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Abstract

We establish some Filippov type existence theorems for solutions of certain nonconvex
fractional hyperbolic differential inclusions involving Caputo’s fractional derivative.
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1 Introduction

Differential equations with fractional order have recently proved to be strong tools in the
modelling of many physical phenomena. As a consequence there was an intensive de-
velopment of the theory of differential equations of fractional order ([4, 16, 17, 20] etc.).
The study of fractional differential inclusions was initiated by El-Sayed and Ibrahim ([12]).
Very recently several qualitative results for fractional differential inclusions were obtained
in[3,5,9, 10, 14, 15, 18] etc.. Applied problems require definitions of fractional derivative
allowing the utilization of physically interpretable initial conditions. Caputo’s fractional
derivative, originally introduced in [3] and afterwards adopted in the theory of linear visco
elasticity, satisfies this demand. For a consistent bibliography on this topic, historical re-
marks and examples we refer to [3]. At the same time, since fractional differential inclu-
sions represent a special class of integral inclusions, other related results may be found in
[19].
In this paper we study fractional hyperbolic differential inclusions of the form

Dlu(x,y) € F(x,y,u(x,y)) a.e.(x,y) €Il, (1.1)
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u(x,0) = o(x), u(0,y) =w(y) (xy) €Il (1.2)

where IT1=[0,71] x [0, T3], ¢(.) : [0, 1] — R", y(.) : [0, 2] — R" with ¢(0) = y(0), F(.,.) :
ITx R" — P(R") is a set-valued map and D/, is the Caputo fractional derivative of order
r=(ri,r2) € (0,1] x (0,1].

Very recently in [1,2] problem (1.1)-(1.2) with F(.,.) single valued is studied and sev-
eral existence results are obtained using fixed point techniques.

The aim of the present paper is twofold. On one hand, we show that Filippov’s ideas
([13]) can be suitably adapted in order to obtain the existence of a solution of problem
(1.1)-(1.2). We recall that for a first order differential inclusion defined by a lipschitzian
set-valued map with nonconvex values Filippov’s theorem ([13]) consists in proving the ex-
istence of o solution starting from a given “almost” solution. Moreover, the result provides
an estimate between the starting ”quasi” solution and the solution of the differential inclu-
sion. On the other hand, we prove the existence of solutions continuously depending on a
parameter for problem (1.1)-(1.2). This result may be interpreted as a continuous variant
of Filippov’s theorem for problem (1.1)-(1.2). The key tool in the proof of this theorem
is a result of Bressan and Colombo ([7]) concerning the existence of continuous selections
of lower semicontinuous multifunctions with decomposable values. This result allows to
obtain a continuous selection of the solution set of the problem considered.

Our results may be interpreted as extensions of previous results of Staicu ([22]) and
Tuan ([23,24]) obtained for “classical” hyperbolic differential inclusions. In fact, in the
proof of our theorems we essentially use several technical results due to Staicu ([22]) and
Tuan ([23,24]).

The paper is organized as follows: in Section 2 we briefly recall some preliminary
results that we will use in the sequel and in Section 3 we prove the main results of the

paper.

2 Preliminaries

In this section we sum up some basic facts that we are going to use later.

Let (X,d) be a metric space. The Pompeiu-Hausdorff distance of the closed subsets
A,B C X is defined by dy (A, B) = max{d*(A,B),d*(B,A)},d"(A,B) =sup{d(a,B);a € A},
where d(x,B) = inf{d(x,y);y € B}. With c/(A) we denote the closure of the set A C X.

Consider I} = [0,T1], L = [0, T3] and IT= [0, 71] x [0, 73]. Denote by L(IT) the ©- algebra
of the Lebesgue measurable subsets of IT and by B(R") the family of all Borel subsets of
R".

Let C(IT1,R") be the Banach space of all continuous functions from IT to R” with the
norm ||ul|c = sup{||u(x,y)||; (x,y) € IT} where || -|| is the Euclidean norm on R”, and
L'(IT,R") be the Banach space of functions u(-,-) : IT — R" which are integrable, normed
by s = ST () ldxdy

Recall that a subset D C L' (IT,R") is said to be decomposable if for any u(-),v(-) € D
and any subset A € L(IT) one has uxa + vxp € D, where B =I\A. We denote by D the
family of all decomposable closed subsets of L' (IT,R").

