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Abstract. Dyson’s power counting theorem is extended to the case where some of the mass
parameters vanish. Weinberg’s ultraviolet convergence conditions are supplemented by infrared con-
vergence conditions which combined are sufficient for the convergence of Feynman integrals.

1. Introduction

In the theory of renormalization Dyson’s power counting theorem plays a
decisive part [1-3]. The contribution of a proper Feynman diagram to a Green’s
function has the form

J=[dkR(k, p)
P
R=— (1.1)
[ 15 —m} +ie(l} +m7)
i=1
where
k=(ky...ky), p=(py...pn),

kj:(kjokjlkakﬂ)’ pj:(ijlepjzpjs)a
dk=dk,...dk,,, dkj...dkjodkjldkadkj3 ,
m;=0, n;>0.

(12)

k;and p; are Minkowski vectors with the metric (41, — 1, — 1, —1). The vectors
I; are linear combinations

1;=K (k) + P;(p) (1.3)
of the vectors ky,...,k,, and p,, ..., py with K;%0. P is a polynomial in the com-
ponents of k and p. The denominator of R is the common denominator of the
unrenormalized integrand and the subtraction terms.

If all masses are non-zero Weinberg’s version of the power counting theorem
can be used to prove that the integral (1.1) is absolutely convergent provided the
renormalized integrand R has been constructed according to Bogoliubov’s sub-
traction rules [3,4]. It can further be shown that the limit e— +0 exists as a
covariant tempered distribution.

So far the power counting theorem has only been stated for non-vanishing
masses. In the present paper Weinberg’s ultraviolet convergence conditions are
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supplemented by infrared convergence conditions which will be shown to be
sufficient for the convergence of integrals (1.1). The limit ¢— +0 [5] as well as the
application to field theoretic models [6—9] are discussed in separate papers.

Our results are consistent with recent work by Bergére and Lam, as well as by
Trute and Pohlmeyer, on the asymptotic behavior of parametrized Feynman
integrals for small mass values [10-12].

Some general definitions are given in Section 2. Section 3 contains the state-
ment and proof of the power counting theorem. The concept of reduced integrals,
which is useful for some application of the theorem, is introduced in Section 4.

2. General Definitions
We consider integrals of the form (1.1). L denotes the space of the linear forms

n N
=) ak;+ Y bp, (2.1)
ji=1 j=1

which will be interpreted as inhomogeneous linear forms in the integration varia-
bles k, ..., k,. Elements of L are called linerarly (in)dependent if their homo-
geneous parts (in k) are linearly (in)dependent. A set of elements in L is called
a basis of L if their homogeneous parts form a basis for the space of the homo-
geneous forms in k.

We observe that always for an absolutely convergent integral (1.1) a basis

l l 2.2)
exists consisting of linear forms which occur in the denominators of (1.1). Other-
wise there would be at most m’ <m linearly independent forms

[ [ (2.3)

with the remaining /; being linear combinations of vectors (2.3) and p;. Extending
(2.3) to a basis
Lol
of L with Jacobian one (relative to k,...,k,,) we find
J={dl; ...dl; dw;...dw.R

with the divergent subintegral

Jre b m

Jm’

STERERE)

S Wi,ooW,  m+c=m

1
del ...dW‘,R= ﬁzljz—_m;jdwl dWL.P .
Therefore, a basis (2.2) of L must always exist if the integral (1.1) is to be absolutely
convergent.

For the formulation of the power counting theorem we will need certain sub-
integrals which we set up as follows. Let
v (24)
be a basis of L with Jacobian one (relative to k,...,k,,). Using (2.4) as new inte-
gration variables for (1.1) we obtain
J=[dudvR,
u=(uy...u,), v=(vy...1), (2.5)
du=du,...du,, dv=dv,...dv,

u1=l,~1,...,ua=lia, Uy :lj1""’l]b=l
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where P and [; are expressed in terms of u, v and p through
k=k(u,v,p).

We consider a hyperplane H defined by the condition that the linear forms
vy =1l,...,v,=1;,

have constant values. The subintegral of (1.1) along H is then given by
J(H)=(duR . (2.6)

We distinguish two different definitions for the dimension of a subintegral (2.6).

