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We prove the existence of best approximate quadrature formulas for
evaluating integrals that involve analytic functions. In [1] Eckhardt and
in [2], [3], [4] Richter-Dyn have considered optimal integration
formulas for certain classes of Hilbert spaces of analytic functions defined
as follows.

Let S be a simply connected domain in the complex plane symmetric
about the real axis. Further let ¢(z) be a conformal mapping from S onto
the unit disk with the property that for some real z, € S,

#(z0) =0,  ¢'(z0) > 0.

Let [, B] be a real interval in S and p(z) be a function defined on S so that
both p(z) and 1/p(z) are analytic in S and p(z) is strictly positive for real z
in S.

H*(S, p) is the Hilbert space of functions f analytic in S and satisfying

J | f(2)? | p(2)|* |d2| < oo,
oS
where 08 is the boundary of S. This space has the inner-product
(/9 =J [(25(2) | p(2)? |d2l,
oS
and the reproducing kernel [5, p. 79]

I
2 p(x)p(y)

For this space and a fixed positive integer » Richter-Dyn considers
quadrature formulas of the type Z:‘ , @:.f(y;), where a;, y; are real and y;

K(x,y) = [1 — $)p(»)]*
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isinS (i =1,...,n),to approximate
B
L(f) =I Sxwx) dx,
o

where w(x) is a fixed strictly positive continuous function and f(x) is an
arbitrary element of the Hilbert space. Further Richter-Dyn seeks the
optimal quadrature formula [3]; that is find the {a;}, { ;} which minimize

1) d(x) — ;,1 aK(x, ;)

b

where ¢(x) is the representer of L(f); that is ¢(x) = [ K(x, ywm(y) dy.
Here ||| is the Hilbert space norm.
Richter-Dyn shows any best approximation is of the form

@ ., aiK(x, y)

i=1
wherea; > 0,y,e(a, )(i = 1,...,n),y; # y;, but does not show that a
best approximation exists.

Attempts of proofs in [1], [2] fail to consider the behaviour of a
functional at the points y; (i = 1, .. ., n)if two or more of the y, coincide.
This deficiency has already been pointed out by Richter-Dyn [3].

We can consider a more general class of quadrature formulas; that is
formulas of the type,

t mi—1 t' mi—1

(3 Y Y af ) + .;1 j;o [biif (v + Bijf 7).

i=1j=0
Here, a;; real, y; real and is in S, b;; complex, y; complex and is in §, and

t t
Ym; +2Y m< n.
i=1 i=1

A special case of our theory is that for the class (3) a best approximation
does exist in the sense of (1). Further any best approximation is of the
form (2). Our main tools in proving these results are some results in the
theory of moments [6, pp. 45, 46] and the concept of extended varisol-
vence [7]. For some related results one is referred to [8], [9].
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