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Abstract
The existence of ground state solutions for the quasi-linear elliptic equation

—div(|Vu|P2Vu) = p(x) f(u), in RN

under suitable conditions is proved. We modify the method developed in [Z. Yang,
Existence of positive entire solutions for singular and non-singular quasi-linear ellip-
tic equation, J. Comput. Appl. Math. 197 (2006) 355-364] and extend the results
of [A.Mohammed, Ground state solutions for singular semi-linear elliptic equations,
Nonlinear Analysis(in press) and Teodora-Liliana Dinu, Entire solutions of sublinear
elliptic equations in anisotropic media, J. Math. Anal. Appl. 322(2006), 382-392.]
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1 Introduction

In this paper, we are concerned with the existence of ground state solutions for the following
singular quasilinear elliptic equation

—div(|VulP2Va) = p(x)f(w), in RN,
u>I, in RN, (1.1)
u(x) —1, as  |x| — oo,
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where N > 3 and [ > 0 is a real number.

When p = 2, these kinds of problems have been studied extensively by many authors
in which RY is replaced by a smooth bounded domain Q with zero Dirichlet boundary
condition (see [1]- [4]). Recently, the study of ground state solutions has received a lot
of interest and numerous existence results have been established (see [5]- [16] and the
references therein). Equations of (1.1) are mathematical models occurring in studies of the
p-Laplace system, generalized reaction-diffusion theory, non-Newtonian fluid theory [19],
non-Newtonian filtration [20] and the turbulent flow of a gas in porous medium [21]. In
the non-Newtonian fluid theory, the quantity p is characteristic of the medium. Media with
p > 2 are called dilatant fluids and those with p < 2 are called pseudoplastics. If p = 2,
they are Newtonian fluids.

Recently, in [5] the author proved the existence of a ground state solution for the semi-
linear elliptic equation

—Au= f(xau)> in RN
u>0, in RN,
u(x) — 0, as |x| — oo.

under suitable conditions on a locally Hélder continuous non-linearity f(x,z). The non-
linearity may exhibit a singularity as t — 0.
In [17], Cirstea and Radulescu proved that the following problem

—~Au=b(x)g(u), in RN
u>0, in RN, (1.2)
u(x) — 0, as |x| — oo,

admits a unique solution when g is bounded in a neighborhood of oo, lim, g+ g(t)/t = oo,
and g(7)/(t +c) is decreasing for some constant ¢ > 0.
In [20], Goncalves and Santos established the existence of a solution to (1.2) under the
assumptions that g(¢) /7 is decreasing, lim, o+ g(¢)/t = o0 and lim, .. g(¢) /t = 0.
For p > 1, the existence and uniqueness of the positive solutions for quasilinear elliptic
equation
div(|VulP=2Vu) +Af(u) =0, in Q,
u>0, in Q, (1.3)
u(x) =0, on dQ,

with A > 0,p > 1,Q ¢ RN, N > 2 have been studied by many authors. When f is strictly
increasing on R™, f(0) = 0, lim,_o+ f(s)/s"~' = 0 and f(s) < 0y + 05", 0 < u < p—
1, o, 00 > 0, it was shown in [22] that there exist at least two positive solutions for (1.3)
when A is sufficiently large.

When f : (0,00) — (0,0) and g : RN — (0, 0) are continuous functions, and

o0 u
[ rwds ) rdu =<, (14)
1 Jo
it has been shown in [23] that there exist entire radially symmetric solutions of the problem

div(|VulP72Vu) = q(x) f(u), xRN, (1.5)
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It was shown in [24] that problem
div(|VulP72Vu) + f(x,u) =0, xRN, (1.6)

possesses infinitely many positive entire solutions. On the other hand, it was also shown in
[25] thatif 1 < p <N, 0<7y< p—1,and g(x) € C(R") satisfies some suitable conditions,
then problem

div(|Vul|P~>Vu) +q(x)uY =0, xRN, (1.7)

has a positive entire solution.
In [26], the authors considered the existence of solutions of the singular quasilinear
elliptic problem

-div(|Vu|P~>Vu) = a(x)g(u) +b(x) f(u), nQ,
u>0, in Q, (1.8)
u=0, on 0Q,

where Q C RN is a bounded domain with smooth boundary, a,b : Q — [0,0) are Holder
continuous functions with exponent v € (0,1) and p > 1. The authors also assumed that
a+b>0aeinQand f,g: (0,00) — [0,0) are locally Lipschitz continuous functions.

Motivated by the above results, we investigate the existence of positive solutions to
problem (1.1). We modify the method developed in [25]-[27] and extend the results of [25]
and [27] to singular quasilinear elliptic equation.

2 Main Results

Throughout the paper, we assume that the variable potential p(x) satisfies p € Cf(’)oé RM)(0<
a<1),p>0andp #0.

