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Born Series for (2 Cluster) — (2 Cluster) Scattering
of Two, Three, and Four Particle Schrodinger Operators

George A. Hagedorn*
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Abstract. We investigate elastic and inelastic (2 cluster) — (2 cluster) scattering
for classes of two, three, and four body Schrodinger operators H=H,+ ) V.

i<j
Formulas are derived for those generalized eigenfunctions of H which Jcor-
respond asymptotically in the past to two freely moving clusters. With these
eigenfunctions, we establish a formula for the (2 cluster) — (2 cluster) T-matrix
and prove the convergence of a Born series for the T-matrix at high energy.

1. Introduction

In this paper we investigate (2 cluster) — (2 cluster) scattering of certain classes of
two, three, and four particle Schrodinger operators. We begin by finding those
generalized eigenfunctions of the Hamiltonian, ¢ (X, k), which correspond to two
cluster initial channels «. Using these eigenfunctions we prove the validity of a
formula for the physicists’ T-matrix for (2 cluster)—(2 cluster) elastic and inelastic
processes. We then prove the convergence of a Born series expansion for the
T-matrix at high energy.

In the two body case, we have little to say which is new. Eigenfunction
expansions for two body Hamiltonians are developed in [2, 11, 14, 17, 20]. The
two body T-matrix formula is proved in [17, 20]. Also, for each potential V in
certain classes, there exists E, < co, such that the Born series converges for energies
in (E,, o0) [1, 6, 15, 17, 20, 24]. However, our methods and the closely related
methods of [15] are presently the only methods which can be used to estimate E,,.

Our principal new results deal with 3 and 4 body systems. Previous authors [5,
13, 19, and references therein] have obtained the asymptotic behavior and
distributional Fourier transforms of the generalized eigenfunctions. They have not
proved Born series convergence nor the validity of the T-matrix formula [Eq.

(1.2)].
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Theorems 1.1-1.3 are precise statements of our main results:

Theorem 1.1. Let m=3 and N=4. Let H=H,+ Z 4i;Vi; be an N particle
l<]
Schrédinger operator (with the center of mass motion removed) on # = L>(RN ~1m),
Assume each V;; may be factored as V;;=U, Wu, so that :
1) each U;; and W; is dilation analytlc in some strip,
i) (1+x7)"U,j(x;;) and (1+x7)"W,;(x;;) belong to L°(R™)+ L*(R") for some
p>m and v>m/4,
iti) bound state energies of three body subsystems are non-positive when N =4.

Then, for generic couplings {/4;;}, there is a closed set & SRR of measure zero,
such that the following hold for each channel &, whose cluster decomposition D(x)
contains exactly two clusters.

(a) Let E, denote the threshold energy corresponding to «, and let M, be the
reduced mass associated with the coordinate between the centers of mass of the
clusters of a. If keIR™ satisfies k*/2M,+ E, ¢ &, then, for sufficiently large 6, there
exists ¢ (X, k)e L2 (RV=D™ dX)={f:(1+X?)" 2 f(X)e (RN~ Y™)}, such that
fe Ly(R™N=Ym) implies f¥(k)=(2n)""? | ¢, (X, k) f(X)dX satisfies [T =((2,;)*f).

(b) fr=f¥ extends uniquely to a partial isometry (also denoted frf¥) with
initial subspace RanQ; C# and final subspace #,=IL*R"). If fe#, then
=@

(c) IffeD H), then (Hf (k)= (k*/2M + E,) f* (k).

Remarks. 1. Balslev [3] and Simon [21] have given sufficient conditions for
hypothesis iii) to hold (see also [8, Theorem I1.10]). Yukawa potentials, genera-
lized Yukawa potentials, and potentials of the form r~*(1 +¢r)~™*1 ¢ satisfy all
the hypothesis of Theorem 1.1.

2. The generic couplings are precisely those for which no cluster Hamiltonian
has a threshold resonance or threshold bound state. This set of couplings is large
in the sense that its complement is a closed set of measure zero [8, Sect. VI].

3. Note that f£=0if f is orthogonal to Ran Q..

Definition. Assume the hypotheses of Theorem 1.1, and assume {4;;=1} is a set of
generic couplings. Let o« and B both be two cluster channels, and let ¢2(X, k)
—e”‘gtpa(x ). Here y, is the tensor product of the bound states of the clusters of o; {
is the coordinate between the centers of mass of the clusters of o; and X =(x,, {).

Let V= Z ;> and let V;, ., be the sum of all ¥;; with i and j in the same cluster of
D(x). If k’2/2M +E,¢4, then we define
T, ok, k)= (2m) ™ f GO0 K)LVX) = Vpy 0] 00, k)X (1.1)

N-1)m

Theorem 1.2. Assume the hypotheses of Theorem 1.1, and assume {4;,=1} is a set of
generic couplings. Then T, ,(k,k') is continuous in k and k' for k’2/2M +E;¢6,
whenever both o and f§ are two cluster channels. Suppose fe A, = L*IR™) and geH,
=I(R™) are chosen so that f and § are C* with compact support, and assume
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k'esuppg implies k'>/2M,+Ey¢&. If S, j:Hy—H, denotes the block of the
S-matrix of H=H,+ ). V,; for scattering from channel B to channel o, then

i<j

{So8,09) —0,,6K1.90

Y

= —2ni [ f(KGK)SK2/2M,+E, —K>/2M ,— E)T, (k, k')dkdk' . (12)

R2m

The Born series for the two body T-matrix arises from the substitution in
Eq. (1.1) of a series for ¢4(X, k). This series for ¢4(X, k') is obtained by expanding
(1—M(z))~ ! in Eq. (2.2) as a geometric series, and substituting the result in Eq. (3.1)
for ¢u(X, k). If M(z)= W(z—H,)"'U has norm less than 1, the Born series con-
verges. Various authors [1,6,17,20,24] prove |M(z)|—0 as Rez—oo. Our
slightly stronger result (also obtained in [15])is || M(z)| £ C(Rez)™ ¢ where C and
¢ depend on U and W. Thus, given a potential, this allows the computation of an
energy above which the two body Born series converges. Estimates of the error
in the n'™ Born approximation can also be calculated.

