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DERIVATIVES, DIFFERENCE QUOTIENTS, AND
TAYLOR’'S FORMULA*

BY HASSLER WHITNEY |

1. Introduction. Let f(x) be defined in the closed interval 1.
If f(x) has a continuous mth derivative, it can be expanded in
a Taylor’s formula with m+1 terms plus remainder; the mth
difference quotient of f(x) approaches d”f(x)/dx™ uniformly. If
f(x) is a polynomial of degree at most m — 1, then the mth differ-
ence quotient is identically zero. The object of the present note
is to prove converses of these theorems. The results hold also
in an open interval, as they hold in every closed subinterval.

2. Difference Quotients. Given a function f(x) defined in I, the
pth difference quotient is defined by the equations Apf(x) =f(x),
and
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for p>0. We say A} f(x)—f,(x) uniformly in I if for every ¢>0
there is a §>0 such that |A}f(x) —f,(x)| <e for every x in I
and every £, || <4.}

(a) Suppose fo(x), fi(x), - - -, fu(x) are defined in 7, and

1 1

where R(x, &) /h™—0 uniformly in I as #—0. If we form the pth
difference quotient, we find§

* Presented to the Society, June 23, 1933,

t National Research Fellow.

1 We always suppose that the values of x under consideration (here, x4
fors=0,::-, p) liein I.

§ If we solve the linear equations (setting 0°=1)

Oty + Ltk - - - + piuy = ploiy, (G=0,-+,p),
we find ws= (—1)~i(? ) hence %o~ 1)7=i( 2 )i1=0, (j<p), and =p!, (j=p).
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where

4) Ry(x, h) = i (— 1)”*”(?)1?(90, ih).

=0

From (2) we see that fo(x) is continuous; hence A}fo(x) is
continuous (% fixed, p=1, - - -, m). Setting p=m in (3), we see
that A}'fo(x) —fm(x) uniformly; hence f.(x) is continuous. Hav-
ing proved that A}fo(x)—f,(x) uniformly and f,(x) is continu-
ous, (g=m,m—1, - - -, p+1), (3) shows that Ajf,(x) —f,(x) uni-
formly, and hence f,(x) is continuous, (p=1, - - -, m).

(b) Suppose f(x) =fo(x) and d»f(x)/dx? exists and equals the
continuous function f,(x), (p=1, - - -, m). Then (2) holds, by
Taylor’s theorem, and hence ALf(x)—d?f(x)/dx? uniformly,
(p=1,---,m).

(c) Suppose f(x) =ao+ax+ - - - +anx™ is a polynomial of
degree at most m. Then a Taylor's formula (2) holds with
fm(x) =mlan and R(x, k) =0, and using (3) with p=m, we have

Arf(x)=mlan. If f(x) is of degree at most m—1, Af(x)=0.

3. Rolle’s Theorem for Difference Quotients. We shall prove
first the following lemma.

LEMMA 1. If ko<k1< -« - <kn are integers, h is >0, and

then there is an integer ko™ (ko= ko™ <k,) such that

(6) A+ kR 20
As f(x+knh)20 and f(x+kn1h) <0, there is a kyly,
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(Bma = kD | <k.,),such that Abf(x+EL_1h) 20. In this manner
we find numbers E§?, - - -, BD (ks kY| <k;), such that

(— 1)m—1—iA;f(x +2Pn =20, (i=0,---,m—1).

By the same method, using Ajf(x) in place of f(x), we find
numbers £, - - k(z_g,(k(l) <k®, <kM), such that

(— D= fe + kPR 20, (=0, ,m—2).

Continuing in this manner we find, finally, the required number
ko™,

4. THEOREM 1. Let f(x) be measurable in the closed interval I.
A mnecessary and sufficient condition that f(x) be a polynomial of
degree at most m—1 is that A}f(x)—0 uniformly.*

The theorem is not true without the measurability condition.
For the discontinuous functions defined by G. Hamel{ are seen
to have the property A}, f(x)=0.

