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Bosonic part of 4d N = 1 supersymmetric
gauge theory with general couplings:
local existence

Fiki T. AKBAR, BOBBY E. GUNARA, TRIYANTA AND FREDDY P. ZEN

In this paper, we prove the local existence of the bosonic part
of N =1 supersymmetric gauge theory in four dimensions with
general couplings. We start with the Lagrangian of the vector and
chiral multiplets with general couplings and the scalar potential
is turned on. Then, for the sake of simplicity, we set all fermions
to vanish at the level of equations of motion, so we only have the
bosonic parts of the theory. We apply Segal’s general theory to
show the local existence of solutions of equations of motion by
taking Kéahler potential to be bounded above by U(n) symmetric
Kahler potential and the first derivative of gauge couplings to be
at most linear growth functions.

1. Introduction

In 1963, I. Segal developed a method to prove the existence and the unique-
ness of the solutions of a semi-linear evolution equations using a semi-
group [1]. Then, ten years later, he applied his method to prove the existence
of local and global solutions for four dimensional Yang-Mills equations in the
temporal gauge condition [2]. Such a study has been extended to the case
of Yang-Mills theory coupled to scalar fields in three dimensions [3], and in
four dimensions [4, 5].

Our interest here is to extend the results in [4] to the case of mini-
mal (N = 1) supersymmetric Yang-Mills theory coupled to chiral multiplets.
This theory has become a prominent subject over the last four decades since
it could provide solutions to major problems in the Standard Model of par-
ticle physics such as the unification of gauge couplings and the hierarchy
problems.

In this paper, we prove the local existence of solutions of N = 1 super-
symmetry gauge theory in four dimensions with general couplings. Our start-
ing point is to consider N =1 Lagrangian which consists of chirals and
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vectors with general couplings so that we have a nonlinear o-model with
Kaéhler metric, general analytic gauge kinetic functions determined by holo-
morphic functions, and the scalar potential. Then, we derive field equations
of motion, by setting all the fermionic fields to be zero at this level for the
sake of simplicity. Thus, we have an effective bosonic theory that describes
the interaction between the bosonic field (¢, A), where ¢ is the complex
scalar fields and A is the gauge fields.

By assuming that the temporal component of gauge fields vanishes (in
analogy with the temporal gauge in Yang-Mills theory) and introducing new
fields (, E), one can then transform the equation of motions into a semi-
linear form which contains linear and non-linear terms. For our analysis,
we take the fields u = (A, E, ¢, ¢,7) lying in H = (Hy x Hy)3 where H,
denotes a Sobolev space. We show that the linear terms are globally defined
in H and generate a one parameter semigroup. Finally, by Segal general the-
ory [1], the local existence of a semi-linear evolution equation is established
by showing that the non-linear parts satisfy the local Lipshitz condition.

Since we have a generalized semi-linear evolution equation, we have to
consider several assumptions on the general couplings such that Segal’s gen-
eral theory can be used for our problem. First, we assume that Kéahler poten-
tial is bounded above by U(n) symmetric Kahler potential and we can derive
several estimates for the Kéhler potential and the Christoffel symbol. These
estimates can be used to eliminate the quantity associated with Kahler met-
ric in our analysis. Second, we apply some conditions on the gauge kinetic
couplings, namely the derivative of the gauge coupling must be at most a
linear growth. Finally, we assume that the scalar potential has to be at least
C3-functions and that its derivative is locally Lipshitz function.

Another problem that arises is the constraint equation which can be
solved by a technique developed in [4]. This method can be mentioned in
order. We first decompose the FE field into unique transverse (E7) and longi-
tudinal parts (Ef). Then by introducing a new field E¢ such that Ec = Ef,
if the constraints fulfilled, we modify the original equation of motions by
replacing Fp with E¢. Using the above mentioned conditions on general
couplings, we prove that the non-linear part is locally Lipshitz function.
Hence, they admit local solutions. At the end, we show that the solutions of
the modified equations with the constraints satisfied are the solution of the
original equation of motions.

