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Abstract

A systematic procedure is developed for constructing fermion systems
in discrete space-time which have a given outer symmetry. The con-
struction is illustrated by simple examples. For the symmetric group, we
derive constraints for the number of particles. In the physically interest-
ing case of many particles and even more space—time points, this result
shows that the permutation symmetry of discrete space—time is always
spontaneously broken by the fermionic projector.
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1 Discrete fermion systems with outer symmetry

We briefly recall the mathematical setting of the fermionic projector in
discrete space-time as introduced in [1] (see also [2] or [3]). Let H be
a finite-dimensional complex vector space endowed with a non-degenerate
symmetric sesquilinear form (.|.). We call (H, (.|.)) an indefinite inner product

space. To every element x of a finite set M = {1,...,m}, we associate a pro-
jector E,. We assume that these projectors are orthogonal and complete,
EwEy=0u Exy Y E.=1, (1.1)
zeM

and that the images of the E, are non-degenerate subspaces of H. We
denote the signature of the subspace E,(H) C H by (pz,q.) and refer to
it as the spin dimension at x. We call the structure (H,(.|.), (Ez)zen)
discrete space—time. M are the discrete space—time points and E, the space-
time projectors. The fermionic projector P is defined as a projector on a
subspace of H which is negative definite and of dimension f. The vectors in
the image of P have the interpretation as the quantum states of the particles
of the system and f is the number of particles. In what follows, we refer
to (H, (..), (Ez)zem, P) as a fermion system in discrete space—time or, for
brevity, a discrete fermion system.

We point out that in [1, 2] we assumed furthermore that the spin dimension
is equal to (n,n) at every space-time point. Here we consider a more
general spin dimension (p,, ¢, ) for two reasons. First, a constant spin dimen-
sion (n,n) would not be a major simplification for what follows. Second,
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even if we started with constant spin dimension (n,n), the corresponding
simple systems (see Section 4) will, in general, have a spin dimension which
varies in space-time, and therefore it is more elegant to begin right away
with a non-constant spin dimension (pg, ¢z ).

In this paper, we consider discrete fermion systems which have a space—
time symmetry, as described by the next definition. We denote the symmetric
group of M (= the group of all permutations of M) by S,,.

Definition 1.1. A subgroup O of the symmetric group S,, is called outer
symmetry group of the discrete fermion system if for every o € O there is a
unitary transformation U such that

UPU =P and UEU™'=E, 4 YazeM. (1.2)

Our aim is to characterize the discrete fermion systems for a given outer
symmetry group O.

2 Reduction of the proper free gauge group

The transformation U in Definition 1.1 is determined only up to transforma-
tions which leave both the fermionic projector and the space—time projectors
invariant, i.e.,

UPU =P and UE, U '=E, Yz M. (2.1)

In simple terms, our aim is to “fix” such transformations, thereby making
the transformation U in (1.2) unique. This is desirable because the resulting
mapping o — U (o) would be a representation of the outer symmetry group
on H, making it possible to apply the representation theory for finite groups.
Before entering the problem of fixing the transformations (2.1), we need to
study these transformations in detail.

As in [2], we introduce the gauge group G as the group of all unitary
transformations U which leave discrete space—time invariant, i.e.,

UB,U'=E, VoxeM.
A transformation of the fermionic projector

P—UPU! withUeg

is called a gauge transformation. Clearly, the transformations (2.1) are gauge
transformations and they form the following subgroup of G.
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Definition 2.1. We define the free gauge group F by

F ={U € G with UPU™! = P}.
The free gauge group describes symmetries of the fermionic projector which

do not involve a transformation of the space-time points and which are
therefore sometimes referred to as inner symmetries. Unfortunately, repre-
sentations of the free gauge group are, in general, not completely reducible,
as the following example shows.

