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SOME NEW RESULTS ON THE EICHLER COHOMOLOGY
OF AUTOMORPHIC FORMS

BY MARVIN I. KNOPP

ABSTRACT. We here formulate and prove several new results
concerning the Eichler cohomology of automorphic forms on
finitely generated Fuchsian groups of the first kind and, in particular,
on H-groups. The Eichler cohomology we introduce is connected
with automorphic forms of arbitrary real degree (as opposed to
integral degree), witha suitably chosen underlying space of functions
analytic in the upper half-plane. We obtain structure theorems
for the Eichler cohomology groups which are analogous to earlier
results of Eichler and Gunning.

I. Introduction. 1. The purpose of this article is the proof of some
new results concerning the Eichler cohomology connected with auto-
morphic forms on finitely generated Fuchsian groups of the first kind
(in particular, on H-groups). More specifically we introduce Eichler co-
homology groups associated with automorphic forms of arbitraryreal (that
is, not necessarily integral) degree and, with a suitable underlying space
of functions, we determine the structure of these groups. (See Theorems
1 and 2.)

For our present purposes it is sufficient to consider Fuchsian groups I
acting on 5, the upper half-plane. That is, I' is a discrete group of
linear fractional transformations acting on J#. For convenience we
normalize I' so that an element V of I' has the form z—(az+b)/(cz+d),
with a, b, ¢, d real and ad—bc=1. We also identify ¥ with the matrices
+(; §). In particular we call I" an H-group provided

@) T is finitely generated,

(@ii) T is discrete, but discontinuous at no point of the real line,

(iii) I contains translations.

In essence, then, an H-group is a finitely generated Fuchsian group of the
first kind which has at least one parabolic class.

2. Automorphic forms. The automorphic forms to be considered
here are of arbitrary real degree with multiplier system, meromorphic
in 5, and meromorphic (in the appropriate uniformalizing variables)
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at all of the parabolic cusps (necessarily finite in number) of a fundamental
region # of I'. The characteristic functional equation satisfied by an

automorphic form F of degree r and multiplier system », with respect to
T, is

a.n o(V)(cz + d)F(Vz) = F(2),

for all ¥=(¢ J) € T, where v(V) is independent of z and |v(¥)|=1. From
(1.1) follows directly the “consistency condition”

1.2)  d(NVa)(esz + ds)" = 8(V)(Va)(erVoz + di) (caz + da)

where

* %
I/;=( )eF fori=1,2,
¢; d;

and

* *
w0 7)
172 Cs d3

When r is an integer (2) reduces to v(V,Vy)=v(V)v(V,), forall ¥, V, €T,
that is, v is a complex character on the matrix group I'. Any function
from the matrix group I' into the unit circle of the complex plane which
satisfies (1.2) is called a multiplier system for I' of degree r.

We introduce the useful stroke operator

FtV = 8(V)(cz + dYF(V2),

for any function F and V=(} J) € I'. (When there is no risk of con-
fusion we write F|V for F|;V.) The functional equation (1.1) may then be
written F [{,V:F, for VeI, and the consistency condition (1.2) for v is
equivalent to

13) (F[R|;Va = Fl;WVe for i, V; €T.

(Both sides of (1.3) equal F if (1.1) holds.)
Suppose I' is an H-group and let S= (5 1), >0, generate the subgroup
T, of translations in I. If F satisfies (1.1), then in particular

F(z + 2) = v(S)F(z) = &"*F(z),

with 0=«<1. Thus, if F is meromorphic in J# and its poles do not
accumulate at oo, F has the Fourier expansion at oo (actually a Laurent
expansion)

(1.4 F(z) = i a,, eXp

m=—o0

{Z#i(ml+ K)Z}’
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valid for y=Im z>y,. Suppose that in addition to co, I' has #=0 inequiva-
lent parabolic classes. Each of these classes corresponds to a cyclic sub-
group of parabolic elements in I' leaving fixed a parabolic cusp on the
boundary of #. Such a parabolic cusp lies on the real axis. (See [15,
Chapter 4] for a detailed discussion of the fundamental region % and
its parabolic cusps.) Let ¢;, - - + , ¢, be the inequivalent (with respect to I')
parabolic cusps (other than co) on the boundary of # and let I'; be the
cyclic subgroup of I' fixing ¢;, 1 = j=t¢. (I'; is called the stabilizer of q; in
I".) Suppose also that

*® *
= , 1<j=t,
9, ( d,.) =j=s

Cj

is a generator of I';; Q; is necessarily parabolic. For 1< j=<t, put v(Q,)=
exp(2mik;), 0=k;<1. If F satisfies (1.1) with ¥'=Q; and is meromorphic
in 2 with only finitely many poles in £, then F has the following Fourier
expansion at q;:

0,

(1.5) FG) = (z — a,) Zwamo‘)exp{

m=—

—27i(m + Kj)}
Az — q,) ’

valid for y=Im z>y,. Here 4, is a positive real number called the width
of the cusp q; and defined as follows. Let

4= (o —1)’
1 —gq;

so that 4; has determinant 1 and A4,(g,)= co. Then ;>0 is chosen so that

1 2
A’"l(o 1j)A’

generates I';, the stabilizer of g;. (See [15, pp. 269-270] for details.)

We are now in a position to give the following

DEFINITION. (a) Suppose F is meromorphic in S# and satisfies the
functional equation (1.1) for all ¥ €I', where I' is a finitely generated
Fuchsian group. If T' has parabolic cusps assume, in addition, that F
has Fourier expansions (1.4), (1.5) which are finite to the left; that is they
contain only finitely many terms with m<0. Then F is called an auto-
morphic form of degree r and multiplier system v with respect to T'. The
set of all such automorphic forms will be denoted by {T', r, v}.

(b) Let Fe{I',r,v}. Suppose in addition F is holomorphic in #
and has only terms with m+«2=0 in (1.4) and m+«,;20, 1<j<¢, in
(1.5). Then F'is called an entire automorphic form. The set of entire auto-
morphic forms in {I', r, v} is denoted C*+(T", r, v).
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(c) If FeC*(I', r,v) and has only terms with m+«>0, m+«,;>0 in
the expansions (1.4), (1.5), respectively, then F is called a cusp form.
The collection of cusp forms in {I', r, v} is denoted C°(T", r, v).

It is a well-known fact that if I'is a finitely generated Fuchsian group of
the first kind and #=0, then C*+(T, r, v)=C°T, r, v)={0} [8], [9]. For
Fuchsian groups of the second kind, however, the situation is quite different.

