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Abstract. The general form of the Lagrangian equations of motion is derived for a spinning
particle having arbitrary multipole structure in arbitrary external fields. It is then shown how these
equations, together with the complete system of field equations can be recovered from a fourdimensional
action integral representing a polarized dustlike medium interacting with an arbitrary set of fields.
These general results are then specialized to the case of Einstein-Maxwell fields in order to obtain the
general-relativistic extension of Lorentz’s dielectric theory.

L. Introduction

This paper attempts to answer and to trace the connections between two
principal questions:

What are the equations of motion of a spinning multipole test particle in
given external fields?

For a continuous medium with internal spin and multipole structure, what
are the phenomenological field equations relating the fields generated by the
medium to its statistical bulk properties? (The classical prototype is Lorentz’s
dielectric theory.)

Both questions have long histories of research behind them. The close link
between them has been stressed in a recent note by one of us [1]: for a gaseous
medium in a self-consistent Einstein-Maxwell background field, the field equations
are delimited to a virtually unique form by the requirement that they be compatible
with conservation laws derived from the equations of motion of the constituent
particles. In the present, more complete and more general discussion, we show
how the general form of both the equations of motion and the field equations
can be derived from a unified Lagrangian viewpoint.

Equations of motion for spinning test bodies have traditionally been derived
by two principal methods*:

(i) Multipole Formalism for Extended Body or Equivalent Schwartz Distribu-
tion. This method, due originally to Mathisson [5] and developed further by
Papapetrou [6], Taub [7], Dixon [8], Madore [9], Suttorp and de Groot [2],
and others [10], proceeds essentially by integrating the conservation identities

* Work partially supported by the National Research Council of Canada.

! For reviews and extensive bibliographies (especially of the special-relativistic literature), see
the books by Suttorp and de Groot [2], Halbwachs [3], and Corben [4].
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for the total energy tensor T*# over space-like sections ¥ of the particle’s world-
tube. In any such formalism the definitions of gross particle properties necessarily
involve a number of arbitrary elements. One has to settle on conventions for (a)
allocation of the interaction energy when splitting T*# into an “internal” matter
part T3k, — either canonical, or symmetrized to include internal spin contribu-
tions — and an “external” field part; (b) choice of tube sections X in the special-
relativistic integral for the particle’s 4-momentum,

=] Tibayng dZ
b

or its general-relativistic equivalent; (c) choice of a central world-line for defining
the particle’s 4-velocity u* and spin angular momentum S**. (Different choices (c)
lead to different so-called “auxiliary conditions”, such as $**u,=0, $**p, =0
and others [6, 8a, 2, 11]. Because of the obvious physical difficulty of localizing
the particle to within a distance ~ (spin)/c x (mass), which exists at both the
macroscopic and elementary-particle levels, this uncertainty is unlikely to be
fully resolved except by formal convention.) The form of the equations of motion
naturally depends to some extent on the definitions of the quantities entering
them, and a fair variety of seemingly different formalisms have been obtained
in this way.

(i) Equations of Motion from an Action Principle. Frenkel [ 2], with choice
of a special Lagrangian, and more generally Barut [13], without specifying the
functional form of the Lagrangian, have derived special-relativistic equations of
motion for spinning particles in electromagnetic fields; both assume $**u, =0.
In general relativity, Kiinzle [14] and Souriau [15] have recently obtained
_ equations for spinning dipoles in Einstein-Maxwell fields from a Lorentz-in-
variant pre-symplectic {-form; they adopt the auxiliary condition $**p,=0.

Yet other derivations of particle equations of motion proceed on a more-or-
less ad hoc basis [16].

In the case of continuous media, the dynamics of interaction with the electro-
magnetic field has been an active and controversial area since the earliest days of
special relativity ?. Rival and apparently conflicting proposals put forward by
Minkowski, Abraham,and Einstein and Laub [20] for the localization of electro-
magnetic energy and momentum in a dielectric medium were a subject of debate
for many years [ 17, 2]. Not until the 1960’s was it clearly recognized [ 18, 19, 21, 22]
that the question cannot be meaningfully handled without detailed consideration
of the material terms. Only the total (symmetric, conserved) energy-momentum
tensor has a fundamental significance by virtue of its coupling with the
gravitational field. Its split, for the purpose of phenomenological description,
into “matter” and “field” parts involves arbitrary, conventional elements relating
to the allocation of the interaction terms. Of course, phenomenological descrip-
tions retain their usefulness; in particular, the statistical treatment of a medium
with internal spin interacting with the gravitational field, and having a corpus-
cular structure at the macroscopic level (primeval galaxies, black holes, turbulent
eddies) is of potential interest for application to the early cosmological “soup”,
but has not as yet received much attention [1].