The organization of the paper is as follows. In Section 2, we shortly
review a four dimensional N =1 supersymmetric gauge theory in which
the vector multiplets are coupled to arbitrary chiral multiplets. Section 3 is
devoted to discussing several aspects of field equations of motion including
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a modification of the equations of motion to solve the constraint problems.
In Section 4, we discuss the internal scalar manifold and derive several esti-
mates. In Section 5, we prove that the non-linear part of the equations of
motion satisfies the Lipshitz condition and finally we prove the local exis-
tence.

2. General couplings of chiral and vector multiplets

In this section, we shortly review four dimensional N = 1 supersymmetric
gauge theory in which the vector multiplets are coupled generally to arbi-
trary chiral multiplets. Here, we only write terms which are useful for our
analysis in the paper. For an excellent review, an interested reader can fur-
ther consult, for example, [6-8].

The theory consists of n, vector multiplets, (A,’j, A%) coupled to n. chi-
ral multiplets, (¢, x*) where the Latin alphabets a,b =1,...,n,, and i,j =
1,...,n. show the number of multiplets, while the Greek alphabets u,v =
0, ..., 3 show the spacetime indices. In the vector multiplets we have gauge
fields AZ together with their fermionic partners A*. On the other side, the
chiral multiplets contain complex scalars ¢ and their fermionic partners x*.

Furthermore, N = 1 supersymmetry demands the following conditions:
First, the scalars ¢ span a Kahler manifold endowed with metric g;; =
0;0;K where K = K (¢, ¢) is a real function called Kéhler potential. Second,
there exists a set of holomorphic functions, namely (f.p, X}, W) which are
gauge couplings, Killing vectors, and a superpotential, respectively. Finally,
the existence of a real function is called the scalar potential which can be
written as

1
(2.1) V =g oWo;W + gh“bPan ,

where P, are real functions is called the Killing potentials (or momentum
maps), determined by X via

i

2.2 X
( ) a 2

gii 83Pa )

with A is the inverse of hg, = Refqp. Then, one can write down the bosonic
part of the V = 1 Lagrangian as

: 5 1 a v 1 a Tbuv
(23) L =—g5D"¢' Dud’ — Shan Py, F" + JhanF, F =V
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where k,, = Imf,;, the covariant derivative Duqﬁi = ugf)i + XéAﬁ, and the
gauge field strength F, = 0,47 — 0, A}, + fI?CAZA,C/. The dual field F* is
defined as Fo = %EW”U]:SU- It is worth to mention that the Lagrangian (2.3)
is invariant under the following supersymmetry transformation of the fields

up to three-fermion terms
1 ~
0N = 5 (Fi =i ) 1" ee + 20 Py
(2.4) o' =10,0" 7y e® + 29176‘315/6. ,
i< o 1. .
5AZ = §>‘2’7u6 + 56.%)\ e
5" = Y'e .
Additionally, in the theory one can replace P, by P, + £, where £, are real
constants which give rise to Fayet-Iliopoulos term.

In our analysis, we assume that the scalar potential to be at least a C?
function and satisfies the local Lipshitz condition

(2.5) 10;V(¢") = o5V (@)l < CI¢'l, lell¢" — ol ,

where C(||¢'|, ||¢|l) is a bounded function depend on ||¢||. The condition
above implies that the holomorphic superpotential has to be at least a C3
function.

3. Field equations of motion

This section is devoted to discussing several aspect of field equations of
motion. In particular, we take all fermions to be trivial at this level. Thus,
the gauge fields and the scalars are the main ingredients of our analysis in
this paper. To simplify the analysis we take a condition Ay = 0 which is
not a gauge condition since in general Lagrangian (2.3) is no longer gauge
invariant '.

