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The bounded (real or complex valued) functions on a set S are denoted 
by /«(S) while c0 and l^ denote the usual sequence spaces. For back­
ground, notation and definitions concerning Lipschitz spaces, see [3]. 

The purpose of this note is to announce the following: 

THEOREM. Let (S, d) be an infinite metric space (i.e., S has infinitely many 
points) and suppose that infs*f d(s91) = 0. Then Lip(S, d) contains a subspace 
isomorphic with l^ and lip(S, d% 0 < a.< 1, contains a complemented 
subspace isomorphic with c0 (i.e., it is the range of a continuous projection 
onlip(S,d*)). 

Under the hypotheses of the theorem, we obtain two corollaries that 
were previously unknown in general. 

COROLLARY 1. lip(S, d*) is not complemented in Lip(S, da). 

COROLLARY 2. lip(S, da) is not isomorphic to a dual space. 

This also provides a proof of Theorem 2.6 in [3]. 
REMARKS. 1. Since l^ is a Pi-space (see [2, p. 94]) the subspace of 

Lip(S, d) isomorphic to l^ is complemented. 
2. In case infs#t d(s, t) > 0, it is shown in [3, Lemma 2.5] that Lip(S, d) 

= lip(S,d) = US). 
3. If lip(S, da) is separable, the subspace isomorphic with c0 is auto­

matically complemented (see [2, p. 96]). It has been shown by K. deLeeuw 
and T. M. Jenkins that the dual of lip(S, da), and hence the space itself, 
is separable when S is compact (see [3, Theorem 4.5]). It is unknown for 
exactly which metric spaces lip(S, d*) [resp. its dual] is separable. Let us 
only mention that if S is the unit ball of the sequence space l± and d is the 
norm restricted to S, then lip(S, d% 0 < a < 1, is not separable. Also, 
see the example at the end of this paper. 

It was shown in [1] that if S is an infinite compact subset of Euclidean 
space and 0 < a < 1, then lip(S, d*) and Lip(S, d*) are isomorphic to c0 

AM S 1970 subject classifications. Primary 46E99. 
1 ACKNOWLEDGEMENTS. The author is grateful to Robert P. Kaufman for suggesting the 

generality of the theorem and for pointing out an earlier error. He also thanks John Jobe 
and Forrest Whitfield for helpful conversations. 

Copyright © American Mathematical Society 1972 

702 



LIPSCHITZ FUNCTION SPACES FOR ARBITRARY METRICS 703 

and f,» respectively. It is still an open question whether this is true for 
more general S. 

We will next sketch the proof of the theorem in the case where S has no 
nonconstant Cauchy sequences. The other case will appear elsewhere 
along with other results. Although the proofs are similar, the difference 
is substantial enough to require a careful consideration of two separate 
cases. 

If {sn} is a sequence in S, there is a Ô > 0 and a subsequence {s„J such 
that d(snk,sni) ^ <5 if k ^ /. This follows from the fact that {sn} is not 
precompact. 

Let {sn} and {tn} be sequences in S such that sn ^ tn for each n and 
d(sn, tn) -• 0. By the last remark, we may assume d(sn9 s J ^ Ô > 0 for 
n T£ m. For each j , let Vj = %d(sj9 tj\ Bj = {s\ d(s, Sj) ^ r j , and d(A9 B) 
= inf{d(s,0|seyl,tGjB}. 

It can now be shown that 

(1) d(Bi9Bj)*& i f * # j ; 

(2) tn^\JBi for each n; 
i 

dfaBd + d&Bj) . . 
(3) — ^ 3<5 for 5, t e S and i ^ j . 

(Here B denotes the complement of B in S.) 
By taking S small enough, we may suppose d(s, Bj) ^ 1 for each j . We 

first treat the case a < 1. a = 1 is special since dp is not in general sub­
additive for p > 1. Choose a < Bj£l with 5,. -> a so that fjJ~* and 
dft ""(s,, £,) are ^ i for each j . Define //s) = d^(s, B̂ ) and for ae! œ , let 

ƒ« = !>;.//• 
j 

It is not very difficult to see, using (1), (2) and (3), that ||/J^, ^ ||a|| and 
| | /X a^| |a | |max(l ,21 + a5- a) . 

Now, 

(2 r / 
(by definition of ^ and B}) 
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j was arbitrary, so | | / J d « ^ INI/21+oe. Hence, a -* fa is an isomorphism of 
l^ on to its range. 

Now, suppose a e c0 , ||a|| ̂  1, and let s > 0 be given. There is N so 
that if i: ^ N, \at\ < e. Pick A > 0 such that X < à/2 and A^~a < 8 for 
I ^ Ï < N. Let 0 < d(s, t) < A. It then follows that 

\fJLs)-fJjt)\ ^ 
< s. 

d\s, t) 
Hence, fa e lip(S, <f) when aec0. 

If/eLip(S,<f), define 

Pf = L "nfn where an = — . 
fn(sn) 

If 11/11 ^ U h e n 

\f(sn)-f(tn)\Sd«(sn,tn) = (2rnr 

S2«d\sn,Ën)S21+«dHsn,Bn) 

since dfin~*(sn,Bn) ^ i by our choice of j5„. Hence, \an\ S 2 1 + a for each n. 
Therefore, P is a bounded linear mapping onto the image of f̂ , and it is 
not ha rd to see that P 2 = P . 

Finally, let / e l i p ( S , d*) and a„ be as above. Also as above, we have 

d«(sn9 tn) ^ 2 1 + a ^ ( 5 w , S w ) = 21+%(5W), 

so 

kl = l/(gj-/M 2i+jm-f(tn)\ 
fn(Sn) - tffo.,0 " ' 

Thus, {an}ec0. This completes the proof for a < 1. 
To show that l^ can be embedded in Lip(S, d), observe that nothing 

changes up to our choice of f}j. Now, our choice will satisfy the same 
requirements except pj > a = 1 for each j . Note that since \xp - yp\ 
S p\x - y\ for all x, y e [ 0 , 1 ] , p ^ 1, we have || ƒ % ^ p|| ƒ L i f / e Lip(S, d), 
0 ^ / ^ l . Hence, we may verify that | | / J d ^ ||a|| max(l,4/<5) while 
II faIIoo ^ Ml- Also, just as before, || fa\\d ^ | | | a | | . This completes the proof. 

Before closing, let us mention that if there is a ô > 0 and a partition 0> 
of S such that d(4, B) ^ 5 for A, B e 0>, A jk B, then lip(S, <f), 0 < a ^ 1, 
contains a subspace isomorphic to lj^\ Given 0 e /«X^), simply define 
Ms) = 0 M ) when s e A e 0>. Then <\> -• J^ is a bicontinuous linear map-
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ping of Zoo(̂ ) into lip(S, da). For example, if 

S = {(n,0):n = 1,2,... } u {(n, l/n):n = 1,2,...} 

in the plane, then lip(S, d*) contains a complemented subspace isomorphic 
to /QO © c0. It, thus, seems natural to conjecture that lip(S, da) is, in 
general, an arbitrary direct sum of subspaces isomorphic to c0(T) and 
looÇT). In particular, it is still an open question whether lip(S, <f) is iso­
morphic to c0 when S is compact and 0 < a < 1. 
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