3. Automorphic integrals of integral degree. For the time being
suppose that r is an integer =0. A result of G. Bol [1] states that

r+1

dzr+1

(1.6) {(cz + AYF(Vz)} = (cz + dy " 2F"(Vz)

forany V= (% 7), with ad—bc=1 and any function F with sufficiently many
derivatives. It follows from (1.6) that if Fe{I',r, v}, then F\r*V¢e
{T, —r—2,v}; also if fe{l', —r—2,v} and F is any (r+1)-fold in-
definite integral of f, then F satisfies the functional equation

1.7 Fi}v=F+py, VeT,

where py; is a polynomial in z of degree <r. (If p,=0 for all ¥ € I, then
of course F € {I', r, v}.) From (1.7) may be derived the additive analogue
of (1.2), a consistency condition for the system of polynomials p;-:

(1.8) Pry, = Pr,|\Va + Dy, for V3, V€T

DeriNiTION.  (a) If F is a function meromorphic in S# such that
F(r+Y) e {T', —r—2, v}, then F is called an automorphic integral (or Eichler
integral) of degree r and multiplier system v with respect to T'.

(b) The collection of polynomials p, (necessarily of degree =r)
occurring in (1.7) is called the system of period polynomials of F (or of
F(r+1)).

We call any collection of polynomials {py|V € T'}, of degree =r which
satisfies (1.8) a cocycle (of degree r). A coboundary (of degree r) is a
cocycle {py|V € T’} such that p,=p|;¥—p for all V€T, with p a fixed
polynomial of degree =r. The parabolic cocycles play a special role in
the theory of automorphic integrals; these are the cocycles {py,|V € I'}
which satisfy the following additional condition:

Let Qo= S, Oy, -+, Q; be a complete set of parabolic
(1.9) representatives for I'. Then for each 4,0 < & = ¢, there exists
a polynomial p, of degree =r such that pg = p, |10, — py.-

Recall that S=(; %), >0, generates the cyclic subgroup I',, of trans-
lations of I" and that Q,, 1=<h=t, generates I', the stabilizer of g,
1=h=t. Here q,=00, ¢,,"**,q, are the inequivalent parabolic cusps
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on the boundary of #. Every parabolic element in I' is conjugate in T’
to one of the Q,.

DEFINITION.  (a) The Eichler cohomology group Hy (T, P,) is defined
to be the vector space of cocycles modulo coboundaries. Here P, is the
vector space of polynomials of degree =r.

(b) Let A} (L', P,) be the subgroup of H; (T, P,) defined as the space
of parabolic cocycles modulo coboundaries.

To fe{I', —r—2, v} there is attached a unique element of Hy (T, P,)
in the obvious manner: let F be a fixed (r+1)-fold integral of fand {p,/}
the corresponding cocycle determined by (1.7). Any (r+1)-fold integral
of f has the form F+p, with p € P,; then the corresponding cocycle is
{py+p|V—p}, which determines the same cohomology class as does
{pr}. Let [py] denote the cohomology class of the cocycle {p;}. We then
define the mapping f of {I', —r—2, v} into H; (T, P,) by

(1.10) B = lprl-

For T' an H-group the structure of H, (I, P,) and HA; (T, P,) has
been completely determined in [2], [5], [6] and [13]. (See also [11], [12],
[16] and [10, Chapter 5], where the structure of these groups is deter-
mined in the more general situation when I' is a finitely generated
Kleinian group.) The results are as follows.

THEOREM A. The vector spaces C°(T'y, —r—2,0)@C+(I', —r—2,v)
and H; (T, P,) are canonically isomorphic. Under the same mapping
(', —r—2, 9)dCT", —r—2, v) is isomorphic to H} (T, P,).

REMARKS. (a) With r an integer and v a multiplier system of degree
—r—2, © is likewise a multiplier system of degree —r—2.

(b) Theorem A shows that H, (T, P,) is a finite dimensional complex
vector space, since C* and C° are of finite dimension.

(c) Theorem A was first proved by Gunning [5] with I' a finitely
generated Fuchsian group of the first kind, not necessarily an H-group,
but with the mild restriction that v is always a root of unity. Gunning
states the result in terms of the existence of exact sequences of the form

0—CHT, —r — 2,v) - H} (T, P,) > C*(T, —r — 2,9)—>0,
0—C(, —r — 2,0) > H' (T, P,) > C(T', —r — 2,5) —>0.
These results originate with Eichler [2], who, however, dealt only with
A} ,, under the additional (but inessential) restriction that r be even and
v be =1. The proofs of Theorem A given in [6] and [13] are valid for
arbitrary integral r and arbitrary multiplier system v.
(d) The proof of Theorem A given in [6] proceeds by explicitly con-
structing a linear mapping

w:C(C —r —2,5) ® CH(T, —r — 2,v) —> H} (T, P,)
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of the form u(f, g)=a(f)+p(g), where fe C'%), ge C*(v), and B
is defined by (1.10). The definition of « is more complicated and based
upon the notion of the ‘“supplementary series” introduced in [7]. The
construction of « also can be carried out using the more recent results of
Douglas Niebur [18], as we shall observe later. The proof that u is 1-1
follows from results of [7]; the proof in [6] that u is onto follows Eichler
[2, pp. 274-276], utilizing a generalized Riemann-Roch theorem due to
Petersson [23, Theorem 9]. Lehner’s treatment of Theorem A differs from
that of [6] in the proof that u is onto, applying the Generalized Poincaré
Series (see §II.1) rather than the Riemann-Roch theorem.

4. Eichler cohomology of arbitrary real degree. Now let r be an
arbitrary real number and v a multiplier system for I' of degree r. If F
is any vector space of functions preserved under the stroke operation |y,
one may form the cohomology groups H;,(I', #) and H;,(I', #) in
complete analogy to the above construction of H; (I, P,) and H; (T, P,).
Of particular interest here will be the groups formed with & =£, where
2 is the space of functions g holomorphic in 5 which satisfy the growth
condition

1.11) g < K(zI° +y™), y=Imz>0,

for some positive constants K, p and o. It is easy to verify that & is
preserved under |; for any real r and any H-group I' and also under
differentiation and anti-differentiation. Note that & is a ring as well as
an infinite dimensional complex vector space, containing all polynomials
and all entire automorphic forms with respect to any H-group (see
[15, p. 281] and [8]).

We now extend the notion of automorphic integral to arbitrary real

degree.
DeriNiTION.  If F is a function meromorphic in 5 such that
(1.12) Flzv —Fe 2, forVerl,

and for each j, 1=j=t, there exists an integer m; such that
exp{2mi(m;+«;)[A;(z—q,;)}F(z) has a limit as z—q; within # and also
there exists an integer m, such that exp{—2mi(my+ x)z/A}F(z) has a limit
as z—ioo within &, then we call F an automorphic integral of degree r with
respect to T'.