For N=3 and N=4 we mimic the above procedure to obtain expansions
which we call the Born series. We expand the 3 and 4 body Eq. (2.2) by expanding
(1 —M(z))~ ! as a geometric series, and substitute the result in Eq. (3.1) for X, K.
This series for ¢, is then substituted into Eq. (1.1), thus giving us a series for
T, gk, k).

For example, if N=3, D()={{1,2},{3}}, and E=k’2/2MB+El,, then ¢,(X, k')

= Z @YX, k'), where the first few terms are:

OO K) =g, k) =e™Cypy(xg)
¢}31)(X,k')=[(E+i0—H13)“1V13¢ﬁ ’ kl)
+(E+i0—H,;)" ‘V23¢ﬁ( ,KN1X)

¢§}2)(X,k/)=[(E+i0—H 2)"1V2(E+i0—H13)‘1V3¢°(o k")
H(E+i0—H,3) " Vo3 (E+i0—H,y3) ™ 'Vy395( -, k)
+(E+i0—H,,) 'V, ,(E+i0—H,3) 'V,500( -, k)

H(E+I0—H 3)" ' Vis(E+i0—H,3) ™ ' Vy3¢5(+, k)1(X) .

The n'* term for T, 4(k, k') is given by
em $OX, ) [V(X)— Vi X190 (X, K')dX

RN -1)m

For N =3, this Born series is sometimes called the Faddeev-Watson series. It is
physically motivated by decomposing the three body scattering into sequences of
two body collisions. For N =4, the situation is much more complicated because
the barely connected perturbation diagrams contributing to M(z) are more
complicated.
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Theorem 1.3. Assume the hypotheses of Theorem 1.1, and assume {4;;=1} is a set
of generic couplings. If M(z) is defined by Eq. (2.2), then

a) for N=2, the corresponding M(z) satisfies || M(z)| =C(Rez)~*,

b) the N=3 body M(z) satisfies |(M(z))"| <(c Rez) "2 where [n/2] is the
greatest integer less than or equal to n/2,

c) the N=4 body M(z) satisfies Rlim I(M(2))"| =0 for n=2.

So, for N <4, the Born series for the (2 cluster) — (2 cluster) T-matrix converges at
high energies.

Remarks. 1. The fact that M(z) contains only connected perturbation diagrams is
crucial for this theorem. Disconnected diagrams cannot tend to zero in norm as
z— oo along the positive real axis.

2. The proof of b) also holds for the potentials of Ginibre and Moulin [7]. As a
consequence, there is no high energy singular continuous spectrum for these
potentials. Previously, only the absence of negative energy singular continuous
spectrum has been proved [7].

Throughout the paper we use results of [8]. Section 2 establishes notation and
recalls a few essential results of [8]. Section 3 contains the proofs of Theorems 1.1
and 1.2. These proofs are similar to their 2-body analogs, except that certain
formulas from [8] are required. The proofs of Theorem 1.3 for N=2, 3, and 4 are
given in Sects. 4, 5, and 6, respectively. The principal methods involved in these
sections are those of [8] and [4].

It is a pleasure to thank Barry Simon for several useful discussions and a critical reading of the
manuscript.

2. Preliminaries

Throughout this paper, we use results and notation from [8]. Those technical
devices not discussed below (such as clustered Jacobi coordinates, dilation
analyticity, etc.), are discussed in [8], as well as the references to [8]. We will,
however, recall a few definitions and facts.

The Schrodinger operator for N particles in m dimensions is

N N
H=— Z(Zmi)_lAi+ Z I/ij(ri_rj)
i=1

i<j
on [*(R™). We remove the center of mass motion from H to obtain H=H,

+ ) Vi; on o = 2RV~ 1m),

i<j

A cluster decomposition D= {C}¥_, is a partition of {1,2,..., N} into k disjoint
clusters C;. H),=H,+ V), where ¥}, is the sum of all ¥}; with i and j in the same
cluster of D. # may be decomposed as #,@#,®...QH#4,QHA4(D) so that
Hy=h®1®.01+1 0 Q.01+..+1R..0hLQ1+1®..0 1 ® K.
The Hamiltonian h; corresponds to the energy of the particles in cluster C; alone.
K, is the kinetic energy of the centers of mass of the clusters of D.
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For each i, we choose eigenfunctions 7 of h; so that {#!"} is an orthonormal
basis for the subspace of J#; generated by the eigenfunctions of h;.
A channel o is a cluster decomposition D(x) together with an eigenfunction
k

n%e{nP} for each h., We define E,= ) E, where hyp®=En® and let
i=1

P, =nPRn?P®...@n". P,: # —# is the orthogonal projection onto all vectors

of the form y,® ¢, where ¢pe #(D()) is arbitrary. #, = #(D(x)) is identified with

the range of P, by identifying ¢ with p,®¢. We let P, be the sum of all P, with

D(o)=D.

Using this identification and letting 7, = I® | ® ... ® |® K, ,, + E,, we define the
channel wave operators Q7 : #,—H by

QF = strong-limit e"#e~*T=P .

t=+ o

When « is a two cluster channel, we let M, denote the reduced mass associated
with the coordinate between the centers of mass of the clusters of D(x).

In Sect. III of [8] the multiparticle limiting absorption principle is used to
obtain expressions for ((;)*f)" for a dense set of f’s. To obtain a partial
eigenfunction expansion we require a stronger version of this absorption principle.
The only difference between the version below and the version in [8] is that we
require u>m/2 rather than pu>1.