The upper dimension dim refers to the behavior for large values of the inte-
gration variables. The lower dimension dim refers to the behavior for small
values of the integration variables. We define

dimJ(H)=deg,R+4a, 2.7
dimJ(H)=deg,R +4a . (2.8)

The upper degree deg, (or lower degree deg,) denotes the leading power of ¢ in
the limit ¢— o0 (or ¢—0) if u;=gii; is substituted into R. More precisely,

y=deg,R, vy=deg,R, (2.9)
if
R R
lim —<#0,00, lim— =0, (2.10)
g~ g—»OQ_

for almost all values of uy,...,u, and the remaining parameters vy,...,0, Py,---»Pn-

We quote some rules for the upper and lower degree. Let N, D, F,F,...,F,
be complex-valued functions of real four-vectors uy,...,Ug, Uy,...,Up, P1y--->Py tO
which the definitions deg, and deg, may be applied. Then the following rules hold

deg, F"=ndeg,F, (2.11)

deg, F"=ndeg,F , (2.12)

— N —

deguﬁzdeguN— deg,D, (2.13)
N

deg,y=deg,N~deg,D, (2.14)

deg, [TF;=Y deg,F;, (2.15)
j=1 j=1

deg, [] Fj= ). deg,F;, (2.16)
j=1 j=1

deg, . F;<max{deg,F}}, (2.17)
j=1 j

deg, > Fjgm.in{ge_gqu} . (2.18)
J

i=1
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Let F be a polynomial of u=(uy,...,u,), v=(v4,...,v,) and p=(py,...,py) with
vectors u;, v;, p,. Then we may write

F=YQM,, Q,%0 (2.19)

where M, are independent monomials in u and Q, are polynomials in v, p which
are not identically zero. The upper and lower degrees of F are given by

deg,F =max{degM,}, (2.20)
deg,F =min{degM,} . (2.21)

3. Convergence Theorem

In this section the power counting theorem will be formulated for integrals J
of type (1.1) assuming that a basis (2.2) of L can be formed. Weinberg’s hypo-
thesis of the power counting theorem may be stated as follows:

Ultraviolet Convergence Condition. The inequality

dimJ(H)=deg,R +4a <0 (3.1)
holds for any basis (2.4) and for any hyperplane H defined by constant values of
Uiy eeerUpe

In particular, the upper dimension of the full integral J should be negative.
Weinberg’s condition (3.1) is sufficient for the absolute convergence of J provided
all masses are different from zero

m;>0, j=1,...,n.
In the general case we propose in addition the following

Infrared Convergence Condition. The inequality

dimJ(H)=deg,R+4a>0 (3.2)
holds for any basis (2.4) satisfying

m;,=...=m; =0 (3.3)
and for any hyperplane H defined by constant values of vy,...,v,.

The ultraviolet and infrared convergence conditions combined form the
hypothesis of the

Power Counting Theorem. Let J be an integral of the form (1.1) for which a
basis (2.2) of L can be formed. J is absolutely convergent if the ultraviolet con-
vergence condition (3.1) and the infrared convergence condition (3.2-3) hold.

Due to the inequality
2,72 2 B
l+1 +m” <( " 4 )

B_P_m®+ieP+m?)| "\ &
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the absolute convergence of (1.1) is implied by the absolute convergence of the
corresponding Euclidean integral

J =[dkR(k, p)

R= n——li—— (3.9)
[T +m3)
j=1
where now

2_712 72

Therefore, we may restrict ourselves to proving the absolute convergence of (3.4)
under the conditions (3.1-3).

We begin proving a lemma on the infrared convergence of certain integrals
which are homogeneous in the integration variables.

Lemma. Consider integrals of the form

M
F= du,...d
f ey

J

where the U; are linear combinations of the Euclidean four-vectors uy,...,u, and M
is a monomial in the components of u,,...,u,. M may be factorized as

(3.5

i=1
where M; is a monomial of u;. For any subset
uil,...,uic (3‘7)
of the integration variables we form the integral
M; .. .M,
& = (3.8)

F, .= | duy,...du; =—"——
fote u%£1 " lcnn...ic(sz')"J
J

where the product [];, . extends over all U; which are linear combinations of

J
vectors (3.7) only. The integrals (3.8) are called sections of (3.5).
The statement is that the integral (3.5) is absolutely convergent if the dimension
i, of each section (3.8) is positive:

. >0. 39)

A

di,...
dimF;, ;=4
This condition includes the dimension of the full integral which we denote by d,
d=dimF=d, ,>0.
Proof. We decompose the integral (3.5) into

