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Abstract. Three degenerate principal series of irreducible unitary representations
of an arbitrary non-compact unitary group U (φ, q) are derived. These series are
determined by the eigenvalues of the first and second-order invariant operators, the
former having a discrete spectrum and the latter a continuous one. The explicit
form of the corresponding harmonic functions is derived and the properties of the
continuous representations are discussed.

1. Introduction

In our previous paper [1] we obtained two degenerate principal
series, Djfa (X^z) and D-jfa(X^q), of irreducible unitary representations of
an arbitrary non-compact unitary group U(p, q). These series have been
realized in the Hubert spaces of functions defined in the domains

Z$« = ϋ(p, q)lϋ(p - 1, q) and X*« = ϋ(p, q)lϋ(p, q - 1) (1.1)

respectively, which are homogeneous with respect to the action of the
U(p, q) group (see [2]). The representation labels M and L determine the
eigenvalues, M and λ, of the first and second-order invariant operators
M and Δ {X^) respectively and both possess a discrete spectrum.

In the present paper we investigate the properties of the continuous
series of degenerate representations of the U (p, q) groups which are
characterized by continuous values of λ and discrete values of M. We
derive three such series of representations, the first two being related to
the manifolds Xp^q and X^jβ given by (1.1) and the third being related to
the manifold

Xg ff = U(p, q)jTp^q~2 Qj jΓ7(p _ i9q - 1) . (1.2)

Here, Tp+q~2 is the group of translations in the (p -j- q — 2)-dimensional
complex space Cv + q~2 and Q]means the semidirect product. As will be
shown later, the homogeneous spaces X^Q and X^a can be represented
as certain hypersurfaces in the 2(^ + q)-dimensional Minkowski space
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The method is analogous to that used in our first paper [1], We choose
the biharmonic coordinate system on the manifold considered and then
we solve the eigenvalue problem for the invariant operators M and Δ

Δ(Xψ)Ψλ

M = λΨλ

M

 ( L 3 )

where

M = ΣZi (1.4)
ΐ = l

and A(Xp^q) is the Laplace-Beltrami operator on the manifold Xp^q:

. (1.5)
' Vlffl '

Here, 7/\ are the generators of a Cartan subgroup of the U(p, q) group,
gaβ (Xp^q) is the metric tensor on Xp^q and g = det {gOίβ (Xp^q)}. In the case
of the manifold Xp>q the second-order invariant operator is defined in a
different way (see Section 3).

In Section 2 we derive two sets of harmonic functions, one related to
the manifold Xp^q and the other related to the manifold Xp_±q. The harmonic
functions having the manif oldXg'q as their domain are derived in Section 3.
Section 4 is devoted to the construction of three continuous degenerate
series of representations related to these three sets of harmonic functions.
In Section 5 we discuss the structure of the Hubert spaces corresponding
to the series of representations obtained. Finally, in the Appendix, we
show that the series of representations obtained are irreducible.

2. Harmonic functions for the non-compact unitary groups defined on the

manifolds X*>q and X™

As it was explained in [1], the homogeneous spaces X^q and X^iβ
defined by (1.1) can be represented with the help of certain manifolds
having the same dimension and the same stability group and embedded
into the (p + q)-dimensional complex space Cp + Q:

(2.1)
%Jc C (Jp + Q & = 1 2 V 4" 0

where the right-hand side is ± 1 for X^q. These manifolds, which in the
following will be denoted also by X^, can be considered as certain
hypersurfaces (namely, hyperboloids) in the 2 (p -f- q)-dimensional
Minkowski space M2p>2q.

To obtain diagonal metric tensors on X^q and X^ we introduce the
biharmonic coordinate system (see [1]) by choosing a set of 2(p + q)
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parameters r, θ> ω, ώ,

w — \ψ , . . ., ψ , u , . . ., ̂  j

ώ = {<?\ . . ., φ*, <92, . . ., &}
where

0^r<oo, 0^<pfeg2π, 0 ̂  ^ ^ 2π, O^^^y,

? = 2, 3, . . . ?

and by parametrizing (in a recursive manner) the Cv + Q space in the
following way:

zι~ zv + ι = re^τφ) s i n ^ . . . s in$ z + 1 c o s ^ (2.3)

fc=l,2, . . . p , ϊ = l , 2 , . . . g , ί ^ O , ^ = 0 .

