Communications in Mathematical Analysis

Volume 17, Number 2, pp. 66-81 (2014) www.math-res-pub.org/cma
ISSN 1938-9787

DEcoMPOSITIONS OF THE BLASCHKE—POTAPOV FACTORS OF
THE TRUNCATED HAUSDORFF MATRIX MOMENT PROBLEM:
THE CASE OF AN Opbp NUMBER OF M OMENTS

AspoN E. CHoQUE RivErO *
Instituto de Fisica y Mateméticas,
Universidad Michoacana de San Nicolas de Hidalgo,
C.U. Edifio C3A, C.P. 58040, Morelia, Mich., México

(Communicated by Vladimir Rabinovich)

Abstract

In “Multiplicative Structure of the Resolvent Matrix for the Truncated Matricial
Hausdorff Moment Problem”, Operator Theory: Advances and Applications, (2012)
by the author, a multiplicative decomposition of resolvent matrix U® for the trun-
cated Hausdorff matrix moment (THMM) problem via Blaschke—Potapov factors 5/
was obtained. In this work we show that every such Blaschke—Potapov factor can be
represented as a product of block tridiagonal matrices containing Stieltjes matrix pa-
rameters (SMP) depending on a or b. This SMP are in turn a generalization of the Yu.
Dyukarev’s Stieltjes parameters introduced in “Indeterminacy criteria for the Stieltjes
matrix moment problem”, Mathematical Notes (2004).
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1 Introduction

Throughout this paper, let g be a positive integer. We will use C, R, Ny and N to denote the
set of all complex numbers, the set of all real numbers, the set of all nonnegative integers,
and the set of all positive integers, respectively. The notation C*? stands for the set of all
complex p X ¢ matrices. For the null matrix that belongs to CP*? we will write 0,x,. We
denote by 0, and /, the null and identity matrices in C7*?. In cases where the size of the
null and the identity matrix are clear, we will omit the indices.

The main object of the present work are the Blaschke—Potapov factors of the truncated
Hausdorff matrix moment (THMM) problem in the case of an odd number of moments. Let
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us first recall the statement of the THMM in the case of an odd number of moments:Let
a finite sequence of complex g x g matrices (s J')izo be given. Find the set Mg[[a,b], BN

[a,b]; (s J-)izo] of all nonnegative Hermitian g X ¢ measures o- which are defined on the Borel
o—algebra BN [a,b] on [a,b] such that

sj= f tdo (1) (1.1)
[a,b]

for each integer j with 0 < j < 2n.
It was proved in [8, Theorem 1.3] that the THMM problem is solvable if and only if the
block matrices H; , and H; 1 are positive semidefinite, where

Hi,:=Hy,, nx0, (1.2)
Ho oy i=—abHo 1 +(a+b)Hpo1 = Hypor, n> 1 (1.3)

which are defined with the help of the Hankel matrices,

S0 S1 Sj S1 52 Sj+1
—_ 51 5?2 Sj+1 —_ 52 53 Sj+2
Ho,j = , Hyji=
i Sj+1 ... 82j S+l Sj+2 S2j+1
and
kY 53 s Sjg2
—_ 853 S4 cee 8543
Hy ;.=
Sji+2 Sj+3 ... 82542

Definition 1.1. Let the block Hankel matrices H; ; and H» ;_; be defined by (1.2) and (1.3).

The sequence (sk)ii 0 is called Hausdorff positive (resp. nonnegative) on [a, b] if the block
Hankel matrices H ; and H» ;i are both positive (resp. nonnegative) definite matrices.

Throughout this work, we assume that (s J')ﬁzo is a Hausdorft positive on [a, b] sequence.

Let o be a g X g positive measure on [a,b]. Then the function F, : C\ [a,b] — C?*4
defined by

Fo(z) = f L0'(dt)
lab] L2

is called the Stieltjes transform of o. In view of the Stieltjes—Perron invesion formula
the measure o is uniquely determined by its Stieltjes transform. Following the classical
procedure of Stieltjes the above moment problems are handled to describe the set of Stieljtes
transforms of all solutions.