Definition. LE(R")={f:(1+x%%?f(x)e L"(R")}.
Definition. Let H be an N particle Hamiltonian on L*(R™~Y™), with m>3. The

strong multiparticle limiting absorption principle holds for H if
L(D)

-H)™! Z(Z D)_IPD Z F, pZ, p(2),
=1

where :

(a) there exists 6, such that ¢ L5 (R™~1") implies Z, ;(z)¢ is an L> (RN~ ™)
valued meromorphic function in C\e . (H), with continuous extensions to g, (H)
from above and below in the complement of a closed set & of measure zero;

(b) foreach # and D, F, ;, maps LA(IR™~ V") into LE(R™)® L (R™~ ™) for some
u>m/2 and pe(l,2], where the first factor denotes functions of a Jacobi
coordinate for the motion of the centers of mass of clusters of D.

Lemma 2.1. Suppose the strong multiparticle limiting absorption principle holds for
H on L2(R™Y~Y™) \where m=3. Let o be a 2 cluster channel, and assume QF exist. If
e L3 (RN~D™), then, for all keR™ with k*/2M ,+ E,¢8&,

L(D@)

(@) ) (k)—(P > FoaZe (2, +z0)¢) ®). @.1)

(Note that both sides are Fourier Transforms of functions on R™. We have identified
H, and P H.)

Proof. Proposition II1.6 of [8] shows that the result is valid if both sides are
viewed as I* functions on the sphere of radius |k| (see also [5, 7, 10, 23]). Note that
the right-hand side of (2.1) is actually continuous whenever k?/2M_,+ E,¢&. This is

because pu>m/2 in the strong multiparticle limiting absorption principle implies
L(D@)

P, ) F, pwZ s pwk*/2M, + E, Fi0)
£=1
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has the form ¢, ® f with fe Lf;(IR”‘)gLI(IR"‘), and because Z, |, (z) is continuous
for z¢6. O

Lemma 2.2. The hypotheses of Theorem 1.1 imply the existence of the channel
wave operators for H. Furthermore, for generic couplings, the strong multiparticle
limiting absorption principle holds for H.

Proof. The existence of QF is proved in [18, 22]. If we choose y>m/2 in the
definition of the ¢ functions (defined at the beginning of Sect. V of [8]), then Sect.
V of [8] proves the strong multiparticle limiting absorption principle for H with
generic couplings. This y may be chosen greater than m/2 because Hypothesis (ii)
of Theorem 1.1 requires v >m/2 (see the beginning of Sect. V of [8] for a discussion
of the allowed values of y). [

Under the conditions of Lemma 2.2, the formulas of Sect. IV of [8] show that
«each non-trivial operator Z, ;(z) may be represented as

Z, p(2)=B, p(2)(1—M(2))"'C(2) . (2.2)

For N=2, M(z)=W(z—H,)"'U. For N=3 and N =4 the operators M(z) are
given by Egs, (IV.6) and (IV.10) of [8], respectively.

The 3 and 4 body operators M(z) contain factors ¢;;, 0, 0;j41» €tc. The choice
of these factors is rather arbitrary, and we use a different choice from that of [8].
At the beginning of Sect. V of [8], each ¢ function is chosen to have the form
0(y»)=(1+y*) "2 where y is some particular coordinate, and 1<y<4. The ¢
depends on the potentials, and for the potentials of Theorem 1.1 of this paper, we
have 6 >m/2.

For this paper, we fix y satisfying m/2 <y <J, and then make the following
definitions for the ¢ functions.

Definition. Let & be the coordinate from the center of mass of particles i and j to
particle k. Let £ be the coordinate from the center of mass of particles i, j, and k to
particle 7. Let 5 be the coordinate from the center of mass of particles i and j to the
center of mass of particles k and /. We define

Qij,k(£)=(1 4 E2)72
2, (0)=01 +EyH)TR L .
Qe =(1+n?)7""2

3. Two Cluster Eigenfunctions and the (2 —2) T-Matrix

In this section we prove Theorems 1.1 and 1.2. We begin by constructing the 2
cluster generalized eigenfunctions.

Definition. Assume the strong multiparticle limiting absorption principle for the
N body Hamiltonian H. Let o be a channel for H such that D= D(«) has exactly
two clusters. Let ¢2(X, k)=e™ "y (x,), where X =(x,,{) denotes a set of clustered
Jacobi coordinates for D. Whenever k?/2M ,+ E ¢ &, we define

L(D)

¢X, k)= ) (Z, p(k*/2M ,+ E,—i0))*F} ,$2(X, k) . (3.1)
=1
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Remark. In the above definition, y,e I2(R¥~2™) and e*'e L*(R™)C L% (R™) for
8>m/2. Consequently, ¢°(-, k)eL* (R¥~1Ym) and F¥,¢2(-, k)e Z(IRN~2™).
Thus (Z, ,(k*/2M, + E, —i0)*F¥ ,¢%(-, k)e I , RV~ im) and

G-, k)eL” 5 (RV=Dm)

So, the following definition makes sense.
Definition. Let ¢ (X, k) be defined as above. For feLj (RV™"™), we define

fiky=@m=2 [ GLCR )X for all keR™ with k2/2M , +E, ¢6.

Lemma 3.1. Choose H and o as above, and assume Q exists. If feLj (RN~Hm),

then (Q)*f) =1},

Proof. If k*/2M ,+ E ¢ &, then Lemma 2.1 shows
(@) f) (k)
=(2m)~"2 [ G F)

L(D)
Y F, 7, y(k*2M,+ E, —i0) f] (X)X
=1

L(D)

=(2m)~™?2 j [ Z ((ZZ’D(k2/2Mu+Ea—i0))*Fde>2( ',k))(X)J fX)dx
/=1

=fy (k)

Note that the integrals converge absolutely because pu>m/2 in the strong
multiparticle limiting absorption principle. [

Proof of Theorem 1.1. By Lemma 2.2, the hypotheses of Theorem 1.1 imply that
the strong multiparticle limiting absorption principle holds for generic couplings.
Also, the channel wave operators exist. Thus, Lemma 3.1 implies (a).