The manifolds X^Q and X?:^ are then obtained simply by putting

(2.4)

(2.5)

respectively.

Using now the same procedure as in [1], we obtain the following
expression for the Laplace-Beltrami operator on the manifold X^Q:

dθ ^
(2.6)

where Zl (X39) and Zl (Xα) are the Laplace-Beltrami operators of the
compact unitary groups U(p) and U(q) respectively, Xa being an ab-
breviation for X^0.

The invariant first-order operator M~ M(Xp^q) has the form

M = Mv + JEta (2.7)

where M^ = — i Σ ~~rτ a n ( ^ Άq = — i Σ ~Ά^T a r e ^ n e invariant first-order
A = 1 ^ z = l ^

operators of the U (p) and U (q) group respectively. The explicit form of
the eigenfunctions of the operators Δ {Xp) and Mv is given in the
Appendix of [1].
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Representing the simultaneous eigenfunctions of the operators

^) and M{X^iq) in the form of a product of eigenfunctions of

Δ (Xp) and M^ times eigenfunctions of 2 (Xq) and MQ times an unknown

function ψ^p j q (θ) we obtain the following differential equationf or ψ*jp j a (θ):

dθ ^ v o " u dθ

where —J^{JV + 2p — 2) and —JQ(JQ + 2g — 2) are eigenvalues of the
operators Zl (i>) and ^ ( Z e ) for p > 1 and g > 1 respectively, J^ and J g

being non-negative integers. For p = 1 or g = 1 the eigenvalues of
Δ {X1) and A (X1) turn out to be equal to — J\ or — Jf respectively, Jλ and
Jj being arbitrary integers.

The solution of (2.8) which is regular at θ = 0 is given by (see [1])

x Λ ( l* l - l ' . l + « _ „ + ! , J Ϊ U ^ L ± ^ . | J β | + q,

where oc = p -\- q — 1 + ]/(^ + ^ — I) 2 — λ . Whereas in [1] we were
interested in the square-integrable solutions of (2.8), now we are con-
sidering the continuous part of the spectrum of A. As it will be shown in
Part I II of our work, the continuous spectrum of λ is given by

λ^ (p + q- I ) 2 . (2.10)

Thus, we represent α in the form

α Ξ Ξ oc(Λ) = p + q-l + i Λ (2.11)

where Λ is an arbitrary non-negative number.
The set of orthogonal functions related to definite values of invariant

numbers Λ and M (M being an arbitrary integer) is given by the following
formula

γ—ά(Λ),J2,...>JpiJz,...^Ja /a Q fi\

r - ( 2
M, M 1 } . . . , M^, Mj,..., Ma

where F T ^ ί θ ) is defined by

"" 1 = i^(»)' ( 2 1 3 )
The normalization constant iV turns out to be (see [3])

4- a) Γ(OL — v — a 4-1) 2

y (|/«l - μ,l + «) - P +1] z1 [y (Λl + W + «)]
• (2.14)
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The functions Ŷ jf'j [\^MV (Ω) a r e simultaneous eigenfunctions of the
invariant operators Δ (Xp) and Mp and their form is given in the Appen-
dix of [1], where, also, properties of the corresponding unitary represen-
tations of the U (p) group are discussed in detail. We recall here only the
conditions which are imposed on the numbers labelling the eigen-
functions (2.12):

\M2- Mλ\ + \M1\ = J2-2n2 w2 = 0 , l , . . . , y ( J a - \M2\)

\M3 - M2\ + J2^Jz-2n3 nz = 0, 1, . . ., - (/3 - |Λf8|) (2.15)

\MP- Mί)_1\ + Jp__1 = Jp-2nί) np = 09l,...,γ(JP- \MP\) .

Analogous relations hold also among Mv . . ., Mqi J2, . . ., Jq. Finally,

MP + Mq=M. (2.16)

Note that the numbers M2, . . ., MP, M2, . . ., Mq and M have the same
parity as the numbers J2, . . . Jv, J2, . . . Jq and Jp + Jq respectively.