2 For critical reviews and extensive references see the books by Suttorp and de Groot [2], Pauli
[17], Meller [18], and Penfield and Haus [19].
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The first goal of the present work is to derive the general form of the Lagrangian
equations of motion for a spinning particle having arbitrary multipole structure
in arbitrary external fields [Eqgs. (22) and (23) of Section III]. Our treatment is
independent of special interaction models in that we do not specify the functional
form of the Lagrangian, but only the variables on which the Lagrangian depends.
This generality of the Lagrangian also makes a priori commitment to a particular
auxiliary condition unnecessary. The resulting equations represent the canonical
substructure to which every detailed model of particle motion must conform.

In Section IV we extend this analysis to the field dynamics of continua. We
consider a four-dimensional action integral in which the Lagrangian density is an
unspecified function of a vector field nu* (representing a particle flux), an ortho-
normal tetrad field e (representing a set of spin axes) and arbitrary field variables.
Physically, this represents a dustlike medium interacting with the external fields
treated as self-consistent backgrounds. Variation with respect to the sixteen
tetrad components e yields six equations for the spin angular momentum and
the ten gravitational field equations. The four equations of translational motion
are then obtainable (modulo the nongravitational field equations) either from the
contracted Bianchi identities or by “variation of the world-lines” (Section IV,
Part 3). We thus recover the equations of motion previously derived in Section 111
together with the complete system of equations relating the fields to their sources.

In Section V these general considerations are applied specifically to a medium
interacting with an Einstein-Maxwell field. The results give a clear formal expres-
sion to the general relativistic extension of Lorentz dielectric theory. Interestingly,
a complete analogy emerges between the appearance of the usual polarization
terms in the phenomenological Maxwell-Lorentz equations and the appearance
in the gravitational equations of the well-known Belinfante-Rosenfeld sym-
metrization terms [23] involving the spin flux. It is thus proper to interpret these
terms as a “gravitational polarization tensor” [1].

While it would have been straightforward to generalize our considerations
to fluid and elastic media®, we have resisted the temptation to do so in this paper
in order to exhibit as clearly as possible the interrelationship between the field
equations for dustlike media and the equations of motion for free particles.

Also left out of consideration here are the “torsion theories” of Weyl [26],
Sciama [27], and Kibble [28], recently reviewed and developed by Hehl [29] and
Trautman [30], which attempt to relate the spin of elementary particles to the
skew part of a metric-preserving, non-Riemannian affine connexion. Such theories
can be reformulated as Riemannian theories with an auxiliary torsion tensor,
which then appears (quadratically) as a complicated supplementary term in the
energy-momentum tensor on the right-hand side of the conventional Einstein
field equations. Since gravitational effects of elementary particle spins are com-
pletely insignificant* below densities of order 10°° gm/cm?® [32], both the torsion
theories and the simpler conventional theories [23, 1] effectively imply validity
of the usual (spin-free) form of the energy-momentum tensor at the ordinary
macroscopic level, and lead to the same phenomenological polarization theory
for aggregates of “particles” of astronomical size.

3 See Refs. [24], [25], and [1] for some partial extensions along these lines.
4 But sec [31] for a different point of view.
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II. Definitions and General Identities

We begin by collecting a number of general formulas for sets of relative tensor
fields @ ,(x*), and then develop the identities (cf. Belinfante and Rosenfeld [23])
which flow from the condition that a function L(® ,) be a (relative) scalar.

Greek indices run from 1 to 4. Capitalized Latin indices 4, B, ... do double
duty as labels (4;, B, ...) and as generic representations of sets of tensor com-
ponent indices. Thus,

¢AE(¢AL)a1...amam“ma"; ¢AE(¢AL)a1...am

A+ 1.--0pn >

where m, n depend on the label 4;. Sometimes, as in (13) below, a generic index 4
is printed bold face as a means of indicating that 4 and A have different label-
ranges. A repeated generic index implies summation over the respective tensor
indices and over the label-range concerned.

