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Abstract. We consider the A(¢° —¢*) quantum field theory in two space-time
dimensions. Using the Bethe-Salpeter equation, we show that there is a
unique two particle bound state if the coupling constant >0 is sufficiently
small. If m is the mass of single particles then the bound state mass is given by

y! 2
%g(A)=2m (1 - g(ﬁi) + (9(/13)).

1. The Bound State Problem

We consider relativistic scalar boson quantum field theories in two dimensional
space-time with polynomial interactions and we discuss some properties of
bound states below the two particle threshold. For the mode] with interaction
polynomial P(¢)=A(¢®—¢*), coupling constant 1>0 and bare mass m,, bound
states are known to exist if A/m3 is sufficiently small. This result is implicit in the
combination of the two papers [4] and [7]. In the first paper, Glimm et al. argue
that the A(¢®—¢*) model has mass spectrum above the one particle mass shell
and below the two particle threshold. (They assumed that the physical mass
m=m(4, my) has an asymptotic expansion as a function of A near 1=0; this was
subsequently proved in [2].) Secondly, Spencer and Zirilli, based on estimates
by Spencer [6], showed that for any even P the mass operator has only discrete
spectrum below 2m, and that on each eigenspace of the mass operator the repre-
sentation of the Poincaré group decomposes into a finite sum of irreducible
representations. Thus the spectrum in question is interpreted as bound state
particles.

In this paper we continue the study of the A(¢°—¢*) model and sharpen the
above results. It is convenient (though not essential) to choose the bare mass
my=mq(A) such that the physical mass m=m(4, my(4) is fixed [2]. Our main
result is:
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Theorem 1. Given m>0, the A(¢®—@*) model has, for sufficiently small coupling
constant A>0 exactly one bound state below the two particle threshold. The mass
ug of this bound state is of the form

9/ 1\ 3
We remark that the theorem holds for any polynomial interaction of the form
N
P((P)=j'(z a2n(P2”—<P4), a2N>09 Nz3>
n=3

with the same constants in (1.1). The term a,y@*" ensures that the model exists,
while —¢* gives an attractive force in first order and makes binding possible.

The proof of Theorem 1 is given at the end of Section 3. Here we outline it
briefly. By considering the Bethe-Salpeter equation the problem of locating
bound state masses is reduced to the solution of a non-linear eigenvalue problem
on a certain Hilbert space of functions on IR%. If one replaces the Bethe-Salpeter
kernel by its lowest order term in A (a point interaction) this problem can be
solved explicitly and one finds that there is exactly one eigenvalue. By adapting
the techniques of analytic perturbation theory to the nonlinear case at hand we
show that the isolated eigenvalue persists when the higher order terms in the
Bethe-Salpeter kernel are added. Spectrum away from this primary solution is
ruled out in Section 3 by a variation of the technique that [7] use to rule out

N
any bound states in P(¢)=4 ( Y az,,<p2"+<p4) models.
n=3

To fix the notation we now review the formulation of the Bethe-Salpeter
equation as given in Spencer [6] and Spencer-Zirilli [7]. See also [8, 1, 3].

1. Let &S, ; be the n-point Schwinger function for a weakly coupled P(¢p),
model with coupling constant 4 [4]. The &, ; are translation invariant real
analytic functions except at coincident points where they have logarithmic singu-
larities [3].

2. Define

Dy(x1, X3, X3, X4) =S4 (X1, X2, X3, Xg) — S5 1(X 1, X2) S5 5(x3, X4)
Do (X1, X2, X3, X4)= S 3(X1, X3) S5 1(X2, Xa) + S5 1(X1, X4) S5 4X2, X3) .
These functions are the kernels of bounded symmetric operators on
L,(R*)®,L,(R?).

One further defines a bounded symmetric operator K; (essentially K;=D; ' — Dy}t
so that the Bethe-Salpeter equation holds:

D1=D01—D01K1AD,1 .

