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Bosonic part of 4d N = 1 supersymmetric

gauge theory with general couplings:

local existence

Fiki T. Akbar, Bobby E. Gunara, Triyanta and Freddy P. Zen

In this paper, we prove the local existence of the bosonic part
of N = 1 supersymmetric gauge theory in four dimensions with
general couplings. We start with the Lagrangian of the vector and
chiral multiplets with general couplings and the scalar potential
is turned on. Then, for the sake of simplicity, we set all fermions
to vanish at the level of equations of motion, so we only have the
bosonic parts of the theory. We apply Segal’s general theory to
show the local existence of solutions of equations of motion by
taking Kähler potential to be bounded above by U(n) symmetric
Kähler potential and the first derivative of gauge couplings to be
at most linear growth functions.

1. Introduction

In 1963, I. Segal developed a method to prove the existence and the unique-
ness of the solutions of a semi-linear evolution equations using a semi-
group [1]. Then, ten years later, he applied his method to prove the existence
of local and global solutions for four dimensional Yang-Mills equations in the
temporal gauge condition [2]. Such a study has been extended to the case
of Yang-Mills theory coupled to scalar fields in three dimensions [3], and in
four dimensions [4, 5].

Our interest here is to extend the results in [4] to the case of mini-
mal (N = 1) supersymmetric Yang-Mills theory coupled to chiral multiplets.
This theory has become a prominent subject over the last four decades since
it could provide solutions to major problems in the Standard Model of par-
ticle physics such as the unification of gauge couplings and the hierarchy
problems.

In this paper, we prove the local existence of solutions of N = 1 super-
symmetry gauge theory in four dimensions with general couplings. Our start-
ing point is to consider N = 1 Lagrangian which consists of chirals and
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vectors with general couplings so that we have a nonlinear σ-model with
Kähler metric, general analytic gauge kinetic functions determined by holo-
morphic functions, and the scalar potential. Then, we derive field equations
of motion, by setting all the fermionic fields to be zero at this level for the
sake of simplicity. Thus, we have an effective bosonic theory that describes
the interaction between the bosonic field (φ,A), where φ is the complex
scalar fields and A is the gauge fields.

By assuming that the temporal component of gauge fields vanishes (in
analogy with the temporal gauge in Yang-Mills theory) and introducing new
fields (π,E), one can then transform the equation of motions into a semi-
linear form which contains linear and non-linear terms. For our analysis,
we take the fields u = (A,E, φ, π, φ̄, π̄) lying in H = (H2 ×H1)

3 where Hp

denotes a Sobolev space. We show that the linear terms are globally defined
in H and generate a one parameter semigroup. Finally, by Segal general the-
ory [1], the local existence of a semi-linear evolution equation is established
by showing that the non-linear parts satisfy the local Lipshitz condition.

Since we have a generalized semi-linear evolution equation, we have to
consider several assumptions on the general couplings such that Segal’s gen-
eral theory can be used for our problem. First, we assume that Kähler poten-
tial is bounded above by U(n) symmetric Kähler potential and we can derive
several estimates for the Kähler potential and the Christoffel symbol. These
estimates can be used to eliminate the quantity associated with Kähler met-
ric in our analysis. Second, we apply some conditions on the gauge kinetic
couplings, namely the derivative of the gauge coupling must be at most a
linear growth. Finally, we assume that the scalar potential has to be at least
C3-functions and that its derivative is locally Lipshitz function.

Another problem that arises is the constraint equation which can be
solved by a technique developed in [4]. This method can be mentioned in
order. We first decompose the E field into unique transverse (ET ) and longi-
tudinal parts (EL). Then by introducing a new field EC such that EC = EL

if the constraints fulfilled, we modify the original equation of motions by
replacing EL with EC . Using the above mentioned conditions on general
couplings, we prove that the non-linear part is locally Lipshitz function.
Hence, they admit local solutions. At the end, we show that the solutions of
the modified equations with the constraints satisfied are the solution of the
original equation of motions.

The organization of the paper is as follows. In Section 2, we shortly
review a four dimensional N = 1 supersymmetric gauge theory in which
the vector multiplets are coupled to arbitrary chiral multiplets. Section 3 is
devoted to discussing several aspects of field equations of motion including
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a modification of the equations of motion to solve the constraint problems.
In Section 4, we discuss the internal scalar manifold and derive several esti-
mates. In Section 5, we prove that the non-linear part of the equations of
motion satisfies the Lipshitz condition and finally we prove the local exis-
tence.

2. General couplings of chiral and vector multiplets

In this section, we shortly review four dimensional N = 1 supersymmetric
gauge theory in which the vector multiplets are coupled generally to arbi-
trary chiral multiplets. Here, we only write terms which are useful for our
analysis in the paper. For an excellent review, an interested reader can fur-
ther consult, for example, [6–8].

The theory consists of nv vector multiplets, (A
a
μ, λ

a) coupled to nc chi-
ral multiplets, (φi, χi) where the Latin alphabets a, b = 1, ..., nv, and i, j =
1, ..., nc show the number of multiplets, while the Greek alphabets μ, ν =
0, ..., 3 show the spacetime indices. In the vector multiplets we have gauge
fields Aa

μ together with their fermionic partners λa. On the other side, the
chiral multiplets contain complex scalars φi and their fermionic partners χi.

