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LINEAR INTEGRAL EQUATIONS OF FUNCTIONS
OF TWO VARIABLES*

BY T. S. PETERSON

1. Introduction. It is the purpose of this paper to consider
certain conditions for the solution of the following linear integral
equation:

b b
¥(o, 8) = ¥(e, 8) + Xf K(a, 0)y(e, B)do + nf L8, 7)y(e, T)dr

b b
+ vf f M(a, B, o, 7)y(s, 7)dodr

and, particularly, the truncated form with M (e, 8, o, 7) =0. The
more important results of the paper are to be found summarized
in Theorems 2 and 3.

Throughout the paper we shall consider all given functions
as bounded and continuous, and in order to facilitate the work
we shall adhere to the notation (1) fo represent the variables of
functions as indices, (2) to signify by the repetition of an index in
a term, once as a subscript and once as a superscript, an integra-
tion on that variable over the fundamental inierval (a, b).

2. A Generalization of the Fredholm Equation. Let us con-
sider a special type of integral equation of a function of two
variables which has as its origin the succession of two ordinary
Fredholm equations, namely

M 56 = y*8 4+ K& yf + uLf yo + MK 2 LEy".
In fact, (1) is given by the succession of equations
(2) g8 = yaﬁ + )\K‘;! yvﬁ, 5,049 = gab + MLrﬁz"".

The equations (2) being ordinary Fredholm equations, it is evi-
dent at once that the equation (1) has the unique, continuous
inverse

) y# = 3% + Nkg 37 + plf 57 4 Nuks 1P 577,

providing that X\ and u are not characteristic values of their re-

* Presented to the Society, December 29, 1932.
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spective kernels. In equation (3) the small lettered functions
represent the respective inverses to the large lettered functions,
that is,

Dg \Kr7]

DP\Ks]
where Dg* [AK,°] and D[\K,?] are the first Fredholm minor and
the Fredholm determinant respectively. If either parameter has
a characteristic value, say A =X, then it is evident again that the
homogeneous equation (1), that is, §*¥=0, has a solution. More-
over these solutions will be of the form ®.2¢f, where ¢f is an
arbitrary function and the &2, (¢4=1, 2, - - -, n), are the funda-
mental solutions of the equation

0 = f*+ NK&f°.
Further properties of equation (1) may be written down at once
following the classical theory of Fredholm.

A general equation in which we are more interested, however,
is of the following form:

(4) §ob = ya8 L NK&yo8 + uLp yor + VM:fy‘".

To solve equation (4), let us consider the succession of trans-
formations

(5) g8 = yaﬂ + )\Ka vo’ﬂ zaﬂ = goB _|_, /.Lpr zar aﬁ zaﬁ + N“’gﬁo‘r
These on substitution yield

(6) 3% = 38 + NKg yf + uLl yr+ {N77 4+ AN K
+ uNesL! 4+ NN KEL! 4+ MEKIE )y,
which, subject to the conditions that N, 4, and 1 are not char-

acteristic values of the kernels of (5), has the unique, continuous
inverse

(7) 90 = 5% + N3 + i3 + (o] + Mg
+ ]+ Nkl + Mk} 5
A necessary and sufficient condition that the equation (4) be

representable in the form (6) is that we may solve the integral
equation

(8) vM37 = Ng7 + NV K + wNEL! 4 NuNg KLY 4 NuKGL]
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for N2®. For N\ and u non-characteristic values this equation
may be readily solved as has been noted in the first part of the
paper. Doing this, we have

(9) N2 = vME + WMERE + wMED+ N MR — NukCE.

THEOREM 1. The parameters N and u being non-characteristic
values of the kernels K& and LF ,respectively, a necessary and suffi-
cient condition that (4) have a unique, continuous solution is that
the parameter v have a value which does not make null the Fredholm
determinant of the kernel N2 as given in (9). The solution is then
given by (7).

It is to be noted that by taking the kernels of the transforma-
tions (5) in different order, that is for example

gof = yaﬂ + N:fyar’ Zaﬂ = zaﬁ _I_. )\K;x Zvﬂ’ yaﬂ = zoB + NL‘rﬂ zaf’

we shall obtain the above theorem with a different permutation
of functions, but in all instances the Fredholm determinant of
the kernel N2® so obtained reduces to exactly the same quan-
tity.