3. Next the equation is transformed to momentum space and reduced to
fixed total momentum. These operations are indicated by their action on the
kernels of the operators. These kernels are functions of

E=Xx1—X;, N=X3—Xy, T=5(X;+X;—X3—X,),



On the Bound State in Weakly Coupled 1(¢°—¢*), 43

and we define
Ry(k,p, q)=(2m) =3 [ e~ e D (c, &, n)dedEdn
Ro ik, p, @) =(2m) > [ e~ TP M D (<, & m)dedEdn
Kk, p,q)=(2m) " [ e T T K (1, &, p)dedLdy .
Then the equation becomes
Ry(k, p,@)=Ro(k, p,a)— | Roi(k, p, P)K(k, ', )Rk, q', q)dp'dyq’,
which corresponds to an operator equation
R (k)= R (k) = Ro (k) K (k) R;(K) , (12

defined on L5(IR?), the even subspace of L,(R?). [Note: Our definitions differ
slightly from those of [7], e.g. R (k, p, )= const R3%(k, 2p, 2q).] We change nota-
tion to an energy variable », and we write R,(x) instead of R, (k) for k=(ix, 0), etc.
By the cluster expansion [4], R (x) is well defined for Rex small.

4. The fundamental result of Spencer [6] is that for 4 sufficiently small, the
kernel K(x, p, q) is analytic and bounded (uniformly in A) in a region

[Im pgl, [Imgol <o,

Imp,|, |Imq,|=06,, (1.3)

|Rex| <45,
provided that d,+ 6, <m. We take 6,=3m/4—¢, 0, =m/d—e.

5. Consider the Hardy space A, of functions analytic in |Im py| < g, |Imp,| <d;
and such that f(p)= f(—p), with norm

I/13,= sup, [iwlp+io)f(p-+ie)*dp,

Jai] <81

where wip) =(p? + 16m?)~ /3, Using the analyticity of K,(x) and the explicit form
for Ry,(»), Spencer and Zirilli show that K;(x)R,,(») extends from [5nA; to A,
and defines a compact operator there. Furthermore, K;(»%)R,,(x) has an analytic
continuation to |Rex|<2m (as compact operators). It follows by the analytic
Fredholm theorem that (1+ K, (3)R,(»)) "' is meromorphic in |Rex|<2m.

6. Next the Bethe-Salpeter equation is realized on A; and extended to
|Re x| < 2m. First note that R () is analytic in this region, and that for f, ge L N A,

(f, Roa()g); S ()1 f 1l 4,191l -

Thus R,(») defines a bounded bilinear form on A;x A; and hence an operator
in #(A;, A¥), where A¥ is the dual of 4, We write

(fs Roa(%)9)2 =< f; Roi(%)g>

where {, > is the pairing between A; and A}. Next let |[Rex| be small and take g
of the form g=(1+ K (%) R ,(»))h with he L§A4; Such functions are dense in A;
and by the adjoint of Equation (1.2),

(s Ri()9), = (£, (R;(3) + R;() K ;(#) Ro () ),
=(f, Roi()h),
={fiRo(0)(1+ K (%) Ry (%))~ gD .
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It follows that R,(x») defines an operator in #(A, A¥) such that (f, R (%)g),=
{f, R;(»)g)> and that

R;(0=Ro;(9(1+ K;(0)Rox(x)) " .
We see that R;(») has a meromorphic continuation to |Rex|<2m, by the analytic
Fredholm theorem.

7. Let dE(p) be the energy-momentum spectral measure for the field theory
and let f(po, p;)=g(p,) with ge CR(R!). Then one has an identity of the form

§<f Ryl(iko, k) f Yhlky)dky

1 1
j (P:) (Po"ko Po+

) 200 oo, (14
where

0(9)= | p(x)(—x)g(x)Q2dx — (2, | p(x)p( —x)g(x)dxQ)Q,
and ¢(x) is a time zero field. The identity allows one to conclude that any point
in the mass spectrum in (m, 2m) must be a pole of R,(»), or equivalently a real
value of » such that K,(x)R,,(x) has eigenvalue — 1. Here one uses the fact that
vectors of the form Q and e~ **¢(g) span the even subspace of the field theory
up to energy 4m—g¢, >0 [4]. (It is sufficient to consider the even subspace since
the odd subspace has only single particle spectrum below 3m—z¢.)