For reasons explained in [1] we have replaced in (2.12) the sets ω, ώ
of variables by new sets

Ω=i{φ\. . . < ^ , # 2 , . . .&*} (2.17)

respectively, where φ1, . . . φp, ίj}1, . . . ίfi9 are connected with ψ1, . . . ψp

φ1, . . . φq by a certain linear transformation (see equation (2.25) of [1]).

The set of harmonic functions (2.12) is orthogonal with respect to the
left-invariant Riemannian measure dμ(Xv^q) given by the metric
tensor expressed in the biharmonic coordinates θ, Ω, ύ:

dμ(Σψ) - dμ{Xη d β(Xη oh^^θ sh^^θ dθ (2.18)
with

dμ{Xη = 17sin 2 ' - 3 * ' c o s ^ ί ^ Πdφk

j = 2 ft = 1

ft = 1

In a similar way, the set of harmonic functions related to the homo-

geneous space Xv±v defined by (1.1) is obtained. The expression for the

harmonic functions differs from (2.12) only by replacing V~a~Λ)(θ) by
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j ) . Correspondingly, the role of the numbers J^p and Jq, q is

interchanged in the formulae (2.9), (2.14) and (2.18).

The two sets of harmonic functions related to the homogeneous
spaces Xp_^Q and Xv_±q can be used for construction of degenerate irreduc-
ible unitary representations of the U(p, q) groups. These representations
will be constructed in Section 4.

3. Harmonic functions for the non-compact unitary groups defined on the

manifold X%'q

The set of harmonic functions defined on the manifold χv>q (see (1.2))
can be obtained in a similar way. As a model of this manifold we choose
the subspace of the Cp + Q space defined by the equation

zxτλ + + zpzp - 3»+12»+1 - - z

p+Qzp + q = 0 . (3.1)

As we see from equation (3.1), the model of X^'q can also be considered
as a (2 (p -f q) — 1)-dimensional cone embedded in the 2 (p + g)-dimen-
sional Minkowski space M2<p*2q.

Equation (3.1) can be automatically satisfied if we parametrize the
coordinates z% ί = 1, . . . p + q, according to the prescription (2.3) and
then put

σ((9) = cosθ, τ(0) = sinθ, 0 =-f-, 0 ^ r < o o . (3.2)

The first-order invariant operator M has on the manifold X§q the
same form as on X^, i.e., it is given by (2.7). On the other hand, the
construction of the second-order invariant operator meets here two
difficulties. First, as the metric tensor gKβ(Xfy^) on X$q is singular, (see
[3]), the second-order invariant operator cannot be calculated by using for-
mula (1.5). Second, due to the fact that the group U (p, q) is not semi-simple,
the Cartan metric tensor qi fc is singular so that we cannot use the standard
formula Q2 = Σ 9ik^i^k ^° determine the second-order invariant
operator. To construct it, we note that the operator

Σ + Σ
i<i~l ,<i<f-p-,..

p + q p p + q v 'p q p

+ Σ Lϊi2- Σ . Σ S i
i = 1 i — lj — p + 1

commutes with the whole algebra B^q1. Representing the basis of the
•Rj>,q algebra by the Lie algebra of operators of differentiation with

1 The basis of the Rp>a algebra is chosen in the same form as in [1], where the
commutation relations are explicitly given.
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respect to z1, . . . zp+q, zL,. . . zv+q 2 ,

kί \ dzι dzk dzι ' dzk ]

and expressing them through r, ω and ώ by using (2.3) and (3.2), we
obtain the following expression for the operator / 2 on the manifold X%>9:

3 2 d / P + Q pi \^

φ» + t = φ i , 1 = 1 , 2 , . . . q

where the last term is obviously equal to — Ά2 on Xv

0

 q.
The set of differential equations

can now be solved, again by the method of separation of variables. We
obtain

(3.7)

where the form Λ2 + (^ + q — 1) of the spectrum is chosen in analogy
with the spectrum of λ in the preceding section. In Part I I I of this work
we shall show that the spectrum is complete in this form.

