probability measure, we have

f(m) < dim dil Sp m.

This inequality is generally a strict inequality, as is shown by considering maps
of the interval, where f (m) is related to the entropy A(m) and the positive Lyapunov
h
coefficient 4 by f(m) = —(}Q

This notion of dimension of a measure is closer to what is actually measured
in experiments like those performed by P. Frederikson, J. Kaplan and J. Yorke
[FKY]. It leads us to reformulate these conjectures there and to discuss some
other questions.

1. Notations and Results

Let L be alinear operator from an euclidean space E of dimension d in an euclidean
space F. Define s-numbers of L, denoted [L], as the decreasing sequence
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Ay Z Ay.... Z 4, of logarithms of the eigenvalues of the positive operator (L*L)'/?
(multiple eigenvalues are repeated according to their multiplicity).

For any such sequence s = 4, ..., 4,;, and any real «, 0 < o < d, we define c*(s)
[o]
by cX(s) = Z A + (o — [o])Ay 4 » Where [o] denotes the integer part of the number

o, and dim d11 s by
dimdils=0if 2, <0,
dim dil s = sup{o, 0 < o < d, ¢*(s) = 0} otherwise.
(We can put ¢*(s) = — oo for a > d).

Let K be a compact set in a metric space. For any >0, any ¢ > 0, and any
cover u of K by sets A4, of diameter r;, i€l r; < ¢, we compute N (u, &) = Y ¥ and

iel

M y(K) = lim inf N y(u, €).
el0 u

The Hausdorff dimension of K dim K is defined by
dim K =inf{ff = OlMﬂ(K) =0}.
If f is a differentiable map of Riemannian manifold X, and K a compact in-

variant set, we have by Douady and Oesterlé’s formula

dim K < sup{dim dil [D_f]}.

For any measure m on a compact metric space (K, d), for any ¢ >0 and § > 0,
we call N (e, d, m) the smallest number of balls of radius ¢ we need to cover the
space up to measure 6. We then define the dimension of m by

o log N (e, 9,
f(m) = lim lim sup og_M
550 0 log1/e
For an invariant ergodic measure m by a map f, we shall use a definition of the
entropy very close to the preceding one (cf. Katok [K]): let d, be the metric on K
defined by

d,(x, y) = max{d(f'x,f'y),0 S i < n}.
We define the entropy A(m) by
h(m) = lim lim lim sup Iog N, (€, o, m).

eV0 0V0  n— w0
LetP={p,,p,,-.. » P, ...} bea partition of X into measurable sets and define
r(x) by xep,(x). If H(P) = — [ log m(P,,)m(dx) < 4 co, we have, by Shannon-Mac
Millan’s theorem (cf [B])

— 1 _ _
lim — - log m(p,(x) " f Drrrymead " Dypn-1x) < h(m). (1.1)

n

If we consider a differentiable map f of a compact Riemannian manifold X,
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we denote &(x, f) the set of invariant ergodic probability measures. For any m
in &(x, f), there exists a sequence Sp m of s numbers such that

1
;[Dxf"] — Spma.e.and in L. (1.2)

Furthermore by Oseledets’ theorem (cf. [O], [R], [Ra]), there exists almost
everywhere a decreasing family of subspaces of T X,

TX=E; oE;>...0E oE; = {0}

Sr+ 1

such that the map x—>E§i is measurable and for almost all x, the sequence
1 . .

~Log | D,f™]| converges uniformly on v in EJ\E7  towards some element
n

4, of Spm.
Our results are the following:

Proposition 1. If f is a differentiable map of a compact Reimannian manifold X,

h
and m an invariant ergodic probability measure, f(m) = %, where A, is the first
1

element of Sp m. (Proposition 1is empty when 4, = 0).

Proposition 2. If f is a differentiable map of a Reimannian manifold X and K a
invariant subset,
infsupdim dil[D_f"] = sup dimdil Spm.

n xeK meé (K, f)

Corollary. With the same conditions, we have

dimK =< sup dimdil Spm.
meé (K, f)
Proposition 3. If f is a differentiable map of a compact Riemannian manifold X
suchthat D_ fis Hélder continuous on X and if me 8(X, f), we have

f(m) < dim dil Sp m.

Let us make some comments on these results.

Proposition 1 gives a rough estimate, but in certain cases it may be the best
one; for instance, in dimension 1, we have the following generalization of known
results (cf. [B], [Bo], [C], [E], [F]).