ReEMARKS. If ris an integer =0 and £ is replaced by P, in (1.12), then
this definition coincides with our previous definition of automorphic
(or Eichler) integral. Niebur’s definition of automorphic integral is some-
what more restrictive than that given here. If (1.12) holds then {F|,V'—F}
is clearly a cocycle in 2 of degree r for the group I'. In (1.12) one can of
course replace & by any space # of functions meromorphic in # and
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obtain cocycles of degree r lying in &. We refer to the cocycle {F|;V’'—F}
as the cocycle of period functions of the automorphic integral F.

By considering automorphic integrals of arbitrary real degree, we here
determine the structure of both H ., ?) and H;,T,?) for real
r=0 and real r<—2 with an arbitrary multiplier system of degree r and
T" an H-group. Specifically, we prove the following.

THEOREM 1. If r20 or r=—2 with v a multiplier system of degree r,
then CT', —r—2,9) is isomorphic to H;,(I',?) under a canonical
isomorphism «.

THEOREM 2. Under the same conditions we have
H},(T,P) =~ C(T, — r — 2,9).

REMARKS. (a) For r<—2, —r—22=0, so that C°(T", —r—2, 7)={0};
hence H;,,(T', #)=HA} (', #)={0} in this case.

(b) For r=0 the mapping « is the one mentioned above in connection
with Theorem A. We give the definition of « in $IIL.2 (r>0) and §III.3
(r=0).

(c) We first prove Theorem 1 and later prove a general result (Propo-
sition 9) about the space &, from which it is possible to show that for any
real degree r and corresponding multiplier system v every cocycle in &
is parabolic. Thus

(1.13) H; (T, ?) = 0 (T, 2)

holds for arbitrary real r; Theorem 2 follows from Theorem 1 and (1.13).
I am grateful to B. A. Taylor, who supplied the proof of Proposition 9.

For arbitrary real r with corresponding multiplier system v, ¥ is a
multiplier system of degree —r—2. Thus we are permitted to speak of
I, —r—2,9).

II. The Generalized Poincaré Series. 1. The proof of Theorem 1 is
based upon the more fundamental

THEOREM 3. Let r be any real number and v a multiplier system of
degree r. Suppose {gy|V € T'} is a parabolic cocycle of degree r in P; that
is, gy € P, @y y, =0y | Vot @y, for all V;, V, €T, and

Q1) for each j such that 0 = j = t, there exists @; € & such that
e, = 9ilsQi — ¢
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Then there exists a function ®, holomorphic in H#, such that

(2.2) OV —® = ¢, forallVel,
and with expansions at the parabolic cusps q;, 0= j=<t, of the form
{—2wi(m + K,)}

Az — q;)
(23) 1=sj=t,

& {Zni(mz+ K)Z}

@) = ¢(D) + (2 — 4 > an(iexp

ms==—mj

O(2) = po(2) + 2, an(O)exp , J=o.

m=—mg

(Compare (2.3) with (1.4) and (1.5); recall that g,=o0, Q;,=S.) The
functions ¢, may be called the period functions of ®.

The construction of the function ® of Theorem 3 involves the intro-
duction of a “Generalized Poincaré Series,” first discussed by Eichler
[3], [4], discovered independently somewhat later by the author, and
more recently applied by Lehner to Kleinian as well as Fuchsian groups
[13], [14], [16].

DEFINITION.  Suppose {¢p} is a parabolic cocycle of degree ¥ which
satisfies the additional condition that ¢g=0. Suppose k is a “large”
positive even integer and w is a multiplier system for I' and the degree —k.
Then the Generalized Poincaré Series ¥ ({@y}, k, w; 2)="'(2) is defined

by
(2.4) ¥(2) = > op(2)w(V)(cz + d)F,

Ve

where . is a complete set of coset representatives for I'/T', and V= (} [).

(Recall that I' , is the stabilizer of co in I'; it is the cyclic group generated
by S.)

REMARKS. 1. We shall show below that for k sufficiently large, the
series (2.4) converges, in fact uniformly on compact subsets of 7.
Indeed it will follow that, for such k, ¥ € £.

2. The summation in (2.4) is really over all distinct lower rows ¢, d of
elements of T".

3. The assumption ¢g=0 has been made to insure that the individual
terms of the series (2.4) are independent of the choice ¥ of coset represen-
tatives. If ¥, V' lie in the same coset of I'/T", then V', ¥’ have the same
lower row ¢, d and V'=S'V, where ¢ is an integer. Then

or = @5ty = @gt | V + op;
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but pg=0 implies ¢g:=0, so that ¢, =@} and the desired independence
follows.

4. On the assumption that k is sufficiently large we shall show that the
series in (2.4) converges absolutely and it follows readily that, with
M= HeT,

(2.5) Y[EM = wM)(yz + 0)"¥(2) — w(M)(yz + 6)"g(2)p(2),

where g(2) is the Eisenstein series

(2.6) g(z) = > w(V)(cz + d)™.

veH#

The functional equation (2.5) is a straightforward consequence of the
absolute convergence of (2.4), the consistency condition for the cocycle

{or}:
@7 pry, = or Vet o, (Vi VeeD),
and the consistency condition for the multiplier system w:
W(ViVo)(esz + dy)™* = w(V)W(Vo)(e1Vaz + di) (coz + do) ™
(VI, V2 € F)

For k sufficiently large there is absolute convergence of the series in
(2.6) and it follows that

g(Mz) = w(M)(yz + d)g(2),

for M=(} §) e T'. Thus, putting F(z)=—Y(2)/g(z) and applying (2.5),
we find that

F|:M

(2.8)

—(¥[;M)/g(Mz)
= —¥(2)/2(2) + ¢u(2) = F(2) + pu(2),

so that F is a solution of the functional equation (2.2). Indeed F has
expansions of the type (2.3) at the parabolic cusps, but may have poles
in J; thus it may have to be modified in order to obtain the function ®
of Theorem 3.

2. Estimation of the cocycle. The proof of absolute convergence of
the series defining ¥'(z) is based upon a series of lemmas.

LemMA 4. For real numbers c, d and z=x+1iy, we have

Y Neam< s s

REMARK. This is essentially Lemma 4 of [14].
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ProoF. Schwarz’s inequality gives |cz+d[2=(|z|>*+1)(c2+d?). Since
1z|24+1=2(|z|>4+y~?), the upper bound follows. To obtain the lower
bound observe that |cz+d|?=c?? and |Z[?|cz+d|*=|c|z|?+dz|2 2= d%?, so
that

lez + dI* Z y*(c* + @)[(1 + |z]*) Z y(c* + d)/(1 + 4]z

Suppose Qq, -+, Q;, Vi, -, V, is a fixed set of generators of I',
including the 41 parabolic generators Q,, - -, O, and the nonpara-
bolic generators V,,---,V,. If AeT consider a factorization of 4
into sections (see [14, pp. 156-157]), A=C, - - - C,. Each section C; is
either a nonparabolic generator of I' or a power of a parabolic generator
of I'. The importance of this factorization into sections lies in the result
of Eichler [3, Theorem 1] that, for any 4 € I', the factorization can be
carried out so that

29 g = mylog u(4) + my,

where m;, m,>0 are independent of 4 and

(2.10) WA =a*+ b2+ +d? ifd= (“ Z)
C

(Note that u(4)=2 and u(AB)<u(A)u(B) for matrices 4 and B of
determinant 1.)
We assume, as we may, that the cocycle {¢;} in & satisfies

loy (2] < K(|z]” + y™°), forl1 S i<,

(2.11)
lps(2)| < K(|z| + y™), for0=j=t.