Furthermore, N = 1 supersymmetry demands the following conditions:
First, the scalars φi span a Kähler manifold endowed with metric gij̄ =
∂i∂j̄K where K ≡ K(φ, φ̄) is a real function called Kähler potential. Second,
there exists a set of holomorphic functions, namely (fab, X

i
a,W ) which are

gauge couplings, Killing vectors, and a superpotential, respectively. Finally,
the existence of a real function is called the scalar potential which can be
written as

(2.1) V = gij̄ ∂iW∂j̄W̄ +
1

8
habPaPb ,

where Pa are real functions is called the Killing potentials (or momentum
maps), determined by Xi

a via

(2.2) Xi
a =

i

2
gij̄ ∂j̄Pa ,

with hab is the inverse of hab ≡ Refab. Then, one can write down the bosonic
part of the N = 1 Lagrangian as

(2.3) L = −gij̄DμφiDμφ̄
j̄ − 1

4
habFa

μνFbμν +
1

4
kabFa

μνF̃bμν − V ,
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where kab ≡ Imfab, the covariant derivative Dμφ
i ≡ ∂μφ

i +Xi
aA

a
μ, and the

gauge field strength Fa
μν ≡ ∂μA

a
ν − ∂νA

a
μ + fa

bcA
b
μA

c
ν . The dual field F̃aμν is

defined as F̃aμν ≡ 1
2ε

μνρσFa
ρσ. It is worth to mention that the Lagrangian (2.3)

is invariant under the following supersymmetry transformation of the fields
up to three-fermion terms

δλa
• =

1

2

(
Fa
μν − iF̃a

μν

)
γμνε• + 2ihabPb ε• ,

δχi = i∂νφ
i γνε• + 2gij̄∂j̄W̄ ε• ,(2.4)

δAa
μ =

i

2
λ̄a
•γμε

• +
i

2
ε̄•γμλ•a ,

δφi = χ̄iε• .

Additionally, in the theory one can replace Pa by Pa + ξa where ξa are real
constants which give rise to Fayet-Iliopoulos term.

In our analysis, we assume that the scalar potential to be at least a C2

function and satisfies the local Lipshitz condition

(2.5) ‖∂jV (φ′)− ∂jV (φ)‖ ≤ C(‖φ′‖, ‖φ‖)‖φ′ − φ‖ ,
where C(‖φ′‖, ‖φ‖) is a bounded function depend on ‖φ‖. The condition
above implies that the holomorphic superpotential has to be at least a C3

function.

3. Field equations of motion

This section is devoted to discussing several aspect of field equations of
motion. In particular, we take all fermions to be trivial at this level. Thus,
the gauge fields and the scalars are the main ingredients of our analysis in
this paper. To simplify the analysis we take a condition A0 = 0 which is
not a gauge condition since in general Lagrangian (2.3) is no longer gauge
invariant 1.

First of all, the gauge field equation of motion is given by

(3.1) Dμ

(
habFbμν − kabF̃bμν

)
= gij̄

(
Xi

aD
ν φ̄j̄ + X̄ j̄

aD
νφi

)
,

with

(3.2) Dμ

(
habFbμν

)
= ∂μ

(
habFbμν

)
+ fd

acA
c
μ

(
hdbFbμν

)
.

1For renormalizable Yang-Mills-Higgs theory with constant fab and gij̄ the con-
dition A0 = 0 is called the temporal gauge, see for example, [9].
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The field strength tensor Fa
μν satisfies the Bianchi identity,

(3.3) DμF̃bμν = 0 .

By defining

(3.4) Eas = −Fa0s = −∂0Aar ,

and using (3.3), we can rewrite (3.1) as

∂Ear

∂t
= ∂s∂

sAar − ∂r∂sA
as + fa

bc∂s (A
asAar) + habFcsr∂shbc

+ habhdef
d
bcA

c
sFesr − habEcr∂0hbc − habF̃c0r∂0kbc − habF̃csr∂skbc

− hab
(
kdef

d
bc − kbdf

d
ce

)
Ac

sFesr − habgij̄

(
Xi

aD
rφ̄j̄ + X̄ j̄

aD
rφi

)
,(3.5)

together with the constraint equation

(3.6) Ca(t) = −∂sEas + 4πρa ,

where

4πρa = habgij̄

(
Xi

bD
0φ̄j̄ + X̄ j̄

bD
0φi

)
+ habF̃cs0∂skbc − habEcs∂shbc

hab
(
kdef

d
bc − kbdf

d
ce

)
Ac

sF̃es0 − habhdef
d
bcA

c
sE

es ,(3.7)

with the initial value of (3.6) is Ca(0) = 0. Next, we consider the scalar field
equation of motion which has been modified into

∂πi

∂t
= ∂s∂

sφi + Γi
kl

(
∂rφ

k∂rφl − πkπl
)
+Xi

a∂rA
ar

+Aar∂rφ
k∇kX

i
a + gij̄gkl̄A

arDrφ
k∇j̄X̄

l̄
a

− gij̄
(
1

4
habj̄Fa

μνFbμν − 1

4
kabj̄Fa

μνF̃bμν + ∂j̄VS

)
,(3.8)

where

πi = −D0φi ,(3.9)

∇kX
i
a = ∂kX

i
a + Γi

klX
l
a ,(3.10)

together with its complex conjugate.
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Now, we rewrite the equations of motion (3.1) and (3.8) into the following
form