The corresponding set of solutions for the THMM problem in the case of an odd number
of moments is given with the help of the linear fractional transformation of the form (see
[8, Theorem 6.14]):

5(2) = (@ (@Pp() + L @P@) Y (2)p(2) + 52 (2)p(2) . (1.4)

The pair column(p, q) satisfies certain properties, see [8, Definition 5.2].
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Definition 1.2. The 2¢ X 2¢ matrix—valued function

U(2”) _( a@m ,8(2”) )

7(2n) 5@m

of the linear fractional transformation (1.4) is called the resolvent matrix of the THMM,
where a®?, 2" 42" and 5" are g x ¢ polynomials constructed via the sequence (s j)§20‘

In [8, Lemma 6.3] a crucial property of the RM U®"?, namely, that it belongs to the
Potapov class:

Definition 1.3. Let
0, -il
J ::( .q q ) (15)
4 il, 0

and I1; := {w e C : Imw € (0, +c0)}. A matrix—valued entire function W : C — C29%%4 is said
to belong to the Potapov class B, in I1, if

Jg =W (2 J,W(2) = 024x2g, 2 € T14. (1.6)
A matrix—valued function W that belongs to I, is called a J,~inner function of *B 7, if

Ty = W5 (0)JgW(x) = Ozg24» X €R.

In [5] the multiplicative representation of the RM of the THMM problem in the case of
an odd number of moments was obtained:

U (@) = b0@) - b2 () b7(2), (1.7)

where b®7 are g x ¢ matrices linear with respect to z.
Within the Potapov’s framework [20] similar decompositions of RM of matrix interpo-
lation problems were studied in [14], [15], [17], [19], [27] and [28].

1.1 Main results of the present work

The main results of this work are the following:

a) We find two multiplicative decompositions for each Blaschke—Potapov factor b3/
of the THMM in the case of odd number of moments via two families of Stieltjes
parameters depending on the terminal points of the interval [a,b]. See Theorem 4.9.

b) As a consequence, in Corollary 4.10 two multiplicative representations of the RM,
U®"(z) in terms of two families of Stieltjes parameters are given.

¢) We prove that the Blaschke—Potapov factors b/ belong to the Potapov class P J, in
H+.
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Note that we crucially use the orthogonal polynomials Py ;, I'y j on [a,b] and their sec-
ond kind polynomials Qy ;, O ;, see Definitions A.1 and A.3 as well as [3]. Orthogonal
matrix polynomials (OMP) were first studied by M. G. Krein in 1949 [25], [26]. Further
research on OMP on the real line was conducted by I. V. Kovalishina [24], A. I. Aptekarev
and E. M. Nikishin [1], H. Dym [13], A. Durén [12], H. Dette [11], Damanik/Pushnitski/-
Simon [10] and the references therein. See also [18], [22], [23], and [21].

The decomposition of the Blaschke—Potapov of the THMM in the case of an even num-
ber of moments is considered in [2].

2 Notation and Preliminaries

Let R; : C — CUtDax(+14 be given by

R1j(2) = UGeng—2T)~",  j=0, 2.0
with
To:=04 Tj:= ( Ocjg Oa ) jz L 22)
]j quXq
Let
1 i
V()I:Iq,Vj 2:( 4 )Z( VLj-1 ), VjeN. (2.3)
quXq Oq
Sj=—absj+(a+b)sj1—sjr2, 0<j<2n-2 2.4)
and
Sj TY}
S gc ik T | S :
Y[j,k] = ,Us < k, y[],k] .= 0 < ] < k (25)
Sk Sk
Furthermore, let
Yiji=yyo-n, 1< j<n, Yo=Y, 1< j<n-1, (2.6)
0
u —0, u - q 71S.Sna (2'7)
Poem R ( ~0,j-1] ) /
and
- b
uyo:=—(a+b)so+sy, uy;j :=( (ai S0+ 1 ), 1<j<n-1. (2.8)
—Y[0,j-1]

Let H 1,j (resp. Fl\z, j—1) denote the Schur complement of the block s;; (resp. —abss > +
(a+b)syj—1 — s2;) of the matrix Hy ; (resp. Hp j_1):