Proposition 4. Let f be a piecewise differentiable map from an interval I into itself,
such that ' is piecewise monotone—Let Q be the partition of I defined by the critical
points of f and of f'—. Let m be an invariant ergodic probability measure such that
HQ)< + andflog |f’|dm>0. We have

h(m)
flog|f’|dm’
There are examples where the estimate in the corollary is an equality, for instance

when an ergodic smooth measure exists, but there are also examples where this
is not true (cf. the discussion in [FKY] and below). The result of Proposition 3 is

f(m) =
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also an equality for an ergodic smooth measure and in a forthcoming paper, it
will be shown that we still have f(m) = dim dil Sp m if the following conditions are
satisfied: there is only one nonstrictly positive exponent and the measure m is
absolutely continuous with respect to the unstable foliation. (L. S. Young has also
obtained a related result.)

Let us also remark that all these results can be extended to a differentiable map
of a Hilbert space satisfying suitable compactness conditions as long as ergodic
theorems (cf. [R,]) and [D.O] are still valid. In the case of a differentiable map
of a Banach space, Spectrum and Lyapunov are defined by an extension of the
Oseledets theorem [M, ], and Mare ([M, ]) gave a formula for the capacity of a
compact invariant set very close to the one we get by corollary here. The capacity
log N (¢, 0, m)

log 1/¢
measure with support the whole set K. Although it is not explicitly stated that way,
Marie’s estimation could actually give with the help of Proposition 2,

¢(K)< sup dimdil Spm.
meé(K, f)

of a compact set K is given by ¢(K)=lim,sup , where m is any

II. Some Proofs
We first prove Proposition 1.

Let f be a differentiable map of a compact Riemannian manifold X, and r > 0.
We put

.71, = max( 0.1, ).

For any x > 0, there exists ¢ > 0 such that d(x, y) < ¢ implies | D, f || < | D.f ||,
(1 + ). Let m be an invariant ergodic measure, 6 >0 and let us denote v (f) =

flog|| D f |, m(dx).
By the ergodic theorem, there exists n, such that if n = n, m(4,) = 1 — J, where

ji—1
A,l——-{x; sup [ Dyef ”r:_<_enw(f)(1+x)}

0<jsnk=0

Let ¢ <¢, if xeA, and d(y,x) <& e ™A+ (1 4+ y)7" we have clearly by
induction on j < n,

ji—1
d(fiy.fix)<e e ™ DD TTD i f ||, (1 + 27"
k=0

In the other words the d ball of radius &' e ™)1 *0 (1 4 %)™ and center x is
contained in the d, ball of radius ¢'. Furthermore, in a cover up to measure J by a
family of sets, the subcover made of the sets which meet 4, by a nonempty inter-
section covers X up to a measure 2J.

And putting this together we have just shown

g e_"vr(f)(1+x)(1 + X)_" )
3 ,0,m .

N, (¢/,25,m) < N,,(
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1
By taking lim lim lim sup Elog, we have, if v () >0
g—0 6—-0

h(m) < f(m). [v,(f) (1 + x) + log(1 + ) ].

But y and r can be arbitrarily small. Therefore we get A(m)=f(m).
(flog| D.f | m(dx))* and by applying this result to f"n =0, we have finally

1
h(m) gf(m);(f log|| D, f"| m(dx))* which by (1.2) proves Proposition 1.
Before proving Proposition 2, we have the following Lemma.

Lemma 2.1. Let L and L be linear operators from respectively euclidean spaces
E to E' and E' to E". We have for any real o

AL LD+ LD @.1)

Proof. 1t is clear that if one of ¢*([L]) or ¢X([L']) is — oo, that means that either
rank of L or L' is smaller than «, so that the rank of L'.L is also smaller than « and
(2.1) is valid.

Remark also that ¢!([L]) is the logarithm of the norm of the operator L and
that proves (2.1) for a = 1. The proof of (2.1) for an integer « follows by considering

the wedge product A Land applying c* [LD) =X A L]).

Then (2.1) follows for a rational o = b by considering the direct sum of g copies
q

1
of the spaces E, E', E” and the maps L, L' and by applying c?%[L]) = —c?([ ® L]).
q

Finally (2.1) extends to all real o by continuity. !

We now consider a differentiable map f of a Riemannian manifold X and an
invariant subset K and let us call «, = inf sup dim dil [D_f"].

We have clearly «, = sup infdim dil [D_f™] = dim dil Spm and proving Propos-

ition 2 is proving the converse inequality.