(3.11)
du

dt
= Au+ J(u) ,

where

u =

⎡⎢⎢⎢⎢⎢⎢⎣

Aas

Eas

φi

πi

φ̄j̄

π̄j̄

⎤⎥⎥⎥⎥⎥⎥⎦ , Au =

⎡⎢⎢⎢⎢⎢⎢⎣

Eas

∂r∂
rAas − ∂r∂

sAar

πi

∂r∂
rφi

π̄j̄

∂r∂
rφ̄j̄

⎤⎥⎥⎥⎥⎥⎥⎦ ,

and

J(u) =(3.12)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

fa
bc∂r

(
AbsAcr

)
+ hab

(
Fesr∂rhbc − F̃esr∂rkbc + hdef

d
bcA

c
rFesr

)
+D1

0

Γi
kl

(
∂sφ

k∂sφl − πkπl
)
+Xi

a∂sA
as +Aas∇kX

i
a∂sφ

k + gij̄glk̄A
a
s∇j̄X̄

k̄
aD

sφl +D2

0

Γj̄

k̄l̄

(
∂sφ̄

k̄∂sφ̄l̄ − π̄k̄π̄ l̄
)
+ X̄ j̄

a∂sA
as +Aas∇k̄X̄

j̄
a∂sφ̄

k̄ + gij̄gkl̄A
a
s∇iX

k
aD

sφ̄l̄ + D̄2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

where,

D1 = −hab
(
hbciπ

i + hbcj̄ π̄
j̄
)
Ecs − hab

(
kbciπ

i + kbcj̄ π̄
j̄
)
F̃c0s(3.13)

− hab
(
kdef

d
bc − kbdf

d
ce

)
Ac

rF̃esr

− habgij̄

(
Xi

bD
sφ̄j̄ +X j̄

bD
sφi

)
,

D2 = gij̄
habj̄
4

(
2Ea

sE
bs −Fa

rsFbrs
)
+ gij̄

kabj̄
2

εsrlEa
sFb

rl − gij̄∂j̄V ,(3.14)

D̄2 = gij̄
habi
4

(
2Ea

sE
bs −Fa

rsFbrs
)
+ gij̄

kabi
2

εsrlEa
sFb

rl − gij̄∂iV ,(3.15)

together with the constraint equation (3.6).
To solve the constraint problem, we use the method in [4] which can be

structured as follows. First, we modify (3.1) by decomposing E field into
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unique transverse parts (divergence free) ET and longitudinal parts (curl
free) EL

(3.16) E = ET + EL ,

with

(3.17) ∂sE
s
T = 0, εqrs∂

rEs
L = 0 .

Then, replacing EL with the new fields, EC which equals EL when the
constraint is satisfied (see Lemma 3),

(3.18) Es
L → Es

C = ∂s

(
− 1

4πR
∗ ρ

)
,

where− 1
4πr ∗ ρ represents the convolution of ρ with the fundamental solution

of Poisson equation,

(3.19) − 1

4πR
∗ ρ = − 1

4π

∫
R3

dx′
(

ρ(x′)
|x− x′|

)
.

Let H = (H2 ×H1)
3, where Hp represent a Sobolev space of square inte-

grable functions over R3 with their derivative up to order p are also being
square integrable and let ‖ . ‖Hp

represent a Sobolev norm defined as

(3.20) ‖u‖Hp
=

⎡⎣ p∑
|α|=0

‖Dαu‖2L2

⎤⎦
1

2

.

where α = (α1, α2, . . . , αm) is a multi-index of non-negative integers and
|α| = α1 + α2 + · · ·+ αm. The Hp space is also a Hilbert space. In our anal-
ysis, we take the fields u = (A,E, φ, π, φ̄, π̄) to lie in H.

Now we prove the following lemmas, which are an extension of lemmas
in [4] to incorporate the gauge kinetic functions and show that for fields u
lying in H, the condition EL = EC implies that E satisfies the constraint
equation.

Lemma 1. Let ρ is defined as in (3.7). If the gauge kinetic function is also
lies at least in H1, then Es

C = ∂s
(− 1

4πr ∗ ρ
)
= 1

4π

(
r̂
r2 ∗ ρ

)s
.
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Proof. Since 1
r is a weak L3,w(R

3) function, then using the generalized Young
inequality for convolution product [10], we have

(3.21)

∥∥∥∥1r ∗ ρ
∥∥∥∥
Lp

≤ C‖ρ‖Lq

∥∥∥∥1r
∥∥∥∥
3,w

≤ C ′‖ρ‖Lq
,

for 1
q =

1
p +

2
3 . It means that

1
r ∗ ρ ∈ Lp(R

3) provided that ρ ∈ Lq(R
3). Since

all fields (A,E, φ, π, φ̄, π̄) at least lie inH1 and using the assumption that the
gauge kinetic function also lies at least in H1, then by Sobolev embedding
theorem, they all lie in Ls for 2 ≤ s ≤ 6. Then it follow that ρ ∈ Lq for
1 ≤ q ≤ 3, thus 1

r ∗ ρ ∈ Lp(R
3) for p > 3.

Let V be an arbitrary C∞ rapidly decreasing vector field in R3, we have

〈Vs, E
s
C〉 =

1

4π

〈
Vs,−∂s

(
1

r
∗ ρ

)〉
=

1

4π

〈
∂sVs,

(
1

r
∗ ρ

)〉
=

1

4π

〈
1

r
∗ ∂sVs, ρ

〉
.(3.22)

Since
∣∣ r̂
r

∣∣ is a weak L3/2,w(R
3) function and ρ ∈ Lq(R

3) for 1 ≤ q ≤ 3, then

(3.23)

∣∣∣∣ r̂r
∣∣∣∣ ∗ |ρ| ∈ Lr,

for all 3
2 < r < 3. Hence, we have,

1

4π

〈
1

r
∗ ∂sVs, ρ

〉
=

1

4π

∫
Vs

[∫
xs − x′s

|x− x′|3 ρ(x
′)dx′

]
dx

=
1

4π

〈
Vs,

(
r̂

r2
∗ ρ

)s〉
.(3.24)

And finally we have Es
C = ∂s

(− 1
4πr ∗ ρ

)
= 1

4π

(
r̂
r2 ∗ ρ

)s
which completes the

proof. �

Lemma 2. EC ∈ Lp for all 3
2 < p <∞. In particular EC ∈ L2.