I:I\L() = Hyy, ﬁl,j =8 Yik,jHl_,;—IYIJ’ 1<j<n, 2.9)
i‘l\z’():: H>p, I"I\z,jizjs‘\zj—Y;’sz_jYz,j. 1<j<n-1, (2.10)

The quantities (2.9) and (2.10) have been defined in [11] fora=0and b =1.
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Definition 2.1. [8, Remark 6.11] Let (Sk);%r:lo be an odd Hausdorff positive on [a,b] se-
quence. The 2¢g X 2g matrix polynomial

a?(a,z) BZ2(a,b,z)

Y2)(a,7) 62 (a,b,7) ,2€C, 1<j<n, (2.11)

U%(a,b,z):= (

is called the RM of the THMM problem in the case of an odd number of moments, where

a®(a,z) =1, - z—a)u; ;R;@QH; iR (a)v), (2.12)
Y (a.2) := = z—a)ViR;@H; iR (a)v; (2.13)

for0< j<n,and

(s0+(uy ;+ zsovj)R;(Z)HZ_’}-Rj(a)(uz,j +av;so)), (2.14)

; 1
pPab.2) =7

i b-z * Dk r=N TT—
6%(a,b,7) =3 (g +(@-a)iR “(@)H; R j(@)(uy,j+av;so)) (2.15)

for 0 < j < n—1. Below, we will omit the dependence of U*” on a and b.

Note that here we use the representation of the blocks 8/ and 5>/ derived in [6, Prepo-
sition 3.1] instead of the one introduced in [8, Formula (6.55)] and [8, Formula (6.57)].

The inverse of Hy j, for 1 < j <n and the inverse of H, j, for 1 < j <n—1 can be written
in the form

_ H_l- 0; -H! Yii \ =~ . _
Hk’}z( Ok,gl ngq )+( k,}—l o )Hk,}(—Yk’ij’}_l,Iq). (2.16)
qxjq q q
Let
o =1y, /lj::( Ojquq ),jz 1. (2.17)
q

The proof of the following Remark follows by direct calculation.

Remark 2.2. Let (sk)ii 0 be an odd Hausdorft positive on [a,b] sequence. Let Py ; and QO ;
be as in Definition A.1. Let uy j, usj, Y1, Y2 ;, R;, Hy j, Hj, A; and 's\] be as in (2.7),
(2.8), (2.6), (2.1), (1.2), (1.3), (2.17) and (2.4), respectively. Then the following identities
are valid:

Pij(@) =2 1,=Y{ jHy S [ Ri@vjr, 1< j<n, (2.18)
Py (@) =21,=Y; Hy i \Ri1(vjr, 1< j<n—1, (2.19)
QLj(Z) = —(—Yik’j+Z/l;Hl,j_l)Hl_’;-_le_l(Z)ul’j_l + Sj_ll <j<n, (2.20)

and

02,j(2) = =(=Y +Z/lj-_le,j—l)Hi;_lRﬂ(Z)(uz,j—l +2vjo180)+5j-1, 1 < j<n—1.
2.21)
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3 Main Algebraic Identities

In this section we recall and introduce important identities which we use throughout this
work. Let

uj:=—col(sg,s1,...,5)), 3.1
For each positive integer n, let
Lyy:= (5j,k+11q) j=0... and Lp,:= (5j,k1q) J=On (3.2)
k= n -

where 6 is the Kronecker symbol: ¢ :=1if j=kand 6, :=0if j+# k.

Remark 3.1. Let uy j, vj, Hj, Tj, Aj, L1, Ly j, s}, Y1 j and R; be as in (2.7), (1.2), (2.2),
(2.17), (3.2), (2.4), (2.6) and (2.1), respectively. Then the following identities are valid:

W +ViH T; =0, 1<j<n, (3.3)
Ajo =L ;=0 (3.4)
so—vj-Hl,jvsz 1<j<n, 3.5)
(b=a)T +(Ly1j—bLy L; j+vivi = (Ujr1yg—aT}) =0, 1<j<n, (3.6)
Si-1+(b—-a)sj+ avj.Hl,j(bT}k/lj —-21))+ Vj‘Yl,j+l =0, (3.7)
al*'vj—(=a(Ly ;- bLy YL} (I-aT})-a(b—a)T; —a(Ly ;- bLy )L} ;) Ri(@)A;