For all n we choose x, such that dim dil [D, "] = &, i.e. ¢X([D, f"]) =0 for
all o <oy

Letusfix x <y, N,n> Nand 0 <j < N. We have, by Lemma 2.1:

/N]- 1

> e [Dkawxan]) +20Nsuplog|| D f || Z0.
k=0 x

By summing over j,0 <j < N, we get:
n—1

Y, ([D s f¥1)= — 3aN?suplog | D, f

k=0

| c“([D»f”])(%"i 5kan><dx); -

, Or

3¢ N2suplog||D f |
* ) 22

n

where 6, denotes the Dirac measure at the point z. Let M be the set of vague limit
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n—1

1
points of the sequence of probability measures — 2 0 All measures in M are

Srxn

invariant and (2.2) implies inf [c¢*([D, ] )m(dx) > 0 So for allmin M and all N
meM

we get | %[Dx V] )m(dx) = 0 and this implies, if m = [m_m(dx) is the ergodic

decomposition of m, by (1.2): | ¢*(Sp m,)m(dx) 20, which means that there exists
an ergodic measure m,, with ¢*(Sp m,) = 0, i.e. dim dil Sp m,, = «. This last relation
being true for any « < «, proves Proposition 2.

We also now prove Proposition 4: we consider a piecewise differentiable map
of the interval and an invariant ergodic measure m, such that if Q is the partition
in critical points, we have H(Q) < oo and 4 = [log| f'|dm > 0.Forany,%> 6 >0,
we call P2 the set P2 = {e™™ < | f’| < e~ Y%} for n in Z. Remark that P’ is empty
when n is mall enough

lfl

The function log™ being integrable, we have

Y, nm(P)< Y jlog—l—

<+ @
n>0 n>0 P§ lfl ’

and therefore, if we call P v Q the partition defined by the critical points and the
sets P2, we have H(P v Q) < H(Q) — Y m(P%)log m(P%) < + co. We fix now & >0
n—1

and y > 0. Call m,(x) the measure of the atom of \/ f~{(P v Q) which contains x.
i=0
By the ergodic theorem and (1.1) there exists n,, so that if n = n,

m(4,)=1—¢2andmB,)=1—¢/2,

where An={%log|(f”)’| ;/1(1~X)}

1
B, = { —Zlog m, < h(m) +x}.

n—1
We call ¢, the set of atoms of \/ f~* (P v Q) which intersects A, N B,. We have

the following properties: =0

mc,)=1—¢

n(h(m) + x)

¢, is made of less than e atoms

¢, is an interval where /" is monotone, so that the length of an
atom a in c, is smaller than
inf[(f"Y 1))~
yea
n—1
For any two points y and z in the same atom of \/ f~(P v Q), we have
i=0
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[ ")

(" (@)
no

- h(m) +
smaller than —7—, so that we have proved that N (e 7P g ) < "M TR,
e

] €". The two last properties imply that the length of an atom in ¢, is

Therefore
. ——log N (e"/e" 1=, ¢, m)
S =Hmlim =200 =~ 9)
h(m) + x
Si—p=6

h(m)

We first let y be arbitrarily small and then 6 to prove f(m) < - The converse

inequality comes from Proposition 1 if f is differentiable, or is proved in the same
way if f is only piecewise differentiable and m such that H(Q) < + co.

III. Proof of Proposition 3

The proof of proposition 3 consists in making rigorous the heuristic argument of
[FKY]. We consider a differentiable map f of a compact Riemannian manifold
X, such that D_ fsatisfies a Holder condition of order ¢. For x and y close enough,
let us call 7 the isometry from T, X to T, X defined by parallel transport along the
geodesic. The Holder condition means that there exists C, and &> 0 such that

ID,f= 55D, f7| < Cyd(x, y))-

From this it follows that there exists C, such that, if f'x and f'y stay close
enoughfor0<i<n,

D f" =D, [ 2| < Cld(x, y))- (3.1)

Let m be an invariant ergodic probability measure on X and consider the
spectrum Spm = {4, = .... 2 4,} of D_ffor m. If A, <0, by [R] Corollary 6.2, m is
carried by a finite set of points and f (m) = 0.If 4, = 0, dim dil Sp m = d and Proposi-
tion 3 is also true. So for provmg Proposition 3 we may choose j with /1 < 0and

Z A
dimdilSpm=j—1- ——i—. Then by Oseledets’ theorem, for m almost every
x in X, there exists a decreasing sequence of subspaces EX = T, X o El>....o
. 1
Ej o E; = {0},such that the map x — E] is measurable and —log | D f"v || -

as n — oo, uniformly on v in E;\EZ ., |[v =1,i=1,...,r. We now fix y > 0,6 > 0.
There exists n,(J, ) such that for any n > n,, m(A4,) = 1 — 6 where

| Dofrul| SA+ gye*scforalluin E, |u =1 and all k}.