The solution of the system (3.6) of equations can be written in the
form

\ k = l I

/ \ . . .
r-«exp\i Σ mfc?>fc LF(#a, . , ^ # 2, . . ., &*) (3.8)

\ I2 The harmonic functions are not analytic in the variables z1, z2,. . ., zp+a but
they can be considered as differentiate functions of 2(p -j- q) independent real
variables xk Ξ== Rez\ yk Ξ= Imzk, 1c = 1, 2,. . ., p + q. The set of relations

zh = χk -f iyh zk = xk — iyk

has the meaning of a regular linear transformation, implying

Note that, according to this definition, the derivatives ^ k exist in every point and

are equal to zero.
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where GC = p -{- q — 1 + γ(p -f- q — I) 2 — λ . As the invariant operators / 2

and i ί are independent of # 2, . . ., #», $2, . . ., &Q, the function JF in (3.8)
can be chosen in an arbitrary way. We specify the form of the function F
by requiring it to be the common eigenfunction of the maximal set of
commuting operators in the enveloping algebra of the U(p9q) group (see
[1] Section 5). We obtain (by the index 0 we denote the eigenfunctions
defined on the manifold X^q)

where the Y functions on the right-hand side are identical with those

occurring in (2.12) and are defined in the Appendix of [1],

The harmonic functions 0YZ"£)lJ*':ytJ*Jt'm'£r

Je(r, Ω> ®) constitute an
υ M,M1,...,Mp,M1,...,Mq

 v ' ' '

orthogonal set of functions with respect to the left-invariant Riemannian
measure dμ(X^q) given by

dμ(X* η = dμ(Xηdμ{Xη r^+^-z dr (3.10)

where dμ and d μ are defined by (2.18).

4. Continuous degenerate representations of non-compact unitary groups

In the two preceding sections we derived three sets of harmonic
functions defined on three different manifolds, Xp_£q, Xpjβ and X$q, and
orthogonal on these manifolds with respect to the left-invariant measures
dμ{X^q), dμ{Xp_iq) and dμ(X^q) respectively. In this section we shall
construct Hubert spaces in which the continuous degenerate representa-
tions of arbitrary non-compact unitary groups corresponding to these
sets of harmonic functions are realized.

Let us start with the representations related to the homogeneous
space X^q. We define a set of functions f{θ,Ωi ϋ) having the form

f(θ, Ω, Ω) =

where P(z1

> . . ., zp + q, z1, . . ., zp + q) is an arbitrary polynomial in the
variables z1, . . .,zv + q,zL, . . ,,zp + Q restricted by the condition (2.1) to
the manifold X\+ q and expressed in terms of the biharmonic coordinates
(2.3), (2.4)3.

As the harmonic functions (2.12) are not square integrable, they
cannot create a Hubert space. Nevertheless, we can use them to con-
struct the Hubert space in an indirect way, by defining the generalized
Fourier transforms χ of the functions / (θ, Ω, D) (see [3] and [5]). We define

3 As is shown in [4], the considered set of functions f(θ, Ω,Ω) creates a dense
set of functions in L2(Xp^.q, μ).
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them as follows:

^.Λ, J 2, , . ,,J p,J 2) , . ,,OQ /~VΓ — OC (-̂ 1)) J 2J •> Jp> J 2i J q 1\

***M., M^i,..., Mp, Mi,..., Mn * AI, Mi,..., ikΓ«, iiϊij . j iW// '

(4.2)

The set of all such generalized Fourier transforms

ΎΛ==(Λ,J2,...Jp,j2,..Ja _ Λ
/,M~ \Λ,M,Mll...iMptMi,...,Mttf

fulfilling the condition
Λ,J2,...,Jp,J2,^.,Jg | 2 < o o (43
M M U M M 1 M Q \ ^ { ' O

U 2,..., Jp, J2) } q

M

spans the Hubert space J^^[(X^q) of vectors, the scalar product being
defined by

fJ Λ,J2,...,Jp,Jii.J.,Jq

^ „ ΛM,Mι,...,MPiM1,...Mϋ

J2, .. .,Jp,J2, . . .,

Λ,J
ii
...

i
J

p
,Jι,.

f
..J

q
 Λ

J
 _

„ ΛM,M
ι
,...,M

Pi
M
1
,...M

ϋ
'M,M

u
...,M

v
,M

u
...,ΆI

ς[
'

J

The sum in (4.3) and in (4.4) is taken over all possible values of the labels
admitted by relations (2.15) and (2.16).