—abT’;A;+2ad; = 0. (3.8)

Proof. The identities (3.3), (3.5), (3.6) and (3.7) can be directly calculated using (2.7),
(2.3), (1.2), (2.2) and (3.2). O

Proposition 3.2 (Coupling identities). [8, Proposition 3.4] Let (s j)§:0 be a sequence of
complex g x g matrices. Then the following identities hold for 1 < j < n:

(uzj_l + asov;_l)R;_l(a) - vj-HLj(Ll,j —-bL, ;) =0, (3.9)
Rj_l(a)(uz,j_l + asovj_l)Pj.H(a) - Hz,j—lLT’J-R;(CI)(_HE}YL]H + a/lj) - Yz’j =0 (3.10)
Rj(a)Vj(M;j_l + asOV;—l)R;—l (Cl) - Rj(a)Ll’sz,j_l - Hl,j(Ll,j - bLz’j) =0. (31 1)

Proposition 3.3 (More coupling identities). Let B, 02.j, 01,5, P1j H 1,j and H\z’j be as
in (2.14), Definitions A.1, A.3, (2.9) and (2.10), respectively. Then the following identities
hold

B(Zj)(a) _ﬂ(Zj—Z)(a) _ ﬁQE}(a)ﬁz_;de(a) =0, 1<j<n-1, (3.12)
0; (@)= (b-a)Q; ;, (@ +b-a)B* P (a)P] ;,1(@)=0, 1<j<n-1, (3.13)
Hi+Hap +P11(@05 (@) =0, (3.14)

H jo1+Hyj+ Prjn (@@ (@) =0, 1< j<n—1. (3.15)
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Proof. The proof of (3.12) is by direct calculation. Use (2.14), (2.16) (2.21) and the identi-

ties ‘
R0 Oiax —~ u,j-1(a)
Ri(7) = i Y Naxq o -

(@) (71 Ry vzly) ‘ 1, , upj(a) ,

where ﬁz’j(a) :=up j-1 +avj_1s9. Now we prove (3.13). By using (2.21), (2.20), (2.18) and
(2.14) we have

0; (@)= (b-a)Q] ;@) +(b-a)B(a)P] ,, (a)

=sj1+ (u;’j_1 +asov;‘-_l)Rj-_l(a)Hz’j_le,j —a(u;j_1 +as0v’;_1)R;_1(a)/lj_1
—(b—-a)sj—(b- a)uT,j(a)R}k.(a)Hl_’;YLjH +a(b— a)uT’j(a)R;‘.(a)/lj
= (s + (uy ;_y +asovj-DR;_|(@H>, j-1Rj-1(a)(u2,j-1 +avj-150)P] ;,,(a)

=5j-1 —(b—a)s;+ViHy j(~a(Ly = bLy A1 +(b—a)T;* Ri(@H; Y1 ji
—a(b—a)T;R;(a)/l'—aj+]vj+v]v ‘R’ (a)Hlel j+1—VviHy (L j— bsz)LIJ j(a)
CHYy jaa(Ly = bLa L} R(@)A;)

=51 —(b—a)sj—aijl,j(ijxlj—Za/lj)+vj.Y1,j+1

=0.

In the second equality we used (3.9), (3.10), (3.11), (3.3) and (3.5), whereas in the third

equality we used (3.4), (3.6) and (3.8). In the last equality we used (3.7).

The proof of (3.14) is by direct calculation. Now we prove the identity (3.15). By
employing (A.1), (A.2) and (A.5), we have

Py jr1(@)Q; (@) +ﬁl,j+1 +H2,j

I

_H2_1‘71Y2aj
—(= Y] ]+1H1 ],I )Rj+1(a)vj+1(u2 +asOV )R (@) ’]
q

+H1,j+1 +H2’j

—H;1 Y,
-(- Y1 L+l 1171 )R1+1(a)L1 ]+1H2]( 2j-1ms )

Iq

-(=Y] ., H{ ],1 VHi je1(Li js1 = bLo ju1) + H ju1 + Ha j

1,j+1

. - Ogjis1
—(—Yl,,-HHL},Iq)RjH(a)( (%W)
2,j

= (Ogx jg» H\l,j+l)(Ll,j+l =bLy ji1)+ Hl,j+1 + ﬁz,,j
=0.