First of all, the gauge field equation of motion is given by

(3.1) D, (hab}—buu _ kab]_"-buu) = g5 (X;DVQ_Q + XgDV(bi) :
with

(32) Dy (haF") = 0 (haF"™) + [ A5 (R F™)

!For renormalizable Yang-Mills-Higgs theory with constant f,; and g;7 the con-
dition Ag = 0 is called the temporal gauge, see for example, [9].
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The field strength tensor 77, satisfies the Bianchi identity,

(3.3) D, F =0 .
By defining
(34) E9S — _f-aOS — _aOAar ,

and using (3.3), we can rewrite (3.1) as

oE"
o = 0,05 A" — §TH A% + f[?cas (AasAar) + habfcsrashbc
+ habhdefgchgfesr _ habEcraOhbc _ habﬁcOraokbc _ habj:csras kbc
(35) =" (aefi — kafl) ASFS — hg;; (XiD"§ + XD,

together with the constraint equation
(3.6) CUt) = =0, £ + 4mp” |
where
drp® = hobg, (X§D°<;B3 + Xgp%i) RO FE0Y ey — R ESO by,
(3.7) he <kdeflflc — kbd cde) ASTFS0 — h®hge L ASESS

with the initial value of (3.6) is C*(0) = 0. Next, we consider the scalar field
equation of motion which has been modified into

‘Zi = 0,0°¢' + T}, (&qb’fa%l — W) + X0, AT
+ AT, ¢F VL XE + g7 g7 AT D, PV XL
(3.8) — gV <ihabj o Fo — ikabj i F 83‘/5) ;
where
(3.9) = -D%,
(3.10) ViXi = OuXi+Tj,X.,

together with its complex conjugate.
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Now, we rewrite the equations of motion (3.1) and (3.8) into the following
form

du
dt
where
r AGS T — EGS _
Eas ararAas _ araSAar
_| ¢ _ i
U= Wi' ) Au = &aigbi ’
¢’ m
L 'ﬁ'j ] | 0T8r¢_5j |
and
(3.12) J(u) =
_ . _
f(;lcar (AbsAcr) + hab (Fesrarhbc _ j'ESTaTk.bC 4 hdef};icAac»feST) 1+ D
O —
Ti, (950%0°0! — whal) + X10,A™ 1 AV, X10,0F + g7 g ASV;XED*¢! + Dy
0
| 14 (08h 006! — 7hT) + K40, A% + AV XE0,6F + g ATV XED G + D, |

where,
(3.13) Dy =—h® (hbciﬂ'i + hbcjfrj) E — pob (kbciﬂ'i + k:bcjfri) JFeos
7 (hae i = koafiL) AT
_ habgzj <XzDS(EE +X£D8¢Z) ,
ij hab} a rbs a Tbrs ij kabj srl ppa b ij
(314) DZZQ T(QESE _.Frsf >+g Tf Esfrl_g 35‘/,
hapi k

(3.15) Dy = g7 (2ELE" — FALFVS) + 7 M ELFY - 690V

together with the constraint equation (3.6).
To solve the constraint problem, we use the method in [4] which can be
structured as follows. First, we modify (3.1) by decomposing E field into
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unique transverse parts (divergence free) Er and longitudinal parts (curl
free) Ey,

(3.16) E=Er+Ep,
with
(3.17) 0sET =0, eqrs0' E7 =0 .

Then, replacing Ej with the new fields, Ec which equals Ej when the
constraint is satisfied (see Lemma 3),

1

3.18 E; - EL=0s|—=
( ) L c s ( ArR * P> )
where — ﬁ * p represents the convolution of p with the fundamental solution
of Poisson equation,

1 1 p(@’)
3.19 - =—— dx’ .
(3.19) mRPT T s x<\x—x’|

Let H = (Hy x Hy)?, where H, represent a Sobolev space of square inte-
grable functions over R? with their derivative up to order p are also being

square integrable and let || . ||, represent a Sobolev norm defined as
1
P 2
2
(3.20) lllm, = | Y ID%ulZ,
|a|=0
where a = (a1, a9, ...,q;) is a multi-index of non-negative integers and

la| = a1 + ag + -+ + . The H),, space is also a Hilbert space. In our anal-
ysis, we take the fields u = (A4, F, ¢, 7, ¢, 7) to lie in H.

Now we prove the following lemmas, which are an extension of lemmas
in [4] to incorporate the gauge kinetic functions and show that for fields u
lying in H, the condition £ = F¢ implies that E satisfies the constraint
equation.