By (a), f¥=((Q,))*f) for f in a dense subset of . (2])* is a partial isometry
with initial subspace Ran 2" and final subspace /#,. Since the Fourier transform is
unitary on #,, (b) follows

Since T(2,7)*> (2, )*H (see [12, p. 532]), the following computation imples (c).
Let feD(H)

(H f)(k) = (2 )*H )" (k)
=(T(Q,)*f) (k)
=(k?/2M,+E,)(Q,)*f) (k)
=(k*2M + E)f¥(k). O

Lemma 3.2. Assume the hypotheses of Theorem 1.2. For k’2/2M +Ey¢ 8, define
$pX, k') by Eq. (3.1). Then the integral (1.1) for T, 4(k,k') is absolutely convergent.
Moreover, T, ,(k.k') is continuous in k and k' whenever k' 2/2M +E ¢6.

Proof. Choose y as in the definitions of the ¢ functions [Eq. (2.3)]. Let i and j
belong to different clusters of D(x). Then,

Ui k)= (U Py (L5 (1+2) @I K)

where X =(x,,{,). Since (1+{2)7"?@2(X,k)e#, Lemma V.4 of [8] shows
U;00(-, ke LZR™ 2" dx )@ L*(R™, d¢,) for all positive &. To prove T, , is well
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defined, it is therefore sufficient to prove
Wi, K)e L2 (RN ™2™, dx )@ L2(R™, d{,) (3.2)
for some 9.
In view of Eq. (3.1) and the remark thereafter, (3.2) follows if
(LX) P W, (Z (K 2/2M 4+ By = i0)*

is a bounded operator on H. Equation (2.2) and the boundedness [8, Sect. V] of
B(z)(1—-M(z))~ ! for z¢ & show that it suffices to prove

(L+x3)" 2 W, (Clz—i0)*

isboundedforzeIR. For N =2thisfollowsfrom Lemma I1.30f[8]. For N = 3itfollows
from Corollary V.5 and Lemmas V.4 and V.8 of [8]. For N =4 the result is proved by
mimicking the proofs of Propositions V.15, 16, 25, 26, and using Corollary V.5 and
Lemmas V.4 and V.8 of [8].

To prove the continuity we note that T,,(k, k') is a sum of terms of the form

<Uij¢a?( ) k), (I/Vij(Zt’,D(ﬂ)(klz/zMﬂ + E/; - io))*)Fmed)?( ) kl)> .
Every such term is continuous because U;;¢2(-, k)e L;® L* depends continuously
on k; F¥ p¢p(-, k')e L* depends continuously on k'; and

W (Zf,D(ﬁ)(klz/zMﬁ +Ep—i0))*): 12,0

is strongly continuous in k when k'?/2M ,+ E,¢6.

Proof of Theorem {.2. By Lemma 3.2 we need only establish Eq. (1.2). This is done
by mimicking the two body methods of [17, 20].

By the orthogonality of channels [16]

<f; Saﬁg> _6aﬁ<f’ g>
=2, -2 129

S
= lim (i) | <"V~ Vpe)e™ " @, Q5 g>dt
— 00 _s

= lim (—1) [ <"V —Vpwe T f @y, 2 gye™dt . (3.3)

Here we have used the fundamental theorem of calculus and an Abelian limit
formula [16,20].

We now use Theorem 1.1 (b) to express the last integrand as

<(eitH(V__ VD(a))e—itT¢f®wa)?’ (Q;g);f>fﬁe—€ltl

=j" ((V— VD(a))e—itTaf®wa)?(k/)e~it(k'z/zMﬁ+Eﬁ)g(k/)dk/e~s|t[ ) (34)

To obtain this second expression, we have again used Theorem 1.1(b) and the fact
that (e"Mp)h(k) =e"**/2Ms* Eyfi (k). This is proved by using ¢"7Q; =Q; ¢""s and
mimicking the proof of Theorem 1.1 (c).
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To evaluate the integral (3.4), we compute
(V=Vpale "T=f @y, ) (K)
=Q2r) "V = Vigle "= | Jk)e™ @uw,dk)j(k')
=(2m) ([ e MMt ED () (V= Vi, (-, K)A)(K)
=Q2n)™ § j e_i""z/ZM“E“)f(k)W
V) = Voo X)X, K)dkdX
= [ e MW2Mt Eay )T (K K )dlke (3.5

In the last step, we have used Fubini’s theorem, Lemma 3.2 and the fact that fe.%.
Substituting (3.5) in (3.4) and using the result in (3.3), we obtain

{fSupd =051, 97

—lim(—i —it(k'}/2M + Ep ~ K2/ 2Mo— Ea) ,— olt]
lim ( l)_j;ojje e

- F )Gk )T, k, k' dkdk'de .

The theorem now follows by applying Fubini’s theorem, computing the ¢ integral
explicitly, and evaluating the limit. [

4. Two Body Born Series Convergence

In this section we prove Theorem 1.3 for N =2 and obtain estimates to be used in
Sects. 6 and 7. Our analysis is based on the following lemma, which has been
proved by Ginibre and Moulin [7] and Herbst [9 (Appendix)]. Rauch [15] has
proved a similar result.

Lemma 4.1. Suppose 6 >1/2. For each M >0 there exists a constant c such that the
norm of (z+4)': [3(R"— L~ (R") is dominated by c|z|~'/?, whenever |z| > M.

Proof of Theorem 1.3 for N=2. We need ony show
[W(z—Ho) U =Clz| ™

for large |z] because Lemma I1.3 of [8] shows
IW(z—Ho) U =C, .

