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1. Notation. The object of this note is to announce some results on
representations of complex semisimple Lie groups and Lie algebras.

@ is a semisimple Lie algebra over C, the field of complex numbers.
®, considered over R, the field of real numbers, is denoted by ®,.
b is a Cartan subalgebra of ®, W, the Weyl group of (®, §). We use
the standard terminology in the theory of semisimple Lie algebras
(Jacobson [3] and Harish-Chandra [2(a)], [2(b)], [2(c)]). Po is a
positive system of roots, fixed once for all and S,= {oq, -, az},
the associated fundamental system, 1= .cp, 2; 1, considered as
a Lie algebra over R, is denoted by no. ho= D« R+ Ha.

Fix a square root (—1)¥2 of —1 in C. {, is a compact form of ®
containing (—1)42§y. @ ="1o+Ho+1,is an Iwasawa decomposition of
®y and G=K-A,.-N the corresponding decomposition of G.
¢(X—Xr) is the conjugation of ® corresponding to the compact form
fo. Let & denote the Lie algebra ®X® over C, and let

i: X — (X, X) X € §).

(@, i) is a complexification of ®,. For any XE® let X = (X, X),
&= {_X": @E@}. &(Q) is the universal enveloping algebra of &(®)
and & the subalgebra of & generated by . For any dominant integral
A, uED* m\ denotes the associated irreducible representation of ©
and 7 that of @ (under the isomorphism X—X); w(\, u) is the irre-
ducible representation m X, of @ (Kronecker product).

2. A theorem on finite dimensional representations. We have:

THEOREM 1. Let \, uEH* be dominant integral, v=\—u* and »° the
unique dominant integral element in the orbit w-v. Then the representa-
tion wa of & occurs exactly once in the restriction of w(\, u) to .

3. The homomorphisms hg. For XE® and aEZ we write
[X, a]=Xa—aX. a is said to be of rank 0 if [H, ¢]=0 for all HEY.
Let ¥ be the subalgebra of & generated by ). Suppose Q is any positive
system of roots. Then, for any a €3 of rank 0, there is a unique
Be(a) in X such that ¢ =8¢(a) mod X acq I®*-a— Bq(a) is a homo-

1 The present work was done during 1963-1965 when the authors were at the
Indian Statistical Institute, Calcutta.
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morphism (of the algebra of all zero rank elements) onto X¥. We
identify X with P(§*) in a natural fashion.

Let @ be the centralizer of @ in §. Given wEQ we can find unique
elements £(0) and r(k) of rank 0 in & such that

©=1(0)"+ X2 (k) (Ha)" - - (Ha)®
B>0
modulo &, where fi = C-(i-n,). We define hg(w; -, - ) as the poly-
nomial on h* Xh* given by

ho(w; 2, 7) = Ba®(0)) () + 22 Ba(k)) GINHep)*t + - - N(Ha))*

w—hg(w; -, +) can then be proved to be a homomorphism of Q into
P(h*XH*). If V is the space on which w(\, u) of Theorem 1 acts and
if V, is the subspace transforming according to ms under 7(\, u)(J),
then for w&Q and vEV,y, 7\, p)(w)v=ho(w; N\, v)v where Q is a
positive system in which v is dominant.

Let 26= Zaepo a and for sEW, NEDH*, let sAN=s\+s6—4.

4. The representations #,. We shall now define a class of in-
tegrable irreducible representations of & (by integrable we mean that
they are the infinitesimal forms of representations of the group G;
(cf. Harish-Chandra [2(b)], [2(c)]). Let »Eb* be integral and I, the
unique maximal left ideal of & containing all X, Hg—v(Hp)-1

B€Q).

THEOREM 2. Let v, NEY*, v integral, and let Q be a positive system
under which v is dominant. Then there exists a unique maximal left
ideal of & containing M, and w— hg(w; N, ») -1 for all wEQ. The repre-
sentation #,, of & defined by the maximal left ideal is integrable. In the
restriction of #x,, to I, the representation wp occurs exactly once, and
for any dominant integral pEY*, w, cannot occur unless v is a weight
of m,, in which case, w, occurs with a multiplicity <d, where @, is the
multiplicity of v in m,. If N and u=N\—»)* are dominant integral,
v 15 equivalent to w(\, u). Finally, for fixed N, v, all the representations
Rsax,00 ATE equivalent.