Under the co-ordinate transformation X*=X*(x"), the relative tensor @,
transforms linearly:

B,(%)=1,"(X¢,) Pp(x),  X¢,=0%¢/0x" . (1)

[Of course, A 45 vanishes unless 4; = B;, so the summation over B in (1) does not
couple different tensors.] The infinitesimal generators of the transformations (1)
are

(IAB)QG =(0 AAB/ (5.4 Qa)xe,=5g . 2)

Explicit construction of these generators follows easily from the recursion formulas
(I),” = —wég for a relative scalar ¢ of weight

w o (ie, @(F)=¢(x)|0x/0x]") ; A3)

(Li,"0) 7 =(LP),7 08 — 8505 95 (4a)

(I50) 7 =), 6%+ 64 6% 65 , (4b)

where 6% =1 if A, = B, and the respective tensor indices are equal, and 65 =0
otherwise. The group property A,5(Y*, X" )= A,(Y) ALP(X) yields

(L) UCP) = (L) UP) = (1,5),F o — (L,P), oF. (5)

Useful formulas which will be required in the sequel are
D4y =0. 9,4+ 5" Py, (6)
Py — Pajyu= —R%, (14", D5, ™)

where the stroke denotes covariant differentiation with respect to a symmetric
affine connexion. From (1) and (2) the change of @, under the infinitesimal co-
ordinate transformation X2 = x? + £¢(x) is

B () — D4(x) = (1,%),” Pp(0,29). (®)
From (8) we derive at once

oL
a—lI/A(IAB)Qa 'I’B+W52L'—'O (9)
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as the condition that the function L(¥,) of the relative tensors ¥, transforms
as a relative scalar of weight w.

A more restrictive identity can be derived from (9) in the case of a scalar
density (w=1) L(y 4, ¥ 4,,,) depending on a set of relative tensor fields y , and their
first® covariant derivatives. We define the variational derivative

5L/5lpAELA—LAa|a, (10)
where
L'=0L/0y,, L**=0L/dy,,, (11)
and the tensor densities
1,7 =L, —pa LY U, =L, py. (12)

Further, we note from (4a) that

LAa(IAaBﬁ)ga wBlB = LAa(IAB)ga lpBIaz - LAU lpAlg .
Then (9), with

Y= Wapo) (13)
yields at once the identity

oL
Uraelt‘i'tga'l‘ 5—(IAB)QGU)B=O (14)
Va

valid for an arbitrary scalar density L(y 4, 1 4,)-

III. Spinning Multipole in Given External Fields

In this section, we derive the general form of the Lagrangian equations of
motion for a spinning test particle with arbitrary multipole structure in a given
Riemannian space-time and under the influence of a given set of external fields ¢ ,.

Let x* = x*(¢) be the equation of the particle world-line in terms of an arbitrary
scalar parameter ¢, T the proper time, and

u=dx*/dt, ov*=dx"/dt

the normalized and unnormalized 4-velocities respectively. The spin of the
particle is described by the gyration of an orthonormal tetrad e'?(¢) defined on
the world-line:

nabe;“)e}f’)zgw, Hap=diag(1, 1,1, —1) (a,b,... =1 to 4). (15)

The equations of motion are assumed to be derivable from a parameter-
invariant action principle | L dt =0, for variations of x*(¢) and € (t) with fixed
endpoints x*(t;), ei(t;) (i=1, 2). The Lagrangian is an unspecified scalar function

L=L@w", e e d,), (16)

5 The case where higher-order derivatives occur is not needed immediately and its consideration
is deferred to Section VL
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where ¢ =35e®/6t (absolute derivative) and the set of tensors @, comprises
the external fields ¢ 4, the Riemann tensor R%j, s and their symmetrized® covariant
derivatives:

D, =(d4 ¢A|as ¢A|(a1.‘.an)9 e Raﬂyay s Raﬂy&l(sl“.s")'“)' (17)

We have assumed that explicit dependence of L on g,, has been eliminated by
the use of (15).

We define the canonical momentum P,, the spin angular momentum S¢”
= Steel and the multipole moments M4 by

oL oL oL
P= o= S7=2e9-SC MA=
h=u S = gaae MU=

(t=1). (18)

Since the components &, are usually constrained by algebraic symmetries,
a word about the definition of the partial derivatives M4 =03dL/0® , is in order.
These are in all cases defined so that dL=M*d®,. If the @, possess algebraic
symmetries, we consider only variations d®, which respect these symmetries.
The resulting arbitrariness in the coefficients M4 is then resolved by requiring
that M4 share the symmetries of @,. These conventions lead to formulas like
OF,,/0F,, =% = —0F,,/0F,, for a skew symmetric tensor F,;. It follows also
that the 2"*2-pole gravitational moment tensor’

Qaﬁyémmsn:aL/aRaﬂyél(ﬂufu) (9

is symmetric in its last n indices, and has the algebraic symmetries of the Riemann
tensor in its first four indices.