Suppose first that F and G belong to L?(R™) for some §>1. Then F:[?* ;—[?
and G:I?—L% have norms ||F|| 2 and ||G| =, respectively. Thus, Lemma 4.1
implies

[F(z~Ho)™'G| = C,||Fll Gl 21zl ™' (4.1)
whenever |z| > M.

Next, let Fe LY(R™) and Ge Ly(R™), with r>m =3 and 6 > 1. Lemma I1.3 of [§]
shows

IF(z=Ho) "G S C, || Fllz | Gll 5 - (4.2)
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By interpolating [16] between (4.1) and (4.2), we obtain
IF(z—Ho) ™' Gl SC3(2) *IFl 1z |Gl 2 (4.3)

for p>m, 6>1, and O<a <(1 —m/p)/2.
Finally, if Fe L}(R™ and Ge LE(R™), with p>m=>3,S>m, and 6> 1, then
Lemma I1.3 of [8] shows

IF(z—Ho) 'GI S CylIFll 5 1IGll .z - (4.4)
By interpolating between (4.3) and (4.4), we obtain
IF(z—Ho) "G Cslzl P Fll 5| Gll 2 (4.5)

for p>m, g>m, 6>1, and 0= <(1 —m/p)(1 —m/q)/2.

Since U and W belong to L4(R™)+ L5 (R™) with p>m and J > 1, (4.5) implies
Theorem 1.3 for N=2. [
Remark. For N =2, dilation analyticity of U and W has not been used. Thus, we can
take U =|V|'? and W=V/U, where we take W(x)=0 when V(x)= U(x)=0. In this
case, the above proof shows || W(z—H,) " 'U|| < Clz| =¥, with 0< B <(1 —m/2r)?/2,if
Ve LyR™)+ LY (R™ with r>m/2 and 6>1. In particular, if V is a Yukawa
potential, f may be taken arbitrarily close to 1/8.

Corollary 4.2. Assume the hypotheses of Theorem 1.1, and let N=2. Assume
1¢a(W(0—H,)"'U), and let P denote the orthogonal projection onto the eigen-
vectors of H. Then W(1 —P)(z— H)™ U is uniformly bounded and uniformly norm
continuous in the closed cut plane, cut along [0, 00). Moreover, there exists C such
that for all zeC, |W(z—H) U £C|lImz| 1.
Proof. The first assertion implies the second because

IWP(z—H)"'U| < |WP| |P(z—H)"'[| [PU| =C|Imz|"* .

If z is restricted to a compact set, then the proof of Lemma V.7 of [8] implies
the first result. So, it suffices to prove

lim [W(L=P)z—H)"'U| =0,
To prove this, we write
Wl —P)z—H)"'U
=W(—P)(z—H,) *U1l+[1-W(Ez—H,) 'U]"'W(z—H,) 'U). (4.6
Theorem 1.3 for N=2 shows that [zl|i£noo [W(z—H,)"'U|, and the proof of this
result shows 'zlii_rpoo I(1+x?)"Yz—H,)~'U| =0. Thus, |W(1—P)(z—H,) ' U|

SW(z—Hy) U+ |WPA+x)| |(1+x*)"(z—H,) *U|| tends to zero as
|z]=00 (|W P(14 x?)|| < oo by [8, Corollary V.5]). The corollary now follows from
(4.6) by using geometric series to compute [1 —W(z—H,) *U]"'. O

5. Three Body Born Series Convergence

In this section we prove Theorem 1.3 for N =3 and establish some technical results
to be used in Sect. 6.
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Lemma 5.1. Let 6>1/2. For each M >0 there exists C such that
I(z+4)" (1 +x*) "% =C|Im 2|~ '?|Re 2|~ 1/*,
whenever |z| > M.
Proof. Let A(z)=(z+4)"*(1 +x*)~%2. Then
1A(2)]? = | A@z)* A2)|
= 4flm 2|1+ x2) TR+ 4) 7 = EA) T () R

Apply Lemma 4.1. [

Lemma 5.2 (Balslev [4]). Suppose QCC and A(z) is a function from Q to the
bounded operators on L*(R"). If f denotes multiplication by a real bounded function
f(x), then | fA(2)| | A@)|C 27 f27A(2)||> "7, for all ze Q and all integers p=0.
Proof. || fA(z)| = | A(2)* f>A(2)| '/> || A(2)||'?] 2 A(z)||'">. The lemma follows by
iteration. [

Definition. Let D be a cluster decomposition for an N body system. Let

Eheboy e Ehy— 15 Cioenns Gy be clustered Jacobi coordinates for D,

where the &s are coordinates within the clusters and the {’s are coordinates
between the clusters. We define

rp=(1)>+ ...+ Gy )P+ ED+ .+ (Ey - DD
Lemma 5.3 (Balslev [4]). Suppose o.>1/2>f, and D is a cluster decomposition of
an N body system. There exists C, such that

I(1+75)"*%(z~Ho) ™ 'yl <ClImz| ™ !|(z = Ho) ™ (1 +73)#y||
for all we # and all ze C\R satisfying [Imz| < 1.
Proof. One obtains this result by keeping track of the Im z dependence in Lemma
220f[4]. O
Lemma 5.4. Let H=H,+ ) V,; be a 3 body Hamiltonian on I*(R™) with m=3.

i<j

Assume each V;;=U,;;W,;, where U,; and W,; belong to L{R™)+ L3y (R™) for some

1

p>mand 6> 1. Let i,j, and k be distinct. For each M, >0 and M , >0, there exist C
and ¢>0 such that |[Rez|>M, and |Imz| <M, imply |W;(z—Hy) ‘U]
<C|Imz| 3Rez| "

Proof. Assume first that Wj; and U, belong to L7. Then W;(1+x})’* and

(14x3)”?U,, are bounded, and it is sufficient to consider

(1+xi2j T2(z—Hy) M1 +x3)7% .