F=)Fe (3.10)
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with the sum extending over all permutations

1...
p= ( .") .
iy...dg
We will check the convergence of each term Fp. In order to simplify the notation

we rename the integration variables and monomials by

Wy =1u;
N,=M

W, =1,
WN,=M,;,

i ee
[ZEN
Moreover, we denote the momenta U; and exponents n; of the denominators by
WitseoosWatseris ooy Wai,..
Higseees Maqs cnsennsPgry onn

such that each W; is a linear combination of wy,...,w; with non-vanishing coef-
ficient of w;

Z Cl_]l i’ Ciji:‘:o'

i'=1
In this notation Fp may be written in the form
N N,
dw : dw .. .
jg 1H(Wz)”“ é,jv 351 2]—[ WZ)"ZJ g gé BIAR
j

(3.11)
According to the hypothesis of the Lemma the dimension d, of each section
N N
F,=F, ;= [ dwie=—-t—.. [ dwors— (3.12)
e wfjg 1 ! H(lej)m; w21 H(W/;j)n”
J J
is positive,
dimF,=d,>0.
d, satisfies the recursion formula
d,=4+degN,—deg[ [(W2)' +d,_, . (3.13)
j
We choose a number J with
d,>0>0 for c=1,...,a (3.14)
and form the integral
IN,| IN,| IN,|
j ln(Wz)n” g»jv 2<1 ZH(VVZZj)nZJ wg_lé[w§§ “w,lt™ 61—[( ) “
! 7 3.15)

Since |w,|<1 and d — 0 =d,— >0 the integral F is majorized by G,
|Fpl=G. (3.16)



79

Power Counting for Massless Propagators

We will prove the convergence of G by recursively estimating the integrals

IN IN|

G, = dw, o i dw PR T s e el 3.17)

w§§w£+1§1 +1H(VVL‘+1 j) erhy w2_ g 2<1 IW Id 51_1 WZ « (

Jj
The dimension of
[Nl

G-y = dw, = n

' wl_lgnggl IW ld 6H(W§) «

J

is [see Eq. (3.13)]
dimG,_, =4+degN,—deg[ [(W2)~+6—d.
i

Now, by a change of integration variable

1 IN|
Ga_ = dwa___i__
S T

J

2
a

1A

1=sw

lIA

2
Wa-1

In the last line the limit 1/ju?_,;|— oo could be performed since the dimension of

the integral is negative. Hence

’Ya—l
G, = -
¢ 1_'ua—llda_l ?

where y,_, is a constant.
Repeating this argument recursively we obtain

Ve
G.S—F—
i

by Eq. (3.1314). Finally
IN,|
é J‘é dW1|W |d1 (51_[ WZ ni;

The integral on the right hand side exists since its dimension

dimF, —d, +6=0>0
is positive. By (3.16) each term of the decomposition (3.10) is absolutely convergent

which implies the absolute convergence of (3.5). This completes the proof of the

lemma.
We now turn to the
Proof of the Power Counting Theorem. Let S, be the set of all momenta |

with m;=0. Let S be any subset

SCS,
T denotes the complementary set

T=S,\S.
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We require that with a momentum [; the set S should contain any [; which satisfies
2 __J2
li = lj . m; =0 .

We decompose the integral (3.4) into

J=ZAS (3.18)
S
where
A= [ dket (3.19)
S [2<r2inS n(ljz +m12")nj . .
122r2inT

For studying 44 we select momentum vectors
(3.20)

uy=1l,...,u,=1

in § which form a basis of S. Then [;eS is a linear combination of u,...,p,,...,
i=U;+0Q;

a N
U= Zcijuja 0;= Zdijpj'
ji=1 j=1

We say that S or the integral A has zero external momenta if Q;=0 for all /;eS.

For r small enough the term Ag vanishes unless all external momenta vanish.
For the proof we observe that u; <r? since the u, occur among the /,S. The U;
are of the form

Uj: Z nmua
a=1
where |1,/ <#n with y being characteristic number of the integral. Now
Q= ILI+IU=(L+n)r
implies
19,1

== "
r_1+n orany Q;

if the domain of integration is not empty. If at least one Q;+0 we may choose r
such that

[}

But then the domain of integration is empty and A¢=0. Hence for r small enough
we find

J=Y Ag (3.22)
S
where S is restricted to those subsets for which Q;=0 for any [;€S.