Here ¢,(z) is defined by (2.1) and X, p, o are positive constants independent
of the particular generator involved. Assume also 26> —r, p>r.

LemMA 5. If {@p} is a parabolic cocycle then there exists K*>0
depending only upon I and {@y} such that

(2.12) 190, JiChir* * - Cal = K¥u(A){|2]%7" + y=*or,

for 1=h=q. Here e=max(p/2, 6+r/2) and A=C,---C, is a factori-
zation into sections of A€T.

Proor. The proof follows that of Theorem 1 in [14]. Consider first
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the case when C, is a nonparabolic generator. Let V=C,,, - C,=
¢ 9. Then, by (2.11),
lec, | VI =lyz + 0" lpen(V2)]
<lyz + 0" K{|Vzl* + y~lyz + 8|}
=Koz + BI°[yz + 0" + K |yz + 6|+ y~.
By Lemma 4,
loz + BIP = 27%(1z* + y=2Y X + 7Y,

|)/Z + 6|2a+r é 2a+r/2(|2|2 + y~2)a+r/2(,y2 + 62)¢+r/2’
and

l?’z + 6|r—p =< (y2/(1 + 4 |ZI2))(r-p)/2(,y2 + 62)(1‘—;})/2'
Hence

WC» I V] < sz/z(lzlz + y"z)"/z(oc2 + ﬁz)plz
. (_1_-_[.-__4_[3[_%)(#-—1‘)/?)}2 + 62)(r—p)/2

y2

+ K2¢+r/2(lZ|2 + y—2)a+r/2(y2 + 62)¢+r/2y-a.

Since the nonzero y, (F ) eI, with T' discrete, have a positive lower
bound, it follows that 2462 has a positive lower bound; hence

_ 1+4 |z|2 (p—r)/2
9o, | V1 < Ko + B2 + y 2>”’2(———;2——)

+ K{(,}/2 + 62)0’+1‘/2(IZ|2 + y—2)0'+r/2y—u'.
By [3, Theorem 2]
a + 2 + y? + 0% = u(V) = Ku(4),
so that
lpo, | VI = Kaus(AP2(I21* + y P 2y2(1 + 4 |zP)en2
+ Kip(AYy~(|2* 4 y By

Letting e=max(p/2, 0+r/2), we have

o, | VI = Kap(AY (1217 + y ) {y (1 + 4122 4y}

= Kag(A(12* + y™) 3% + 31 + 412" + y~}

Now g=<e—r/2 and p—r=2e—r, so that

fo, | V1 = Kau(A)(lz]® + yoye(lz|terr 4 ytetan)
< Kyu(AY([z]o-2 4 ysetan),
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We now deal with the case in which C, is a parabolic section, that is
C,=Q7, with j=j(h) between 0 and 7. Then

Po, = ¥; 1Q; — @5
and therefore, by (2.7), also

®e, = ¢ |1 G — ;.
From this it follows that

90, | G " Co=9;1 Gy Cy— 91 Gy -+ - Cp.

The previous argument applies to each of the two terms on the right-
hand side to yield

9, | Crsr** Col S Kau(A)(|2|%7% + y=oe+2),

The proof is complete.

It is helpful at this point to introduce a specific fundamental region;
we shall employ the Ford fundamental region # defined as follows (see
[17, p. 58] or [15, p. 139]):

R = {zeéfllRezl < A2and [cz +d| > 1
* *
fora11V=( )GF—I‘OO}.
c d

(Please note that the definition of £ is misprinted in [17].) Then there
exists y,>0 with iy, € Z. Now determine .# by the condition that 4 € .#
if —2/2=Re{A4(iy,)}<A[2. (Note that A NI ,={L£1}.)

LemMMA 6. If A=(% J) € M, chosen as indicated above, then
p(d) 2 K'(c® + d?),
for K'>0, independent of A.
Proor. A €.# implies |[Re A(iy,)| <A/2. Also,
0 < Im A(iyg) = yo lciyo + d|=2 = yo(c®yo + d¥1.
If ¢=0, then d=1 and Im A(iy,)=y,. If ¢#0, then |c¢|>ms, so that
Im A(iy,) = yol(ys + d*) = yo/ys < 1[m3y,.

Hence |A(iy,)| <Kj; that is, |(a(iye)+b)/(c(iyo)+d)| <Ky From this we
conclude that a’y3+b2<Kj(c*yo+d? and hence a®+b2<K;(c*+d?). The
result follows since u(4)=a?+b%*+c*4-d2.

3. Convergence of the Generalized Poincaré Series. Suppose A€ M.
As before write A=C,---C,, a product of sections. Applying (2.7)
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repeatedly we find that

(213) Pa = 9901"'00 = ¢C1| Cz. o CG + (pCa l C3' o Cq + -+ Pey

with g=m, log u(A4)+m, terms on the right-hand side. We need to esti-
mate the absolute value of the general term of the series (2.4). This is

lpa@W(A)(cz + )| = |p4@)| |ez + d| ™.
By (2.13) and Lemma 5, we have

lp4(2)] = K*u(A)(Iz]" + y g = Kiu(A) (2" + y™),

where n=6e—2r and we have used g=m, logu(4)+m=myu(4).
Lemma 6 yields
lpa(2)] = K3(® + d) (|2 + y™),

and, by Lemma 4,

1+ 4 |z2\e+
|94(2)] < K¥ |z + d*+? (—+—'—'—)

(Iz]" 4+ y™).
Hence,
1

1+ 4|z
(214) lpa@)llez + dI™* = K5 |ez + d|*+*7* (“‘#I’) 2"+ y™.

With k>2e+4 it follows that k—2e—2>2, hence by [15, pp. 276-277]

that (2.4) converges absolutely and, in fact, uniformly on compact subsets
of .

ProrosITION 7. For k sufficiently large (>2e-+4) the Generalized
Poincaré Series (2.4) converges absolutely and, in fact, ¥ € 2.

ProoF. The absolute convergence and the fact that " is holomorphic
in £ have already been proved. To show that ¥ € & apply Lemma 4
to (2.14) to get

| 4 4|zt

0@ ez + dI* < KX + d2)e+1_k,2(_:r_y_2l_zl) (2" +
1 4 4 |z]5\*/2

— K;: ‘Cl + d|2e+2—k(._-l-_.};_|£|_) (lZI'I + y“'l).