COROLLARY 1. The parameters \ and u being non-characteristic
values of the kernels K& and LF , respectively, a necessary and suffi-
cient condition that the equation

(10) g8 = y°f + NKgy® + pLf y>r
have a unique, continuous inverse is that the Fredholm determinant
of the kernel —NukglFf be different from zero. In addition, for \
and p suffictently small the solution will be given by
yo8 = 3% + Ne;3°8 + plhye + {2R7[— k]

+ NEgRE 4 ul R} v
where RS [ —Nukill] is the resolvent kernel of —Nuk2IE.

To prove the last part of the corollary, we note by hy-
pothesis that*

(1) R [— Mukfll] = MGl 4 NwlRGRII 4 - - -,
and so

R = MulgERY + MuBCE.

* This is the usual series development of an inverse kernel.
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If the Fredholm determinant of the kernel —A\uk2? is zero,
we see from (5) that the homogeneous equation (10), that is,
§28=0(), has a solution. Let us seek now to determine the nature
of XA and u when this condition is fulfilled. For X and u sufficiently
small, the resolvent kernel of —A\uk2l# is given by (11). To say
that D[—ukelf ] =0 is to say that (11) or

8 o
—C oT
R, =

Ay

has a singularity for the particular values of A and u taken.

By the Hadamard multiplication theorem, we know that the
singular values of the series
(12) R¥(:) = KL + Mk kB0 2 + -

4 \n nkgk&l . kfn M. .. g g ...

711 n2

will be given by the product of the singularities of the two
series

(13) B(s) = ONEZEE - - - EEz, B(s) = Zwlf’,!zg; g,

=0 1=0

By means of a well known relation satisfied by a resolvent
kernel, namely

dn
%

{k';x} = %‘k?lkgi e kzn:
we see that the equations (13) reduce to

di
(14) ke () = Z——{ 2}z, 18 (2) = Z— {181z,

im0 1! i ol dut

Since the equations (14) are of the form of a MacLaurin’s ex-
pansion, it is easily seen that the singular ensembles of k& (z)
and /£ (z) are given respectively by z=A/A—1 and z3=g/u—1,
where X\ and @ are characteristic values of the kernels K& and
L#, respectively. Thus by Hadamard’s theorem the singular en-
semble of (12) is given by z=(O\/A—1)(g/u—1). If we define
2=1 to belong to this ensemble, then we see that X\ and u must
satisfy the relationship \/N+u/E=1.



1933.] LINEAR INTEGRAL EQUATIONS 285

THEOREM 2. For N and p sufficiently small and non-characieris-
tic values of their respective kernels, a necessary and sufficient con-
dition that the equation

(15) y*8 + NK@ yP+ pLf yor =
have a homogeneous solution is that the parameters satisfy a rela-
tion

N
16 -4+ —=1
(16) )\+ﬁ )

where \ and & are characteristic values of the kernels K& and L8,
respectively.

The sufficiency of the theorem is evident since (16) implies
M= (A—=\)(Z—p) and this in (12) is singular because of (14).

Let us now consider the ordinary associate equations with the
kernels K2 and L? respectively, that is,

v + MK =0, (i=1,2,---,mn),

17
an by + G707 =0, (G =1,2, -, m).

These two equations have the solutions as indicated. In multi-
plying (15) separately by X\¥¢ and Vg and integrating, we ob-
tain the equations
N 928 o N\ K2 978 + NuW i LB y*m = 0,

Byt + Ni' VG K2 yf 4 ua' U LE yor = 0.
These equations in virtue of (17) and (16) reduce to
(18) Wji{y® + gLByx} =0, "Wy {y* + NK#yP} = 0.
It is evident that all solutions of (15) must satisfy simultane-
ously the equations (18); hence we have the following theorem.

THEOREM 3. All solutions of (15), for a particular set of char-
acteristic parameters N and § satisfying (16), are of the form
2o,

1=1 j=1

where the c;; are constants, and 2 and '®F are the respective
Jundamental solutions of the homogeneous equations

¢* +NK#¢® = 0, '¢f + gLf'¢" = 0.
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With respect to the above theorem we must bear in mind
that for an equation (15) with given parameter values X\ and p,
there may exist more than one pair of characteristic parameters
satisfying (16) and accordingly the totality of homogeneous so-
lutions of (15) is enlarged.