In the second equality we used (3.11), whereas in the third equality we use the following

relations:
o _( Hy; Y ) " _( Hy; Y, )
2, j — * . ’ 1, j — . ’
! : Y s

(2.9) and (2.10). The last equality is verified by direct calculation. O
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4 Two Decompositions of the Blaschke-Potapov Factors in the
Case of an Odd Number of Moments

In this section we give a multiplicative representation of the Blaschke—Potapov factors b/
of the RM of the THMM.

Definition 4.1. Let IEI\LJ-, I/{\z,j, Py and Q ; be as in (2.9), (2.10), (A.2), (A.1) and (A.5),
respectively. Define

b(O)(Z)::( I‘I . 0(1 )’

-(z-a)s, I

0 ::( Iq+(z—f>soﬁ§fﬁ,1<a) 7 (50 :Q*EO(Z)IEE_,I(I)QLO(G)) ] @
—(Z—Cl)Pl’l(d)Hl’IP],l((l) I +3 b aPl 1(a)H2’0Q2,0(a)
and
b(zj)(Z) — Iq + %Q;’j_l(aﬁi;Pl,j(a) = a)z QZ] 1(a)HZJ 1Q2] 1((1) (4 2)
| —c-aP @ P @) 1+ P (@0H 0@ )

for2<j<n.
In [5] it was proved that the RM of the THMM problem can be represented in the form,
U() = U2 (z), 1<j<n (4.3)
Here we denote U (z) := (7).

Definition 4.2. Let H, 1,j» P1,j and O, j be as in (2.9), (A.2), (A.1) and (A.5), respectively.
Define

b0(2) :=b(2),

7Oy = Iq+(z—a)soltl\l"%P1,1(a) (z—a)soﬁl_j 50 44
(Z)'_ * -1 B 7-1 ( : )
_(Z_a)Pl,l(a)H]’]Pl,l(a) Iq_(Z_a)P]’l(a)Hl’lso
and
’5(2]')(Z) - q7t = aQQJ 1(a)H Pl,j(a) (b a)z Q2] 1(a)H Q2,j—l(a) (45)
—(z OP (@O Pri@ o E2P (@010
for2<j<n.

Lemma 4.3. Let b and b®) be as in Definitions 4.1 and 4.2, respectively. Then the
following equality holds,

b2 (z) = B2 ()b (a), jefl,...,n}. (4.6)
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Proof. By using the notation

1 pl2 g pl P12 —
(bﬁl b ):: b and [#1 T ]:: b\ 4.7)
J J J J
along with the definition of (4.2) and (4.5), it is sufficient to verify the following equalities:
b2 -t (b H@) - b (2) =0 (4.8)
and . .
b7 (@)= b3 (Db} (@)~ b7(2) = 0. (4.9)

We prove (4.8). For j =1 we use (3.14) and the obvious identity (b —a)sg + Py 1(a)so —
0>0(a) = 0. Consider now 2 < j < n; we then have

12 711 12 712
1 (b—z

Q5 (@H} 02 1(@) = Q5 ((@Hy ) 02-1(a)

:b—a b-a
Z—a * 77—1 * 71
— 0 (@H{ P @05 ;@ | 03-1(0)
z—a ., =
-0 @) 0241(@)
z—a = 51 % -1 77-1
=~ L@ (Hyl_y + HI APy j(@)Q5 i (@Hys_ + Hy ) 00 -1(a)
z—a_ ., 15 . o 1
=_sz,j_l(a)HLj(Hl,j+P1,j(a)Q2,j_1(a)+H2,j—l)H2,j_1Q2,j—l(a)

=0.