The convergence of > 4.4 |ci+d|?¢t?* implies that V" € 2.

4. Proof of Theorem 3. Let {py,} be a parabolic cocycle in & for I’
of degree r and multiplier system v. For ¥ € ', put

Py = @y — (‘Po!«er — ®o)-
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Then {gy} is again a parabolic cocycle in £ and now <p§=<p0|S—- Po—
(<p0|S— ®)=0. Thus we may form the Generalized Poincaré Series
Yo7}, k, w; z)=T*(z); then ¥* € # and F*(z)=—Y¥(2)/g(z) satisfies
F*|;M —F*=q3;, for M € T". Defining F(z)=F*(z)+ @,(z), we have

FtM — F = @3 + @0 | M — @y = ¢y, for MeT.

The first problem that presents itself is the possibility that g(z)=0;
this indeed does happen for certain choices of I', k, and w. However, if
we simply choose k an even integer and w(V)=1 for all ¥ €T, then
8@)=2yen (cz+d)™* is an Eisenstein series of degree —k for I', con-
cerning which it is well known that [15, p. 278] lim,_,;, g(z)=2. Indeed,
ge CH(T', —k, 1) but g ¢ C°(T", —k, 1) [15, p. 278]. Thus, in particular,
g(2)#0, and F is meromorphic in 5.

Since g has at worst finitely many zeros in Z N3 [15, p. 274], F has
at worst finitely many poles in £ N#. For each j, 0<j=<t, consider the
function F;=F— @,. Then we have

Flej—Fj=(F|Q5—F)""(‘P1|Q5—¢1)=‘PQ,_‘PQ,=0;

by a standard argument it follows from this that

(=) —2mi K;
R R e S

and

Ro@ = 3 au@exp[ )

However since g € C+(I', —k, 1) it has at worst a zero of finite order, in
the appropriate local variable, at each ¢;. This, together with the fact
that ¢, € 2, implies that F(z) has expansions of the form (2.3) at the
parabolic points.

Since F may have poles in # we need to modify it somewhat to obtain
the function @ of Theorem 3. It follows from results of Petersson [22]
that there exists f € {I',r, v} which has poles with given principal parts
at finitely many points of ZN# and is otherwise holomorphic in %
with the possible exception of the cusps. Then we form ®=F—f, where
fe{l, r,v} is chosen to have poles whose principal parts agree with
those of F in ZN . Since f|;M=f for M €T, it is still the case that
O|,M—D®=g,,, M eT. At each parabolic cusp f has at worst a pole of
finite order; thus @ has expansions of the form (2.3) at the parabolic
cusps. Finally, ® is holomorphic in ZNJ#; this and the functional
equation ®|{M—®=g¢,, MeT, imply that ® is holomorphic in .
This completes the proof of Theorem 3.
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III. Proof of Theorem 1. 1. The case r=<—2. In this case the result
is H;,,(T', #)={0}. In the proof we need

LeMMA 8. There exist positive constants K, p,, 0o such that for all
TERN K and Ve,

lpp (D] < K(yo + y),
where y=Im(V'7).

ProorF. Fix re ZNA, V€ M, and put z=Vr. Write V=C, - - - C,

a?
a product of sections, as before. Then, as in the derivation of (2.14), we
have

lpi(D)] £ KE(E + (7" + £),

where t=Im 7 and V=(% }). By Lemma 4, c®+d?<|cr+d|2(1 +4|7|Dt~2
Now,

y=Imz=ImVr=t|cer +d|2,

so that |er+d|®=t]y. Hence c2+d?=(ty)(1+4|r[%), from which it
follows that
G1) |pr (D) = K3 + 4 [ty (el + 7).

If Ve #, V#I, then c#0; hence |ct+d|[?=1, for all V € A, since
7€ Z and thus 7 is interior to no isometric circle. If follows that
y=t|cr4-d[~2<t. On the other hand, r=V"1z, so that r=Im(V'z)=
y|—cz+a|™2 Now,

|—cz + al?2 = %? + (a — cx)® = c%y? > mp)?,
unless ¢=0; if ¢=0, then t=y. Thus t=y or t<m§2y“1, so that in every
case, t<y-+mjs°y~L. Also 7 € Z implies that |Ret| <4/2, hence

7| St 4+ 22<y+m®y™ + 22

Applying these estimates in (3.1), we find that
* {1 + 4(y + m;2y——1 + 1/2)2}e+1

lop(1)] < K, e

X {(y + m3®y™ + 22" + ¥y,
from which the result follows.

PrOOF OF THEOREM 1 FOR r<—2. We shall show that if r<—2
and {g,} is a parabolic cocycle in 2, then there exists ® € Z such that

As in the proof of Theorem 3 we may, without loss of generality, assume
that @g=0, since g, P. Let @ be the function whose existence is
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guaranteed by Theorem 3. Since r=—2 there exists G € {I', r, v} such
that G is holomorphic in J# and G has a principal part at each g; which
agrees precisely with the principal part at g; of the expansion (2.3) of @.
(If r<—2, G can be constructed as a linear combination of Poincaré
series, whose absolute convergence is guaranteed in this case [15, pp. 272-
280]. If r=—2 the much more difficult construction has been carried
out by Petersson [20], [21].) If we put ®*=®—G, then
(i) O*[;M—D*=g¢,, MeT,

(if) @* is holomorphic in 5,

(iii) ®* has an expansion (2.3) at each g; in which no negative power
of the local parameter appears, 0= j=<t.

Condition (jii) implies that there are positive constants K4, p, ¢ such
that

|®*(2)| < Kg(lyl* + y™°), forallzeZ N #.
Put f(z)=y~"2|®*(2)|, y=Im z>0. Then for V=(3 ;) eT,
f(Vz) =y ez + d|"|O*(V2)|
= y|cz 4 d|" |(cz + d)TO*(2) + (cz + d)"p(2)|
= y210*2) + pp(2)| = Y0¥ + ¥y oy (2)|
=f(2) + y " lgp(2)I.
Let =Upen V(Z) NH. Suppose we can prove that

(3.3) |0*(2)| < K(y* + y ), forzed,

(3.2)

with a, B, K positive constants independent of z. From the definition of
fundamental region and the choice of .# it follows that given z € S,
Smz € & for some rational integer m. Now,

|@*(S™z)| = |(@* | S™)| = |@*(2)],
since pg=0 (hence pgn=0); also Im(S™z)=Im z=y. Then (2.17) implies
that, for z € 57,

|D*(2)] = |®*(S™2)| < K(O* + y™),

so that, in fact, ®* € £.