Lemma 1. Let p is defined as in (3.7). If the gauge kinetic function is also

lies at least in Hy, then Ef, = 0° (—ﬁ * p) =1 (T% * p)s.

T Adm
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Proof. Since % is a weak L ,,(R3) function, then using the generalized Young
inequality for convolution product [10], we have

<Clpllc,

<pllz,

(3.21) Hi xp

L, 3w

for % = % + % It means that % * p € L,y(R3) provided that p € L,(R3). Since
all fields (A, E, ¢, 7, ¢, T) at least lie in H; and using the assumption that the
gauge kinetic function also lies at least in Hy, then by Sobolev embedding
theorem, they all lie in L, for 2 < s < 6. Then it follow that p € L, for
1<q<3,thus Lxpe L,(R?) for p> 3.

Let V be an arbitrary C rapidly decreasing vector field in R3, we have

oy =L (v —or (1
1/, 1
“5 7 (5o0))

(3.22) 1 <1 * 851@,p> .
47

,
Since ‘H is a weak L5 ,,(R?) function and p € Ly(R?) for 1 < ¢ < 3, then

7

(3.23) ¥lpl € Ly,

T

for all % < r < 3. Hence, we have,

ar \r
(3.24) - % <v (:2 *p>s>.

And finally we have E¢, = 0° (—41? * p) = ﬁ (r% * p)s which completes the
proof. O

Lemma 2. E¢ € Ly, for all % < p < oo. In particular Ec € Ls.

Proof. From the proof of the previous lemma, we already have p € L,(R3)
for 1 < g < 3. Then using the representation of E¢ in previous lemma,

A~

P
—x
2P

(3.25) 1Ec| L, = <Clele,

LP

< ol
3/2,w

pe
r2
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for1<p,q<ooandé:%+%,thenEcELs forall%<s<oo.
In particular, F¢ € Lo and the following inequality holds,

(3.26) 1Ec|L, < CllpllLes-

Lemma 3. The condition Ec = Ey, is equivalent to 0sE° = 4mp.

Proof. Let V be an arbitrary C* rapidly decreasing function in R3, we have

V.0, = / [/’ ]dm

1

/ x® — 2 /
— - T IT 5V de|d
47 pL) [ |x—ﬂv’|3a 4 !

_ i (@) [ / V()0 <M> da:} dz'
_ / (2 )V () da!
(3.27) =(V.p),

where we use integration by parts and exchange the order of integration.
Thus, E¢ satisfies 0s E¢, = 4mp as distribution.
Since E¢ € L?, we can define it’s Fourier transform and decomposing it

as

(3.28) Ec = EL + EL,

with

w () e,
(3.30) (Eg) - ]TkIIZ (EC)

Furthermore, since F¢ is a gradient, then F¢ has a vanishing curl, and
k x Ec = 0, which implies that E¢ has a longitudinal component only. Thus

(3.31) (L) = ’Tkl; (Bc) = (Ee).



214 F. T. Akbar, B. E. Gunara, Triyanta and F. P. Zen

and because E¢ satisfies 0, E¢, = 4mp, taking a Fourier transform, we have
S

Now suppose that the field u satisfies the constraint equation,
(3.33) 0sFE° = 0;E7 = 4mp,

where we used the decomposition in (3.16). Taking a Fourier transform of
the constraint equation, we get

S
b} = *iW (47p)
(3.34) = B3
Thus any solution of the constraint has Fr, = F¢. Conversely, if £ = E¢,
the constraint is satisfied. (I

With the modification, we can rewrite the equation of motions as follows

du

(3.35) — = Au+ J(u),
dt
where
r AGS T r E%S T
Eas 8rarAas _ EM)SAW
(;51' 7Ti
u = - s Au = 8r8r¢i ,
(;53 ﬁj
7] i 0,07 |
and
(3.36) J(u) =
[ O {— g * 1} 7
2.8, (Abs A°T) 4 pab (fesra,hbc — Fo5 9, kpe + hue fg‘CAﬁ}‘“’") + Dy
0
T4, (0:0F0%0! — 7hal) + X109, A% + AV, X10,0" + g gp AV XED* ¢! + Dy
0
| 1), (00506 — ) + Xd0, A% 4 AVEXI0.5F + g gAY XED 4 Dy
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4. Scalar internal manifold

This section is assigned for the discussion of the internal scalar manifold.
In particular, we consider the case of the Kéhler potential that is bounded
to a function, then derive the estimates for the Ké&hler potential and the
Christoffel symbol. The estimates we derived in this section are important
in our analysis for proving the local existence of (3.35).