In the last equality we used (3.15); similarly, one can prove the equality (4.9). Thus the
Lemma is proved. O

4.1 First Decomposition of the Blaschke-Potapov Factors in the Case of an
Odd Number of Moments

Definition 4.4. Let (sk)ii 0 be Hausdorff positive on [a,b] sequence. Let v;, R;, Hy j, uaj,
0>, and Py j be as in (2.3), (2.1), (1.2), (2.8), (A.5) and (A.2), respectively. Denote
Mo(a) :=s, l
Mj(a) :=viR{(@H] ;Ri(@)v; =V \R;_(@H]\ \Rj((@vj-1, 1<j<n, (410
L7 (a) =105 o K5 42,0,

Zg?")(a,b) ::bi—anj(a)PT:;H(a), l<j<n. 4.11)
These matrices are called Stieltjes parameters of the THMM problem in the case of an odd
number of moments. Below, we shall omit the dependence of M, L; on a and b.

Remark 4.5. The following identity holds:

M; =P} j(a)ﬁ;;Pl, @) ==-0 )P j(a), 1<j<n. (4.12)
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Proof. The proof of the first equality of (4.12) follows by /qirect calculation. Use (2.16). To
verify the second equality of (4.12) we use the identity H; ; = —P; j(@)®; j(a) which was
proved in [4, Formula (A.13)]. O

Proposition 4.6. Let b®), M; and Z§Z”> be as in (4.4), (4.5), (4.10) and (4.11), respectively.
Then the following equality holds:

T(2n) 72N
'E<2f><z)=( o Ly ]( fo O )( o Ly ) (4.13)
0, I -@-aM; 1, )\ 0, I,

for1<j<n

Proof. By (4.7) the equality (4.13) is equivalent to the four equalities:

B 1y e-aL2; 0. 14
712 T@2n)a e 720 _

b?~(@-a)L;\M;L.") =0, (4.15)
7931+(z—a)Mj=0, (4.16)
b7~ I+ (z—a)M;L) = 0. (4.17)

Next we prove (4.14). By using (4.7), (4.11) and (4.12), we obtain

7 T2
b -1, - G- a) LM,

Z—a ., Ir— i—a ., 1 * 77—
=52 Q21 @OHPL@ = 53— 03 (@P] [ @P] J(@H] ;P j(0)
=0.

The equalities (4.16), (4.17) are proved in a similar way. Equality (4.16) is verified by
definition of the matrices (4.4), (4.5) and (4.12). O

4.2 Second Decomposition of the Blaschke—Potapov Factors in the Case of an
Odd Number of Moments

Let L, %y j, K> j and R; be as in (4.11), (2.8), (A.9) and (2.1). Denote

Lo(a) :=Lg",
Lj(a) =1, ;Ri(@)K; ;R (@i~ 105 ;| R @)Ky R ((@j1,1<j<n—1. (4.18)

Remark 4.7. The following identities hold:

Li(a) = ©} (a)K; 10, j(@) = P, ()8 /(a). (4.19)
—% * — —~ * w1
uz’jRj(a)Kz’;Rj(a)uz,j = _Ql,j+1(a)Pl,j+l(a)' 4.20)

Proof. The proof the of first equality of (4.19) follows by direct calculation. To verify the
second equality of (4.19) we use the identity K> ; = O3 j(a)P] I (a) which is proved in [4,
Formula (A.16)]. Equality (4.20) appears in [4, Formula (50)]. O



76 Abdon E. Choque Rivero

Below, we shall omit the dependence of L; on a.

Lemma 4.8. LetZEzj), bg.zj) and ¢®9 be as in (4.4), (4.5), (4.1), (4.2) and (B.1), respectively.
Then the following identity holds for 2 < j < n:

D20(2) = b2 (@) b2 (@O () (@b P (a) . .. b (a). 4.21)

Proof. From (2.11), and (1.7) we have,

(2j-2) .
( (Ifﬁ, ’ qu “ ): b0 @b (@)...6% (). (4.22)

Furthermore, from fact that
j— T2 ~% * - ~
ﬂ(ZJ 2)(61) - Li- " uzd;le,] (a)Kz,};le—l (a)MZ,j—l

‘ 1 - p
—32i2) () — Q;,j—l(a)Pi i@+ QT,‘,-(a)PT,.,- (a)
=0

where use used (4.11), (4.20) and (3.13), it readily follows that:

I, Z;zm e’ B \( I, —'ﬁ;’j_lR;_l(a)Kz_’}_le_l(aﬁ[z’j_l 43
0, I, 0, 1, 0, 1,
Finally, by (4.13), (4.23), (B.3), (B.2) and (4.22) it follows (4.21). O

The following is the main result of this work.