In each integral Ag we introduce new variables of integration as follows. By
adding suitable vectors

vy=l,....,0,=1;,, at+b=m, (3.23)
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we extend (3.20) to a basis
Upy ooy Ugy Ugyeney Uy (3.24)

of L with Jacobian one (relative to ky,...,k,). Then each [;€S is a linear com-
bination of u,, ...,u,. The remaining [; are linear combinations of u;,...,u,, v, ...,0,
Pi,---»Py- We next write the numerator P as a polynomial in u

P=ZCSaMa R
M,=[[M,, oa=(y...,a,), (3.25)
i=1

%10 g Xl ,Xi2,,003 J—
M, =uis® uiiuiugy®, o =(04, -, %;3) -

with the coefficients being polynomials in vy, ...,v,, py,...,py- Then

Ag= ZASa >

M Cq
Ag, = du S {dv T —, (3.26)
2 o T TGP LG+
U=(l,...,[)\S, .
We now estimate the v-integrals
C
dv s . 3.27
l};rjz inT I—IT(IJZ')n’I_[U(lJ2 + m})n’ ( )
To this end we consider the integral
P
fdv (3.28)

[ 103 + M2y (2 +m2)

with M >0. In (3.28) all masses are different from zero. Because of the ultraviolet
convergence conditions the integral (3.28) is absolutely convergent. Each /; in
(3.28) is of the form

L= V;(v)+ R ,{u, p) .

Using
l,2~+mz L=V |l.—V]?
Sl J J J J
Vi+m® = + m + m?
we find
HT(ij_!_MZ)njnU(V}Z +M2)"’
|P|
<cld .
=¢f T+ M2 [ + M2y
Hence
P
fdv

[ 1oV + M2y [ 1oV +mi)™
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is absolutely convergent. The denominator does not depend on u while the
numerator is a polynomial in u. Applying Lemma 3 of Ref. [13] we find that

C,v, p)
[TV + M2 [ Ju(V7 +mi)™
is absolutely convergent. With this we can estimate (3.27):
j‘ |CSa|
122r2 Hr(lz)n’ l—[U(l2 + mz)n,

fav

MZ T |C '
{14+ |d =
-( ! rZ)j TIB+ M2 o+ M
( L GM? MZ)
using 2 <1+

J

IC.
[T+ M2y [V +m3)

<dfdv
using
VM =il = VP

12 M2_1+ M, M

The integral of the last line only depends on p and the masses. Hence

|M,|

JISY Dy, | dus=rs. 3.29
I3 Dse ] A1y 629
The integrals on the right hand side can further be estimated by
M. 4 IM,|
du =
1}§rj2 ins Hs(ljz')"’ g! ns(lz)"’
M,
< [ du 2
- ugj§ 1 ns(ljz')"’
where d is the dimension of the integral. Thus
|M,|
J Cs, 3.30
l I_Z Su2£<1 l—[(lz ( )

with the sum restricted to those M, which occur in (3.25) with non-vanishing
coefficient. According to the Lemma (page 8 of this paper) we have convergence
of the integrals on the right hand side if the dimension of any section is positive.
In order to check the dimension d of the full integral

M
= du———=2_— (3.31)
u}fg 1 l—[s(lf) ’
we form the subintegral
J(H)=[du; ...du P (3.32)

110G +miy
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of (3.4) along a hyperplane H defined by constant values of vy,...,v,. By the
hypothesis (3.2—3) the lower dimension ¢ of J(H) is positive,

5=4a+deg,P—deg, [ (2 +m2)yi>0. (3.33)
j
This implies
0<6=4a-+deg,P— deg[[s(2)" — deg, [ T+(2)"
<4a+deg,P—deg[[s(13)"
<da-+degM,—deg] [(1})"=d.

Hence the dimension of (3.32) is positive.
We further have to verify that the dimension d;, ,; of each section

M. .
Iil.”ic=j‘du“...duic‘—'_ail_.;%c_w (3‘34)
nil.uic(lj) !
is positive. Here M,,;, , is the restriction of the product (3.25) to factors depending
onu;, ...u;,. | |; .., denotes the product over all factors for which /;eS is a linear

combination of the vectors u;, ...u; only. Useful information is obtained by com-
paring the expansion