(pl) For p(x) S Ci)éoé (RN)> and (I)(}") = MaX|y|=, p(x)

| el (rar <o, it 1< p<2,
0

© (p—2)N+1
/ r T ®(r)dr<eo, if 2<p<oo.
0

The nonlinearity function f : (0,0) — (0,0) satisfies f € Cﬁ’)oé(o,oo)(O < o< 1) and has
a sublinear growth, in the sense that
(f1) the mapping u — f(u)/uP~" is decreasing on (0,0) and lim, .. f () /u?~' = 0.

(f2) f is increasing in (0,c0) and lim,_, I{,E'f? = oo,
We point that condition (f1) does not require that f is smooth at the origin. The standard
example is f(u) = u?, where —eo < g < 1/(p—1). A nonlinearity function satisfying both

(f1) and (f2) is f(u) = u? where 0 < g < p—1.

Theorem 2.1. Assume that | > 0 and assumption (p1), (f1) are fulfilled., then problem (1.1)
has a solution.
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Proof. For any positive integer k we consider the following problem

—div(| VP2 Vi) = p() (), i ] <k,
we>1, if |x| <k, (2.1)
u(x) =1, if |x|=k.

Equivalently, the above boundary value problem can be rewritten into

(2.2)

—div(|Vv|P2Vw) = p(x)f (e +1),  if x| <k,
w(x) =0, if |x|=k.

Since f € C(0,00) and [ > 0, it follows that the mapping v — p(x)f(v+1) is continuous
in [0,00). From
foo+0) (v+1r!
(v+10)p=1 oyl

flv+1)

yp—1

p(x)

=p(x)

by the positivity of p and (f;) we deduce that the function v — p(x) % is decreasing on

(0,00).
By lim, . f(v+1)/(v+1)P"! =0 and f € C(0,), we can get that there exists M > 0
such that f(v+1) < M(v+1)P~! for all v > 0. Then

p)f(v+1) <Ipll=Boir)M(v+ P!

for allv > 0.
We have
x)f(v+1
o) = tim PO
and
e POSOED fo+) v+t
aw(x)_vlgrolo vp—1 _Vlgl‘lp(X)(erl)p*l vp1 =0

thus by [22], problem (2.2) has a solution v; which is positive in |x| < K. Then the maximum
principle implies that / < u; < uzy1 in RN,

Now, we prove the existence of a continuous function v : RN — R, v > [, such that
ur <vin RN,

Firstly, we construct a positive radial symmetric function w such that

—div(|Vw|P2Vw) = ®(r)(r=|x|), in RN,
and lim, ... w(r) = 0. A straightforward computation shows that

w(r) =K — /0 r[glfN /O écN’ICD(G)dG]I/(”’I)di,

where K = [, [N foé oV~ 1®(c)do]'/(P~1dE. Then we prove that K is finite.
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Casel. 1 < p < 2, in this case, since 1 <3 1 < oo, by the Hardy inequality, we have

[T [Fo (ool
_ /+°°gﬁ-% [/chl@(o)dc]l/(”l)dE,

1

S N /+°°a—5‘l[aaf“<1><a>]l/<f”>da

p—1 p—1
= -1 Do dg < oo,
<N_1>P/0 g/ D (E)de
1
Casell. For2 < p < 4oo,thenl1 <p—1,0< —1<1.

Set

:
/ " 1d(6)do < 1, for £> 0,
0
or

3
/ oV '®(c)do > 1, for &> 0.
0

In the first case, when

[/‘%GNl@(c)do]l/(Pl) <1,
0

we can get that

p—N
—er-1

/ *7/ oV~ 1®(c)do] !/ (P d§</§1)1d§—hm7§ T=i ;/lm(l)( =

)

is finite as r — cc and N > p.
In the second case,

£ g
[ / o 1d(c)do] PV < / o 1®(0)do
0 0
for & > 0, then
/ *7/61“@ o)do]!/ P~ d§</§p /chcp 6)dodt,
Integration by parts shows that
roan [ .
/F,p—l/ o1 d(0)dods

/dE_, /oNl c)dodé

= ;< [ (oo € e
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Using L'Hopital’s rule, we have

) p=N r N1 r (p=2)N+1
lim (- [ oM @(0)do+ [ & B
r—o0 . 0 Nep T (o2

. —fyoNTl®(o)do+rrT [4& T D(E)dE
= lim N—p

r—0o0 rﬁ

T (p-2)N+1
~ lim / £ D(E)dE
).