It is sufficient, therefore, to prove (3.3). Suppose z € &; then there
exist V€ A and T € ZN S such that z=V7. Let y=Im z. By the in-
equality (3.2),

O*(2) = " (2) = y"*f (V)
(34) = Y@ + P lep(0l}
= Y| @*()] + lop(0)l}-
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Since r€ ZNH, P*(1)<KZh(t*+17%), while, by Lemma 8, |pp(7)|<
K, (y"o+y~%). From (3.4) we conclude that

D*(2) = YK g(t? + 1) + Ki(y™ + y~)).
In the proof of Lemma 8 we showed that y<t=< (m,y)*+y. Since —r/2>0,

—r/2 p

(I)*(Z) é yrlz(_l_ + y) {Kg(_l_ + y) + y—a + Kl(ypo + y—.%)}y
myy myy

from which (3.3) follows and the proof is complete for r=—2.

REMARK. It is important to notice that the above line of proof de-
pends on the fact that r<—2 only for the existence of G € {I', r, v} with
preassigned singularities at the cusps. The existence of such G is a kind
of Mittag-Leffler theorem for automorphic forms which does not hold
in general for r>—2. For the case r>0 we substitute recent results of
Douglas Niebur on automorphic integrals of arbitrary positive degree
[18]. For r=0 we again apply Petersson’s construction of automorphic
forms of degree —2 [20], [21].

2. The case r>0. For any real r the previously-quoted results of
Petersson [22] imply that there exists fe{I', r, v} which has poles of
prescribed principal parts at each of the cusps g, - -+, 4, and is holo-
morphic in 5. If r=0 one has no control over the principal part at the
cusp gy=o00; this principal part is, indeed, largely (not completely)
determined by the assignment of the principal parts at g,, * - -, g, With
fixed r=0 and given parabolic cocycle {¢} in £, let ® be the function of
Theorem 3 and let f € {I, r, v} be holomorphic in J# with principal parts
as given by (2.3) for 1=j=t. Then

3.5 O*(z) = O(2) — f(2)

satisfies all of the conclusions of Theorem 3 and, in addition, is holomor-
phic at the finite cusps g, * - - , g;.

With r>0 and v an associated multiplier system for the H-group T',
the results of Niebur that we shall require may be stated as follows
[18]:

THEOREM N,. Let m, be a nonnegative integer and a_,,- ‘", a_pm,
complex numbers. Then there exists F, an automorphic integeral of degree
r with respect to I', which is holomorphic in H# and at the finite cusps
41, * * * , q; and which has an expansion (2.3) with principal part

(3.6) a_,, exp{2mi(—my + K)z[A} + * + - + a_, exp{2mi(—1 + K)z[2}
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at gy= 0. The function F has the transformation properties

Fijv =F, Vel
3.7

[F|zV — FI" = f L, G@(@ —2ydr, Vel -T,,
V o

where G € C°(I', —r—2, 9) is determined by R Y Here [h(2)]~

denotes h(z), the complex conjugate of h(z), and the path of integration is
a vertical line. Furthermore, {F|V—F} is a parabolic cocycle in 2.

THEOREM N,. Given G € CO(I', —r—2, ) there exists an automorphic
integral F satisfying (3.7) such that F is holomorphic in S and atq,,  * - , q;.

REMARK. Theorem N,, a converse of Theorem Nj, is analogous to
our Theorem 3 as it allows one to prescribe the period functions of an
automorphic integral. As in Theorem 3, with the prescription of the
period functions one loses the freedom to prescribe the principal part
at oo, which is, indeed, largely determined by the given G.

THEOREM Nj. If there exists Fe {I, r, v} which is holomorphic in H#
and at qy, * - , q;, and which has principal part (3.6) at g,= o, then the
function F of Theorem Ny is in {I', r, v} and, in fact, F=F. In this case the
cusp form G of (3.7) is =0.

ProoF OF THEOREM 1 FOR F>0. Suppose G € CXTI', —r, 7). Then
put «(G)=(gy), where

(3.8) gr(2) = f;flwc(f)(f — zZydr, Vel,

and (gy) denotes the cohomology class in H;,(I', #) determined by
{gy} which, by Theorem N,, is a parabolic cocycle in Z. If Ve T',, the
integral in (3.8) is to be interpreted as 0; for Ve I'—T', the path of
integration is a vertical line. The mapping « is obviously linear from
(T, —r—2, %) into A} (T, Z). We must show that « is 1-1 and onto.
To show that « is onto suppose (@) is an element of q T, 2).
Let @(z) be the function of Theorem 3 with cocycle of period functions
{pyp} and let ®*(z) be given by (3.5). Then ®* has the prescribed cocycle
of period functions {¢;} and it is holomorphic in 5 and at the finite
parabolic cusps ¢,, -+ ,q, as well. Apply Theorem N, to obtain the
existence of an automorphic integral F such that ®=®*—F is again an
automorphic integral of degree r with parabolic period functions in &
and such that @ is holomorphic in 4 and at all of the parabolic cusps
(including go= o). The argument used in §III.1 to conclude the proof of
Theorem 1 for r< —2 now shows that ® € 2, from which it follows that
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{@p)=(gp), with g, determined by (3.8) from G e C(I', —r—2, v),
which, in turn, is determined from F by Theorem N;. Then a(G)={(gp)
and « is onto.

To show that « is 1-1 suppose that a(G)={(gy)=0 in H; (T, P) for
some G € CYT", —r—2, ©). This means that there exists £ € £ such that
gy=F|;V—F, VeT. On the other hand, Theorem N, implies that there
exists an automorphic integral F holomorphic in & and atg,,---,q,
such that g,=F|,V—F, VeT. It follows that F=F—Fe{T,r, v} and
Fis holormophic in 5# and atg,, - + , g,. At oo F has the same principal
part as does F. Theorem Nj then implies that F=F and G=0. Thus «
is 1-1 and the proof of Theorem 1 is complete for the case r>0.

3. The case r=0. If r=0 the results of Niebur are not applicable
and we apply instead results of Petersson which are utilized in [6] to
prove Theorem A for the case r=0.

Since v(S)=¢€*"*, 0<k <1, it follows that #(S)=e*""*', with

K'=0 if k=0,
=1—k ife>0.
If v is an integer define
¥ = —y if e =0,
=—1—9» ife>0.

In [20], [21] Petersson has carried out a construction of automorphic
forms of degree —2 with arbitrary multiplier system v on H-groups I'.
He produces functions g,(z, v) holomorphic in # such that

@) gv(z,v) e{T', -2, v},

(ii) gv(z, v) is zero at g, * * -, g;. At go=00 it has an expansion of the
form
2i 27
gz, v) =2 exp{-ﬂf%)f} +2 Z a, (v, v)exp{_ilim_}:ti)z;.
m+x>0

In particular if v+ x>0 then g,(z, v) € C°(I", =2, v).