The equations of motion for the spin S¢° are obtained by variation of e!(t)
with fixed end-values, holding the world-line fixed. Since in this section (only)
we treat the space-time geometry as prescribed, Eq. (15) impose 10 constraints
on the 16 variations d¢l®. The resulting equations of motion reduce, after
eliminating the Lagrange multipliers, to the 6 equations

L gL oL & (oL
pap 8= e = G s\ 2
On the other hand, the identity (9) with w =0 gives
oL ., oL oL ., oL .
v U T del ¢’ = 0e% e+ 0P, ()" @5 =0. 20

Differentiating the second of (18), we find with the aid of (21) (with ¢t =1) that
Eq. (20) is equivalent to

1680/t = Pleu) + MA(IB)e”) &y . (22)
¢ This is not a restriction, since an unsymmetrized covariant derivative can always be reduced
to a set of the form (17) with the aid of the Ricci commutation relations (7).
7 This corresponds (apart from a numerical factor) to the “reduced” moment integral J¢t--&=/?
defined for extended mass distributions by Dixon (Ref. [8b], Eq. (5.28)).
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The equations of motion for the linear momentum are obtained from an
infinitesimal displacement of the world-line, holding ¢* fixed by parallel propaga-
tion. We consider a 1-parameter family of time-like curves x*(t, &) with orthonormal
tetrads e\”(t, ¢) defined on them, and extremize I(g)= [ L dt subject to fixed
xH(t, e)=xMt,,0) (i=1,2), 5e9/6e=0. This yields, for arbitrary variations
0x"/0e,

jﬁ oL &v* N oL & 5ef,“’) oL o ox*
ot e 069 e\ ot op, " e

)dt =0.
t1
Noting

ox*
2
) = e(ga)Re”“v 5

Se Ot

N de |7 e\ ot
and integrating by parts gives the equations of motion

SP 6T =% R,,;, 80U + MAD,, (23)

St 8 (6x’“‘) 8 (56(;‘)
’ €

Qo ip

where we have set t =1 on the extremizing curve.
To facilitate comparison with the results of the next section, we note in con-
clusion that the relation

Bl /5t = (8e/57) (— e e v*vh)?
can be used to re-express L as a new function
L=L,t" e, eM(),d,); ¢W(t)=68e/51 (24)

which is homogeneous of first degree in its first argument v* (because of the
parameter-invariance of the action integral). The partial derivatives (18) now
appear as

oL oL
S =2e ——~, M= —1
e e 9ela)(q) 0P, 25
0L, oL, O (=)
T ot 0e9(r) * -

IV. Field Dynamics of Continua: First-derivative Coupling

The objective of this section is a unified derivation of the equations of motion
(22), (23) together with a system of field equations for the applied fields from a
four-dimensional action integral.

The Lagrangian density (precise functional form not specified) represents a set
of free fields g,;, ¢, interacting with a continuous medium having a simple
structure. The medium may be visualized as consisting, at the “atomic” level,
of coherently moving, spinning particles which interact only through the external
fields, treated as self-consistent backgrounds. Its history is thus completely
described by a “numerical flux”

N¥x)=|/ —gnu*, uu*=—1 (26)
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and an orthonormal tetrad field e”(x). (Our treatment is easily generalized; for
example, a medium with internal stresses produced by incoherently moving
particles can be handled by a sum Z, of action integrals containing fluxes N*(x, r)
and tetrads e (x,r), where r is a discrete or continuous index. This leads to
equations of motion of the form (22), (23) for each “stream” r and to the same field
equations. Compare Ref. [1].)

We accordingly postulate that the field equations and equations of motion
are obtainable from the action integral

I= j‘ L(wAa 1p.‘ﬂm) d4x s (27)
in which the scalar density L depends on the fields
Yy= {Na’ e&a), ¢A7 Raﬁyé} (28)

and on e;"l’ﬁ. In general, L will depend also on covariant derivatives of ¢, and
R*;,5. We shall simplify the discussion in this section by assuming that this
dependence is restricted to first derivatives ¢ 4, and that no derivatives of R*; ;
enter. This is still sufficiently general to cover most cases of practical interest.
(For the analysis of the general case, see Section VI.)

In this formulation the sixteen-component tetrad field e/ plays a dual role:
the ten symmetrized products 7,,el" ¢f’ = g, , define the metric and determine the
gravitational field, while the six angular velocities w®? = e“*e$)u’ determine
the internal spin of the medium.