The necessity of the condition follows from §2 (c); we must
prove the sufficiency. We shall prove first the following lemma.

LeMMA 2. Let f(x) satisfy the conditions of the theorem. Let
7, e, + -, Tm be rational numbers. Take a fixed number a and
a fixed t. Let P(x) be the polynomial of degree at most m —1 such
that f(a+rit) =Pla+ri), G=1, - - - ,m). Then if r is any rational
number, fla+rt) =P(a+rt).

Suppose that the lemma is not true. Then for some rational
ro, fla+rot) #P(a+7rot). Let

Qx) =co+c1x + -+ + cnr™, (cm # 0),
be the polynomial of degree m such that Q(a+rit) =f(a+rit),
(4=0,---, m). Set ¢(x)=Ff(x)—Q(x); then ¢(a+ri)=0,

(¢=0, - - -, m), and by §2 (¢),
AV d(x) = AY f(x) — mlcn — — mlcy

uniformly as —0. Hence we can take a 6 >0 so that A7'¢(x) <0
or >0 for all x in I and %2 <8 according as ¢, >0 or ¢, <0. As

* The case that f(x) is continuous and A;f(x)=0 has been considered by
Anghelutza, Mathematica (Cluj), vol. 6 (1932), pp. 1-7.
1 Mathematische Annalen, vol. 60(1905), p. 461, equation (2).
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the 7; are rational, there is a number 7 such that 7 <& and the
numbers a-+k7¢ (kB an integer) include the numbers a-+7;t. By
Lemma 1, there are integers 2’ and &'’ such that AY; ¢p(a+£'rt) =0
and A}] ¢(a+k''rt) £0, a contradiction, proving the lemma.

5. Proof of Theorem 1. If we define P(x) as in the lemma,
a and ¢ being rational, then f(x) = P(x) at all rational points of
1. 1f f(x) is continuous, it follows that f(x) =P(x) in I. To com-
plete the proof of the theorem, we must show that if f(x) s P(x),
then f(x) is not measurable.

Suppose there is a number « in I such that f(a)#P(a). If
Q(x) is the polynomial of degree at most m—1 such that
f(x) =Q(x) at points a,a+7rs, - - - ,a+7m, (re, - - -, rmrational),
then f(x) =Q(x) at all points a+r7, (r rational), by the lemma.
Set 6= l Q(a) —P(a)[ , and take 6 >0 so that

M @ = P@] < W - e@] <5

(lx-—-ai <9).

Take >0 so that if R(x) is any polynomial of degree at most
m— 1 such that |R(i)| <9, (=1, - - -,m), then lR(O)\ <g/4.*
By a change of variable, we see then that for any x, %, and y,,
if | R(x+ k) = yo| S, (i=1,- - ,m), then

| R(x) — yo| < /4.

If f(x) is measurable, there is a number y, such that the set
of points E in (a—8, a+8) (and in I) for which |f(x) —yo| <7
is of positive measure. Let I’ be a closed subinterval of
(a—8, a+9) such that if E,,=E I, thent

2

) meas (En) > ;n—z%—l meas (I').

Either [yg—P(a)I =0/2 or lyo-—Q(a), 20/2, say the latter. Let
b be a number in I’ such that f(b) =Q(b), (take b—a rational);
then, using (7), |f(b)—yo| >a/4.

Let S be the set of numbers s such that b+ms is in E,, and
E;the set of numbers b+1is, where sisin S, #=1, - - -, m—1).

* That this can be done follows easily from the fact that A;™ R(0) =0; see
§2 (c).
t See Hobson, Functions of a Real Variable, vol. 1, 3d ed., 1923, p. 194.
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Set E;/=E; - E,, and let S; be the set of numbers s in S
such that b+isisin E;’, (¢=1, - - - , m). Thereis nonumber s, in
every S;. For if there were, we would have simultaneously

9) | f(b+ dso) — vo| S, G=1,---,m), [f() — 50| > o/4.