PETERSSON GAP THEOREM [19, p. 207 and p. 211, Theorem 9a ). Let s
be the complex dimension of the vector space C°(I', —2, ©). Then there are
precisely s integers w;, 0<w;<: * -<w, such that there does not exist a
nonconstant element of {T', 0, v} having as its only singularity in ZNH a
pole at gy= o0 of order wyi—«, 1=5i=s, in the local uniformizing variable
at . Furthermore the functions g_,,(z, ), 1=i=s, form a basis for
c(T, -2, 9).

PrROOF OF THEOREM 1 FOR r=0. _Suppose Ge CYT, —2, 7). Then
G=27_1b,g (2, 0). Let G¥*=3;_, b;g_, (z,v) € {T', =2, v}. Note that


VeT.lt
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G* is holomorphic in S, zero at gy, -, ¢q;, and has an expansion at
go= oo with principal part 2 >;_, b, exp{2mi(—w;+«)z/A}. Let F be holo-
morphic in J and such that dF(z)/dz=G*(z), so normalized that
F(z+2)=€"""F(z). Then F is an automorphic integral of degree 0 with
a parabolic cocycle of period functions. In addition F is holomorphic
atg,, ‘-, q; and has principal part at g,= 00
s i(— -1 i(—

(3.9) ) Z 5,-{27”( w; + K)} exp{zm( w, + K)Z}.

= A A
Furthermore, in this case F |2V—-F=cy, VeT, where ¢, is a complex
number. Now we define a(G)=(cy), where {c;;) denotes the cohomology
class in Hp,(I', 2) of the cocycle {c,}. Clearly  is a linear mapping
of CY(T, —2, %) into Hy (', ). As before we must show that « is
1-1 and onto.

Suppose (@y) € Hy (T, #); let ® be the corresponding function of
Theorem 3 and let ®* be defined by (3.5) once again. Then ®* is holo-
morphic in 5 and at the finite parabolic cusps ¢,, - - - , g, and has {@y}
as its cocycle of period functions. Petersson’s construction yields the
existence of G € C°(I', —2, 9) such that the automorphic integral F,
the anti-derivative of the corresponding G* € {I", —2, v}, has the property
that ®=®—F is holomorphic in %Z. Once again, the earlier argument
implies that ® € #. From this it follows that (@p)=(c;), where
cy=F|[;}V—F, V€T, and therefore a(G)=(cy)=(gy). Thus « is onto
H (T, P).

Now suppose that a(G)={(cp)=0 in Hp (T, &) for some G e C'(T,
—2, 7). Then there exists £ € 2 such that ¢, =F|;V—F, VeT. On the
other hand, if F is the anti-derivative of the G* € {T', —2, v} corre-
sponding to G (as above), then also cV=F|2V—F, VeTl, so that

F=F— Fe(T,0,u).

Since Fe 2, F is holomorphic in Z, except possibly at go=o0 where
it has the same principal part as does F, given by (3.9). The Petersson
gap theorem then implies that F is constant, that is, that b,=0 for
1=<i=s. From this it follows that G=0, so that « is 1-1 and the proof of
Theorem 1 is complete.

ReMARK. For any r it is obvious that with given ® € 2, {Q|,V—®}
is a cocycle in Z. (Of course it is a coboundary in £.) For r=<—2 Theo-
rems 1 and 2 have the interpretation that these easily available cocycles
are, in fact, the only cocycles in #. For r>0 Theorem N, implies the
existence of cocycles in & which are not obviously coboundaries in Z.
Theorems 1 and 2 in this case show that every cocycle in Z is one of the co-
cycles of Theorem N, plus a coboundary in &.
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IV. Proof of Theorem 2. 1. Deduction of Theorem 2 from Taylor’s
proposition. Theorem 2 follows from the fact that, for any real r,

(4.1) H; (T, 2) = H; (T, 2),
which in turn is a consequence of the following result concerning & due

to B. A. Taylor (private communication).

PROPOSITION 9.  Suppose g € P and ¢ is a complex number with |¢|=1.
Then there exists f € & such that

“4.2) if(z + 1) — fl2) = g(2), zeH.

(Compare this result with [S, Lemma 4]).

We postpone the proof of Proposition 9 for the time being and use it
to derive (4.1). To prove (4.1) it is sufficient to show that, given a para-
bolic transformation Q € I' and ¢ € &, there exists p € & such that

(4.3) pliQ —p = ¢.
There are two cases to consider.
Suppose first that Q is a translation, that is, Q= (p H, A>0. Put g2)=

@(Az); then g € Z and we may apply Proposition 9 to conclude that there
exists f' € & such that

WOz + 1) — flz) = g(2), ze K.
Put p(z)=f(z/2); then p € & and

Pl — p = 5(Q)p(z + ) — p(2) = 5(Q)f((z + A)[A) — f(z/4)
= Q) f /A + 1) — f(z/2) = g(z[2) = ¢(2),

for any z € . Thus (4.3) has a solution if Q is a translation.

If Q € I is parabolic, but not a translation, then Q can be written in
the form Q=41 1)A4, 2>0, where A4 is a real matrix of determinant 1
such that 4g=co. Here g is the parabolic point fixed by Q. By the pre-
vious case, given ¢, |¢|=1, and g € &, there exists f € & such that

(4.4) e+ ) —fo) =g@), zedL.
Suppose 0=(7 ), A=(; 3) and put

4.5) e =0v(Q)(cz + d)"(yQz + )" (yz + 9)".
To show that |¢]=1 it is sufficient to prove

(4.6) (cz + d)(yQz + 6) = yz + 6.

But a simple calculation shows that (cz+d)(yQz+9) is the denominator
of AQz. Since AQz=(; })Az and (; })Az has the same denominator as
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Az, namely yz+0, the equality (4.6) holds and |¢|]=1. Since [¢]=1 and ¢
is holomorphic (as a function of z) in £, it follows that ¢ is constant and
(4.4) may be applied.

Suppose g e &, ¢ is given by (4.5), and fe £ is a solution of (4.4).
Put p(z)=(yz+0)"f(Az); then p € # and

PliQ — p = 8(Q)(cz + d)'p(Qz) — p(2)
= 0(Q)(cz + d) (yQz + 0)f(AQ2) — p(2)
= &(yz + 0Yf(Az + 2) — (yz + 9)f(A2)
= (yz + 0){&f(4z + ) — f(42)}
= (yz + 9)'g(42),
by (4.4) with z replaced by 4z. We now put
g(@) = (yA47'z + 8 "p(47'2),

so that (yz+0)'g(4z)=¢(z), the given function in &. With p € 2, g is
likewise in Z. Thus (4.3) has a solution p € Z for any parabolic Q € T'
and (4.1) follows.