Each Hubert space Jfj^ {Xp^q) can be represented as a direct sum of
the form

00 00 j a j p

Σ _ Σ _ Σ ®
0 Jj, = 0 Ma = — Ja Mp = — Jp
+ M even) (M

e
 + J^ even) (M

p
 + Jp even) (4.5)

where ^^p^\ {XP4q) is a finite-dimensional subspace of J f^(X^) in
which the irreducible unitary representation of the maximal compact
subgroup U(p) x U(q) determined by the invariants J\, M^ JQ and Mq

is realized. Note that in the special cases p > q = 1 and p — q = 1 the
three-dimensional sum in (4.5) reduces to a two-dimensional and to a
one-dimensional sum respectively.

It is easy now to determine the action of the generators of the U (p, q)

group on the vectors { χ ί S ; ; ; ; ^ f £ f ^ ώ f } = %M of the Hubert space
X^). Using the representation (3.4) of the algebra of U(p, q) and

expressing zk, zk, γγ and -ψη- in terms of the biharmonic coordinates

(2.3), (2.4) we determine the form of the generators on X^q. Then the
action of an arbitrary generator Zi on a vector χj^ of Jf j^ (Xp^q) is defined
as follows:



Degenerate Representations of Non- Compact Groups 17

In this way, we have obtained a series of continuous degenerate
representations for an arbitrary non-compact unitary group U(p,q).
These representations are determined by two numbers A and M, A
being an arbitrary non-negative number (see (2.11)) and M being an
arbitrary integer. The irreducibility of these representations is proved in
the Appendix and the proof of unitarity will be given in Part III of our
work. We shall denote this series of representations by the symbol

In an analogous way, also the series Cj^(Xviq) and Cj^{X^tq) of
continuous degenerate representations related to the homogeneous
spaces XQβ and X%>q are obtained. We can repeat everything that has
been said in this section, replacing only X^iq by Xv_±q or Xfyq respectively
and using the corresponding set of harmonic functions.

5. Discussion

Let us discuss briefly the structure of the Hubert spaces corresponding
to the different representation series obtained. The structure of the
Hubert spaces ^?'M(X^Q) is given by (4.5) and can be represented with
the help of "net" diagrams each point of which represents a subspace

^ t J ^ \ (χp-ΐq) o f
 ^M{XΨ)- These net diagrams are constructed in the

same way as the analogous diagrams for the representations D^(X^q)
discussed in [1], the only difference being that the numbers A, JP and
Jq are not restricted by any condition.

If p ^ q > 1, we have a three-dimensional net of points with the
coordinates Jv, Jq and Mv, say (Mq = M — MP). Figures 1 and 2 re-
present sections through this net with JQ = const and Jv = const,
respectively. For different values of A the structure is the same.

Fig. 1. A Jq — const section through the three-dimensional net representing admissible values of Jp

and Mp in a given representation C^(X^a), p ^ q > 1. The same diagram represents the full net in
the case p > q = 1

2 Commun. math. Phys., Vol. 4
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In the case p > q = 1, the net is two-dimensional and can be re-
presented by Fig. 1. (Note that Jτ= M± = M — Mp in this case.)
Finally, for p = q = 1 the structure of the Hubert spaces can be re-
presented by an infinite string of points Mx M

v

Fig. 2. A Jp = const section through the three-dimensional net representing admissible values of Jq

and Mp in a given representation C^(X^.a), p ^ q > 1

Let us remark that for the definite A the number M can be an
arbitrary integer.

The Hubert spaces ^f^(Z?i«) and ^M(XI'9)
 n a ^e the same structure

as the Hubert spaces ^i[{Xψ).
The parity operator P, defined by

Pzk= - z k , k = l 9 2 9 . . . 9 p + q

commutes with all generators of the U(p,q) group. Thus, for a given
irreducible representation the parity is determined and is equal to
(-l)M.