1. Spin Equations and Gravitational Field Equations Derived
from Variation of Tetrad

Under an arbitrary variation §e® of the tetrad field, and the accompanying
variation o s @
6gga:2r’abe(g 560‘) (29)
of the metric, the variation L gets contributions from three sources: (i) explicit
dependence of L on e{?, elf);; (ii) variation of the affine connexion hidden in the
covariant qlerivatives e&“,)ﬂ, ¢ 4),; and (iii) variation of R% ;.
Accordingly, we have

5(6)1‘ = (51‘/5651'“)) 563'1) + Urog 6rzgt + Qaﬂya 5Ra/}y5 + (le) s (30)
where 6L/6y, and U™, were defined in (10) and (12),
Qaﬂ)’5=aL/6RaBy6, (31)

and (div) represents a divergence J,(...).
To re-express the last two terms of (30) in terms of §e®, we note that

5Ra/3)’5 = 2(6F$[5)|v]’ 5rc$t = (5g)(go'|1) - %(59)(;:'9
enable us to write the identities
Qe OR*; 5= —2QQ"“"],M or8 +(div), (32)
Us,org = 1i(§ore 5oy — U“@")}h 09 s+ (div), (33)
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valid for arbitrary tensor densities Q,*7°, U*?,. We have defined the “spin flux”

§ere=2peled, (34)
The action principle 6,1 =0 now gives, with the aid of (30), (32), (33), and (29),
(OL/de)e'@e = (U2 — 5 (877 + §¢77)} . —4QHe¥, . (35)

The symmetry of the right-hand side in ¢, o gives at once the six equations of
motion for spin:
(6L/6e[?)eld =0. (36)

[o
The gravitational field equations comprise the essential content of the remaining

ten equations of (35). As a first step towards reducing these to a familiar form,
we call on the identity (14), which in the present context reads

556§> ey = ;ﬁg N°— a%a N*GT+ Uy 17+ QYL 7Ry (37)
modulo the nongravitational field equations
oL/6¢,=0. (38)
The last term of (37) has the explicit form
QL) Rp=0Q " R%,;—3Q,7°R*, 5. (39)

Elimination of the common left-hand sides of (35) and (37) yields
(OL/ON*)N*85— 1,7 — Q*(I,) 7 Ry = (2L/ON)N° 0
F 387, 87+ 87,) 40N

2. Matter and Field Decomposition of Lagrangian
To proceed further with the reduction of Eq. (40), we decompose L into a sum
L=L,(N* e, &, @)+ Ly (1, a1a Gup) + L3 , (41)
&l=efut,  Py=(da ara R%y0) (42)

in which L, represents the matter and its interaction with the applied fields, and
L,, L, are the free-field Lagrangians for ¢ , and the gravitational field respectively.
We now assume:

(i) That L,(N*,...)=L{(N*, ...) is homogeneous of first degree in its first
argument, so that

Ll = nl/ -9 Ll (ulla eéa)’ égza)a qu) . (43)

This amounts to assuming that the flux of material 4-momentum and spin is
proportional to the particle density n, and is clearly satisfied for dustlike material
(no direct inter-particle interactions).

(it) That the gravitational Lagrangian is essentially the curvature scalar:

{6nly=—]/—gR. (44)
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According to Lovelock’s theorem [33], any choice L3(g, 5. 0.9,p5 ---> 0¢, --- Op, Gupo ---)
which leads to second order field equations for minimally coupled sources is
variationally equivalent to (44).

Equations (41), (44) enable us to decompose (31) as

Q)7 =|/=gnQ,p"—(16m) " )/ —gg53, (45)

Qaﬁy& = aLl/aRaﬁy& (46)

where

is the quadrupole moment per particle [cf. (19)]. The first of (12) yields, in view
of the homogeneity of L,

(OL/ON*)N*$5—t,” = (0L, /06 el u” — L3 85—/ —gt 7, (47)

alo
where

[ =gt,”=Ly05— 4, 0L/0G 4, (48)
gives the canonical energy tensor for the fields ¢ ,. Since
e /ON = e (0u*/ONO) =(|/ —gn)~ ' &P, (04 + u'u,)
we also have (noting that L, is a function of ¢ whereas L was expressed as a
function of €{7,)
(OL/ON?)N° =(0L,/0é\")els),u’ + P,N” (49)
where P,, defined by (25), is the canonical momentum per particle.
Substituting (45), (47), and (49) into (40), we arrive at the final form of the
gravitational field equations for a dustlike material:
~Bn) 'GI=T=Pnu’ + 1, +5(—g) (87, + 8,7 +57,).
+ 4(nQ;(QU)M)|;tZ + nQA(IAB)Q(7 RB .
Here, G is the Einstein tensor, and the last term is interpreted according to (39).
Equation (50) identifies T° as the “correct” (symmetric, covariantly constant) total

energy-momentum tensor for material and fields. By virtue of (34) and (12),
the spin flux can be decomposed into matter and field parts:

(—g) *87¢ =nS"u 4 5°¢°, (51)
3V =98° = (L3¢ 41) (L), ¢ » (52)

with the spin angular momentum S°¢ per particle defined by (25).
Recalling the definitions (10) and (20), we obtain from (41) and (43) the relation

SL L oL oLy +Ly)
Se@ =)= (@ (al) +efy Ly ) Dé <al) N, 2_(—%—3%)9 (53)

between the variational derivatives of L and L,. To the assumptions (i) and (i)
already made in this section we now add a final assumption:

(50)

o0

(iti) The number of particles is conserved :

N*,=0. (54)
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Then (53) shows that the spin Eq. (36) is equivalent to the single-particle Eq. (20)
and we thus recover the spin angular momentum equations of motion in the form (22).
In the present context they specialize to

3089/t =Py + (LB (M dpp+ M** dp,,)

(55)
_ MA[6¢AIQJ + 4R[aaﬂng]aﬂv ,

where
MA=0L,/0¢,, M""=0L,/0¢,, (56)

and we have made use of (4a) and (39).

3. Equations of Translational Motion Derived from “Variation of World-Lines”

The four equations of motion for the canonical momentum P, are implicitly
contained in the preceding equations; they can be extracted by applying the
contracted Bianchi identity G%;, =0 to (50) and simplifying with the aid of the
spin Eq. (55) and the field Eq. (38). A simpler approach, which at the same time
gives a variational characterization of these equations, is to “vary world-lines”®
in the action integral (27).

The equations
ox*(a™, t)/ot =v* =u* dt/dt
define the world-lines as integral curves of the conserved particle flux N*. The
three ™ are “comoving” parameters (u* 0,a™ = 0) and (r) is an arbitrary parameter
along the curves.

The number of particles in a given infinitesimal flux tube d>a is a constant
of the motion, and is given by

N@"d*a=(—u"n)ndx,
where dX is the 3-area of a tube section t = const and 7, its unit normal. Since
l/:gd“x:(—v“n#) X dt
we have
N*d*x=Nv'd>adt, (57)
from which
L(N* ..)d*x=Nd*aL,(v" ...)dt (58)

follows by homogeneity of L, .

Consider now a {-parameter family of flux and tetrad fields N*(x, ), e)(x, ¢)
and let x"(a™, t, ¢) be the associated congruences. We extremize the action integral
I(e) of (27) subject to fixed end-points x*(a™, t;, &) = x"(a™, t;,0) (i=1,2) and to
5e?/5e =0, ON/de =0. The last equation constrains the number of particles in a
flux tube to remain fixed when the tube is “varied”. Under these conditions

dlfde= [d*aN(a™) [ {dL,(v", ...)/de} dt (59)

8 For the application of this technique to non-spinning material, cf. Weyl [34], Taub [24], and
Hawking and Ellis [24].
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and a short calculation patterned after that of Section III gives the translational
equations of motion (23) in the particular form

OP/0T=3R 3,8t + M P 4, + M 4,

(60)
+ QaﬂMRaﬂvélu :

The stress-free character of the medium is reflected in the absence of contributions
to the variation (59) arising from the spatial dilation and deformation of the
displaced world-tubes.

V. Example: Einstein-Lorentz Theory for Spinning Charges and Dielectrics

As an illustration of the results of Section IV, we here consider a charged
dipolar medium and its interaction with a Maxwell-Einstein field, described by a
vector potential ¢, and the metric tensor.

The phenomenological (convective) current® j*, the polarization per particle
M*# and the “displacement tensor” H*# (both skew-symmetric) are defined by the
equations

|/ —g/=0L/0d,, |/ —gnM*’=0L,/0¢y,=20L,/0F,,,
/=g H* = —8n OL/0F,p,

in which it has been assumed that ¢, , enters the Lagrangian only through the
skew-symmetric combination F,; =20y, ¢y The electromagnetic field equations
are therefore [cf. (38)]

(61)

OuFpy=0, H'\y=4nj (62)
and imply conservation of free charge
Ja=0. (63)
From (48) and (52) we obtain
t,'=(—9) *L, 07— (4m)" ', ,H*", 41807 =2¢!°H" (64)
so that
L+ 5 (87, + 8, 7+ 87 ) =T ™ —¢,j°, (65)

where we have defined a gauge-invariant electromagnetic energy tensor by
(cf. [1,22,25])

T ™) =(4n) ' F,,H™+(—g) *L,5. (66)
We now assume more specifically:
(i) that the free-field electromagnetic Lagrangian is
L,=—(167)"'])/~gF, F*, (67)
which leads at once to the usual Lorentz polarization relations
H** =F*f —4gnM** ; (68)