Proof. From the proof of the previous lemma, we already have ρ ∈ Lq(R
3)

for 1 ≤ q ≤ 3. Then using the representation of EC in previous lemma,

(3.25) ‖EC‖Lp
=

∥∥∥∥ r̂

r2
∗ ρ

∥∥∥∥
Lp

≤ C‖ρ‖Lq

∥∥∥∥ r̂

r2

∥∥∥∥
3/2,w

≤ C ′‖ρ‖Lq
,
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for 1 < p, q <∞ and 1
q =

1
p +

1
3 , then EC ∈ Ls for all

3
2 < s <∞.

In particular, EC ∈ L2 and the following inequality holds,

(3.26) ‖EC‖L2
≤ C‖ρ‖L6/5

.

�

Lemma 3. The condition EC = EL is equivalent to ∂sE
s = 4πρ.

Proof. Let V be an arbitrary C∞ rapidly decreasing function in R3, we have

〈V, ∂sEs
C〉 =

1

4π

∫
V (x)∂s

[∫
xs − x′s

|x− x′|3 ρ(x
′)dx′

]
dx

= − 1

4π

∫
ρ(x′)

[∫
xs − x′s

|x− x′|3∂sV dx

]
dx′

=
1

4π

∫
ρ(x′)

[∫
V (x)∂s

(
xs − x′s

|x− x′|3
)
dx

]
dx′

=

∫
ρ(x′)V (x′)dx′

= 〈V, ρ〉 ,(3.27)

where we use integration by parts and exchange the order of integration.
Thus, EC satisfies ∂sE

s
C = 4πρ as distribution.

Since EC ∈ L2, we can define it’s Fourier transform and decomposing it
as

(3.28) ÊC = ÊT
C + ÊL

C ,

with (
ÊT

C

)s
=

(
δsr − kskr

|k|2
)(

ÊC

)
r

(3.29) (
ÊL

C

)s
=

kskr

|k|2
(
ÊC

)
r
.(3.30)

Furthermore, since EC is a gradient, then EC has a vanishing curl, and
k̂ × ÊC = 0, which implies that EC has a longitudinal component only. Thus

(3.31)
(
EL

C

)s
=

kskr

|k|2
(
ÊC

)
r
=

(
ÊC

)s
,
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and because EC satisfies ∂sE
s
C = 4πρ, taking a Fourier transform, we have

(3.32) Ês
C = −i k

s

|k|2 (4πρ̂) .

Now suppose that the field u satisfies the constraint equation,

(3.33) ∂sE
s = ∂sE

s
L = 4πρ,

where we used the decomposition in (3.16). Taking a Fourier transform of
the constraint equation, we get

Ês
L = −i

ks

|k|2 (4πρ̂)
= Ês

C .(3.34)

Thus any solution of the constraint has EL = EC . Conversely, if EL = EC ,
the constraint is satisfied. �

With the modification, we can rewrite the equation of motions as follows

(3.35)
du

dt
= Au+ J(u),

where

u =

⎡⎢⎢⎢⎢⎢⎢⎣

Aas

Eas

φi

πi

φ̄j̄

π̄j̄

⎤⎥⎥⎥⎥⎥⎥⎦ , Au =

⎡⎢⎢⎢⎢⎢⎢⎣

Eas
T

∂r∂
rAas − ∂r∂

sAar

πi

∂r∂
rφi

π̄j̄

∂r∂
rφ̄j̄

⎤⎥⎥⎥⎥⎥⎥⎦ ,

and

(3.36) J(u) =⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂s{− 1
4πr ∗ ρ}

fa
bc∂r

(
AbsAcr

)
+ hab

(
Fesr∂rhbc − F̃esr∂rkbc + hdef

d
bcA

c
rFesr

)
+D1

0

Γi
kl

(
∂sφ

k∂sφl − πkπl
)
+Xi

a∂sA
as +Aas∇kX

i
a∂sφ

k + gij̄glk̄A
a
s∇j̄X̄

k̄
aD

sφl +D2

0

Γj̄

k̄l̄

(
∂sφ̄

k̄∂sφ̄l̄ − π̄k̄π̄ l̄
)
+ X̄ j̄

a∂sA
as +Aas∇k̄X̄

j̄
a∂sφ̄

k̄ + gij̄gkl̄A
a
s∇iX

k
aD

sφ̄l̄ + D̄2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
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4. Scalar internal manifold

This section is assigned for the discussion of the internal scalar manifold.
In particular, we consider the case of the Kähler potential that is bounded
to a function, then derive the estimates for the Kähler potential and the
Christoffel symbol. The estimates we derived in this section are important
in our analysis for proving the local existence of (3.35).

As mention in Section 2, in four dimensions, the N = 1 supersymmetry
theory demands that the scalar field (φ, φ̄) span a Kähler manifold with
Kähler potential K ≡ K(φ, φ̄). In this paper, we consider the case where the
Kähler potential is bounded above by a U(nc) symmetric Kähler potential
and satisfies several conditions,

K ≤ Φ(|φ|) ,(4.1)

|Γ| ≤ |Γ̃| ,(4.2)

where |φ| =
(
δij̄φ

iφ̄j̄
) 1

2

and Γ̃ is the Christoffel symbol of g̃.

