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2 2 2 2
Q1=2x — 2, Q2= % — 24

admit the definite linear combination Q;— Q,=x%-+x2, and the cor-
responding system (5) admits the indefinite solution B =x1x,.
ExamMPLE 2. The three forms

2 2 2 2
Q1= 2%, — x,, Q2 = x1 — 2%, Qs = 21,

admit the definite linear combination Q; — Qs — Q3 =12 —x1x2+43, but
the corresponding system (5) admits no solution form B.
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Euler’s conjecture (1772) that

n n n
it =2,

where # is an integer greater than 3 and 2 <¢<#, has no solution in
rational numbers x, + - -, %y, x all different from zero, is still un-
settled even in its first case, # =4, {=3. It may therefore be of some
interest to note a solution of this equation for any #>3 and any ¢>1
in terms of (irrational) algebraic numbers, which can be made alge-
braic integers by suitable choice of a homogeneity parameter, all dif-
ferent from zero, all the numbers being polynomials in numbers of
degree 2d, where 4d <2n—5+(—1)=. If solutions differing only by
a parameter are not considered distinct, there are at least d*~! sets
of solutions xy, * + +, a4, x.
The solutions described are

X1 = U, X9 = 11U, X = (1+1’1) (1+n_1)u;
%7 =71l + 7)1+ rijys) - - (14 70w, J=3 1

where u is a parameter and the #’s are any roots, the same or different,
of any factor F,(r), irreducible in the field of rational numbers, of

n—1
fir) = 22 (n, yr=,

s=1
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where (n, s) is the binomial coefficient z!/s!(z—s)!. For, (r#0),
f(r) =0 implies (147)»=1+47"; whence the verification is immediate
on successive reduction of x74x5, x7+x5+x5, 27+ -
marks on d and the number of sets of solutions then follow since
f(r)=0 is a reciprocal equation, and F,(r) has no multiple roots.
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With y=7r-+r~1, the first seven F,(r) are

n =

n =
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n =

4:
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O 00 N N »n

2y + 3;

y+1;

6y + 15y + 8;

y+1;

4y + 14y* + 16y + 7;

3y® + 9y* 4+ 10y + 5;

10y* + 4593 + 80y + 75y + 32.
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