It follows directly from the above theorem that the totality
of solutions of the associate equation to (15), that is,

(19) Vap + )\Kavyaﬂ + ﬂLﬂryar = O,

have the form
D D> di Ui
=1 j=1

We have already noted the equivalence between (15) and the
equation

(20) v — Aukglf vy = 0,
In like manner, we may show the equivalence between (19) and
(21) Vag — Xﬂka“lﬂ"y" = 0.

Since N and u are not characteristic values of their respective
kernels, by adding A\uK & Lf y°7 to (10) and applying (3), we may
write equation (10) in the form

(22) 9% — MukalPyer = 528+ Nk 378 + ulf 3o + Mukalf 3o,

A necessary and sufficient condition that (22) have a solution
when N and p satisfy (16) is that all solutions of (21) when com-
posed with the right hand side of (22) yield zero. Furthermore,
from the identities

1
Vikd = —— ‘I/.,f, '\I'.,"la" = ’\I/af’
A=A B — pu
we see that a necessary and sufficient condition that the equation
(10) have a solution when the parameters satisfy a relationship

(16) s that the function §°f satisfy the n-m equations
‘I’J"I’ﬁj:\"“ﬁ:O, (1:=1’27"'7"’;].:1:2,”',"1')'

The actual solutions may be computed from the equation (22)
in the usual fashion.
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LEMMA. A necessary and sufficient condition that

ABy® + BEyb + CPyr + DTy = 0
be true for all continuous functions y*f is that
A =0, B =0,C*=0,D% =0
in the field of continuous functions.

This lemma may be easily verified by taking y*f=¢~f and
applying repeatedly a known lemma* that if

Pefe+ Q= 0

be true for all continuous functions f, then P*=0, Q& =0.

In virtue of the transitivity of equations of the form (4) and
the preceding lemma, we see that a necessary and sufficient con-
dition that

¥ = 5 + Nk 57 + w5 + minge,

where we have assumed N and u to have non-characteristic
values, be an inverse to (4) is that the kernel MY, satisfy the
relations

me + om® 4 B ME A+ MEME + WM + MmEKE
+ umLY + MukSLE + MK = 0,

mE 4+ omE 4+ omEME + N MERE + M+ NKmE
+ uLml 4+ MkSLE 4 MK = 0.

(23)

THEOREM 4. The parameters N and u being non-characteristic
and satisfying no relationship (16), a necessary and sufficient con-
dition that a linear integral equation of the form

3% =y + K& y? + uLf yr

have a solution in the same form is that the kernels K& and L%
satisfy conditions

(24) ¢K& + K& + AKgK,t=0, c¢LB —LF + culfL." =0,

* See Michal and Peterson, The tnvariantive theory of functional forms under
the group of linear functional transformations of the third kind, Annals of Mathe-
matics, vol. 32 (1932), p. 432.
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simultaneously, where c is a constant.

From (23) we see by hypothesis that we must have
keLf + Kgif = 0.

Dividing this equation by K2 LFf, we see that it is necessary
that
k& = cKg, 1F = —cLf,

where ¢ is a constant. Substituting these values of the resolvent
kernels in the well known relation satisfied by a kernel and its
resolvent, we obtain (24). The sufficiency of the theorem is
easily shown by noting that the hypotheses of the theorem im-
ply from (23) that

mes + NK§m&E + pLims? = 0.
Since N and u satisfy no relation of the form (16), by Corollary 1,
it follows that m*® =0.
As an example of kernels whose resolvent kernel is just a con-
stant times the kernel itself, consider the kernel K& =A4°B,;

then kg =—Kg/(14+K}). If the kernels K& and Lf of the
above theorem are of this type, then it is necessary that

K«r‘y +L0_17 = - 2,

in order that the theorem apply.
In concluding this paper, it is of interest to note that the
linear integral equation

(25) S,aﬂ — Aaﬂyaﬂ + xB:ﬁyaﬁ + ”Caﬁyar _I__ VD;‘_‘fya‘r

may be reduced to the form (4) provided the kernels of (25)
are of such a nature that B8 /A2f is free of B8, C## /A*F is free of
a,and 480, (eZa, D).
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