P=>CM, (3.35)
of P with respect to monomials M, in u,...,u, with the expansion
P=YC,M, (3.36)

with respect to independent monomials M, in u;,...u; only. We know that

M,;, .. occurs as a factor of at least one monomial M, with C,=+0. Since the
monomials M, are linearly independent the factor C,. of M,,=M,; , in (3.36)
must also be different from zero. This implies the inequality

deg, P=degM,;, .., (3.37)

which will be crucial for the proof of the theorem. deg,. denotes the lower degree
with respect to the variables u'=(u u; ). We now form the subintegral

P
“TI@E+m2)y
J

[TERRED)

JH)= [du, ... du (3.38)

along a hyperplance H' defined by constant values of v,,...,v, and the momenta
u; which do not belong to «'. The lower dimension ¢’ of (3.38) is positive by
hypothesis (3.2-3),

0<5'=4c+d;°gufP—@§uﬂ(lf+'"J2')"’

Sdc+deg, P— degn Ly
With (3.37)
di, ;. =4c+degM,;, . —deg[];, (1))
24c+deg, P—deg[],, .05
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follows. Hence the dimension d;, ;. of (3.38) is positive. According to the lemma
each integral on the right hand side of (3.30) converges. This completes the proof
of the theorem.

4. Reduced Integrals

In this section we discuss integrals of the form
I=[dk[] 441) (4.1)
j=1
in the notation of (1.1) and

AjL;) M ., m>0, (4.2)

C(B—mE+ie(? +md)y 7
where M is a monomial in k and p. For integrals of this type we introduce the
concept of the reduced integral. Let

S=(lj1""’ljc) (43)
be any subset of the momenta [,,...,[,. From the elements of S we select a basis,
i.e. we choose linearly independent forms u,...,u, of L such that each l;eS is
a linear combination of uy,...,u, and py,...,py. With respect to S we form the

reduced integral

Loo(S) o §duy...du, |15 A(1)
Li=1{u,p), u=(uy,...,u,)

where the product [ [ extends over the /;€S only. The reduced integral (4.4) is
defined up to a factor which depends on the chosen basis.

Of special interest are reduced integrals of vanishing masses and vanishing
external momenta, i.e.

l;=1;(u), independentofp, if [;eS.

(4.4)

In this case each factor 4(l;) occurring in the reduced integral is homogeneous
in u.

In case that (4.1) represents an unrenormalized Feynman integral the reduced
integrals have a simple graphical interpretation: I, 4(S) is the Feynman integral
which corresponds to the reduced diagram S'=S/T where all lines of T have
been contracted to a point.

With the concept of the reduced integral we can give an equivalent formula-
tion of the infrared convergence condition for integrals of type (4.1)'. Consider
a basis

uy=li,...u,=lL,, v,=1l,...,0,=1; (45)
of L with
my,=...=m; =0. (4.6)

! This formulation was used by Mack [14] to study infrared convergence of integrals like (4.1)
in the context of conformally in variant theorems.
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For any such basis the infrared convergence condition reads
deg,[[4,1)+4a>0. 4.7
We now form the reduced integral

IoaS) o fauls441) (4.8)

with respect to the set S of all momenta [; with m;=0 and [;=0 at u=0. Then
for any [;¢S we have

0
mi* } it LS.
or L;+#0 at u=0
Therefore,
@“HA i) =deg[ [s4,() 4.9)
and
deg, [14,()+4a=dimI, 4S). (4.10)

Hence an equivalent formulation of the infrared convergence condition for the
integral (4.1) is

dimI,4(S)>0 (4.11)

for any set S of momenta I; with

red

if leS. 4.12)
and [;=0 at u=0

With this result, we are able to formulate the infrared convergence condition for
an integral of the type [notation of (1.1) and (4.1)]

J deljnlA i) @.13)

where Q is a polynomial in k and p, in terms of a power counting criterion in-
volving the formal integral

Jak]]s,4,1) (4.14)
where the product is restricted to the set S, of momenta with m;=0. In particular,
we have the following

Corollary to the Power Counting Theorem. The integral (4.13) is absolutely con-
vergent if the ultraviolet convergence condition (3.1) holds and if any reduced
integral of (4.14) with vanishing external momenta has positive dimension.

Proof.

%uQH Aj(lj):d_equ_!-d_eg_un A](l])
ji=1 j=1

zdeg, [ ] 4,().

j=1
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Hence the infrared convergence condition of (4.13) is implied by that of (4.1).
Any reduced integral of (4.1) with (4.12) is also a reduced integral of (4.14). This
completes the proof.
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