Let F(.,.) : I x R" — P(R") be a set-valued map. Recall that F(.,.) is called L(IT) ®
B(R") measurable if for any closed subset C C R"” we have {(x,y,z) € Il x R*; F(x,y,z) N
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C} #0} € £(IT) @ B(R").

Definition 2.1. ([21]) a) The left-sided mixed Riemann-Liouville integral of order r =
(r1,r2) € (0,1] x (0,1] of £(.,.) € L'(IT,R") is defined by

r _ 1 e r— r—
(G1)e) = sy Jo b =97 0= f s s,

where I'(.) is the (Euler’s) Gamma function defined by I'(at) = [3°t* le~"ds, o > 0.
b) The Caputo fractional-order derivative of order r of f(.,.) € L' (I1,R") is defined by

82
(L)) = 17 50 )

In the definition above by 1 —r we mean (1 —ry,1 —r2) € (0,1] x (0, 1].

Definition 2.2. A function u(.,.) € C(IT,R") is said to be a solution of problem (1.1)-(1.2)
if there exists f(.,.) € L' (IT,R") such that

f(x,y) € F(x,y,u(x,y)) ae. (IT), (2.1)
DZ”(%)’) = f(x,y,u(x,y)) (X,y) ell, (22)
u(x,0) =), u(0,y)=wy(y) (x,y) €I, (2.3)

The pair (u(.,.), f(.,.) is called a trajectory-selection pair of problem (1.1)-(1.2).

Lemma 2.3. ([1]) u(.,.) € C(I1,R") is a solution of problem (2.2)-(2.3) if and only if u(.,.)
satisfies

u(x,y):y(x,y)+(16f)(x,y), (X,y) ell,
where u(x,y) = 0(x) +W(y) — 9(0).

Consider the Banach space S := {(@,y) € C(I;,R") x C(I,,R");9(0) = y(0) } endowed
with the norm ||(@,¥)|| = ||®||c + ||w||c and for (@,y) € S denote S(@,y) the set of all
solutions of problem (1.1)-(1.2).

We recall now some results that we are going to use in the next section.

Lemma 2.4. ([23]) Let H(-,-) : I — P(R") be a compact valued measurable multifunction
and v(-,-) : II — R" a measurable function.
Then there exists a measurable selection h(-,-) of H(-,-) such that

[v(x,y) = h(x,p)| = d(v(x,y), H(x,y)), a.e. (ID).

Next (S,d) is a separable metric space and X is a Banach space. We recall that a multi-
function G(-) : § — P(X) is said to be lower semicontinuous (l.s.c.) if for any closed subset
C C X, the subset {s € S;G(s) C C} is closed in S.
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Lemma 2.5. ([22]) Let F*(.,.) : I1 x S — P(R") be a closed valued L(IT1) ® B(S) measur-
able multifunction such that F*((x,y),.) is Ls.c. for any (x,y) € IL.
Then the set-valued map G(.) defined by

G(s)={ve LN(IL,R"); v(x,y) € F*(x,y,s) a.e. (IT)}

is l.s.c. with nonempty decomposable closed values if and only if there exists a continuous
mapping p(.) : S — L' (T1,R") such that

d(0,F*(x,y,5)) < p(s)(x,y) a.e (II), Vs€ES.

Lemma 2.6. ([22]) Let G(.) : S — D be a Ls.c. set-valued map with closed decompos-
able values and let f(.): S — L'(ILLR"), q(.) : § — L'(I1,R) be continuous such that the
multifunction H(.) : S — D defined by

H(s) = cl{v(.) € G(s); [[v(x,y) = f(s)(x,y)[| < q(s)(x,y) ae (ID)}

has nonempty values.
Then H(.) has a continuous selection, i.e. there exists a continuous mapping h(.) : S —
L' (T1,R") such thath(s) € H(s) Vs€S.

3 The main results

In order to obtain a Filippov type existence result for problem (1.1)-(1.2) one need the
following assumptions on F(.,.).

Hypothesis 3.1. F(.,.) : II x R" — P(R") is a set-valued map with non-empty, compact
values that verifies:

i) For allu € R", F(.,.,u) is measurable.

ii) There exists [(.,.) € L'(T1,R ) such that there exists L := sup(y yyer (151) (x,y), L < 1 and
for almost all (x,y) € I1, F(x,y,-) is [(x,y) - Lipschitz in the sense that

dH(F(x’yvul)’F(xvyu ”2)) < l(xvy)Hul _MZH’ vula”Z eR".