Example 2.2. Consider the case m = 2, spin dimension (1,1) and f = 1.
As in [2], we represent the scalar product (.|.) with a signature matrix S.
More specifically,

(ulv) = (u | Sv) Vu,v e H,

where (.|.) denotes the canonical scalar product on C* and S = St, §2 = 1.
By choosing a suitable basis, we can arrange that

1 0 0 0
) E1: > E2: )
0 0 0 1

where for Eyp we used a block matrix notation (thus every matrix entry
stands for a 2 x 2 matrix). We represent the fermionic projector in braket
notation as

o O = O
o o o =
o = O O

P=—|u)(u| with (u|u)=—1. (2.2)

We choose u = (1,0,0,1). The free gauge group consists of all gauge trans-
formations U which change u at most by a phase. A short calculation yields
that such U are precisely of the form

1 iy 0 O
U=e¢? 8 (1] e?ﬁ 8 with «, 3,7 € R. (2.3)
0 0 0 1

Hence F is group isomorphic to S x S! x R (where R denotes the additive
group (R,+)). The subspace spanned by the vector (1,0,0,0) is invariant,
but it has no invariant complement (this is indeed quite similar to the
standard example of the triangular matrices as mentioned, for example,
in [6, Section 2.2]). Hence the group representation (2.3) is not completely
reducible.
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Our method for avoiding this problem is to take the quotient by the sub-
group of the free gauge group which leaves every vector of P(H) invariant.

Definition 2.3. The trivial gauge group Fy is defined by
Fo={U € G with UP = P}.

Taking the adjoint of the relation UP = P, we find that P = PU~! and
thus UPU~! = UP = P, showing that Fy is really a subgroup of F. Fur-
thermore, for every g € F,

9Fog~ P = gFog ' P? = g(FoP)g ‘P =gPg P =P,
proving that gFog~! C Fy. Hence Fy is a normal subgroup and we can form
the quotient group.
Definition 2.4. The proper free gauge group F is defined by

F=F|F.

In order to make F a metric space, we introduce the distance function

A(@.h) = inf_llg—hlla. (24)

where g and h run over all representatives of §,he F and |.| g
is the sup-norm corresponding to a given norm on H. We remark that the
topology generated by this metric coincides with the quotient
topology.

Example 2.5. In the setting of Example 2.2, Fy consists of all unitary
transformations U of the form (2.3) with a = 0. Hence the equivalence

class U corresponding to a unitary transformation of the form (2.3) is
the set

1 iy 0 O
. 01 0 Of .
U=(¢e“ 0 0 &8 o with 8,7 € R
0 0 0 1

These equivalence classes are described completely by the parameter o and
thus F is group isomorphic to U(1). Moreover, it is easy to verify that the
topology induced by the norm (2.4) coincides with the standard topology
of U(1). Hence we can identify F with the compact Lie group U(1). This
group can be obtained even without forming equivalence classes simply by
restricting U to the image of P, because

Uiy = € Lp).-
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The last example illustrates and motivates the following general construc-
tions. It will be crucial that I := P(H) is a definite subspace of H. Thus the
inner product (.|.) makes I a Hilbert space. We denote the corresponding
norm by

lullr == v =(u [ w).

Furthermore, we denote the unitary endomorphisms of I by U(I). Choosing

an orthonormal basis of I, one sees that U(I) can be identified with the
compact Lie group U(f). The condition P = UPU ! in Definition 2.1 means
that every U € F maps [ to itself, and thus the restriction to I gives a

mapping
o: F—U):U—Up.

Since every Uy € Fy is trivial on I, the mapping ¢ is well defined on the

equivalence classes F/Fy. Furthermore, o(U’) = ¢(U) if and only if U'U !
€ Fy. Thus ¢ gives rise to the injection

¢: F—UW). (2.5)

Since every free gauge transformation U € F maps the subspaces E,(H)

into themselves, the corresponding ¢(U) € U(I) is locally unitary in the
following sense.

Definition 2.6. A linear map U € U(I) is called locally unitary if for all
u,v € I and all x € M the following conditions are satisfied:

(i) Byv=0<= E,Uv=0.
(ii)) (EzUu|Uv) = (Eyu|v).

The group of all locally unitary transformations is denoted by Uy (I).
Lemma 2.7. The group Uyc(I) is a compact Lie subgroup of U(I).
Proof. Let A be the set of all symmetric operators A on I which satisfy for
all u,v € I and z € M the conditions

E,v=0<= FE,Av=0 and (E;Aul|v)= (Eyu|Av).

