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Abstract. It is shown, using the BPHZ renormalization program and Zimmermann’s
normal product algorithm, that a strictly renormalizable effective Lagrangian for the
Abelian massive Higgs model does exist: Ward identities are fulfilled, and normalization
conditions, defining a theory in an indefinite metric Fock space, may be implemented.

1. Introduction

A number of examples of renormalizable Lagrangian models in-
volving symmetry breaking [1—3] have been recently formulated, in
versions which do not make use of any symmetric regularization proce-
dure [4—7]. The basic tool is the so-called “normal product algorithm”
(NPA) due to Zimmermann [ 8], which provides a cut-off free formulation
of the BPH renormalization procedure.

For models in which symmetric mass parameters do not vanish, there
are two alternative ways of using the NPA: one which respects the super-
renormalizibility of the non-symmetric couplings [6, 9] and which we
shall call, according to Schroer’s terminology, “soft quantization”, and
another one, the “hard quantization”, which treats all couplings as
having power index 4 [4, 5]. These two methods yield identical Green’s
functions, according to an equivalence theorem [ 10, 6]. The first approach
meets, however, difficulties in cases where some symmetric mass
parameters have to vanish, whereas the second method is applicable to
all cases —and only meets difficulties in principle when some renormalized
masses vanish.

Recently, Lowenstein, Weinstein and Zimmermann [6] have for-
mulated the soft renormalization method for the massive Abelian Higgs-
Kibble model in the Stueckelberg gauge [11] (massive QED of the o
model). In this case, the equivalence theorem [6, 10] ensures that the hard
renormalization procedure exists. It turns out, however, that a direct
formulation of this hard renormalization is not completely trivial, which
is the motivation of this paper.
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2. Construction of the Effective Lagrangian

The Abelian massive Higgs model is characterized, in the tree
approximation, by the Lagrangian obtained by performing a ¢ field trans-
lation v on the Lagrangian for the electrodynamics of the ¢ model:
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The notations are the following. The diagonal elements of the metric are
(1, =1, —1, —1). The spontaneous breakdown parameter v is the
vacuum expectation value (@) of the complex scalar Higgs field p =v
+ 0 +in, so that (o) ={n)=0. 4, is a vector field, with mass m in the
symmetric limit v=0, and F,,=0,4,—0,4,; 0 means the gradient
operator d,: e.g, 04 =0,A".

At the symmetric limit v=0, %,,., is left invariant by gauge trans-
formations, with the exception of the mass term A2 and the gauge term
(0 A)%. Symmetry breaking (v 0) does not alter the charge conjugation
symmetry, under which the o field is even, and the © and A4 fields odd.

An alternative but equivalent characterization of this model in the
tree approximation is provided directly in terms of Green functions. This
is done by requiring the Ward identities (notation will be explained in
Appendix A)

(mz + %62) 0A(X)= — evpZn(x) + e(a(x) + v) 5,(x)
— em(x) 3,(x) = 0,6,4,(x) )

(in fact, only the equality of the 65, and —nd, terms is required) and the
8 normalization conditions for the vertices (one-particle-irreducible or
“proper” Green’s functions; the definitions are given in Appendix A)
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where
D(pz)ErnﬂF£A+rnA“FnA“ (4)
and %2, ¥? are the zeros of
1
— P = 1) (0? —am® — o v?) + &2 p? =0 (5)

i.e., the zeros of Eq. (4) calculated from the tree Lagrangian (1). I'; , and
I’} , are the transverse and longitudinal parts of the two-vertex for the 4
field:
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The first four normalization conditions define the masses and
scales for the physical fields ¢ and A”; the fifth defines the 4 — ¢ coupling
constant, the sixth the symmetry breaking parameter v. The last two
define the masses »* and x? of the ghosts [12]: recall that the matrix
propagator for the two coupled fields = and A%, A" being a ghost, is
given by minus the inverse of the matrix

rfm(pz) rnAv(p)

PuDy
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The six physical parameters of our theory will thus be m3, m2, 1, v, %2,
%* or, equivalently, those appearing in the tree Lagrangian (1), with the
relations

m;=m?+ &> v*
m2 = uZ +8iv*;

%2, x* are the roots of Eq. (5).

We now turn to the “hard” quantization of this model: we shall
construct an effective Lagrangian %, (all couplings are treated as having
power index 4), such that Ward identities with the structure of Eq. (2)
and normalization conditions (3) are fulfilled in all orders of perturbation
theory. For this purpose, we shall make extensive use of Zimmermann’s
effective equations of motion and Zimmermann’s identities relating
normal products of different degrees [8]. The procedure applied here
was first designed for the ¢ model with nucleons [5].