In what follows g(.,.) € L'(IT,R") is given such that there exists A(.,.) € L'(T[,R)
with A := sup(, e (lgA) (x, ) < +oo which satisfies

d(g(x,y), F (x,3,w(x,y))) < AMx,y)  ae. (ID),

where w(.,.) is a solution of the fractional hyperbolic differential equation
Dow(x,y) =g(x,y) (x,y) €11, (3.1)

w(x,0) = @1(x), w(0,y)=wi(y) (x,y) €T, (3.1)
with (@1, y1) €S. Set p1(x,y) = @1(x) +¥1(y) — ¢1(0), (x,y) € IL.
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Theorem 3.2. Let Hypothesis 3.1 be satisfied and consider g(.,.), A(.,.), w(.,.) as above,
(9,y) €8 and p(x,y) = 0(x) + y(y) = 9(0), (x,y) € IL
Then there exists (u(.,.), f(.,.)) a trajectory-selection pair of problem (1.1)-(1.2) such

that
= llc+A

() —wi ) < EHICER e (33
1) gyl < MBI ) ae ). (3)

Proof. We define fo(.,.) =g(.,.), uo(.,.) = w(.,.). It follows from Lemma 2.4 and Hypoth-
esis 3.1 that there exists a measurable function fi(.,.) such that fi(x,y) € F(x,y,up(x,y))
a.e. (IT) and for almost all (x,y) € IT

1 fo(x,y) = fi(x,y)|| = d(g(x,y), F(x,y,uo(x,y))) < Ax,y).
Define, for (x,y) € IT
_ r1 1 rn—1
up(x,y) = p(x,y) + S / / —1)”?7" fi(s,t)dsdt.
Since
o 1 [ YAl YAV LT |
w(x,y) —yl(x,y)+r(rl)r(r2)/0 /0 (x=5)"""(y—1)"""fo(s,t)dsdt
one has

o 5.) =0 )| < leo) = )| + s [ [ ey

=0 A 0) = oo lldsds < lja—plle+ s [ [ =0t

(v =1)"*" A5, 1)dsdr < || —pl|c + A

From Lemma 2.4 and Hypothesis 3.1 we deduce the existence of a measurable function
f2(.,.) such that f>(x,y) € F(x,y,u;(x,y)) a.e. (IT) and for almost all (x,y) € II

Hf2<x7y)_f1(x7y)u Sd(f](X,y),F(X,y,M1(X,y>)) SdH(F(X,y,M()(X,y)),

F(x,y,u1(x,y))) < 1, p)[|ur (o, y) —uo (6, )| < 106 y) (|1 — i ||c + A).
Define, for (x,y) € I

(06.) = B+ o / = = sy
and one has

o) e < s [ ) 9 0 (o)
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1 r ri— r—=
Al 0lldsdr < s [ s o= s (sl

+A)dsdt < L(||u—pmlc +A).

Assuming that for some p > 2 we have already constructed the sequences (u;(.,.))"_;,
(fi(.,.)), satisfying

litp (2,3) = p1 e )| L7 (Il = pulle +A) - () €T, (3:5)

1o (e, 3) = o1 G| S 1 L2 ([lu—pille +A) - ace. (IT). (3.6)

We apply Lemma 2.4 and we find a measurable function f,4(.,.) such that f,(x,y) €
F(x,y,u,(x,y)) a.e. (IT) and for almost all (x,y) € IT

[fp+106,3) = fpe )| < d(fpe1(x,3), F (x,y,up(x,))) < du (F(x,,up(x,y)),
F(x7y>u17*1(x>y))) < l<x>y)’|up(x7y) - upfl(xvy)H < l(xvy)Lp_l(H:u_:ulHC"i_A)'

Define, for (x,y) € I

Up1(x,y) = pu(x,y)+ NS / / )y — )27, (s, 1) dsdt. (3.7)
We have

1 oy -
g1 (e) =t < oo [ T =0 (-

1 oy
—fp(s,t)lldsdfém | [ = = )l (sr) -

iy 1<“>”d“”—rrl () / / (x=s)" " =) (s, )L (|l

—ui|le +A)dsdt <LP(|lu—mllc +A).