We prove a lemma about estimates of Kähler potential and Christoffel
symbol,

Lemma 4. LetM be a Kähler manifold with Kahler potential K = K(φ, φ̄).
If M satisfies (4.1), (4.2) and

(4.3)

∣∣∣∣ F ′

2|φ|
∣∣∣∣ ≤ ε ,

where F (|φ|) = 1
4|φ|2

(
Φ′′ − Φ′

|φ|
)
with Φ′ = ∂Φ/∂|φ| and ε is a non negative

constant, then we have the following estimates

|K| ≤ ε

6
|φ|6 + C1

2
|φ|4 + C2 |φ|2 + C3 ,(4.4)

|Γ| ≤ 2ε|φ|3 + C1|φ| .(4.5)

Proof. Let M̃ be a Kähler manifold generated by Φ. We can write the metric
g̃ij̄ = ∂i∂j̄Φ as

(4.6) g̃ij̄ =
Φ′

2|φ|δij̄ +
1

4|φ|2
(
Φ′′ − Φ′

|φ|
)
δkj̄δik̄φ

kφ̄k̄ ,

where Φ′ = ∂Φ/∂|φ|. The inverse of the metric can written as,
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(4.7) g̃ij̄ =
2|φ|
Φ′

δij̄ − 2

Φ′|φ|

(
Φ′′ − Φ′

|φ|
Φ′′ + Φ′

|φ|

)
φiφ̄j̄ .

The norm of the Christoffel symbol is

|Γ̃| =
(
g̃jj̄ g̃kk̄g̃īiΓ̃

i
jk
¯̃Γī
j̄k̄

) 1

2

=
(
g̃jj̄ g̃kk̄g̃īig̃

il̄∂j g̃kl̄ g̃
l̄i ∂j̄ g̃lk̄

) 1

2

=
(
g̃ll̄g̃jj̄ g̃kk̄∂j g̃kl̄ ∂j̄ g̃lk̄

) 1

2

= |∂g̃| ,(4.8)

and the first derivative of the metric is

(4.9) ∂j g̃kl̄ = F
(
δkl̄δjī + δkīδjl̄

)
φ̄ī +

F ′

2|φ|δkīδil̄δjm̄φiφ̄īφ̄m̄ ,

where

F (|φ|) = 1

4|φ|2
(
Φ′′ − Φ′

|φ|
)

,

F ′

2|φ| =
1

8|φ|3
(
Φ′′′ − 3Φ′′

|φ| +
3Φ′

|φ|2
)

.(4.10)

If condition (4.3) is satisfied and we use the inequality for integral,

(4.11)

∣∣∣∣∫ f(x)dx

∣∣∣∣ ≤ ∫
|f(x)| dx ,

we have the following estimates,

|F | ≤ ε |φ|2 + C1,

|Φ| ≤ ε

6
|φ|6 + C1

2
|φ|4 + C2 |φ|2 + C3 ,(4.12)

where C1 = |F (0)|, C2 =
∣∣∣ Φ′

2|φ|(0)
∣∣∣ and C3 = |Φ(0)|. Then we have that the

norm of the Christoffel symbol satisfies

(4.13)
∣∣∣Γ̃∣∣∣ ≤ 2ε|φ|3 + C1|φ| .
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Hence, by our assumption in 4.1 and 4.2, we have

|Φ| ≤ ε

6
|φ|6 + C1

2
|φ|4 + C2 |φ|2 + C3 ,(4.14)

|Γ| ≤ 2ε|φ|3 + C1|φ| .(4.15)

This completes the proof. �

Our assumption in (4.3) is satisfied for several examples of Kähler man-
ifold, for examples are Cn and CPn which are widely used in the theory.
For Cn, the Kähler potential is given by |φ|2, then clearly F vanishes, hence
F ′

2|φ| is bounded by 0. In case of CP
n, the Kähler potential (using standard

Fubini-Study metric) is given by

(4.16) ΦCPn(|φ|) = ln(1 + |φ|2) .

Then we have,

(4.17) F = − 1

(1 + |φ|2)2 ,

and

(4.18)

∣∣∣∣ F ′

2|φ|
∣∣∣∣ = 2

(1 + |φ|2)3 ,

which is bounded above by 2.

5. Local existence

In this section, we will prove the local existence of the evolution equation
(3.35) using Segal’s theorem. Furthermore, we shall show that solutions of
(3.35) are the solutions of the original equations, namely (3.1) and (3.8).

In Section 3, we have derived the equations of motion for u and have
taken the field u lies in H = (H2 ×H1)

3. Let us consider the linear part of
the evolution equation (3.35),

(5.1)
du

dt
= Au .
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By decomposing the A and E fields into their transverse and longitudinal
components, we can write (5.1) as follows,

d

dt

[
Aas

T

Eas
T

]
=

[
0 I
� 0

] [
Aas

T

Eas
T

]
,

d

dt

[
Aas

L

Eas
L

]
= 0 ,(5.2)

d

dt

[
φi

πi

]
=

[
0 I
� 0

] [
φi

πi

]
,

d

dt

[
φ̄j̄

π̄j̄

]
=

[
0 I
� 0

] [
φ̄j̄

π̄j̄

]
.(5.3)

Each pair of fields (AT , ET ), (φ, π),and (φ̄, π̄) satisfies the linear wave equa-
tion and (AL, EL) is a constant of the linearized equation. Thus, the linear
operator A generates a one-parameter semigroup on H and for any ini-
tial value u0 = u(t0) ∈ H, the linearized equation admits a classical solution
which can be written as 2,

(5.4) u(t) = eA(t−t0)u0 .