The maximal set of commuting operators in the given representation
space is

A(X*£*),]fϊ,CP,ΰQ (5.1)

in the case of the manifolds X^q and

4 M, C9, Cq (5.2)
in the case of the manifold X§Q (see (3.5)). The symbols Cv and Ga denote
the maximal sets of commuting operators of the compact subgroups
respectively:

C9 = {A (Xη, MVi A & M

cQ = {2(xη, M
The number of operators of the set (5.1) or (5.2) is strongly reduced in
comparison with the case of the principal non-degenerate series, being
equal to 2(p -f q) — 1.
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Appendix

In this Appendix we shall prove the irreducibility of the representa-
tions Cit(Xψ), C^(X^) and C&{Xψ) which we have derived in
Section 4. The proof can be performed by the method used in [1] for
proving irreducibility of the representations DM(X^Q) and D^ί(XpiQ)
(see also [3]).

We shall denote by Rp>q the Lie algebra of the U(p, q) group. By the
symbols Bfy*9 RP^Q a n d ĵ ,<z w e shall denote the representations of Bp>q

given by (3.4), (2.3) with the condition that the coordinate parameters
are chosen according to (2.4), (2.5) and (3.2) respectively.

Let us start with the Cj^{Xv^q) representation. We have to show that
the Hubert space J^^(X^q) contains no subspace invariant with respect
to the action of the Lie algebra Rv^.q. The structure of the space ffl^ (X^q)
is given by (4.5).

In the Appendix of [1] it has been shown that our representation of
the algebra of the maximal compact subgroup U(p) x U (q) is irreducible

in the space ^^ζf*™ Thus, in complete analogy with the proof given
M., Alp, Mq

in Section 4 of [1], it is now sufficient to find some operators Bt ζ R^q

and one vector of the type (4.2) such that the operators Bi can perform
the transition into all nearest neighbouring Hubert spaces ^f/f^2-,

f to & r MMpM'g

with J'v — Jp ± 1, Jr

Q — Jq ± 1 and M'p — M^ ± 1. (Let us mention that
the maximal number of the nearest neighbours is 8, 4 and 2 in the cases
p^q>l,p>q=l and p = q = 1 respectively).

By an explicit calculation we can see that the operators

have the desired properties if acting on

Λ,Jp,Ja ^ r AO,...,0,^,0,...,0,Jβ \

ΛM,Mp,Ma ^tj^o,...,0,^,0,...,0,iv
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The calculation in the case p ^ q > 1 leads to the following result:

where

α± (J, M+, M_) = α± (J, - M_, - M+) (A.4)

a± = α± (J, M+> Ά_)

and

(A.5)

The action of the B_ operator can be obtained from (A.3) by per-
forming the following changes:

ΛyJp,Jί Λ.JίJά for J ' = J 4- 1
%M,Mv + l,Ma-l %MtM9-l,Mq + l * * ^

If p > gr = 1, the formula (A.3) has to be replaced by

J-M1+l + ίΛ\ aXχ^XU^-i +
(A.7)

the action of B_ being obtained, again, by changing the symbols according
to (A.6) and M1 -> - Mv

Finally, for p = q = 1 we obtain:

A = ± ^ 7 I ± (M1 - Άj + 1 + %A\ χΛ

M,Mί ± l ι S ι Ψ x . (A.8)

By a successive application of the operators B^p + q ± ί ^ " ^ + fi, each
admissible value of the numbers JP, JQi Mv and Mq can be reached
starting from any other admissible value. Moreover, we see from (A.3), (A.4)
and (A.7) that the factors J =F M±, J T -ZGΓ_j_ stop the raising or the
lowering process at the points lying on the boundary of the corresponding
diagram (see Figs. 1 and 2). For instance, J + M_ vanishes at the point
Mv = — Jv, in which Jv and Mv cannot be simultaneously lowered.
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The irreducibility of the representation Cjβ{Xv_iq) is proved by the
same method. The corresponding formulae are obtained by exchanging
the twiddled and "untwiddled" quantities.

In the same way, the proof of irreducibility of the Cj^ (X%>q) represen-
tation is also performed. The formulae (A.I), (A.3), (A.7) and (A.8) are
to be replaced, respectively, by

(A 1 '\

( Λ * 2 \ / O * ^ \ *"Ί V *̂ "̂ - * *̂~ /

-{J-J+l-iΛ)aiaZ oX^C^l, +

+ (J - J _ 1 + iΛ) a~+ at o ^ X f i-x +

+ (J+Ά1-l + iΛ) a+ au%\ i.iEw

= (± (^i - Mi) ~ 1 + iΛ) oxi,M1±i,M^i- (A.8')
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