5. The rings R, for dominant integral ». Let » be dominant
integral. Let R, be the range of the homomorphism w— hp(w; «, » ).

W,={s:sEW,s»=r5},
L= {p:p E PO, s p=p foralls € W,}.

THEOREM 3. R, CI2. If v=0 or if v is in general position, R,=1I4.
For general v, let So(v) be defined by
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So(») = {a: ¢ € Y, ais of rank 0 and
(ad Xo)#*+(a) = 0; fori=1,---,1}

(where Xo is a nonzero element of ®* and v;=v(Ha,)). Then

= 50-{ B2o(So(—s))}-

By case considerations we can show that ®,=I4 for all ». But we
do not possess a uniform proof of this fact.

6. Representatmns of class 0. An integrable representation of
f}, say , is said to be of class 0 if its restriction to § contains the
trivial representation of & We can show that every integrable irre-
ducible representation of class 0 of & is equivalent to some #,,o. We
shall say that #, is complete if for each p such that 0 is a weight of

m,, T, occurs with multiplicity equal to d? in the restriction of #y,0
to §

THEOREM 4. For a NEY*, 0 ts complete if and only if for each root
aEPo, (N+08)(Ha) EZ* where Z* is the set of nonzero integers.

Let ® be the 3-module (3 is the center of &) of linear maps from
the representation space V7 of m, into & which intertwine 7, and the
adjoint representation, let d=dS and let {L;, - - -, Ls} be a basis of
the free module € (cf. Kostant [4]). Let {oy, - - -, va} be a basis of
the 0 weight subspace of V7, and let K be the d Xd matrix of elements
of ¥ whose (:—j)th element is Bp,(Lw;).

THEOREM 5. The multiplicity m(p, N) of w, in 0 is given by

m(p, \) = min{rank K,»(\), rank K,'.(s:)\)}
where so W is such that soPo= — P, p* = —s¢p.
7. Representations of G. Let G be the simply connected group
corresponding to . Let log denote the inverse of the exponential
map from A4, onto §. For any integral v&§* let ¢, (exp(—1)2H,)

=exp(—1)V2.v(H,)(HoENo). ¥» is a character of M, the connected
component of the centraliser of 4, in K. Let =2%(K),

86) = {f:fE §, R(B)f = y_,(k)f forall & E M}

(v integral, R, the right regular representation of K). Following
Harish-Chandra [2(b), p. 240] we define, for each £€5*, the repre-
sentation m,, in () by setting for all FEDH ()

(re0(2) ) (B) = exp[(¢ + 25)(log a+(x, )] -f(o5(R))
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(REK, xEG); here, for yEG, and kEK, y-k=ay,(k)-a(y, k) -n(y, k)
where a,(k) €K, a4(y, k)EA4, n(y, k)EN. »° is the dominant in-
tegral element in W:», $(»).0 is the set of all elements in $(v) which
transform under the left regular representations of K according
to mye.

THEOREM 6. The representation w:,, of G in O(v) is homogeneous.
Let $(v; &) be the smallest closed subspace of D) invariant under
m:,,(G) and containing D)w. Then there exists a unique maximal
closed subspace ©' (v; £) of O(v; &) invariant under m,,(G) and not
containing D@)w. O’ (v; &) is orthogonal to (v).0 and the representation
of G defined by we, in D(v; £)/ D' (v; £) is irreducible and the associated
representation of & is equivalent to #\,, where N\=3(+£) —8.

The question as to when the m;,, are themselves irreducible is a
crucial one; (cf. Bruhat [1]) for »=0 we have a complete answer to
this question.

THEOREM 7. For m,o to be irreducible it is necessary and sufficient
that 3(H,) €EZ* for each root . In particular, all unitary representa-
tions of the principal nondegenerate series, whose restrictions to K con-
tain the trivial representation of K, are irreducible.
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