Then, it follows that the solution of the linearized equation is globally defined
on H.

Following the result above, by writing the evolution equation (3.35) as
an integral equation,

(5.5) u(t) = eA(t−t0)u0 +
∫ t

t0

ds eA(s−t0)J(u(s)) ,

the local existence of solution of the equation is established by showing that
the nonlinear operator J satisfies Lipshitz condition,

(5.6) ‖J(u′)− J(u)‖ ≤ C
(‖u′‖, ‖u‖) ‖u′ − u‖ ,

for all u′, u ∈ H. The norm ‖ . ‖ is designed for H norm and C(, ) is some
monotonically increasing, finite function of the norm indicated. Then, for
any initial data u0 = u(t0) ∈ DA, where DA is a domain of linear operator
A, the evolution equation (3.35) admits a unique classical solution on some
interval (T1, T2) containing t0 either (T1, T2) = (−∞,∞) or ‖u(t)‖ → ∞ as
t→ T1 or T2.

Let us write the components of the non-linear operator J as J = (J1, J2,
J3, J4, J5, J6). The proof that J satisfies a Lipshitz condition is facilitated
by a Schauder ring property for Sobolev space over R3 and the Sobolev

2for details review, see [1], [11].
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inequality over R3,

(5.7) ‖∂ru‖Lp
≤ C‖∂su‖θLm

‖u‖1−θLq
,

for real numbers q,m with 1 ≤ q,m ≤ ∞ and r, s are integers where 0 ≤ r <
s which satisfy

(5.8)
1

p
=

r

3
+ θ

(
1

m
− s

3

)
+ (1− θ)

1

q
,

with r/s ≤ θ ≤ 1 and p is non negative, and a constant C depends only on
m, j, q, r and θ. For further discussion on Sobolev inequality, see [12].

Now, since the theory has scalar field dependent gauge couplings, we
have to make an assumption for the gauge kinetic function in order to prove
that EC is both a mapping from H to H2 and locally Lipshitz continuous.

Lemma 5. Let the fields (A,E, φ, π, φ̄, π̄) ∈ H. If the first derivative of the
real part of the gauge kinetic function is at most a linear growth,

(5.9) ‖∂ihab‖H1
= ‖∂j̄hab‖H1

≤ C‖φ‖H2
,

then EC lies in H2. Furthermore, if ∂shab is also a locally Lipshitz function,
then EC is a locally Lipshitz function.

Proof. Define a norm for a gauge indexed field as

(5.10) |A|2 = habA
asAb

s .

Using (3.26), we have

(5.11) ‖EC‖L2
≤ C‖ρ‖L6/5

,

and by the definition of ρ and using the Holder inequality, we have

‖ρ‖2L6/5
≤ C

{‖EA‖2L6/5
+ ‖Xπ‖2L6/5

+ ‖E∂sh‖2L6/5

+ ‖F∂sk‖2L6/5
+ ‖kAF‖2L6/5

}
≤ C ′

{‖E‖2L2
‖A‖2L3

+ ‖X‖2L3
‖π‖2L2

+ ‖E‖2L2
‖∂sh‖2L3

+ ‖∂sk‖2L3
‖F‖2L2

+ ‖kA‖2L3
‖F‖2L2

}
≤ C ′′

{‖E‖2L2
‖A‖2H1

+ ‖X‖2H1
‖π‖2L3

+ ‖E‖2L2
‖∂sh‖2H1

+ ‖F‖2L2

(‖∂sk‖2H1
+ ‖kA‖2H1

)}
,(5.12)

where we used the Sobolev inequality to show that ‖u‖L3
≤ C‖u‖H1

.
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Since ∂sE
s
C = 4πρ, by taking the Fourier transform on both sides, we

have

(5.13) Ês
C = −i4π ks

|k|2 ρ̂ ,

hence, we have

‖D2EC‖2L2
=

∫
R3

d3x (∂q∂rECs)
2

=

∫
R3

d3k
∣∣∣k2ÊCs

∣∣∣2
= (4π)2

∫
R3

d3k |ksρ̂|2

= (4π)2
∫
R3

d3x (∂sρ)
2 = (4π)2‖∂sρ‖2L2

.(5.14)

Using definition of Sobolev norm and Schauder ring property, we have

‖∂sρ‖2L2
≤ ‖EA‖2H1

+ ‖Xπ‖2H1
+ ‖E∂sh‖2H1

+ ‖F∂sk‖2H1
+ ‖kAF‖2H1

≤ ‖E‖2H1
‖A‖2H1

+ ‖X‖2H1
‖π‖2H1

+ ‖E‖2H1
‖∂sh‖2H1

+ ‖F‖2H1

(‖∂sk‖2H1
+ ‖kA‖2H1

)
.(5.15)

By definition of field strength, we get the estimate

(5.16) ‖F‖H1
≤ C

(‖A‖H2
+ ‖A‖2H2

)
,

and using condition (5.9),

‖∂sh‖H1
≤ ‖∂ih‖H1

‖∂sφ‖H1
,

≤ C‖φ‖2H2
(5.17)

and the fact that the gauge kinetic function is a holomorphic function, we
have

‖EC‖H2
≤ C

(‖A‖H2
‖E‖H1

+ ‖φ‖H2
‖π‖H1

+ ‖φ‖2H2
‖E‖H1

+ ‖A‖H2
‖φ‖2H2

+‖A‖2H2
‖φ‖2H2

+ ‖A‖3H2
‖φ‖H2

+ ‖A‖2H2
‖φ‖2H1

)
,(5.18)

which shows that EC lies in H2 for all u ∈ H, thus the first part of the lemma
is proven.