Let us write the most general effective Lagrangian ., such that
charge conjugation symmetry holds. No linear term will be present,
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because of the conditions: (4> ={o)={n)=0;
Ly~ F P+ M2 AT + (AN — 1)@ A)
~40,0% ~} 0,7 + 44,00 + 44,01
—tA-On+ucA*+ A-(e,n00 —¢,007) (6)
+ A%(h,6* + h,n?) —(f,0% + f,n)o
- gaa4 - gan62n2 - gnn4 .
This Lagrangian contains 19 parameters, which will be reduced to 8 free
parameters by requiring the proper Ward identities. The effective

equations of motion for the o, 7 and A fields are, in the symbolic nota-
tion (A.6) of Appendix A:
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Now, taking the divergence of the equation of motion for A4, eliminating
terms such as 8°n, n6%c and ¢d*n by use of the proper, possibly non-

linear, versions of the effective equations of motion for ¢ and = with the
correct degree’s assignments (Appendix A), and applying the rule [13]:
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Using Zimmermann’s identity, we may reduce the N5 product to an N,
product:

t
d—(N3 —N)I[S,]=—N,[r,nd*c+r,00°n+r;00-0n+rson’
+r50°n+7160%0A+1,n20A+rgA-600+ryA-ndn (10)

+rigomA*+r  A20A+1r, A" A3, A, +1,30%0A4].

The 13 reduction coefficients r; are expressed in Appendix B as proper
Green’s functions evaluated at the origin of momentum space (in fact,
due to Bose statistics and Lorentz covariance, r,=r; and r,=0).
Eliminating the 76%¢ and o0%n terms in Eq. (10) by use of the equation
of motion, and substituting in (9), we obtain

t? t t
M?— R +(y+7r13)0%|04= — d—,,g"n+ -d:é"

T

2 05, 8";1”1 78, 0,5, (11)

+ N,[...].
The last term is a sum of 14 independent products. In order to obtain a

Ward identity with the same structure as in (2), we have to cancel them
and, moreover, to require the equality of the 6§, and —=d, terms:

& —13 &1y

L= . (12)

d,
This leads to 15 equations between the 19 coefficients of £,. 11 equations
allow us to express implicitly these coefficients in terms of eight free
parameters a, b, ¢, d, g, w, ¢, and g, according to:

T
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2

w
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w
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As we shall see later, the remaining four equations are then identically
fulfilled.

The eight free parameters can be recursively determined as formal
power series by the normalization conditions (3), for instance. The
presence of couplings involving the reduction coefficients r; does not
make any difficulty. Indeed, let us take # (the number of loops) [14, 10]
as the expansion parameter; the r;’s are given by superficially convergent
one-particle irreducible graphs [see their expressions (B.3)], so they are
calculable in order n in terms of the (n— 1)* approximations of the
parameters a,b, c.... (For instance, in the tree approximation, r;=0;
b=d=0,a=m?* c=u? g=1/o, w=ev, e=e, 9= J, so that the recursive
procedure can start.)

It now remains to prove the Ward identities, the effective Lagrangian
being (6) with assignments (13). Identities (11) have now the form:

(a+g0*)0A+0,04,+cwn—wd,—e(6d,—7nd,)

= N,[6] (9
where
0=R,0°0A+R,n*0A+ Ry0nA*+ R, A*0A
€
R1=?r2—r6+ Erg
g
Ry==5m—n (15)
g
Ry= 7’8—”10
Ry= —ri +371;.

The four equations left over during the reduction of the N, products in
(11) are precisely the equations R;=0, i=1,...,4. What remains to
prove is that they are fulfilled to all orders in #.

By standard methods [see, for instance, Ref 1], we can express
identities (14) in terms of proper Green’s functions; in momentum space:

ipuruul,.‘usaMnN(pa Ka P» Q) +Wrul...uqu7:N+1(K; P9Q>p)

N
—¢& Z FulmudeHﬂN—x(K;P,p+qj';Qé_,)
=1
" (16)
+¢ Z Ful,,,uquqﬂNH(K;Pﬁj;Q,p-i-pj)
j=1

= —ily,,  usomn(p; K; P;Q); (S, M,N)#(1,0,0) or (0,0,1).

Here P=(p;...py), 0=(qy...qu), K=(k;...kg); p+Zk+ Xp;
+ X q,=0 Q; means that element g; has to be omitted from Q. The
right-hand side is a proper Green’s function involving the normal
product N,[0].
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Among identities (16), let us select those whose right-hand sides do not
possess a Born approximation, and write them symbolically as
Wy usoman(p3 K5 Py Q)= — il ysoman(p; K5 P Q) (17
(S, M, N)#(1,0,0),(0,0,1);(1,2,0),(1,0,2),(2,1,1) or (3,0,0).
One remarks that the R,’s may be expressed as linear combinations of

derivatives of left-hand sides of identities (17) taken at zero momenta
[use expressions (B.3) of Appendix B]:

16i 0?
—Rl = W[Wazn(p; —p,OaO)— Wdzn(o; _p>0;p)]p=0

w
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209,05 —p—q) — W2.(—p—q;p,0; =q=
+26p,aq[W”(p,q0 p—a) (=p=a:0.0;9)1,=4-0
161 0?
W 2=W[Wn3(0§P,—p,o)—Wns(PQ—P,O,O)]p=o
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TR3=WW,‘”Z(—P;O;O;P,O)IFO
u
481 02