° The “true” (microscopic) current is J*=(—g) *0 L, /0, = j*(nMF),,.
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and (ii) that the (undifferentiated) potential ¢, enters L only through a bilinear
interaction term e¢,N* whence

J=enu*, (69)

and de/dt =0 as a consequence of (54) and (63). In terms of a gauge-invariant
“kinetic momentum”

p.=F,—ep, (70)
the equations of motion (55), (60) reduce to'° (cf. [8,9, 14, 15])
0pu/0t= =3 R, 0 S" + F e + 5 M*PF 4, + Q"R 51, (T1)
3 08* )6t = p*ut — F*, MM — 4RV Qmb7 (72)
Insertion of (65) and (51) into the gravitational field Eq. (50) gives

-1 — — .m. t 1
—@m) G =Ty =T™ 7+ Ty™" + 2 (Siaane = Simane” + Stmav e

(73)
+4(nQ% (" )us+n QL") " Ry

in which the tensors
T{™Y% =np,u®, S5, =nSu’ (74)

represent the material fluxes of linear and spin angular momentum. Their di-
vergences are, according to (72), (71), given by

3 Stoaote= TEH — Fle, M7 — 4Rl ; nQ71*#7 (75)
(T(mat) + T(e.mA))QUld - % Rga/}ysfn);:&) + nQaﬁy(sRaﬂyélg , (76)
where we have used the result

TEm), = = Fyuf = nM* (77)

uvle

which follows from (66), (68), and (62). These equations can be used to verify
directly that the total energy tensor T, is symmetric and conserved, as required
for consistency of the gravitational field equations.

The electromagnetic and gravitational field equations, here derived for a
dustlike medium, should retain their form in more general circumstances [with
appropriate generalization of the expressions (74) for the material terms]. This
question will not be pursued further here (but compare Refs. [1, 18, 19, 22, 25]).

We conclude this section with some brief comments on the equations of
motion (71),(72). For determinacy these have to be supplemented by three equations
for the normalized 4-velocity u*. The form of these equations will depend on the
detailed functional form of the Lagrangian and constraints (if any) imposed on the

!0 These equations become those of Refs. [1] and [2] if one sets Q,”7° = 0 and redefines the kinetic
momentum as p*™ = p, + F,; ¢%, where ¢* is the electric dipole moment. This merely amounts to a
different convention for allocating the interaction energy between matter and field, and leads to field
equations equivalent to (62) and (73). The present formulation, which, in effect, is that of Ref. [1]
with ¢ set equal to zero, appears to be the simplest and most natural from a formal point of view.



78 1. Bailey and W. Israel

variation. (In the multipole analysis of extended bodies ([2, 8—~10]) the equations
for u* amount to a convention for fixing the centre-of-mass.) In this paragraph
we shall follow current practice ([2, 8, 9, 14, 15]) and adopt as the supplementary
conditions

S*p,=0. (78)

The proper-time derivative of (78), written out with the aid of (71) (abbreviated
for convenience to p,=F,) and (72), yields three algebraic equations for u* in
terms of p,, S** and the applied fields. These equations take the form

F,8**=p,(p*u* — p“u”)+ x(t)p, F** §*, (79)

for the special case of magnetic-dipole gravitational-monopole charges with
gyromagnetic ratio proportional to r(t):

0/°=0, M**=x()S*". (80)
From (72) and (80) we obtain at once the conservation of spin energy
(d/d7)(S;,$*)=0. 81)
Transvection of (79) with F,, a second use of (79) and of the equation
Fut =% k(1) S*P F, gy, u"

following from (71), yields
Fyp* =3 x(t) (p;p*/p,u") (d/d7) (S F,y) .
From this we can infer a conservation law
(d/d7) (= p;p*+gS*’ F,p)=0 (82)

if we assume that «(t) = g(p,u"/p, p*) and g = constant. Comparison with the non-
relativistic limit indicates that (82) should be interpreted as expressing conserva-
tion of proper mass.

V1. Field Dynamics of Continua: Higher-derivative Coupling

We shall now outline briefly how the considerations of Section IV can be
extended to the case where the Lagrangian includes higher derivatives of the
fields.