Hence by our choice of 7, if R(x) is the polynomial of degree at
most m — 1 such that R(b+is0) =f(b+1s0), (4=1, - - -, m), then
R(b) #f(b). But this contradicts Lemma 2.

Consequently, every number s of S is in some set S—.5;, and
hence for some j, meas (S—S;) = meas (S)/m. Therefore

> meas (E;) _ meas (En) '

g
[
%

5
|

s
|

I

m m?

As E,, and E;— E; have no common points, this with (8) gives

(10) meas [E,,, + (E; — E,~’)] = meas (E,.) [1 + %:l
m

> meas (I').

But this contradicts the fact that E,,+ E; lies in I’. Hence f(x)
is not measurable, and the theorem is proved.

THEOREM 2. Let f(x) be measurable in the closed interval
I=(a, B). A necessary and sufficient condition* that d™f(x)/dx™
exist and equal fn(x) is that AL f(x)—fn(x) uniformly in I.

* A direct proof of this theorem may be given as follows, as suggested by
Birkhoff. The function f(kk), (h=1/p, k and p integral), may be expressed
in terms of A;f(x) by the formula

f(kh) = "il ai(kh)

(12) = -
k—1—-1)k—-1—-2)- - (k—1— DAk
e JE—1=2) - (k=1 — m+ DR,

where the a; are determined so that f(spk) =f(s), (s=0, - - - , m—1). We solve
a set of linear equations with a Vandermonde determinant, and find

m—1

= Twlso

8=

(13) hm sp—1

S p—1= 1) Gp—1 = mt Dagh) |,

(m - D! i



94 HASSLER WHITNEY [February,

The necessity of the condition was proved in §2 (b). To prove
the sufficiency, we show first that f.(x) is continuous. Take §
so small that [A’Zf(x) —fm(x)l <e¢/2 for |h! < 4. Take any two
points x; and x; of I such that xy—wx =mh, |k| <8. Then
| APFer) —Fu(n) | <€/2, |AF(r) —Fulxs)| <e/2. But Apf(es)
=A}f(x1); hence Ifm(xg) —fm(xl)l <e.

Define the m-fold integral

(11)  g(x) = f: S f:s f:z Sm(x)dxdas -+ - dam;

then d™g(x)/dx™=f.(x) in I, and by §2 (b), As*g(x) —fm(x) uni-
formly in I. Set ¢(x) =f(x) —g(x). Then Af¢p(x)—0 uniformly;
hence ¢(x) is a polynomial of degree at most m — 1 (Theorem 1),
and therefore f(x) has a continuous mth derivative in I, and

= fn(x).

THEOREM 3. 4 necessary and sufficient condition that the func-
tion f(x) =fo(x) defined in I have a continuous mth derivative is
that there exist functions fi(x), - + -, fu(x) such that (2) holds. In
this case, d2f(x) /dx? =fy(x), (p=1, - - -, m).

The necessity of the condition is a consequence of Taylor’s
formula. To prove the sufficiency, §2 (a) shows that AZf(x)
—fp(x) uniformly as #—0; consequently}, by Theorem 2,
drf(x) /dx? exists and equals fo(x), (p=1, - - -, m).
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where the 7;; are numerical coefficients. If in the above equations we replace
p by p;j=2ip, h by hj=h/2i, and k by k;=2/k, and set r=Fk;h;=Fkh, then as
Af () —fm(x) uniformly, passing to the limit j= » gives

0 =L r S0 1), 51 ). 6= oar]
( 1 4) =0 8=0
+ 1)' f (r — O™ Yu(t)at,

for any rational »>0. If f(x) is continuous, this is true for all » >0 and, the
theorem follows immediately on differentiating. (The restriction 7 >0 may of
course be replaced by the restriction » > —¢ for any ¢.)

1 A direct proof of this theorem is given by the author in a paper entitled
Differentiable functions defined in closed sets I, Theorem IV,