Theorem 4.9. Let b%), M, L'*" and L; be as in (4.1), (4.2), (4.10), (4.11) and (4.18). The
J
following identities hold

a)
I, Ly I 0 I, -Lo

p? :( q )( q q )( q )b(2) , 4.24

@=\o, 1, \ ~c—amgy 1, )\ o, 1, J07@ 4.24)
— — — —_—
PR = ST = 3l A I 0\ ( e —Le \T. 00

b)) =| |b; (a) ( g )( i ") ( a ) b (a) (4.25)
D k g 0p I )\ -G-a)M; I, J1 1\ 04 I g

for2<j<n.

b)

: 1, -L I 0, \( I; L&), 0
p2h :( q -1 )( q q ) q -1 1pCD (). 4.26
@0, 1, N-c-am; 1, o, 1, @ 420

for1<j<n
Proof. The proof follows readily from (4.6) and (4.21). O

By employing (1.7), (4.24), (4.25) and (4.26) we obtain the following Corollary.
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Corollary 4.10. The following representation of the resolvent matrix in the case of odd
numbers of moments holds:

i
U (z) = [( I 04 )( I, Ly )]( I 04 )
i\ —@—aM Iy J\ 0 g -z—a)M, I,
n—1 T)
Iq _Lk) (2k)
: b (a). 4.27)
i @n)
I o, \t1l( 1, -L* I 0
U (7 = q q q k-1 q q
© ( —@z-a)Mo I, )D[( 0, I, )( -z—a)My 1, )
(2n)
( le L )b(z")(a)]. (4.28)
0‘1 1‘1

Remark 4.11. The equality (4.27) is a generalization of the analogous formula for the Stielt-
jes parameters of the truncated Stieltjes matrix moment problem in the case of an odd num-
ber of moments, obtained by Yu. Dyukarev in [16].

Proof. Step 1. In both sides of (4.27) set a = 0 and b tends to +co. Observe that

n—1 n
: 1, —Li(0) ) 2%
lim ( 1 b (a) = b,
b—ool Oq Iq l:(! 4

. Step 2. Multiply both sides of the equality 4.27 by the matrix ( O 1

I, 0, ) Thus one

obtains the Dyukarev’s formula [16, Theorem 7].
O

Observe that the resolvent matrix of the Stieltjes matrix moment problem in the case of
an odd number of moments is obtained by applying Step 1 and Step 2.

Proposition 4.12. Let b*)) be as in (4.1), (4.2). The Blaschke—Potapov factor b*) of the
resolvent matrix of the THMM problem in the case of an odd number of moments belongs
then to the Potapov class in 11,.

. . ~—1 . - . .
Proof. Taking into account that b2 (a) is a J, unitary matrix and the fact that M, LE.Z")
are nonnegative Hermitian matrices, we have

— e — I
Jg= b @I = ‘Z)( L )M/ Uy L) 20,

for 3z > 0. Therefore, b/ is a Potapov function in IT,.. O
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A Orthogonal Matrix Polynomials on [a,b]

In this appendix we recall the OMP on [a,b]. In [29], (resp. [6]) it was proved that polyno-
mials I'y ; (resp. Py ;) for k = 1,2 are in fact OMP on [a, b]. In [3] some properties of second
kind polynomials Qi ; and ®y ; for k = 1,2 were discussed. In [9] explicit interrelations
between Py ;, I'y ; and their second kind polynomials were studied.