2. Proof of Taylor’s result. A formal solution to the functional
equation (4.2), with given g, is provided by the function

“4.7) f(z) = — Z;s‘”g(z + n).

Indeed, if g € Z vanishes at oo with sufficient rapidity (say g(z)=0(|z|?)
as |z|—0), then (4.7) converges absolutely in J# and uniformly on com-
pact subsets of . In this case it is easy to verify that fe€ 2. Though,
in general, the series (4.7) does not converge, it nevertheless remains the
key to the solution of (4.2).

In order to overcome the convergence difficulties we first observe that
it is sufficient to solve (4.2) for the kth derivative of g or a k-fold in-
definite integral of g. This follows since & is stable under differentiation
and integration and since (4.2) is readily solvable in & if g is a polynomial.
(Indeed if g € P,, (4.2) is solvable with fe€ P, ,,.) We also make the easily
verified observation that the condition (1.11) for g € & may be replaced
by [g(2)| <K(1+]|z|)y™*, y=Im z, with K, «, f all positive, or by

1g(2)] < K(L + |z[)5 yZ1,

48 <K(1+z)yh  0<y<i,

again with K, «, f>0.
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LemMmA 10. Suppose g € P satisfies (4.8) and h is any indefinite integral
of g (dhldz=g(z), z € ).

(@) If B>1 then h satisfies (4.8) with o replaced by o+1 and B replaced
by B—1. (The constant K must be replaced as well.)

(b) If0<B<1 then h is continuous in F (i.e. in y=0), and there satisfies

(4.9) |h(z)] < K'(1 + [z)**.

The proof of (a) employs a straightforward use of (4.8) and Cauchy’s
theorem. The proof of (b) is more complicated since the proof that
lim,_,, h(z)=h(x), z=x+iy, y>0, exists is somewhat delicate. It involves
a careful (though not deep) analysis and employs, once again, Cauchy’s
theorem. The details will be omitted.

Lemma 10 shows that if g € & then some k-fold indefinite integral of g
is continuous in J# and satisfies an inequality of the form (4.9). (If 8 is
not an integer take k=[f]+1. If B is an integer replace f by f+4; then
we may choose k=pf-+1. Thus in either case k=[f]+1 will do, where [f]
is the largest integer =p.) This fact, together with our previous obser-
vation, implies that it is sufficient to prove Theorem 9 in the case when
g € P is continuous in J# and satisfies

(4.10) lg(2)l < K(1 +[z])%, y=Imz =0,

with K, «>0. On the other hand, given such g, if kis aninteger >a+1 then

(k = lew O du zeH.

27 Jew (u —z)

(4.11) g" z) =

In order to prove (4.11) let C,, t>0, be the path in H consisting of the
interval [—¢, ¢] followed by the semicircle in 7 connecting ¢ to—t¢.
The Cauchy Integral Formula shows that

du,
t(u - z)k

g(k—l)(z) — (k = 1)!f g(u)
c

2mi

for any z inside C,. Letting t—+ co yields (4.11). As we have already
observed, it is sufficient to solve (4.2) in & for g'*~*). Thus we consider

&(2) =f_°; ﬁl& du,

where g satisfies (4.10) and & is an integer >a+1.
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LeMMA 11. Write §(z)=g,(2)+£,(2), where

g(u) du,  &(z) = j° g(u)

o (u—2)* o (u — 2)* “

Then £, §, € P and for z€ H

&i(2) =

18] < K'(I2]"* + [2]***7),  x=Rez =0,

(4.11) < K'(1 + [z])**y 7%, x =Rez > 0.
The inequality (4.11) holds for §,(z), with the conditions on x reversed.

REMARK. (4.11) implies that g, € Z.

Once again we omit the details of the proof, which involves estimating
the integral representations of g,, g, by utilizing (4.10).

If we now choose k so large that k—a—1>1 then, of course, k—1>1+4«
and by (4.11) the series

@12)  fi@) = ie"gl(z —n), D)= —Eoe"gz(z +n)

converge absolutely for ze J# and uniformly on compact subsets of
. Furthermore, an easy calculation shows that f;, f, € 2. Finally,
absolute convergence implies that

efi(z + 1) — fi(2) = &(2)
&faz + 1) — f2(2) = £:(2).
Thus if f(z)=f,(2)+-f2(2), then fe & and

&z + 1) — f2) = £:(2) + £:(2) = g(2).
This completes the proof.

and

V. Concluding remarks. 1. Theorems 1 and 2 should be compared
with Theorem 3 of [5], which, in our notation, may be stated:

(5.1) C'(T, —r — 2,9) =~ H} (T, &),

where r=0 is an integer, v consists of roots of unity, and %7° is the space
of all functions holomorphic in & which grow more slowly than any
exponential at all of the parabolic cusps of I'. (See [5, pp. 48-49] for
the precise definition of 2/°.) With r an even integer (r#0, —2) and v=1,
Kra [11, Theorems 3 and 6] has shown that

5.2) C'T, —r — 2,9) =~ H; (T, ),
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if " is a finitely generated Fuchsian group of the first kind without para-
bolic cusps (i.e. s/T" is compact) and &7 is the space of all functions
holomorphic in J#. Kra’s formulation of (5.2) is actually more general
than that given here, since he deals with Kleinian groups. Kra has also
shown that [11, Theorem 5]

(53) HL(T, o) = 0

for any even integer r and v=1 if I' is a Fuchsian group such that 5#/T’
is open. This includes the case of H-groups I', Again, Kra’s formulation is
in terms of Kleinian groups I'.

2. Comparison of Theorem A, Theorems 1 and 2, (5.1), and (5.3)
suggests that H, ,(I', %) (with fixed r=0, v, I') gets smaller as & gets
larger. It would be interesting to determine the “largest” & (if such exists),
P<F </, with the property that H; ,(I', F)#{0}, or, alternatively,
such that Hy (', #)~C°(T', —r—2, 7). A related question is the determi-
nation of the “smallest” #, <% < & such that Hy; (I, #)={0}, r 0.
In more general terms, it might be of value to determine the behavior
of H},(I', #) as F varies.

The proof of Theorem 2 shows that, in fact, H; ,(I', #)=H; (L', #)
for any group I' of real linear fractional transformations, whether it is
finitely generated or not, whether it is discrete or not. We are led to ask
whether an analogue of Theorem 1 is true for Fuchsian groups in general,
with a suitable replacement for C(I', —r—2, 5), of course. Another
question that presents itself naturally is whether Theorem A has an
analogue when r>0 but r is not an integer. This involves identifying a
space of functions to replace P,, the polynomials of degree =r. Another
difficulty in this connection is that, with r not an integer and & a multiplier
system of degree —r—2, v is not a multiplier system of degree —r—2.
Thus one must replace C+(I', —r—2, v) as well.

Finally, I conjecture that Theorem 1 is true in the range —2<r<0.
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