We choose now &' >0, n = n,, and a set of balls {B,, ieI} of radius r, such that:
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1 1
21+ <2’"<UB>> 1=9

1 elj nfe
== ,|I|=2 ,0',m).
" 2<(I+X)C1> 1= 2N fr,.m

We consider I’ = I such that if iel’, B; intersects 4, in x, and we consider
for iel' the ball B; of radius 2r, and center x. We have clearly |I'| £I and
m< U Bﬁ) > 1 — ¢’ — ¢; the main step of the proof is proving Lemma 3.1:

7
Lemma 3.1. ForiinI',f"B; can be covered by less than K balls of radius r,e"*,

J
K =1+ yQd* ] e"* .
i=1
We show now how Lemma 3.1 implies Proposition 3. The set U f"B;can be

I
covered by less than K|I'| balls of radius r,e” and has a measure bigger that
1 — ¢ — 4. This means

Nd(rnenlja 5 + 5’3 m) é Klll!

i—1
<201+ ™2 [T 2N r,, &', m).

i=1

1 el_, 1/e
=3 " =(+———+] . We have, b
Remark also that r, 2(B()()), where B(x) < Tt C1> e have, by
. T 10g
taking lim lim lim —————————,
£ 610 6(0n>w n()’j - log B(X))
j—1
log(1+ )%+ ) (4, — 4,
flm) £ sl i;(, ) —log B f(m)
= —(;+logB(y) — (4;+1log B(y))

j—1
Hence: — 4,f(m) <log(l + 0+ Y (4; —4;), and by taking y arbitrarily
i=1
j-1
2

i=1

small, we get f(m) <j— 1 — = dim dil Sp m by our choice of 4.
j
Proof of Lemma 3.1 : For any point y in B; we consider the points /"y and z, where
z is such that expf‘,,ii z=D_ f"(exp, ' y), where exp, denotes the exponential
map from a neighbourhood of 0in T X into X.
By (3.1) we have
d(f"y,2) = ||expp [y — expp 2|
S Cildix, y)'e

< Cnr re = C'{r"enlj = r"e .
= Y1'nn 2(1 ‘\LX)"C'; 2

nij
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If we consider now C; =exp,,,, [D, f "(exp’1 B))], the former computation

shows that for any point f y in "B, there exists a pomt z in C; with d(f™y, z) <
Ly e,
o From a cover of C, by K balls of radius 1r "%, we can therefore deduce a
cover of B} by K balls of radius r,e"”. We compute now such a K: we choose in
TxiX an orthonormal basis u,u,, ... u,, by first choosing a basis in E, then
completing it into a basis in EJ’ , and so on, so that the asymptotic behaviour
of | Df"u, | is given by 4, _,.

We have exp_ ' B, {veT, X|v = v,

X, C; = {v€ Ty X [0 =Y 0D, [ty |0, < 21}
where (D, f")u, are independent vectors of T, X, satisfying
[0/ < 441+ .
Now cover exp;,,;i C, by parallelepipeds in T, X of the following form,

Dxlf)k nl,
{’ 0 = 20 I 2d}

with less than K such parallelepipeds, where

v,| £2r,} and therefore

i—1
K < (1+ 0@y T] e,

i=1

By using the exponential map, any such parallelepiped becomes contained in

ni;

. he .
some ball of radius *~—and this proves the lemma.

IV. Conclusions

In this paper we introduced a number associated to a dynamical system and
an invariant measure which expresses some geometrical property of the system.
For a compact metric K and a map f, one can also define

f(K)= sup f(m).
meé(K, f)
Under which conditions is the relation dim K = f(K) true? Is there an abstract
definition for f(K), by cleverly mixing topological entropy and capacity (cf. Bowen
[Bo] for instance)?

Let us come now to the comparison with numerical experiment. In [FKY],
they consider some map f of the square, and the computer gives a pseudo-orbit
{o,1 <n < N}. What is computed is the number L of squares of radius 1/8 which
cover the pseudo-orbit (except some of the very first terms) and the coefficient
s =logg L.

If one admits that the statistic of the pseudo-orbit is given by some invariant
measure m, what is computed is actually logg N,(1/8, 6(N), m) with 6(N)—0 as
N — o0.

If one admits also that the system has very strong self similarity properties,
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log N (e, 6, m) .

is much faster when ¢—0 than when
log 1/

then the convergence of

0—0.

So it is sensible to believe that the number s is closer to f(m) than to
T lim log N A&, 6,m)
e~0Jd—0 1/

It turns out that for an Axiom A attractor such that the stable direction is of
dimension 1, and Ruelle’s measure m, both numbers f (m) and c(m) can be computed
and that we have generically

f(m)=dim dil Sp m < c(m).

= ¢(m) which is the capacity of the support of the measure m.

This remark is due to A. Manning and L. S. Young

A sensible reformulation fo [FKY]s conjectures is therefore, under some
conditions, a strange attractor generically admits an invariant measure satisfying
f(m) = dim dil Sp m.

Acknowled gement. 1 am very thankful to Michel Herman for having pointed out the inaccuracy of a
previous statement of proposition 4.
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