Therefore from (3.5) it follows that the sequence (u,(.,.))p>0 is a Cauchy sequence in
the space C(I1,R"), so it converges to u(.,.) € C(II,R"). From (3.6) it follows that the
sequence (f;(.,.))p>0 is a Cauchy sequence in the space L!(IT,R"), thus it converges to

f(.,.) € LNIT,R").

Using the fact that the values of F(.,.) are closed we get that f(x,y) € F(x,y,u(x,y))
a.e. (IT).

One may write successively,

}"] r2 H\/ / rl 1 )rz 1fpStdet / / rl 1
=0 st € s [ ey 0 )~

—f(s.0)lldsdr < = — // )Ny — )2 (s, 1) i1 (5,1) —
rl I‘2
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—u(s,t)||dsdt < L||lup—1(.,.) —u(.,.)||c.

Therefore, we may pass to the limit in (3.2) and we obtain, via Lemma 2.3, that u(.,.) is
a solution of problem (1.1)-(1.2). On the other hand, by adding inequalities (3.5) for any
(x,y) € IT we have

[leap (x,y) = w(x V)] < [up (x,) = tp—1 (6, )|+ [[up-1(x,5) = up—2(x,y)|
o [z (e y) = (e, )| |un (e, y) —uo(x, )| < (3.8)
<@L L ([l — g |o + A) < bt

Similarly, by adding inequalities (3.6) for almost all (x,y) € IT we have

1 fp(x, ) =g )| < || fp(x, ) = fomt e 0) ||+ || fo—1(x,¥) = fp—2(x,)]|
+oH | 2y) = A+ 1Y) = foley)|| < 1x,y)(LP2 4.+ (3.9)
AL+ 1) (|Ju— e+ A) +Ax,y) < 1(x,y) llleth Lo ).

It remains to pass to the limit with p — oo in (3.8) and (3.9) in order to obtain (3.3) and
(3.4), respectively and the proof is complete. O

If in Theorem 3.2 we take g =0, w =0, @; = 0, y; = 0 and A = [ then we obtain the
following existence result for solutions of problem (1.1)-(1.2).

Corollary 3.3. Let Hypothesis 3.1 be satisfied and assume that d(0,F (x,y,0)) < I(x,y)
V(x,y) € IL.
Then there exists u(.,.) € C(II,R") a solution of problem (1.1)-(1.2) such that

[lullc +L

L ey ell

[|uCx,y)[] <

We note that the proof of Corollary 3.3 can be performed also by using the Covitz-
Nadler set-valued contraction principle.

Example 3.4. Consider the following problem which is a slight modification of an example

in [1]
1

32 (1 4 u(x,y)|)
u(x,0)=x, u(0,y)=y* (x,y)€10,1]x[0,1].

Dlu(x,y) = a.e. (x,y) €[0,1] x [0,1],

In this case @(x) = x, Y(y) =%, F(x,y,u) = {m}», Ty =T, = 1. A straightfor-

ward computation shows that /(x,y) = 317 L =sup(, yyen(lpl) (x,y) = e <

T 32T (ri+ 1) (r2+1)
if ri,ry € (0,1] and d(0,F (x,y,0)) = 5572 < 52
Therefore, we can apply Corollary 3.3 and we obtain the existence of a solution which
satisfies
6e’T'(r + 1)+ 1)+1

1= 3ar s rm =1 &) €001

[|ueCx, )

Next we obtain a continuous version of Theorem 3.1. This result allows to provide a
continuous selection of the solution set of problem (1.1)-(1.2).



116 A. Cernea

Hypothesis 3.5. F(.,.) : II x R" — P(R") has nonempty compact values, F (.,.) is L(IT) ®
B(R™) measurable and there exists [(.,.) € L'(I1,R,.) such that there exists L := SUP(y y)ert
(I51)(x,y), L < 1 and for almost all (x,y) € I, F(x,y,-) is [(x,y) - Lipschitz.

Hypothesis 3.6. i) S is a separable metric space, ¢(.) — C(I;,R"),y(.) : § — C(L,R")
and €(.) : S — (0,00) are continuous mappings.

ii) There exists the continuous mappings @1(.) — C(I;,R"),y;(.) : § — C(L,R") g(.) :
S — LY(TL,R™), A(.) : § — LY (IT,R) and w(.) : S — C(T1,R") such that

(Dw(s))c(x,y) = g(s)(x,y) ae. (1), Vs€S,

w(s)(x,0) = @1(s)(x), w(s)(0,y) =wi(s)(y) (x,y) €, VseS,
d(g(s)(x,y), F(x,y,w(s)(x,y)) <A(s)(x,y) a.e (II),VseS

and the mapping s — A(s) := sup(, e (IgA(s)) (x,y) is continuous.