2. The Eigenvalue Problem

Motivated by the previous discussion, we study the spectrum of K ;(%)R(») on
the Hilbert space A, For the A(¢®— ¢*) model we have [6],
K ()= —AKWY + A2K@) (), 2.1

where K{?)(x) is bounded in A and has a kernel K{¥(x , p, q) which is analytic in
the region (1.3). The operator KV corresponds to the diagram

><

and has the kernel KW(p,q)=3/n. [This comes from the x-space kernel
K D(x,, X5, X3, X,) =68(x; — X,)8(x, — x3)0(x3 —x,).] We also decompose R ;(x)
which has a kernel given by

Ros( p. 9)=20m)S; (p - @) s; (p 4 i 0)) 5(p+4)

2 2
=r0i(% p)o(P+9) 22

where S, is defined by &, ;(x;, x,)=S,(x; —X,). For A4=0 this becomes

w2 .
Roo(%, p, g)=2(2m)"" ((p— @) +m2)

(o ] s

=ro0(% p)o(p+4) . (2.3)
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Then we define R{)(x) (for A>0) by
Ro(#)=Rqo(2) + A*RE)(x) . (24

We shall see that R{)(x) is bounded as A—0 so that this definition is appropriate.
Collecting (2.1), (2.3) we write

K () Ro ()= — AT V() + 22 T{P00) , 25)
where
TM(0)= KM Ryo()
and therefore
Ti200 = — AKWVR§)00 + K (2¢) Roo()
+2KP()RE (%) .
We proceed to study the operator T (x).

Lemma 2.1. For |Rex|<2m the operator T'Y)(x) has rank one and it has the single
non-zero eigenvalue

12 1 arcsin (x/2m)

7 (4m? —x)12 P '

Proof. By definition, we have for ype A4,,

3
(TP (%)) (p)= . o0l @)w(g)dq .

Thus the range of TW(x) is the constant functions (they are in A4;), and therefore

. L . .3
the only eigenfunction is g = constant. The eigenvalue is — (%), where
T

Foo(®)= j ool q)dq
=4 [ dqy(qi+4m*) " (qi +4m* —x) 7!
0

= 4(dm?* —%?) " 1% arcsin (x/2m)/% . (2.6)

The g, integral (first equality above) is done by a contour integral [7] and the ¢,
integral is accomplished by the change of variables x=gq,(q} +4m?)~ /2.

Because of point 7 of Section 1 we concentrate our interest on those values
of » for which —ATY)(x) has eigenvalue — 1. This will turn out to be the correct
second order approximation in 4 to the bound state energy.

Lemma 2.2. For A>0 sufficiently small there exists a unique »x=x*(4) in (0,2m)
such that — AT)(x) has eigenvalue — 1.

. . . 3
Proof. By Lemma 2.1, the unique eigenvalue of —AT™M(x) is — ?roo(x). By the

integral representation (2.6) for ryq(x), the eigenvalue is monotone decreasing
and unbounded as ¥ —2m and so the assertion follows.
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Lemma 2.3. Define »*(0)=2m. Then »*(4) is a C* function on an interval [0, 4,)
for sufficiently small A,>0 and has the asymptotic expansion

w*¥(A)=2m(1 —3(A/m*)* +0(1%). 2.7
Proof. Define for >0 and ¢ small the function
34 9/ A\
F(,0)=— — oo (2m(1— §(W) (1+o))). (2.8)

F extends to a C* function in a neighborhood of (4, ¢)=(0,0). We note that
F(0,0)= —1 and that 9,F(0,0)=%0. By the implicit function theorem, there is a
C* function ¢*(4) such that ¢*(0)=0 and F(4, ¢*(1))= — 1. By definition, we have
for 1>0,

®*(A)=2m (1 _2 (i>2 (1+ o*(i))) , (29)

8 \m?

and this identity extends to A=0. Thus »*(4) is C* up to zero and since |[6*(1)|=
O(A), Equation (2.7) is proved. [ Higher order coefficients ¢;x*(0) in the expansion
for »*(4) can be calculated from (2.9) and the expressions for &6*(0).]

As a prelude to the perturbation theory for the A% T{?(x) part of K ()R (%)
we estimate the norms of the operators in question. The bounds of the next four
lemmas hold in the region

{x|IRex| <2m, [Imx|<m} . (2.10)
Define A(x)=(4m? —(Rex)?)~ /2.
Lemma 2.4. [TV(x)| = [ KV Roo(2)]| < O(A(x)).