A.1 Orthogonal Matrix Polynomials: The Case of Odd Number of Moments

Definition A.1. Let (sk)ii o be an odd positive Hausdorff on [a,b] sequence. Let R;, v;,
Hy j, Yy j, ug,j for k=1,2be as in (2.1), (2.3), (1.2), (1.3), (2.6), (2.7), (2.8). Define

P1o(@2) =1y P2o(@) =14 Q102 :=04 020(a,b,z):=—(uz0+2z50), (A.1)
P1j(2) = (=Y] H ;L I)Rj(@vj, 1<j<n, (A.2)
Py (a,b,2) ;= (=Y; ;Hy ' | I)R;()v), 1< j<n-1, (A.3)
01j(2) :=—(=Y{ ;Hy IR j@uij, 1< j<n (A.4)

and
0»,j(a,b,z) := —(—Y;’sz_’;_l,Iq)Rj(z)(ug,j +2vs9), 1<j<n-1. (A.5)

A.2 Orthogonal Matrix Polynomials: The Case of Even Number of Moments

Let n € Np and let (s j)52461 be a sequence of complex g X ¢ matrices. Furthermore, let

up =S80, Uz :=—50 (A.6)
and forevery 1 < j<n-1, let
— 0 — 0
upj:= ()"—b a ), Uy ji=— 0,~+a( a ) (A.7)
j = YI0,/1 ( Yi0,j-1] J V10,41 Yi0j-1]
For 1 < j < n denote
Yij:=byjoj-11—Yj+12j, Yo, = —ayj2j-11+Yj+1.21- (A.8)
Let
Kin,:=bHo,—Hy,, Kyp:=—-aHy,+H1,;, 0<2n+1<m. (A9)

Definition A.2. Let the block Hankel matrices K ; and K> ; be defined by (A.9). The
sequence (sk)iigl is called Hausdorff positive (resp. nonnegative) on [a,b] if the block
Hankel matrices K j and K3 ;| are both positive (resp. nonnegative) definite matrices.

In [7, Theorem 1.3] it was proven that the THMM problem in the case of an even
number of moments is solvable if and only if the sequence (sk)iigl is Hausdorff nonnegative
on [a,b].

We will consider only sequences which are Hausdorft positive on [a, b].
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Definition A.3. Let K ;, uy j, Yk,j, fork=1,2,R;and v; be as in (A.9), (A.6), (A.7), (A.8),
(2.1) and (2.3), respectively. Let (sk)ii 61 be a sequence which is Hausdorff positive on
[a,b]. Let

[10(@) =14, T20(2) =1, O10(2) := 50, ©20(z) := =50 (A.10)
forall ze C. For k€ {1,2} and 1 < j < n define
['1,i(b,2) := (- Yf Kl_] 1 IPR(2)vj, (A.11)
I (a,2) = (—Yz,sz_j IR (v, (A.12)
©1,(b,2) := (—~* Kb IR (@), (A.13)
0, (a,z) := (=Y. Kz_] IR (Duy, (A.14)

forall zeC.

As in the case of an odd number of moments, we usually omit the dependence of the
polynomials I'y ; and ®y ; for k = 1,2 on the parameters a and b.

B Auxiliary Blaschke-Potapov Factors in the Case of Odd Num-
ber of Moments

Let Py j, 01, and H 1,j be as in Definition A.1, Definition A.3 and (2.9), respectively. Denote

C(zj)(z)::(L,+<z—a>Q7,j<a)AﬁL}P1,j<a> (=00} (@H 0@ ] B
~@-a)P; (@H\P1 @) I,-@-0)P; (@H;}01 (@)

forO<j<n.

Proposition B.1. [4, Theorem 3.2] Let ¢?), M; and L; be as in (B.1), (4.10) and (4.18),
respectively. Then the following equality holds:

1 =i
J- J
; 1, L —L
Chey = g Lk k
1 (o) RS 3 A B
k=0 k=0
for0<j<nm.
The proof this Proposition is based in following equalities:
-1
JZ i—1 % ~
n( Iy Ly ):( I ZizoLk ):( Iy U i 1R 1(“) 2] (Rj-1(@)u,j-1 ) (B.3)
k=0 0 Iy 0y I 0q Iy
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