As mention in Section 2, in four dimensions, the N = 1 supersymmetry
theory demands that the scalar field (¢, ¢) span a Kihler manifold with
Kihler potential K = K (¢, ¢). In this paper, we consider the case where the
Kahler potential is bounded above by a U(n.) symmetric Kéhler potential
and satisfies several conditions,

(4.1) K < ®(|¢]),
T < [T,
where |¢| = <5i3¢iqz_g> > and T is the Christoffel symbol of g.
We prove a lemma about estimates of Kéhler potential and Christoffel
symbol,

Lemma 4. Let M be a Kdihler manifold with Kahler potential K = K (¢, ¢).
If M satisfies (4.1), (4.2) and

Fl
4.3 —1 <€,
) ke
where F(|¢|) = ﬁ (<I>” — rlq’;') with ® = 0®/0|¢| and € is a non negative
constant, then we have the following estimates

€ 6, C1 4 2

(14) K1 < S16° + Sl + Calof? + G,
(4.5) U] < 2€|¢]* + Cu[g] .

Proof. Let M be a Kéhler manifold generated by ®. We can write the metric
gi; = 0;0;® as

~ o’ B 1 1" ! ¢ kTk
(4.6) 9i5 = m%’ + e <<I’ - W) 0pjOiRd 9"

where ® = 0®/0|¢|. The inverse of the metric can written as,
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i _ 2ol 2 (®' -
4.7 = 200 i
(4.7) g > 9 <<1>" Ve ¢'¢

The norm of the Christoffel symbol is
IT| = (?/ﬁg gl )
(g 7% 5:9"0;G,7 3" 0; gm) :
= (5" 9%0,0,0070c)
(4.8) = [0gl,

and the first derivative of the metric is

F’
017070 im igm
2‘¢|kzzzl] ¢¢¢

F(gl) = — (cb"—‘l"),

(4.9) Djgni = F (61057 + 0xi057) o+

where

4fp[? 9]
F’ 1 30" 39/
(4.10) 29 — 8loF <<I>”’ Tt W)
If condition (4.3) is satisfied and we use the inequality for integral,
(a.11) [ st < [ 15,
we have the following estimates,
IF| <elol” + cl,
(4.12) ] < 6\¢| - !¢\ +Ca[¢” + Cs,

where C = |F(0)], Cy = ’%};I(O)} and C5 = |®(0)|. Then we have that the
norm of the Christoffel symbol satisfies

(4.13) ]r) < 2P + C1l9)] -
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Hence, by our assumption in 4.1 and 4.2, we have

€ C
(4.14) 8 < G 16"+ S 16l" + Calof” + Cs,
(4.15) U] < 2€[g]” + Culo] .
This completes the proof. O

Our assumption in (4.3) is satisfied for several examples of Kéahler man-
ifold, for examples are C"™ and CP™ which are widely used in the theory.
For C", the Kéhler potential is given by |¢|2, then clearly F vanishes, hence
% is bounded by 0. In case of CP™, the Kéahler potential (using standard
Fubini-Study metric) is given by

(4.16) Cepn(|¢]) = In(1 + [¢f) .

Then we have,

1
4.17 F=——
(17 (1+[¢]2)°
and
F' 2
4.18 == 3
(4.18) ‘2l¢| (1+|0[2)?

which is bounded above by 2.

5. Local existence

In this section, we will prove the local existence of the evolution equation
(3.35) using Segal’s theorem. Furthermore, we shall show that solutions of
(3.35) are the solutions of the original equations, namely (3.1) and (3.8).