_/ p 2N+] d§<oo

Moreover, w is decreasing and satisfies 0 < w(r) < k for all » > 0. Let v > [, we define the

following function

w(r)=m"! /V(r)_lt/fﬁll(t—i—l)dt,
0

in which m > 0 is chosen such that
t

1<m§/ — .
0 Frt(t+1)

Next, by L’Hopital’s rule we have

Y ———dt
. J FPT (14+1) . x . (x+DT x|
lim ————— =lim ————— = lim ————(——)r T =«
X—00 X X—00 fpj (x+l> X—00 f<x+l) x+l
This means that there exists x; > 0 such that f(j‘ L dt > Kx for all x > x;. It follows that
fri)
for any m > x| we have
m
Km </ ——dt.
O fri(r)

Since w is decreasing, we can get that v is a decreasing function. Then

m

v(r)—1 t v(0)—1 t
/ ————dt S/ ——dt =mv(0) =mK < / —dt.
0 frt(e+D) 0 frit+l) 0 fii(r41)

It follows that v(r) < m+1 for all r > 0.
From w(r) — 0 as r — 0, we deduce that v(r) — [ as r — oo. By the choice of v we have

1 l 1 (v—1)r!
vwe L VTl gy v L 02D g ey,
mP=1 f(v)

1

M(f(v))PT
vV} 2V) = s LT div((Ve]? 29) 4 s () 9
> (%l)p*l%div(]Vv]P*ZVv);
. — mPLE() 4. _
div(|Vv|[P=2Vy) < (V’_,)fjf, ) div(|Vw|P2Vw) 23)

o f(@(r) < —f(v)D(r).
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By (2.1), (2.3) and the hypothesis (f1), we obtain that u(x) < v(x) for each |x| < k and
so, for all x € RN,
In conclusion
ur Sup <o SUp S U S SV,

with v(x) — [ as |x| — oo. Thus, there exists a function u < v such that u; — u pointwise in
RN. In particular, this shows that u > [ in RN and u(x) — [ as |x| — oo.
A standard bootstrap argument shows that u« is a solution of problem (1.1). O

When / = 0 our result is as following.

Theorem 2.2. Assume that | = 0 and assumption (p1), (f1) and (f2) are fulfilled. Then
problem (1.1) has a solution.

Proof. Since f is an increasing positive function on (0, e), the limit lim, o f () exists and
is finite, so f can be extended by continuity to the origin. Consider the Dirichlet problem

{ —div(|Vug |P72Vuy) = p(x) f(we),  if |x| <k,

w(x) =0, if |x|=k. (2.4)

Using the same arguments as in case / > 0 we deduce that p(x) f(u) is continuous in [0, o).
and p(x) L’:,Sf? is decreasing on (0,c0). On the other hand, we use both hypothesis (f;)
and (f»). Hence f(u) < f(1)if u <1 and f(u)/uP~' < f(1) if u > 1. Therefore f(u) <
F()(wP~t +1), for all u > 0. The existence of a solution for (2.4) follows from [22].
These conditions are direct consequences of our assumptions lim, .. f(«)/u?~! = 0 and
lim, o f(u)/uP~! = 4. Define u;(x) = 0 for |x| > K. Using the same arguments as the
case [ > 0, we obtain u; <y in RN,

Next, we prove the existence of a continuous function v : RN — R such that u; < vin RN,
Using the same arguments as in case / > 0, we first construct a positive radially symmetric
function w satisfying —div(|Vw|P~2Vw) = ®(r) (r = |x|) in RN and lim, _..w(r) = 0. We
obtain

r &
w(r) =K~ [ ["o¥ 1 (0)do] 7V,
0 0
where K = ["[€'V foé oV '®(6)do]'/(P~1) gk, Using the same arguments as in case [ > 0,
we can prove that K is finite, and we have

w(r) < { (ﬁ)ﬁ j’O*“é;ﬁq)ﬁ (€)dg, if 1<p<2;

(p—2)N+1

=g T @ (E)dE, if 2 < p< oo

for all r > 0.
Let v be a positive function such that

v(r)
w(r)=C"! / i dt,
e

C ¢
ch/ —dr.
0 £71(0)

where C is chosen such that
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We argue in what follows that we can find C > 0 with this property. Indeed, by L’Hopital’s
rule
Jo ——di
lim ——

e x em)

This means that there exists x; > 0 such that [y —~—dr > Kx, for all x > x;. It follows

that for any C > x; we have

C 1
Kxg/o fﬁ(;)dt'

On the other hand, since w is decreasing, we deduce that v is decreasing function, too.
Hence

/C f dtg/vm) dt = (0):C-K§/C lt dt.
0 fri) 0o fr(r) 0 frr()

It follows that v(r) < C for all r > 0.

From w(r) — 0 as r — oo we deduce that v(r) — 0 as r — . By the choice of v we
have )
1 |
—7Vv Vw|[P~2Vw = ——|Vy|P72Vy,
o™ 7™

div(|VwlP2Vw) = ()P G div(VVP V) + (P () Vv (29)

Vw =

combining the fact that f(u)/u”~! is a decreasing function on (0, ) with relation (2.5), we
deduce that

div(|Vv|[P~2Vy) < CP™ il 2d (|[Vw|P~2Vw)
- 1f,f ()
—f(v)@(r),

By (2.4) and (2.6) and using our hypothesis (f2), we obtain that ug(x) < v(x) for each
|x| < K and so, for all x € RN.
We have obtained a bounded increasing sequence

(2.6)

u Sup < S S <<

with v vanishing at infinity. Thus, there exists a function u# < v such that u; — u pointwise
in RN, A standard bootstrap arguments implies that u is a solution of problem (1.1).
O
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