Bosonic part of 4d N = 1 supersymmetric gauge theory · · · 221

Now we will prove the Lipshitz condition for EC which is important for
proving the local existence of the evolution equation. From the definition of
EC we have

Eas
C (u′)− Eas

C (u)

=
r̂s

4πr2
∗
(
−f c

bf

{
h′abh′cdA

′f
r E

′r
d − habhcdA

f
rE

r
d

}
− h′abg′ij̄

{
X ′i

b π̄
′j̄ + X̄ j̄

′bπ
′i}+ habgij̄

{
Xi

bπ̄
j̄ + X̄ j̄

bπ
i
}

+ h′ab
(
k′def

d
bc − k′bdf

d
ce

)
A′crF̃ ′es0 − hab

(
kdef

d
bc − kbdf

d
ce

)
AcrF̃es0

− h′abE′cs∂sh′bc + habEcs∂shbc + h′abF̃ ′cs0∂sk′bc − habF̃cs0∂skbc

)
.(5.19)

Recalling the estimate from the prove of the first part of the lemma, and
using assumption that ∂shab is locally Lipshitz, then we have

‖Eas
C (u′)− Eas

C (u)‖H2

≤ K
{
‖A′ −A‖H2

[‖E′‖H1
+ ‖φ‖2H2

(‖A‖H2
+ ‖A‖H2

‖A′ +A‖H2

+ ‖A‖2H2
+ ‖A′ +A‖H2

)
]
+ ‖E′ − E‖H1

(‖A‖H2
+ ‖φ‖2H2

)

+ ‖π′ − π‖H1
‖φ‖H2

+ ‖φ′ − φ‖H2

[‖E‖H1
‖φ′ + φ‖H2

+ ‖A‖H2
(1 + ‖A‖H2

)‖φ′ + φ‖H2
+ ‖A′‖2H2

(1 + ‖A′‖H2
)
]}

= C1(‖u′‖, ‖u‖)‖A′ −A‖H2
+ C2(‖u′‖, ‖u‖)‖E′ − E‖H1

+ C3(‖u′‖, ‖u‖)‖φ′ − φ‖H2
+ C4(‖u′‖, ‖u‖)‖π′ − π‖H1

.(5.20)

Then for u ∈ H, EC is a locally Lipshitz function which proves the second
part of the lemma.

�

The final proof of the Lipshitz condition for J is established by showing
that the other components of J are also Lipshitz functions. Using Sobolev
inequality, we have



222 F. T. Akbar, B. E. Gunara, Triyanta and F. P. Zen

‖J2(u′)− J2(u)‖H1

≤ C
{
‖A′ −A‖H2

[
‖A‖H2

+ ‖A‖2H2
+ ‖E‖H1

‖φ′‖2H2
+ ‖φ‖2H2

+ ‖E‖H1
‖φ′‖2H2

+ ‖A′ +A‖H2

(
1 + ‖A′‖H2

+ ‖φ‖2H2

+ ‖φ′‖H2
‖π′‖H1

)
+ ‖φ′‖H2

‖π′‖H1

]
+ ‖E′ − E‖H1

[
‖φ′‖H2

‖π′‖H1
+ ‖φ‖2H2

+ ‖A′‖H2
‖φ′‖2H2

]
+ ‖φ′ − φ‖H2

[
‖φ′‖H2

+ ‖φ′ + φ‖H2

(‖E‖H1
+ ‖A′‖H2

+ ‖A′‖2H2

+ ‖A‖H2

)
+ ‖π‖H1

‖E‖H1
+ ‖π‖H2

(‖A‖H2
+ ‖A‖2H2

)
+ ‖φ‖H2

]
+ ‖π′ − π‖H1

[
‖E‖H1

+ ‖φ′‖H2

(‖A‖H2
+ ‖A‖2H2

)]}
= C5

(‖u′‖, ‖u‖)‖A′ −A‖H2
+ C6

(‖u′‖, ‖u‖)‖E′ − E‖H1

+ C7

(‖u′‖, ‖u‖)‖φ′ − φ‖H2
+ C8

(‖u′‖, ‖u‖)‖π′ − π‖H1
,(5.21)

and

‖J4(u′)− J4(u)‖H1

≤ C
{
‖Γ′ − Γ‖H2

[
‖φ′‖H2

+ ‖A′‖H2
‖φ′‖2H2

+ ‖A′‖2H2
‖φ′‖2H2

+ ‖π‖2H1

]
‖E′ − E‖H1

[
‖φ‖H2

‖E′ + E‖H1
+ ‖φ′‖H2

‖F‖H1

]
+ ‖π′ − π‖H1

‖Γ‖H2

‖A′ −A‖H2

[
‖φ′‖H2

+ ‖A′ −A‖H2

(‖φ′‖H2
+ ‖Γ‖H2

‖φ‖2H2

)
+ ‖Γ‖H2

‖φ‖2H2
+

(
1 + ‖A′ +A‖H2

)(‖φ‖H2
‖F ′ −F‖H1

+ ‖φ‖H2
‖E′‖H1

)]
+ ‖φ′ − φ‖H2

[
‖Γ‖H2

‖φ′ + φ‖H2

(
1 + ‖A‖2H2

)
+ ‖A′‖H2

+ ‖A‖H2
+ ‖A‖2H2

+ ‖E‖H2
‖F‖H1

+ ‖E‖2H2
+ ‖F‖2H2

]
+ ‖∂j̄V ′S − ∂j̄VS‖H1

}
.