In Section 3, we have derived the equations of motion for v and have
taken the field u lies in H = (Hy x Hy)3. Let us consider the linear part of
the evolution equation (3.35),

du
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By decomposing the A and E fields into their transverse and longitudinal
components, we can write (5.1) as follows,

d | A% 0 I|| A% d | A%
o2 Gl g | =[a o[ ] alE ]
dl ¢ ] [0 I ¢ dl ¢ 7 o I ¢
oo glel=la v ] @ls )=l ]l ]

Each pair of fields (A1, Et), (¢, 7),and (¢, 7) satisfies the linear wave equa-
tion and (Ayp, Fr) is a constant of the linearized equation. Thus, the linear
operator A generates a one-parameter semigroup on H and for any ini-
tial value ug = u(tp) € H, the linearized equation admits a classical solution

which can be written as 2,

(5.4) u(t) = ety |

Then, it follows that the solution of the linearized equation is globally defined
on H.

Following the result above, by writing the evolution equation (3.35) as
an integral equation,

t
(5.5) u(t) = eAtyy + [ dseAsh) J(u(s))
to

the local existence of solution of the equation is established by showing that
the nonlinear operator J satisfies Lipshitz condition,

(5.6) 17 (') = T (@)l < C ([l [lull) v’ = ull,

for all w',u € H. The norm || .| is designed for H norm and C(,) is some
monotonically increasing, finite function of the norm indicated. Then, for
any initial data ug = u(tg) € D4, where D4 is a domain of linear operator
A, the evolution equation (3.35) admits a unique classical solution on some
interval (77, T») containing ty either (17,7T%) = (—00,00) or ||u(t)|| — oo as
t— Tl or Tg.

Let us write the components of the non-linear operator J as J = (J1, Ja,
J3, J4, J5,Jg). The proof that J satisfies a Lipshitz condition is facilitated
by a Schauder ring property for Sobolev space over R? and the Sobolev

2for details review, see [1], [11].
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inequality over R3,
(5.7) |07 ullr, < Cllo%ullf, flull;,?

for real numbers g, m with 1 < ¢, m < oo and r, s are integers where 0 < r <
s which satisfy

1 1 s

(5.8) p:g+9(m_3>+(1_9)(11’

with /s < 0 <1 and p is non negative, and a constant C' depends only on
m, j,q,r and 6. For further discussion on Sobolev inequality, see [12].

Now, since the theory has scalar field dependent gauge couplings, we
have to make an assumption for the gauge kinetic function in order to prove
that E¢ is both a mapping from H to Hs and locally Lipshitz continuous.

Lemma 5. Let the fields (A, E, ¢, m, ¢, 7) € H. If the first derivative of the
real part of the gauge kinetic function is at most a linear growth,

(5.9) [0ihav| 1, = (| O5hab|l 1, < Cll@| s

then Ec lies in Ho. Furthermore, if Oshgp is also a locally Lipshitz function,
then Ec is a locally Lipshitz function.

Proof. Define a norm for a gauge indexed field as
(5.10) |A]? = hgp A% AL
Using (3.26), we have

(5.11) 1Ec| L. < Cllpllzes »

and by the definition of p and using the Holder inequality, we have

oI, < C{IBAIL,, + I1X7lZ,, + [EOshIL,,
+ | FOsklZ, , + IKAFIL,, }
< C{IBIZIAIL, + IXIZ, 7L, + I EIZ, 1105k,
+ 10sklIZ, I FIZ, + IKANLIFIZ, }
< C"{IIBIL AN, + XI5, 7L, + 1BIZ, 105k ]E,
(5.12) +IFIL, (10skliZ, + 1kAlIG,) }

where we used the Sobolev inequality to show that ||u||r, < C||lu||q,-
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Since OsE¢, = 4mp, by taking the Fourier transform on both sides, we
have

~ s Y
hence, we have

IDEcl, = [ d (00, Eo.)?