However, Lemma 5.3 shows that for f=3/8,

(L +x3) "2 (2= Ho) 'L +x3) "2
<Cy[Imz|"|(z—Ho) ™ '(1+x7) " 2(1+x3) 2|
<Cy|tmz| (1L +x7) PP +x3) P2z —Ho) ™
SC,[Imz| " H[(1+X?) P4z —Ho) 7l -
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In the last two steps, we have taken adjoints and used
(1+X?)? 2 Cy(1+x7) (1 +x5) .
Lemmas 5.1 and 5.2 now show

(1 +x2) "2 z—Ho) " "(1+x3) 77
SClmz| Y Z—Hy) 781 +X?) " (zZ—H,) " ||"®
=C,(Im z|~31/16|Re 2|~ 1/32 (5.1)

for [Rez|> M and |Im z| <M. Thus the lemma holds when W,; and U, belong to
LY.

If r>m, s>m, and §>1, Lemma IL3 of [8] shows ||F(xij)(z~HO)*1G(xik)|t
< C4|lF| 1 IG| s. Using this result and (5.1), the proof of the lemma is completed
by imitating the interpolation argument of the proof of Theorem 1.3 for N =2 (see
Sect. 4). [O

Corollary 5.5. Under the conditions of Lemma 5.4, there exists ¢>0 so that
[ VVij(x +i0—Ho) Uy =Cx7

Proof. The proof of Lemma IL3 of [8] shows that A(z)zWij(z~HO)‘1Uik is
uniformly bounded and uniformly Holder continuous of order «>0 for z in the
closed cut plane, cut along [0, o) (see [7, Proposition (5.1); 22, Lemma 3.6]).
Using this and Lemma 5.4, we obtain

A =l A(x£iy)] +Cyy*
SCyx 7Py 24 C "

for some >0 and all ye(0,1]. Choosing y=x"" with v= /(e +2), and taking x
large, we obtain

[AX =Cox™ +Cix™*=Cx"",
where e=av. Since A(x) is uniformly bounded for small x, the corollary
follows. [

Proof of Theorem 1.3 for N=3. M(z) consists of nine blocks of 2 x 2 matrices. The
three blocks on the diagonal are zero, and the remaining 6 blocks all have the same
form. Within these blocks, we will show that each entry, except for the z
independent entry, o;; 'P;;U,, is dominated by C(Rez)™® for some ¢>0. Matrix
multiplication then shows [[(M(z))"|| £(C Rez) ™2k ([n/2] is the greatest integer
less than or equal to n/2).

Thus, we must study three types of entries with the assumption that the
couplings are generic.

Type 1. W (1—P)(z—H,) 'U,.
This entry equals
W, (1—-P;)(z—Hy) Uy
+(VVij(1 —Pij)(Z_Hij)-lUij)(VVij(Z_HO)_lUik) .
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Corollary 4.2 implies the uniform boundedness of the first factor of the second
term. Corollary 5.5 shows the second factor of the second term is dominated by
C,(Rez)™*% Similarly, Corollary V.5 of [8] and Corollary 5.5 show that the first
term is dominated by
[ VV;J'(Z—HO)_ ! Ul
FIW P+ XD (1 +x7) "z —Ho) Uyl SCy(Rez) ™"
Type 2. W(1—P)(z—H,;)" "V Pylz—Hy) ™ "0y
This entry equals [8, Lemma V.12]
VV;j(l _Pij) [(z—Hy)~ ! —(z—Hg)~ l]Piink
+(VVij(1 _Pij)(Z_Hij)— lUij)(VVij[(Z—'Hik)_ ! —(z—H,)"~ l]Piink) . (5.2)
As above, W, (1—P;)(z—H;))"'U,; is uniformly bounded, and
l VVij(Z—HO)_ 1PiinkH
< [ Wiz —Ho) ™ (L +x3) 7 I +x3) Pyl
=C,(Rez)7®.
Thus,
[ VVij(l _Pij)(Z—HO)—lpiink“
SIW(z—H,)™ Pl
WP (LX) (L +x3) "z —Ho) ™' Pyl
=C,(Rez)"*. '
Next, W,(z—H,,)~ ' P,0, may be written as
(WijPiin;1)(QikPik(Z_Hik)_IQik) .

Assuming for convenience that there is only one bound state of the ik subsystem,
we see that the second factor equals g,(z— H5 — E;;) ™' 0, P;- Lemma 4.1 shows the
norm of this factor is dominated by C(Rez)™'/2. The first factor above is
uniformly bounded [8, Lemma V.4]. Similarly, we see that

[ VVij(l _Pij)(z—Hik)_ IPiink” =C4Rez)” 1z
So, using (5.2), the entries of type 2 fall off as (Rez)™*

Type 3. Qi;IPijV;k(Z_Hik)—IPiink'
This equals (Qi}lPijV;kPiin;1)(Qik(Z_Hik)_1Piink)-

The proof of Lemma V.11 of [8] shows that the first factor is bounded. The
second factor was studied in our analysis of type 2 terms, above. Its norm is less
than C4(Rez)™ /2

Thus, the three types of entries fall off as (Rez)™% and the proof is
complete. [

Corollary 5.6. Assume the hypotheses of Theorem 1.1, and let N=3. For generic
couplings, M(2) is uniformly bounded and uniformly norm continuous in the closed cut
plane cut along [0,00). There exists n such that (1—M(z))”" also has these
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properties when |z|>n. Furthermore, for any ¢>0, there exists C, such that
W, (z—H)~ 'U,, |l £C, whenever Im z| 2 ¢. Here ij and k¢ are any pairs in the three
body problem.