We use next the following notations u(s)(x,y) = @(s) (x) +y(s)(y) — @(s)(0), g1 (s) (x,y)

= 01(5)(x) + W1 () (y) = @1(s)(0) (x,y) €L, a(s) = sup(y y)em [u(s) (x,y) — i () ()| s €
S.

Theorem 3.7. Assume that Hypotheses 3.5 and 3.6 are satisfied.

Then there exist a continuous mapping u(.) : S — C(II,R") such that for any s € S,
u(s)(.,.) is a solution of problem (1.1) which satisfies u(s)(x,0) = @(s)(x), u(s)(0,y) =
y(s)(y) (x,y) €Il,s € Sand

Ju(5)3) —w(s) )| < COFEEAG) ) emrvgess

Proof. We make the following notations uo(.,.) =w(.,.), A, (s) := L~ (a(s) +€(s) + A(s)),
p=>1.
We consider the set-valued maps Go(.),Ho(.) defined, respectively, by

Go(s) ={ve L' (T, R"); v(x,y) € F(x,y,w(s)(x,y)) a.e (IT)},

[(ri+1)(rn+1)
Tlrl T2r2

£(s)}.

Ho(s) = cl{v € Go(s): [[v(x,y) — g(s) (x, »)|| < A(s)(x,y) +
Since d(g(s)(x,y), F(x,y,w(s)(x,y)) < A(s)(x,y) < A(s)(x,y) + %E(LV) the set
Hy(s) is not empty.

Set F(x,y,s) = F(x,y,w(s)(x,y)) and note that

d(0, Fy (x,y,5)) < [8(s) (x, )| +A(s) (x,5) =2 A7 (s) (x,y)

and A*(.) : S — L!(I,R) is continuous.
Applying now Lemmas 2.5 and 2.6 we obtain the existence of a continuous selection fj
of Hp such that Vs € S, (x,y) € II,

Sfo(s)(x,y) € F(x,y,w(s)(x,y)) a.e.(Il), Vs €S,
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LAo5)5.3) — (53| < Pof5)x3) = Ms) y) + DL )
1 %2

We define

1 (5) (5,y) = p(s) (x,y) + F(rl)lw /0 ' /0 Y ey 0 fo(s) e

and one has

i (5)x.) ~ mo(5) 91|  alo) + s [ e,

=121 o() (2.1) — 8(5)(z.0) ldad < a(s) + m

JA N Rl YOI AR A M PR
0 Jo Tl T2
<a(s)+A(s)+e(s) =M(s), (x,y)ell,ses.

We shall construct, using the same idea as in [11], two sequences of approximations
fr(ey) s S — LYILRY), up(.,.) : S — C(I1,R") with the following properties

a) fp(.,.) : S — LYILR"), u,(.,.) : S — C(I1,R") are continuous,

b) f[’(s)(x7y) € F(xvyv MP(S)(xay))? a.e. (H)’ s € S’

) [|fp(5)(x,y) = fp-1(s) (x, Y| < L(x,3)Ap(s), ace. (T), s €S.

d) 41 () (0,3) = () (6, 9) + myrgy Jo Jo (0= 2)"1 7 = 1)2 7 fp () (2, 1)dzdt,
(x,y) eIl,s €S.

Suppose we have already constructed f;(.),u;(.) satisfying a)-c) and define u,(.) as
in d). From c) and d) one has

[lup41(5) (6, 3) = up () (2 V)| < 50 ?fo o= My =)
1 fp(s)(z,2) = fp-1(s )(271)\|dzd1< o Jo fo =2 y—0)l (3.10)
Az, 1)hp(s)dzdt < Lhy(s) = p+1( )

On the other hand,

d(fp($)(x,3), F (3, upi1 (5)(x,3)) 1 y)llupsa ()0 3) —up ()@ <5 1y
<16 Y)hp1(9)- '

For any s € S we define the set-valued maps
Gp1(s) = {v € L'ILR");  v(x,y) € F(x,,up+1(5)(x,y)) a.e. (I},

Hpp1(s) =cl{ve Gpai(s):  |v(x,y) = fp(s) e, )] <1(x,y)Api1(s)}-
We note that from (3.11) the set H,, 1 (s) is not empty.