Ri’»

A 12
- / dgk‘kQECS

Ri’»

— (P [ gl
RB

(5.14) = (n? [ a0 = mPlopll,

Using definition of Sobolev norm and Schauder ring property, we have

10spll7, < 1EANF, + X%, + | BOsh|E, + | FosklE, + [kAF|G,
< B, 1ANZ, + IX 1 7, + 121, 10shliF,
(5.15) +1FNE, (10skIZ, + I1kAlIZ,) -

By definition of field strength, we get the estimate
(5.16) 1, < C (I Alm, + 1AI,)
and using condition (5.9),

10shll iz, < 1103k 11,1100 || 1, »
(5.17) < Clé¢l,

and the fact that the gauge kinetic function is a holomorphic function, we
have

1Ec|m, < C (1Alm 1B m, + 9l mllmlla, + 1, 12w, + Al ]Il
(5.18) +IAllz Il + 1Az, 6l a + 1Al [411Z,)

which shows that E¢ lies in Hs for all u € H, thus the first part of the lemma
is proven.
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Now we will prove the Lipshitz condition for E~ which is important for
proving the local existence of the evolution equation. From the definition of

E¢c we have

EE (') — EE (u)

AS

_ # « <_f§f{h/abhédA;fE&r ~ Ph AL B
— WG {XPRT + Xir} + W g { XA + Xjn')

+ B (Kl fi — K o) A F0 — R (Kge fil — Kpafo) AT Fes0

(5 19) o hlabElcsas hgc + hzzbEcs as hbc + h/abﬁlcsOas k{)c _ hab]:-csOaS kbc) .

Recalling the estimate from the prove of the first part of the lemma, and
using assumption that dshgp is locally Lipshitz, then we have

IEE () — B (u)l|u,
< K{IIA’ = Allgz, [1E" 1, + 1017, (1Al 22 + [l A"+ Al
+ Al + 1A+ Allm)] + I1E" = Bl (1Al + ¢ll7,)
' = wllm ¢l + 110" — Sl (1|, 16 + ol
A, (U + ALz + Dl + 147, (1 + HA'HHZ)}}
= Co(ll[ [l A" = All g, + Co(ll Nl ([ B = Bl a,
(5.20) + Cs (W] [lul)ll¢” = Bl + Cal[|s a7 — 7, -

Then for u € H, E¢ is a locally Lipshitz function which proves the second

part of the lemma.
O

The final proof of the Lipshitz condition for .J is established by showing
that the other components of J are also Lipshitz functions. Using Sobolev
inequality, we have
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1 2(') = Ta(et) 1,
< O{)14’ - Al (14l + 1413, + 1Bl 163, + )%,
1B 163, + 14"+ All, (1 14, + 1613,
116/ 1) + 11 |, |
1B = Bl [0, I, + 1813+ 140, 3,
116 = Gl [0/, + 16 + S, (1Bl + 14, + 1473,
AN + Il LB, + Il (141, + 1AIR,) + 16l
11 =l (1B, + 1 (1Al + 141,)] §
= O5 (. Jull) 1A' — All, + Co (/). Jul |12 — Bl

(5:21) o+ Crlle | Nl — Sl + Cs (I ) 12 — s,

and

1 7a(e') = Ta(ur) 1,
< CLI = Tlla, {161, + 141,10V, + 1A 018, + D5,
\E' = Ella, (1w B + Ellm, + 116/l | Flla, | + |7 = L, 1T
14" = Al (166 + 14" = Allg, (11, + 1T 101 %,)
+ Il N8l + (14 147 + Allw) (10l |7 = Fl,
Il B )| + 16" = olla, [Tl 1+ @llr, (1 + 141%,)
1A N + DAl + DA, + 1B F e, + VB, + 1713,
+ 1163V — 0Vsllm, }

(5.22)

Using estimate (4.2) and (5.16) and using the assumption in (2.5), we have

1 Ja(’) = Ja(@)llm, < Collw'[ls [[ulDIA” = Allm, + Cro(ll/[l [[ulDI1E" = Ella,

+ Cr (Il lulDll¢" = b1z,
(5.23) + Cra([l[l, [fulD |7 = 7|, -
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Thus, from Lemma 5, (5.21) and (5.23), the nonlinear operator .J is a map-
ping from H to itself and satisfies locally Lipshitz condition.