Since KV is constant (and hence bounded) the proof of this lemma is the same as
the proof of Lemma 2.5 and we omit it.

Lemma 2.5. | K ()Roo()l| < O(4()).

Proof. We estimate the norm by the Hilbert-Schmidt norm. The latter is com-
puted via a unitary transformation from A; to L,(IR? dx). As in [7] this gives

KL () Roo(2)fis.
<0Q) [ wp)*| | K, p+1i8,q4)roo(% 4')
-w™'(q)By(q' —q)dq'|*dpdq , (2.11)
where By(q)=(q%+53) " '(q2 +63)~*. As noted in (1.3),
IKP (3, p+id, ¢)| < 0(1).

Using also | w(p)">w(q) " 2dpdg < oo we obtain a bound on K (%)Ryo(%)|lus. of
the form

(1) sup §dq'Iroo(x, @)lw™a@)w ' (@)Byg' —q).- (2.12)

This integral is bounded by considering the regions |¢'| <m and |q'| =m separately.
In the first region, |w™(@)w '(q¢)Bsq—¢)=0(1) so it suffices to bound
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[ Iroo(*, ¢')ldq’. But by applying the the inequality |ab| <2~ (lal* +|b|?) to the two
factors in the definition (2.3) of r44(%, ¢') we see that
roo(% @) =27 {roo(Rex, ¢’ +27 (Imx, 0))

+roo(Rex, ¢ =27 (Imux, 0))}.
This gives

§Iroo(x, @)ldg S 7o(Rex) < O(A(%)),

and hence a bound O(4(x)) for (2.12). In the region |q'|=m, we use |rqo(%, @)
O(lq'|*) to obtain the bound ¢(1) for (2.12). This completes the proof of Lemma 2.5.

Lemma 2.6. ||[K'VRE)(x)[ < O(A(x)).
Proof. We use the Lehmann spectral representation for the two point function
S{(p)=02m) " NZip* +m*) ™" + [ (p* +a®) " ldoy(a)), (2.13)
where suppg; is bounded away from m. First RY) is expanded as
R0 =2"*(Rox(#) — Roo(*) Z3)
+A7HZ%~DRyo() . (2.14)

The perturbation expansion for the field strength renormalization constant Z, is
asymptotic [2] and one has |1 —Z2| < @(A?). Thus the second term in (2.14) con-
tributes 0(4(x)) to |[KPYRE(%)|, by Lemma 2.4. The first term in (2.14) acts as
a multiplication by

. 2 - . -1
or,(x, p)=A"22Q2m) " 172 (<p+ (1%2_,0)) +m2) 1§<<p— (1%2_,()))2 +a2> do,(a)

+ two similar terms . (2.15)
Following the proof of Lemma 2.5, it is sufficient to show

[ 1070, ¢')dg' S O(A(%)) ,
or;06, N=0O(g'17%),  lg'lzm,
to complete the proof. Since we have a canonical theory,
fdoja)=1-Z};=0(2%)
and thus the first bound follows from

<P+ (i%, O)>2 +m2 (p _ (i%’ 0)>2 +a2

-1 -1

Jdp|(p+ =5~ 2
< [ dp((po—Imn)* + p} +4m* — (Rex)?) ~*
((po+1mz)* +pi + 4a” — (Rex)?) ™!
< [ dpodp (p? +4m* —(Re)’) ™ ((po + Im)* + 1) 7!
S 0(4(»),
for all aesuppg,. The two other terms in (2.15) are bounded in the same way.

Finally the O(lp|™*) bound on dr,(x, p) follows by inspection from (2.15). This
completes the proof of Lemma 2.6.
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In exactly the same way, using the boundedness of K@) (x, p,q) one shows
Lemma 2.7. | K® () R§)()|| £ O(4(x).

We now control the spectrum of K,(»)R,;(%) through perturbation theory.
Define

Ty 0) = — AT V() + u T2 () ,
so that
K (#)Ros(0)= Ty(A%, %) .
For |Rex|<2m, T)(u, ») is analytic in p, x.