Proof. Lemma V.13 of [8] and Theorem 1.3 imply the first two results. To
prove |Imz|=¢ implies |W;(z—H) 'Uy||<C,, we use Eq. (IV.6) of [8] to
write W;(z—H)™'U,,=1(2)+11(z), where I(z)=W,[(z—H,;) "+(z—H )"
+(z—H,3) ' =2(z—H,) " "1U,, and 11(z) = W;;A(z)(1 — M(2)) " ' M(2)C(z)U,.

To bound I(z), we replace (z—H,,) "' by (z—Hy) ' +(z—Ho) 'V, ,(z—H,) ™
+(z—Hy) " 'W(z—H,,) "V, ,(z—Hy) "', and replace (z— H, ;) "' and (z— H,,) !
by the corresponding expressions. Lemma I1.3 of [8] and Corollary 4.2 then
show I(z) is uniformly bounded for |Imz|=e.

The same methods uniformly bound W;;A(z) and M(z)C(z)U,,, for [Im z| Z&. For
large z, (1 — M(z))~ ! is uniformly bounded, and (1 — M(z))~* has no singularities in
C\R [8, Proposition V.2]. Thus, (1 —M(z))~! is uniformly bounded for |[Imz|>e,
and the corollary is proved. [

6. Four Body Born Series Convergence

In this section we study the large Re z behavior of the four particle operator M(z).
To prove Rli’m [(M(2))"]| =0, and enormous number of terms must be considered.

So, for the sake of brevity, we will only sketch proofs.

As preparation for the proof of Theorem 1.3 for N =4, some technical results
must be established. First, we study the convergence of the Born series for the
cluster Hamiltonian H;; ,,. Second, we prove some approximation lemmas; and
third, we state a special case of a lemma of Balslev. We are then prepared to study
the full four body operator M(z).

Lemma 6.1. Assume the hypotheses of Theorem 1.1. Let M(z) denote the operator
of Eq.(V.6) of [8], corresponding to H,; ,,. Assume the motion of the center of mass
of particles i and j relative to the center of mass of particles k and ¢ has been

4
removed |so that M(z) acts on () L*(R*™)|. Then, for generic couplings,
i=1

a) M(z) is uniformly bounded in the closed cut plane cut along o, (H,; ,);

b) (M(2))? is uniformly continuous in that region; and

c) Rgiriloo I(M(z2))*] =0.

Sketch of Proof. Part a) is proved by combining Corollary 4.2 with the proofs of
Lemmas V.12, 20, and 21 of [8].

To prove b), we first remark that the proof of Lemma V.9 of [8] shows uniform
norm continuity of the operators considered in that lemma. This implies uniform
continuity in Lemma V.12 of [8]. Using this and Corollary 4.2 in the proof of
Lemma V.23 of [8], we obtain b).
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¢) In view of b), we need only show xli_{n (M(x +iy))?|| =0 for each y>0. Using

Corollary 4.2 and G;;=G,+G,;;¥;G,, we see that it suffices to prove
lim || W;,(x iy —Ho) ™' Uy || =0.

Furthermore, Lemma 11.3 of [8] shows that it is enough to prove the limit is
zero when W; and U, belong to L7(R™) for §>1. However, by mimicking the
proof of Lemma 5.4, we see that this follows from Lemmas 5.1-53. O

Corollary 6.2. Assume the hypotheses of Lemma 6.1. Then W(z—H; )~ 'U,; and
W, (z—H,; ,,)" 'U,, are uniformly bounded for [Imz|=e.

Proof. Use Eq. (V.6) of [8] for W(z—H,;,,)~'U. The poles of (1 — M(z))~ " are real
[8], and |1|i£n |(M(2))*| =0 by Lemma 6.1.

Thus, [[(1—M(2)" Y =||(1+M(2)(1—(M(2))*>)" | is bounded for [Imz|=e.
Lemma I1.3 of [8] and Corollary 4.2 bound the other terms. []

Lemma 6.3. Assume the hypotheses of Theorem [.1. Let {ri,...,r,_,} and
{,...,7_,} be two (possibly identical) choices of clustered Jacobi coordinates, and
let D be a cluster decomposition. Suppose F, and F, belong to LY(R™)+ L3 (R™) with
p>m, 6> 1. If [Imz|Z¢ implies | W (z—Hp)™ 'U,,|| = C, whenever i and j belong to
the same cluster of D, and k and ¢ belong to the same cluster of D, then there exists C,
such that

IF(r)(z—Hp) ' FrD)I SCUF 2z | Foll ez
whenever |Im z| .

(“f“Lf;’+L6 =inf{|[g|[L3;+ ||h||L‘Z;’3f=g+h}) .
Proof.

F(z—Hp) 'F,=F(z—H,) 'F,+F (z—H,) " 'Vy(z—H,) " 'F,

+F (z—H,) 'Vp(z—Hp) 'Vy(z—H,) 'F, .

Apply Lemma IL3 of [8]. O
Lemma 6.4. Assume the hypotheses of Lemma 6.3. Suppose U f;‘) and V[/,'.‘j") converge
to U,; and W, respectively, in the norm of L5+ L3 described in Lemma 6.3. Let D be

a cluster decomposition, and let HY =H,+ V. Then F(r,)(z—HY)™'F,(r))
converges in norm to F (r,)(z—Hp) ™ 'F,(r}), uniformly in the region |Im z| Ze.

Proof. Let / be the number of pairs a=(ij), such that i and j belong to the same
cluster of D. For all such pairs « and f, define

X§")2F1(r1)(z—HD)_1ﬁ§z")’ ﬂ;):Mn)(Z_HD)_lﬁ(") >
and
ZP =W (z—Hy) 'F,(ry), where U&=V —V,['2,
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and
W=V =v)/00 (WMx)=0 if UP(x)=0).