Obviously, A is a linear subspace of End(I) (where End(I) denotes the linear
mappings of I to itself). Furthermore, the above conditions are compatible
with the Lie bracket {A, B} =i[A, B], and thus A is a Lie algebra. The
exponential map A — exp(iA) maps A into Upc(I). In a neighborhood
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of 1 € U(I), we can define the logarithm by the power series

log(V) = log(1 — (1 — V)) Z (- (2.6)

showing that the exponential map is locally invertible near 0 € A. Hence the
exponential map gives a chart near 1 € Uy,(I). Using the group structure,
we can “translate” this chart to the neighborhood of any V' € Ujpe(I) to get
a smooth atlas. We conclude that Uy, (I) is a Lie subgroup of U(I). Finally,
the conditions (i) and (ii) in Definition 2.6 are preserved if one takes limits,
proving that U (I) is closed in U(I) and thus compact. O

The construction of the next lemma allows us to extend every locally unitary
map to a free gauge transformation on H.

Lemma 2.8. (Extension lemma) There is a constant C > 0 (depending
only on I and the norm ||.||g) such that for every locally unitary U € U(I)
there is a V- € F with (V) =U and

=V <Cl1-Ul

This V' can be chosen to depend smoothly on U, giving rise to a smooth
1njection
A Uloe({) = F C End(H), (2.7)

which is a group homomorphism.

Proof. The first step is to “localize” U at a given x € M to obtain an
operator

Uy : Ex(I) — E,(I).
Introducing the abbreviations I, := E,(I) and H, := E,(H), we choose an
injection ¢, : I, — I such that

Epip=1p,. (2.8)
We define U, by
Uy =E Uiy : Iy — 1.
Let us verify that this definition is independent of the choice of ;. For two
different injections ¢, and ¢}, we know from (2.8) that for all u, € I,
Ey (tz — Ul)ug = 0.
Using that U is locally unitary, we conclude from condition (i) in Defini-

tion 2.6 that
0=FE,U (tp — t})up = (Up — UL) uy
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Let us collect some properties of U,.. First of all, choosing for a given u € I
the injection ¢/, such that ¢/, E,u = u, the above independence of U, of the
choice of the injection implies that for all u € I,

E,Uu=E, Ul E,u=U,FE,u, (2.9)

and thus for all u, € I,

E,Utpuy, = Uy uyg. (2.10)

As a consequence,

O U 220 0 B Vw2 BUT U = .

In a more compact notation,

and thus it is unambiguous to simply write U 1. By restriction, we can also
consider the norm ||.||z on the subspace H;. Since every unitary map in
the Hilbert space I has norm 1, we can estimate the corresponding norm of
U, by

1Uzller < 1B\ 1T leall = (| E]] lleall-
Note that the resulting upper bound is independent of U,. Applying the

same argument to U, !, we conclude that there is a constant ¢ independent
of U, such that

Ul + 11U e < e (2.11)

Furthermore, we have
1= Uell = [|Ee (1 =U) el < c1=Ul, (2.12)
=0 < 10U =1 < 1 =T (2.13)

Finally, U, is isometric on I,. Namely, using the properties of the space—
time projectors together with condition (ii) in Definition 2.6, we obtain that
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for all ug, v, € I,

(Uptug | Upvy) = (EpUtpuy | Utyvy) = (Egptapty | tz0z) = (Ug | v).

Our goal is to construct a unitary operator V,, : H, — H, which coincides
on I, with U, and satisfies the inequality

1= Vellg <Cl1=Uls (2.14)

Namely, provided that the operator V, can be constructed for every z € M,
we can construct V by taking

V=> V,E, : H— H.
xeM

This operator is obviously unitary and invariant on the subspaces H,, and
thus V € F. Furthermore, for all x € M and u € I,

Eyo(V)u=EyVu=E, Vo Bou=FE,Us Evu 2 E,Uu,

proving that ¢(V) = U. Hence V really has all the required properties.

In order to construct V., we choose in I, a non-degenerate subspace of
maximum dimension and in this subspace a pseudo-orthonormal basis e;.
We extend this basis by vectors f; to a basis of I, (thus the vectors f; are
all null and orthogonal to I,). Next we choose vectors h; € H, which are
orthogonal to the e; and conjugate to the f; in the sense that (f; | hj) = &;;.
Then the span of the vectors e;, f; and h; is non-degenerate, and we can
choose on its orthogonal complement a pseudo-orthonormal basis gr. We
thus obtain a basis (e;, fj, gk, hj) of H,. Using a block matrix notation in
this basis, the signature matrix takes the form

0
0
Sa
0

cooWn
H o oo
co=O

where S7 and Sy are diagonal matrices with entries equal to £1. Without
loss of generality, we choose the norm on H, such that it coincides, in this
basis, with the standard Euclidean norm on CP=14=,
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We represent operators on I, as 2 x 2 block matrices in the basis