— Ra= g‘”W [Wivz(050, =p;p) = W, 1a(p3 0, —p; )], =0 -
It is easy, now, to prove by induction the desired result. In the tree
approximation (zeroth order in #) R;=0. Suppose now that R;=0 up
to and including order n — 1. Since the right-hand sides of identities (17)
have no Born approximation and are linearly homogeneous in the R;s,
the left-hand sides are zero in order n. Hence, by the remark hereabove,
R;=0in order n.
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Appendix A — Some Notations

Let X denote any string of fields
X=A4,(z) ... Ay(z5) 0(x1) ... 6(xp) (Y1) ... T(yn) - (A1)

Disconnected, connected and proper (one-particle irreducible) Green’s
Sfunctions are respectively:

KTX) =Gy ygoman(Zy oo Zg5 Xy con Xpg3 Yy -on VN)
(TXY =Gy, . ugornn(--) (A2)
<TX>PEI-'“1“.HSD.M”N(...).
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Fourier transforms are defined, e.g., by
(TXYP=2n)* 6 k;+ Zpi+ Zq)
. Ful...usaMnN(kl o ksspy o Py 4y - W) (A.3)
= j’ Idz j Mdx; § 11 dyiei(zklz& Ipixit Xqiyi) <TX>P .
Green’s functions involving a normal product N,[6](x) of degree ¢
associated to a polynomial of fields 6(x) [8] are noted
(TN5[0] (%) X ).

Classical equations of motion are the Euler-Lagrange equations
0ZL(x)/6P(x) =0, P(x) being any field 4,, o or . For the case in which
all couplings in the effective Lagrangians are taken with power index 4,
the quantized effective equations of motion [8, 12] are the following
relations between Green’s functions (linear and bilinear equations only
are considered here):

0%
(TN

(x)X> F(Tp(x)X> =0

5. (A.4)
<TN4 [¢1 W (X)X> + <T<D1(x) 5¢2(X)X> =0.
2
The “contact terms” 4 are defined by (e.g., for #=4):
S
(T6,,(0X>=~1 ¥ gh,8(x—2)<TX) (A5)
j=1

where X, means that field 4,(z) has to be omitted in string (A.1).
Identities like (A.4) will be written symbolically as

0¥

—_— = A.6

50 +0=0 (A.6)
keeping in own one’s mind the proper degree’s assignments explicitly

displayed in (A.4).
Appendix B

We give here closed expressions for the reduction coefficients r; of the
Zimmermann identity (10). They are calculated as usual by use of the
normalization conditions for normal products [8]. We obtain, for
instance [we replace t/d, by w, anticipating results (13)]:

w 2

T8 @p?
iw 03

"= T g Gkyok, (TS0 ARk o -

(T N3[S,1(0) 5(p) #(0)>"], =0

ry

(B.1)
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By use of the equation of motion (7) for the = field, we easily verify that,
for proper Green’s functions

(TN3[S () X)F = —i<Tn(x) X"

. (B.2)
(if X#m or A)

and also
(TN3[S,](x) 4,(0)>F = —iTr(x) A,(y>F —18,6(x— ).

The expressions for the r;’s are thus:
2
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=—i— —— T, .(p;0, —p)l,-
Ty 1 8 (ap)z on (p p)lp 0
w  0?
= —in 1,034, —q)l,-
r 1 8 (aq)z o’nz( q q)'q 0
w0 ,
ry=—i— 'a—pgq—rmz(P;q, —P—Dlp=g-0

Fa= i T,.40;0,0,0,0)
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rg = 4 ap,‘ Fuazﬂ(O;p’O;»_p)l":O

w 0
ro= — I23(0;59, —4,0)l,-0

4 dq,

Flo= i%gﬂvrﬂmz(o,o;o;o, 0)

w 0
drig+rip= ?gv’lﬂ_ruvu(ka 0,0; —Kk)lk=o
u
w 0
2ryy =51, = TQM ok va,{n(o; k, 0;. —k)l =0
u
w 03

F13= — 48 Wrun(k;,_k)lk=o'
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One also has

w 0
2rll —rti2= Eg‘% a—ku Fuvln(ka 05‘ _k’ 0)|k=0 .
The following two identities are true:
rz = 7‘3 5 rg = 0 . (B.4)

Indeed, I', .»(p; g, — q — p) is symmetric under the interchange g2 —p —q
at p fixed (Bose statistics); moreover, this function is a scalar: then

IL2p;q, —p—q@)=f(x,))

with x=p?, y=q(p +q); hence the result r, =r; is easily derived. To
show that r, =0, one remarks that I, u3(0; ¢, —g,0) must be even in g
due to Bose statistics; on the other hand, it is a vector: therefore it has
to vanish.

" We finally note that the r;’s (B.3) are given by one-particle irreducible
graphs which have at least one loop: they vanish identically in the tree
approximation.
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