Set Fyy(x,y,s) = F(x,y,up+1(s)(x,y)) and note that

d(0,Fy 1 (6:3:5)) < [Ifp() e[+ 1 3)Ap11(5) =2 Ay (8) (2,7)

and \*

#11(-) 8 — L'(I,R) is continuous.
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By Lemmas 2.5 and 2.6 we obtain the existence of a continuous function f,1(.) : S —
L'(I1,R") such that

Fpr1(8)(x,y) € F(x,y,upi1(s)(x,y)) a.e.(IT), Vs €S,
fpe1(8)(x,y) = fp(s) (e 0| < L0, y)Apsa(s) Vs €S, (x,y) €IL
From (3.10), ¢) and d) we obtain
1 1(8) () — 14p(8) ()l < pra (5) = L2 as) + £(5) + A(s)), (3.12)

1fps1(5) () = Fp () ) < iy (s) = L[] (a(s) +e(s) +A(s). (3.13)
Therefore f,(s)(.,.), up(s)(.,.) are Cauchy sequences in the Banach space L'(IT,R")
and C(TI,R"), respectively. Let f(.): S — L'(TI,R"), x(.) : § — C(IT,R") be their lim-
its. The function s — a(s) +€(s) + A(s) is continuous, hence locally bounded. Therefore
(3.13) implies that for every s’ € S the sequence f,(s')(.,.) satisfies the Cauchy condition
uniformly with respect to s’ on some neighborhood of s. Hence, s — f(s)(.,.) is continuous
from S into L' (TT,R").
From (3.12), as before, u,(s)(.,.) is Cauchy in C(II,R") locally uniformly with re-
spect to s. So, s — u(s)(.,.) is continuous from § into C(IT,R"). On the other hand, since
u,(s)(.,.) converges uniformly to u(s)(.,.) and

d(fp(s)(x,3), F (x, 3, u(s)(x,y)) <106, 9)||up(s) (x,y) —uls)(x,y)||  a.e. (I0),

Vs € § passing to the limit along a subsequence of f,(s)(.,.) converging pointwise to
f(s)(.,.) we obtain

f(s)(x,y) € F(x,y,u(s)(x,y)) a.e. (II), Vs € S.

One may write successively,

1 * Y r— _ s\~ s _ * }’x_ r—
WH/O/O(X—Z) Yy —0)271f,(s)(z,1)dzdt /0/0( )L
r— 1 Y ri— r—
=t ) @0t < e [ e o 06

1 Xy
- dzdt < ——— —)" N y—n)~l _
F0)@0lldzd < s [ =2 = om0 e 0l () (20)
—u(s)(z,1)[|dzdt < Lljup-1(s)(.;-) = u(s)(,)lle-
Therefore one may pass to the limit in d) and we get V(x,y) € [I,s € S

(o)1) = 10)9) + s o = =0 o et

i.e., u(s)(.,.) is the desired solution.
Moreover, by adding inequalities (3.10) for all p > 1 we get

R als) +els) +AL)

[lp1(5) (x,3) = w(s) (x| < ) Aals) < —L (3.14)
=1

Passing to the limit in (3.14) we obtain the conclusion of the theorem. ]
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Hypothesis 3.8. Hypothesis 3.5 is satisfied and there exists q(.,.) € L'(IT,R ) with
sup(, yyer(16q) (x,y) < oo such that d(0, F (x,,0)) < g(x,y) a.e. (IT).

Corollary 3.9. Assume that Hypothesis 3.8 is satisfied.
Then there exists a function u(.,.) : 11 x S — R" such that

a) x(-,(§ 1)) € S(E), V(En) €S.
b) (&m) — x(.,(&,M)) is continuous from S into C(I1,R™).

Proof. Wetake S=S, ¢(§,n) =&, w(§,n) =N V(M) €S, €(.) : S— (0,) an arbitrary
continuous function, g(.) =0, w(.) =0, A(s)(x,y) = q(x,y) Vs = (§,n) €5, (x,y) € IT and
we apply Theorem 3.7 in order to obtain the conclusion of the corollary. 0
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