Lemma 2.8. There exist constants a>0, b>0 such that for A>0 sufficiently small
and |u| < ak, |x—»*(1)| <bi?, the spectrum of Ty(u, %) is contained in

{:IL+1=% or <%}
Proof. We know that T,(0, x*(4)) has spectrum {0, —1}. The perturbation is
0T (4, ) =Ty, %) — T,(0, »*(4))
=AUT V(1) = TV +uTP00) -

We estimate the norm of 6 T;(u, ). First note that there is a constant ¢ such that
| —x*(4)| <cA® implies [2m—Rex|=(1)A*> and hence |4(x)|LO(A~ ). Thus in
this region we have by Lemma 2.4,

IATV 0]l < O(A(x) = 0(1) . (2.16)

Since TY(x) is an analytic family of operators we have for |x—3*(4)| <bi* and
b<ic,

[T (*(2) — T (e) |
ATV (o )ds
|3 = 3*(A)| = cA2 (3¢ —2*(A)) (o' — )
SO)bA*(Eci?) 1 <bo(1).
For |x—x»*(A)|£bA? and |u|<ai we have by Lemma 2.5, 2.6, and 2.7
LT, P00 | £ ad0(A()) L a0(1).

=(2m) " e —x*(A)]

Thus the overall bound is
[0 T(w, )| =(a+b)O(1). (2.17)

Next we estimate ||({ — T;(0, »x*(A))) || for {#0, — 1. Since T;(0, »*(4)) is a rank
one operator, the estimate on this norm can be reduced to an estimate on the
norm of a 2 x 2 matrix. After a short calculation one finds

I = T30, * ()~
S2max (74 [E+ 1T TS+ L0, ¥ ()I) - (2.18)
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Finally, combining (2.16), (2.17), (2.18) we have for |{|~ %, |{+1]|7' <4,
16T, (1, %)l 1 — TH(0, 2*(V) M| S (a+b)O(1) .

By choosing a and b sufficiently small this is less than one and so ({ — Ty(y, %)) !
exists as a Neumann series. Thus the spectrum of T;(u,x) is contained in the
complement of |{| ™1, [{+ 1]~ ! <4. This completes the proof.

By using Lemma 2.8 and analytic perturbation theory [5], we conclude

Corollary 2.9. There exist constants a>0, b>0 such that for A>0 sufficiently
small and || La, |x—x*(A)| <bi? the spectrum of Ty(u, %) consists of
(a) A simple eigenvalue o,(u, »), analytic in p,» and satisfying lo;(u, %)+ 1| < 3.
(b) Other spectrum in {{||{] <%}

Lemma 2.10. For pu, x real, a,(u, %) is real.

Proof. For u,» real, T,(u,») commutes with complex conjugation. Thus both
o;(u, %) and a,(u, %)~ are eigenvalues. This is only consistent with the uniqueness
of o if a; is real.

We now determine the critical value for x.

Lemma 2.11. Let 2>0 be sufficiently small and p,  real. For |u| <242, there exists
a unique x =x,(p) in |x—x*(A)| < 3bA* such that o,(u, x,(1)= — 1.

Proof. We start by bounding various derivatives of a,(u, %) by using contour
integrals, with u, » in the region |u| <242 |x—x*(1)| < 1bA%:

_ o5 %)
10,04, #)| = (2m) ™! T
K Ak ( [u‘é—‘al H (#—.u )2
<0(7Y), (2.19)
0,8,0,(, %) = (27) 2 dde — )
Gl =Cm=2 | & i
|%" —3*(A)| =bA2
<073, (2.20)

Thus in the same region

lota(pt, %) — 0,0, W= O(4),
and in particular

loca(, 2* () + 1= O(A) . (2.21)
On the other hand, by (2.20),

0,0,(pt, %) < 0,00(0, 3¢) + 2% shlplﬁu 0,00,(1, )|

S —c AT 220007 —cyi 72, (2.22)

for A sufficiently small. We have used (0, %)= —3An " 'rqo(%) and the bound

Oroo)Zcd(x) > 2ci™3, >0, (2.23)
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which may be proved starting with (2.6). Thus o,(u, %) is a decreasing function
of ». Furthermore, for 4 sufficiently small,

(A + 1bA2

o0 ¥ ()27 bA) =y D)+ [ A Qe )

#*(4)

< —1+0()—2"'he,< —1, (2.24)

by (2.21) and (2.22). Similarly, o(u, x*(A)—2"'bi%)> —1. The existence and
uniqueness follow.