It will be convenient to use the following notation: a bold face index a(n)
denotes the symmetrized set of indices (; ... a,); «(0) denotes the empty set.
Repeated bold face indices imply summation. Thus,

XYy it n=0

Aea(n) —
X YBa(n) - {XA(al.-‘fln) YB( ) if n=1.2
o g Ly e s
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1. Generalization of Fundamental Identity (14)

We consider an arbitrary scalar density L(¥ ,) where ¥, = {{ 44, n =0, 1, ...},
and extend definitions (11), (12) as follows:

L= OLJ0y ,, A% = 0L/ g oy = L0 (83)
[Anom = ”20 (—1y" LAa(n)B(m)“](m) = [Axo (84)
t,=0;L— n;io (4 D a1 guomy L 7>, (85)
U, =1,y io LA . (86)

From (84) it follows at once that
Lita(n)h — LAa(n) _ L:lka(n) . (87)

Hence the divergence of (86) yields

U, + L% ws =57 Y L g0 (88)

n=0

On the other hand, repeated application of (4a) leads to

Aa(n) B _ JAam(] B
LA [0y ﬂ(n))ngB[I}(n)'—L >0 (1 )QGIPBIa(n)

—nL* Dy w1y, (1=1,2,.00) (®9)
which enables us to write the general identity (9) in the form
1= =00 Y Ly, (90)
where use has been made of (85).
From (88) and (90), we obtain the generalized form of identity (14),
U, + L"), pp+1,°=0, 91)

applicable to a scalar density L(ip ) depending on (symmetrized) covariant
derivatives of arbitrary order.

2. Generalized Action Integral; Variation of Tetrad

As a generalization of the action integral (27), we now consider

I= 5 L(wAla(n)) d4 X, Yy = {Not, e(gca)a ¢Aw Raﬂyé} 5 (92)

in which arbitrary symmetrized derivatives of the field variables ¢ ,, R*;, ; are now
permitted to appear, but we still assume that N* occurs only in undifferentiated
form, and second and higher derivatives of ¢/ are absent.
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Under a variation of the tetrad field, we have

5((2)1‘= Z LAa(n)a(e)(wAla(n)) . (93)
n=0
We now observe from (6) that
LAa(n)é(e)(wA la(n)) = LAa(n)[{ae(lpA a(n— 1))}Iaz,,
+ (IAa(n— 1)an_ 1))galpB|ﬂ(n-— 1)5(e) raea,.] >

make use of (89) and carry out n “integrations by parts”. Then (93) becomes
5(e)L = Lfk 5(e)wA + U:kagé(e)rcft + (d]V) > (94)

where we have defined
U;GQE U‘to‘g _ Ytag; Yrag = Z (l’l + ])wAI(gu(n))Liam(n) . (95)
n=0

According to the general identity (32), we have

L4 61094 = (OL/6¢) 56 —2Q 7%, T%+ (div)

ox |n

in which Q%" is derived from Q °** by the prescription (84).
The action principle J,,I =0 thus leads, with the aid of the general identity
(33), to the generalization of (35):

(OL/5ef)e@e = (U — (8572 + 82}, —4QL" .. (96)
where
Si‘”EZU;“"’]. 97)

We thus recover the spin equations in the form (36).

3. The Field Equations

If we now eliminate (6L/5el”)e’ between (96) and (91), we arrive at the
gravitational field equations in the form

(OL/ON*)N*65 —t 7 — QA(LP) 7 Ry = (OL/ON®)N°
+ % (S::re + S@T*a + S:: et)it + 4Qi(d MIM + Ymelt

)

(98)

modulo the non-gravitational field equations

SL/3¢ = LA(9)=0.

To throw these into a more familiar form, we follow the pattern of Section IV, 2:
we decompose L as

L=n l/ ~g L,(u", e((xa), éga), ¢A|a(n)’ RA[az(n))

99
+L2(¢A|a(n)’gaﬂ)_(16n)~1 /—gR, &9
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where L, is assumed homogeneous of first degree in its first argument. Equation
(98) is then found to reduce to

_(8n)~—1Ga Ta_Pnu +ta _( )—l(Sm +S w+Sa t)lr
+(=9) 7 (40, " ua+ QP Ry (100)

fee)

A
- Z Q*N(M)RAI(@a(m)))'

m=0

In this equation, the canonical momentum per particle, P,, is given by (25); the
gravitational multipole moments per particle Q#*1* and the associated quantities
Q; are defined by

n=H(—g) FQAN = QA = OL JOR 4| gy »

Q:a(n) Z (— mQAm(n)ll(m)lmm) , (101)

and

/=gt =L,03— z ¢A|(ga(m))L/jk“(mJ(¢) (102)
m=0

(where Li7*™(p)= Z (= 1)" (OL/0¢4(satmpny)) pny) Gives the canonical energy

tensor for the fields d)A [35]. As in (51), the total spin flux $3¢° can be split into
a matter part nS°°u’, and a field part obtainable from (97), (95), and (86) which
is now more complicated than (52) and includes contributions from the curvature.

Acknowledgements. We are indebted to Karel Kuchar and Hans Kunzle for helpful discussions.
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