(5.22)

Using estimate (4.2) and (5.16) and using the assumption in (2.5), we have

‖J4(u′)− J4(u)‖H1
≤ C9(‖u′‖, ‖u‖)‖A′ −A‖H2

+ C10(‖u′‖, ‖u‖)‖E′ − E‖H1

+ C11(‖u′‖, ‖u‖)‖φ′ − φ‖H2

+ C12(‖u′‖, ‖u‖)‖π′ − π‖H1
.(5.23)
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Thus, from Lemma 5, (5.21) and (5.23), the nonlinear operator J is a map-
ping from H to itself and satisfies locally Lipshitz condition.

Then by Segal’s theorem, for any initial data u0 in H, there exists a
positive constant T > 0 depending on u0 such that the Equation (3.35)
admits a unique mild solution which is continuous in H for an interval [0, T ],
i.e. u ∈ C([0, T ],H) which satisfies (5.5). Furthermore, the solutions can be
extended into maximal mild solutions on interval [0, Tmax) such that either

1) Tmax = +∞ and the equation (3.35) admits a global solution, or

2) ‖u(t)‖ → ∞ as t→ Tmax and the solution blows up on a finite time
Tmax .

If the initial value u0 lies in DA then Equation (3.35) admits a unique
classical solutions u(t) for an interval [0, Tmax) which remains in DA and
satisfies the differential equations

(5.24)
du(t)

dt
= Au(t) + J(u(t)) ,

with du(t)
dt is a continuous curve in H. Then, the solutions u belong to,

(5.25) u ∈ C1 ([0, Tmax),H) ∩ C ([0, Tmax), DA) ,

such that either Tmax = +∞ or ‖u(t)‖ → ∞ as t→ Tmax.
Now, we shall show that the solution of the modified equation (3.35),

which satisfies the constraint, is the solution of the original equation.
Following the result of [4] for the constraint equation, we have

(5.26) ‖C(t)‖2L2
≤ ‖C(0)‖2L2

exp

(∫ t

0
C ′‖E(s)‖H1

)
.

Since the initial value of the constraint equation is C(0) = 0, then C(t) van-
ishes in the interval existence of u (t). Hence, the solution of the modified
equation (3.35) always satisfies the constraint equation so that it is the solu-
tion of the original equation.

Therefore, we have proven,

Theorem 1. Let u0 be any initial data lying in H = (H2 ×H1)
3. If the

conditions (2.5), (4.1), (4.2), and (4.3) are satisfied, then there exists a pos-
itive constant Tmax > 0 depending on u0 such that the integral equation (5.5)
admits a unique maximal solution u(t) on interval [0, Tmax) which belongs
to u ∈ C ([0, Tmax),H) and either
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1) Tmax = +∞ and the equation (3.35) admits a global solution, or

2) ‖u(t)‖ → ∞ as t→ Tmax and the solution blow up on a finite time
Tmax .

Furthermore, if u0 lies in DA and satisfies the constraint C(u0) = 0,
then the equation (3.35) admits a unique classical solution u(t) for an inter-
val [0, Tmax) which remains in DA, and belongs to u ∈ C1 ([0, Tmax),H) ∩
C ([0, Tmax), DA), and satisfies the constraint C(u(t)) = 0 such that either
Tmax = +∞ or ‖u(t)‖ → ∞ as t→ Tmax.

Appendix A. Convention and notation

The purpose of this appendix is to inform our conventions used in this paper.
The spacetime metric is flat with the signature (−,+,+,+).

The following indices are used:

: μ, ν, ρ, σ = 0, . . . , 3, label 4-dimensional flat spacetime

: r, s, p, q = 1, 2, 3, label 3-dimensional flat space

: i, ī, j, j̄, k, k̄ = 1, . . . , nc, label nc dimensional Kähler manifold

: a, b, c, d = 1, . . . , nv, label the gauge index

Appendix B. List of inequality

In this appendix, we mention some basic inequalities used in this paper. For
detail reviews, see [10, 12].

B.1. Young inequality for convolution

Suppose f ∈ Lp(R
d) and g ∈ Lq(R

d) and

(B.1)
1

p
+
1

q
=
1

r
+ 1 ,

with p, q, r ∈ R and 1 ≤ p, q, r ≤ ∞. Then

(B.2) ‖f ∗ g‖Lr
≤ ‖f‖Lp

‖g‖Lq
.

If g ∈ Lq,w(R
d) where Lq,w is weak Lq space, then

(B.3) ‖f ∗ g‖Lr
≤ ‖f‖Lp

‖g‖Lq,w
,
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with p, q, r are defined and satisfy the condition above.

B.2. Holder inequality

Let p, q, r be positive numbers and satisfy p, q, r ≤ 1 and

(B.4)
1

p
+
1

q
=
1

r
.

Suppose f ∈ Lp(R
d) and g ∈ Lq(R

d), then fg ∈ Lr(R
d) and

(B.5) ‖fg‖Lr
≤ ‖f‖Lp

‖g‖Lq
.

B.3. Sobolev inequality

Let q,m be real numbers with 1 ≤ q,m ≤ ∞ and r, s are integers where
0 ≤ r < s which satisfy

(B.6)
1

p
=

r

3
+ θ

(
1

m
− s

3

)
+ (1− θ)

1

q
,

with r/s ≤ θ ≤ 1 and p is non negative. For u ∈ Hs(R
3) ∩ Lq(R

3), there is
a positive constant C which depends only on m, j, q, r and θ such that the
following inequality holds

(B.7) ‖∂ru‖Lp
≤ C‖∂su‖θLm

‖u‖1−θLq
.
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