Lemma 2.12. The function »,(u) is a real analytic function of u for |u|<24* and
03 S K, A2 7"

Proof. The function x,(u) solves a,(u, »,(1)) = — 1. Since a,(u, ») is analytic and
0,0,(1, ) %0 [by (2.22)], it follows from the implicit function theorem that x;(c)
is analytic in a neighborhood of any u and

au%).(/“t) = { - aual(l“t’ %)/aza).(#’ %)}‘x =3xa(u) *
We estimate the 0, derivate by (2.19) and the d, derivative by (2.22) so that
(O =O(4) . (2.25)
The second derivative is
6,24 2w ={(— ajzt oy, %) — a,l 0,0,(, %) au%A(H))/ 0,01, %)
+ aual(luﬂ %)(au au“l(ﬂ, %) + aial(:uﬂ %) au%l(:u))/(axal(lu’ %))2 }|x=xl(u) .

Estimating the derivatives by contour integrals (roughly d,~0(1™"), 0,~0(L™?)
gives |02x,(w)| < O(1). Continuing in this manner gives the general bound.
We now define (the bound state mass)

up(A)=n,(A?). (2.26)

This is the unique % in |x*(4)—3| <1bA? such that Ty(A%, %)= K,(%)Ry;(%) has
eigenvalue — 1.

Lemma 2.13. We have the expansion
wg(A)=2m(1— 3(A/m*)*+ 0(1%)).
Proof.
[p(A) — 3*(A)] = [%,(A%) — 2,(0)|
<A sup [9,%,(w)
O=spsa?
S04, [by (2.25)]
The result now follows by Lemma 2.3.

Remark. By expanding x,(u) up to n-th order we have

#g(A) = 5,(0)+ A2 (0) + ... + % A2050(0) + O (A" 3).
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This gives a (variable coefficient) asymptotic series for xgz(4) in which the k-th
term is O(A2¥A2%)=@O(A**?). We believe that this series can be rearranged to
yield an asymptotic expansion for xg4(4) at A=0, and we hope to come back to
the details of this expansion in a further publication.

3. Absence of Poles

In this section we exclude poles of R,(») away from the pole established in
Section 2 and we prove Theorem 1. The treatment follows closely that of Spencer
and Zirilli [7,§4]. Let ro ()= [ ro,(% p)dp and let Ry(x,p,q) be the bounded
operator defined for 3An " 'ry,(x)+1 and |Rex|<2m by

) 3An~!
Roi(% P @) =r0,(% P)O(p +4) + T3 1) rou(3 P)Fou(% q) - (3.1)

By explicit computation one finds that
0400)=R;(2) = R () (— AK V)R () . (32

One can show that Rj,(x) extends to A;x A; and that (3.2) can be written in
(A4, A7) as

R () =Ro(x)(1 —AK VR ;() ™" . (33

Note that AKVRy,(») has the single non-zero eigenvalue 3An™ 'r,,(x). Further
one can show that A2K'P(x)R;,(x) extends to an analytic compact operator
valued function in £ (A4, A¥) and that

R0 =R0,(0) (1 + A’ KP () Ro,(x) ™", (34)

except for a discrete set of »’s. We use this formula to exclude poles near the
threshold at 2m.

Lemma 3.1. For 4 sufficiently small R}, (x) has no poles in 2m— A>> <x<2m.

Proof. The only poles come when 374~ 'r,,(x)= 1. However by proceeding as in
the proof of Lemma 2.6 we obtain |rqo(%) — o ,(2)] £ O(A* A(%)). Since rqq(3) = ¢, A(%)
for some constant ¢, >0, it follows that rg,;(%)=c,4(») for some c,>0. For
2m— 132 <% <2m, we have A(x)=c347 %%, ¢;>0, and hence for 1 small

3n M rg ()= c 7422 (3.5)
Thus there is no pole.
Lemma 3.2. For 4 sufficiently small R (x) has no pole in 2m—13? <x<2m.
Proof. By (3.4) and Lemma 3.1 it suffices to prove

IZ2KP(0)Ro,:00 SO(2) . (3.6)
Estimating the norm by the Hilbert-Schmidt norm this will follow from

|| dpdgKP (%, p' +i6, p)R, 1%, p, 9w~ *(q)Bs(qg —q)|
<0G 'w(g)).
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This is of the form || f(p)g(q)Ro (%, p, q)dpdq| where
S®)=KP (e, p' +id,p)
gl@)=w""(9)Bsq' —9).