We let X (z), Y(z), and Z®(z) denote the 1 x¢,¢ x ¢, and ¢ x 1 matrices with
these entries. Then,

|F,(z—Hp) 'F,—F (z—H})™'F,|
= [ X"(2)(1 = Y"(2)" ' Z"(2)|

SIXP@) st el (=YD e o 1 2P o -

Lemma 6.3 shows that [X®(2)|, | Y*(z)|, and || Z™(z)| tend to O uniformly for
Imz] =& as n— 0. So, the lemma follows by using geometric series. [

Lemma 6.5 (Balslev [4]). Assume the hypotheses of Theorem 1.1, and assume all U,;
and W,; belong to L3(R™) for some 6> 1. Let D, and D, be cluster decompositions,
and let A(z) be a uniformly bounded analytic operator valued function for |Imz|=e.
If a>1/2>f then there exist u>0, v>0, such that |Imz|=e¢ implies

11 +7r5) "2z —Hp,) " " V;AR)I S Cll(L+75,) 2L +17) " A2)])” .

Proof. This is a special case of Lemma 5.2 of [4]. The proof in [4] can be
simplified in our case by using self-adjointness and the boundedness of V;;. [

Sketch of the Proof of Theorem 1.3 for N=4

Step 1. Uniform Continuity. The proofs of Lemmas II.3 and V.9 of [8] show that
the norm continuity concluded in those lemmas is uniform. Using this uniformity,
Lemma 6.1, and Corollaries 4.2 and 5.6, we can establish uniform norm continuity
(rather than just norm continuity) and uniform bondedness in Lemmas V.6-V.14,
V.22 and Propositions V.15-V.20, V.26, V.29, V.31, and V.32 of [8]. This is done
by going through the proofs of these lemmas and propositions and systematically
inserting the uniform estimates.

In Propositions V.25, 27, 28, and 30 of [ 8], this method yields less information
because these propositions depend on Lemma V.24. We can only conclude that
each operator studied is a sum of terms, each of which is either uniformly bounded
and uniformly norm continuous, or is the product of a uniformly bounded,
strongly continuous factor and a uniformly bounded, uniformly continuous
compact factor. For example, in Proposition V.25 of [8],

VVij(l ~Pij)(Z_Hij)- 1Vk¢’(1 _Pij,kf)(Z_Hij,kfy 1Uik
equals I(z)+ II(z)+ I11(z)+ IV(z), where [Eq. (V.6) of [8]]
I(z)= VVij(l _Pij)(Z‘Hij)_let’(l—Pij,k()(Z_Hij)ilUik >
I(z)= W1 —Pij)(z—Hij)‘lVM(l —Pij’k{)(z-HM)_lUik R
HI(z)= — VVij(l ‘Pij)(Z—Hij)flef(l _Pij,k/)(Z”Ho)_lUik P
IV(Z)=WU.(1—Pij)(z—Hij)leM(l—Pij,kl)A(Z)(l-M(Z))*IC(Z)Uik.
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Our method shows that I(z), I[1(z), I11(z), and C(z)U,, are uniformly bounded and
uniformly continuous. However,

VVij(l _Pij) (Z“Hij)_ lez(l - Pij,kt’)A(Z) (1=M(z)~!

is only strongly continuous and uniformly bounded.

Below we show that those terms and factors which are uniformly continuous,
actually tend to zero as Re z—oo. We then show that this implies ||(M(2))"]| -0 as
Rez— oo for n=2.

Step 2. Removal of Local Singularities. Let X(z) be any one of the uniformly
continuous operator valued functions, from Step 1, and let ¢>0. X(z) is a product
of U’s, V’s, W’s, resolvents, and projections. Corollaries 4.2 and 5.6 and Lemma 6.3
show that there exist bounded U’s, V’s, and W’s so that the operator X (z)
obtained from X(z) by replacing the U’s, V’s, W’s with the bounded U’s, V’s, and
W’s satifies | X(z)—X,(2)| <¢ whenever [Im z| =# >0. Lemma 6.4 then shows that
the potentials within the resolvent factors may be replaced by bounded potentials
to yield X,(z), satisfying |X,(z)—X,(z)|| <e¢ whenever [Imz|=#x. Here, n>0 is
arbitrary, but fixed.

Step 3. Fall off Away from the Real Axis with Bounded Potentials. Let X ,(z) be
constructed as above from a compact function X(z). It has the form X,(z)
=Y(z)(z—Hp)~ ‘U}, (or is a column matrix with such entries) for some Y(z). We
rewrite this as X,(z)=Y(2)(z—H,) ' U+ Y(2) (z—H})~ ' Vj(z—H,)™'U}. Then
we apply Lemmas 6.5 and 5.2 several times until we obtain

X, SCI(L+r5) 2 (z—Hy) ™' Uj|"

whenever |Im z| =2#. (Note that the projection factors help us gain configuration
space fall off and do not cause trouble.) Here D, is some cluster decomposition
with at most two clusters. If it has two clusters, then the particles of the pair f
belong to different clusters [due to the compactness of X ,(z)].

We now apply Lemmas 5.3, 5.2, and 5.1, to see that |X,(z)] =C,(Rez)™* for
some o, when Rez is large and |Im z|=#>0.

Step 4. Combining Steps 1, 2, and 3. Matrix multiplication shows that Theorem 1.3
for N =4 will be proved if the compact entries of M(z) go to zero as Re z— 0. Step
1 shows that each such entry is a sum of various terms, which are products of
uniformly bounded factors. At least one factor in each term is uniformly norm
continuous and compact. Thus, it suffices to prove that the uniformly norm
continuous compact factors vanish as Re z— co. Moreover, the uniform continuity
implies that we need only show these factors vanish as Re z— oo with |Im z| fixed
and positive. By Step 2, it suffices to prove this for the case of bounded potentials.
This is done in Step 3. [
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