Then by Segal’s theorem, for any initial data wug in H, there exists a
positive constant 7' > 0 depending on wug such that the Equation (3.35)
admits a unique mild solution which is continuous in ‘H for an interval [0, 77,
i.e. u € C([0,T],H) which satisfies (5.5). Furthermore, the solutions can be
extended into maximal mild solutions on interval [0, Tinax) such that either

1) Timax = +o0 and the equation (3.35) admits a global solution, or

2) |lu(t)|| = oo as t = Tax and the solution blows up on a finite time
Tmax

If the initial value ug lies in D4 then Equation (3.35) admits a unique
classical solutions w(t) for an interval [0, Tax) which remains in D4 and
satisfies the differential equations

du(t
(5.24) dgf ) = Au(t) + J(u(t)) ,
with dq”zlgt) is a continuous curve in H. Then, the solutions u belong to,

(5.25) u € C ([0, Tinax), H) N C ([0, Trax), DA)

such that either Tiax = +00 or [|u(t)|| — oo as t = Tmax-
Now, we shall show that the solution of the modified equation (3.35),
which satisfies the constraint, is the solution of the original equation.
Following the result of [4] for the constraint equation, we have

(5.26) ICIZ, < ICO)]3, exp ( / O’HE<s>\Hl) |

Since the initial value of the constraint equation is C(0) = 0, then C(¢) van-
ishes in the interval existence of u (). Hence, the solution of the modified
equation (3.35) always satisfies the constraint equation so that it is the solu-
tion of the original equation.

Therefore, we have proven,

Theorem 1. Let ug be any initial data lying in H = (Hy x Hy)3. If the
conditions (2.5), (4.1), (4.2), and (4.3) are satisfied, then there exists a pos-
itive constant Tyax > 0 depending on ug such that the integral equation (5.5)
admits a unique maximal solution u(t) on interval [0, Tmax) which belongs
tou € C ([0, Tmax), H) and either
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1) Tmax = +00 and the equation (3.35) admits a global solution, or

2) |lu(t)]] = oo as t = Tmax and the solution blow up on a finite time
Tmax

Furthermore, if ug lies in Dy and satisfies the constraint C(ug) = 0,
then the equation (3.35) admits a unique classical solution u(t) for an inter-
val [0, Tyax) which remains in D4, and belongs to u € C ([0, Tiax), H) N
C ([0, Twmax), D), and satisfies the constraint C(u(t)) =0 such that either
Tinax = +00 or [|u(t)|| = oo as t = Tiax-

Appendix A. Convention and notation
The purpose of this appendix is to inform our conventions used in this paper.

The spacetime metric is flat with the signature (—, +, +, +).
The following indices are used:

v, p,0=0,...,3, label 4-dimensional flat spacetime
s, p,q=1,2,3, label 3-dimensional flat space
ti,0,9, 0.k k=1,...,n, label n. dimensional Kahler manifold
ta,be,d=1,...,1n, label the gauge index

Appendix B. List of inequality

In this appendix, we mention some basic inequalities used in this paper. For
detail reviews, see [10, 12].

B.1. Young inequality for convolution

Suppose f € L,(R?) and g € Ly(R?) and

1 1 1
+2=2+1,
p q T

(B.1)

with p,q,r € Rand 1 < p,q,r < oco. Then

(B.2) 1f*glle, < Il llgllL, -

If g € Lyw(R?) where L., is weak L, space, then

(B.3) 1f*glle, < Iflz,llglL,.
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with p, ¢, r are defined and satisfy the condition above.
B.2. Holder inequality
Let p, g, be positive numbers and satisfy p,q,r < 1 and
(B.4) -+ -=-.
Suppose f € L,(R?) and g € Ly(R?), then fg € L,(R?) and

(B.5) 1£9]

L, < Ifllz, llgllz, -
B.3. Sobolev inequality

Let ¢, m be real numbers with 1 < ¢,m < oo and r,s are integers where
0 < r < s which satisfy

(B.6) p=3+6<;—§>+(1—9)2,

with r/s <6 <1 and p is non negative. For u € H (R3) N L,(R?), there is
a positive constant C' which depends only on m, j, ¢, and 6 such that the
following inequality holds

(B.7) |07 ulz, < Clloullf,

-0
ullz,”
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