Inserting (3.1) we have

§ f()g(@RG (%, p, g)dpdq
= [ (f()g(p)— f(0)g(0))r (%, p)dp

307 1 rg (20
+ f(O)g(O){roa(%)Jr Tfsw—rl(fr(:;)@}
3n~14

3n~ 12
L 1 T P 00 -0 OMd

=X +X,+X3+X,.
Term X ,. Let h(p)= f(p)g(p). [7] argue that it suffices to bound
[ 7006, P) (h(0, p1) — h(0))dpodp; .
The potentially singular part of this integral coming from p=0 is bounded by

§ (f ()= £ (O)ross, PIro:()g(0)dp

1

[ roole, P)p |[ H'(0, py)(1—7)dr], (3.7

|p1]<2m 0

[since ryo(%, p) is even] which in turn is bounded uniformly in » and is O(w(q')).
The bound is uniform in 4 because K?(x, p’, p) is analytic and uniformly bounded
in the region (1.3) and so the second partial derivatives are also uniformly
bounded. [The same bounds hold for » complex with rqq(x, p) replaced by

roo(Rex, p).]
Term X ,. Since | f(0)| < 0O(1) and |g(0)| £ O(w(q')) it suffices to prove

70:(%)

1— (7%) Arg (%)

This follows from (3.5) and the fact that for x>2, |x(1—x)~ !}/ <2. (Remark: a
careful analysis shows that this bound also holds for complex » away from the
pole)

SOA7h. (3.8)

Term X ;. We use the method of Term X, for the p integration, the bound of
Term X, for the leading factor and g(0)=0(w(q’)) to obtain the bound.

Term X ,. We write f(p)=(f(p)— f(0))+ f(0), apply the method of Term X, for
g(p)—g(0) and a variant of this method for the term coming from (f(p)— f(0)).
For the leading factor we use the bound from Term X,. The overall bound is
O(w(g"). This completes the proof of Equation (3.6) and hence of Lemma 3.2.
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Lemma 3.3. For A>0 sufficiently small R;(») has no pole in
W (A)+27 AP S <2m— 152,
or
xS n*(A)—271hA%.
Proof. As in Section 2 it is sufficient to show that Ty()= — ATV (3)+ 2> T{? (%)
does not have eigenvalue —1. We know that —AT®")(x) has spectrum

{3417 rg(%), 0}
and hence as in (2.18)
(1 =27V )|

-1 -1

y) A
<2 maX(l,ll— %‘”00(%) - %‘Z‘roo(%)

>

)
By Lemma 2.4 we have for x<2m— %2,
AT o)l S O(AA() SO(A™HH).
By (2.23) there exists a constant ¢>0 such that for |x—*(1)|=1bA2,

=c.

32
|
7 Fool(%)

Thus in the region of the lemma
(1= AT ()~ SOG4,

On the other hand, by Lemma 2.5, 2.6, 2.7,
12 T200) | SO A() S O(3).

The product of the last two norms is O(4/%)<1 and so —1 is in the resolvent
set of T;(x).

Proof of Theorem 1. By Lemma 2.11 for A>0 sufficiently small there is exactly
one point x,4(/) in the interval (x*(4)—+bA%, »*(1)+ 1 bA*) where R,(x) has a pole.
By Lemmas 3.2 and 3.3 there are no other points in (m, 2m) which are poles. Thus
any bound state must have mass x4(4). Since bound states exist, there are bound
states of mass xg(4). Now consider the representation of the Poincaré group on
the subspace of mass »g4). As explained in [7, Lemma 5.2], the representation
is at most n times reducible where n is the multiplicity of the eigenvalue —1 of
K;(%5(A)Ry,(%5(4). By Corollary 2.9, n= 1. Hence the representation is irreducible,
and there is exactly one bound state with mass »g(A). Finally the expansion for
#y(A) is given in Lemma 2.13.
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Note Added in Proof

In a subsequent paper (to appear in Annals of Physics) we continue the study of two-body bound
states in AP(¢), models. The results include a full asymptotic expansion for g(4).