(eia fj)7 €.g.,
W X
e (1Y)

Since U, is isometric on I, we find

(ei|ej) = (Urei | Urej) = (Wei | Wey),
showing that W is unitary in the sense that W~! = §;W1S;. Furthermore,

0= <€i ’ fg) = <Uz € ’ Uz f]> = <Wei ‘ ij>7

and since W is unitary, we conclude that X must vanish identically. Arguing
similarly for U, ! and using that U, and U, ! are inverse to each other, one
easily verifies that they must be of the form

(W0 (Wt oo
Ug = <C A)’ Ugc - ( D A1>7 (2'15)
where D = —A~'CW~!. We choose V, as
W 0 0 SDf
_|c A0 B . 1 i
Ve = 00 1 0 with B = —3 ADS\D'. (2.16)
0 0 0 (A™Ht

Obviously, V.. coincides on I, with U, and a direct calculation shows that V,
is unitary on H,, i.e.,

V. SVIS=1.
Using that, according to (2.11), the norms of all the matrix entries appearing
in (2.15) can be estimated in terms of ¢, we find that

1= Vol < @+ )11 =W+ 1= Al + |1 = A7+ [IC] + D)
<A+ (I - Uall + 1= UZH)).
Applying (2.12) and (2.13) give the desired inequality (2.14).

Finally, it is obvious from the explicit formulas (2.15) and (2.16) that
our choice of V' depends smoothly on U and that the mapping A is a group
homomorphism. O

The last lemma shows, in particular, that (2.5) gives a one-to-one cor-
respondence between proper free gauge transformations and locally unitary
transformations. Since Uj,.(I) is a compact Lie group, one might expect
that F is itself compact. This is really the case, as we now prove.
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Lemma 2.9. The proper free gauge group Fisa compact Lie group. The
mapping

2 ﬁ_>Uloc(I) (217)

1s a Lie group homomorphism.

Proof. We first consider the infinitesimal generators of the groups. We thus
introduce the following families of linear operators on H,

A= {A with A* = A, [A, E,] = 0¥z € M and [4, P] = 0},
Ao = {A with A* = A/ [A,E,] =0Vx € M and AP = 0}.

Obviously, these families are linear subspaces of End(H) which, together
with the Lie bracket {A, B} = i[A, B], form real Lie algebras. Furthermore,
Ay is a subalgebra of A, and the calculation

[Ag, A] P = AgAP — AAgP = (AgP) A — A(AyP) = 0

shows that Ap is an ideal of A. Hence A := A/ Ay is again a Lie algebra.

(Since A is a finite-dimensional vector space, we need not worry about intro-
ducing a norm or topology on it.)

The exponential map a + exp(ia) gives a mapping from A to F which
is obviously continuous. Assume conversely that V e B.(1) C F (corres-
ponding to the distance function (2.4)). Since restricting an operator on H
to the subspace I decreases its norm, we know that for any representative
VeFofV,

I =Mz < el =Vlln

(with ¢ independent of V and V), and taking the infimum over all represen-
tatives, we find that

I = (V)]s < ce.

Since the map ¢(V) is locally unitary, Lemma 2.8 allows us to choose a

~

representative V' of V satisfying the inequality
|11 —V]g <Cce.

Hence, after choosing € sufficiently small, the logarithm of V' may again be
defined by the power series (2.6). We conclude that the exponential map is
invertible locally near 0 € A and that its inverse is continuous. Hence the
exponential map gives a chart near 1 € F. Using the group structure, we
get a smooth atlas. We conclude that Fis a Lie group.
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According to Lemma 2.8, the image of ¢ consists precisely of all locally
unitary maps, which by Lemma 2.7 form a closed subset of U([). Further-
more, restricting the above exponential map to I,

pexp(ia) = exp(iar), (2.18)
we obtain precisely the chart near 1 € Ujo(I) constructed in Lemma 2.7.
Hence ¢ is a smooth map from F to Uje(I). Its inverse can be written as

@~ ! =m\ with X as given by (2.7) and 7 : F — F the natural projection.
Hence the smoothness of ¢! follows from the smoothness of \. O

The previous lemma allows us to identify F with the compact subgroup
Uloc(I) of U(I). As the next lemma shows, compactness implies complete
reducibility into definite subspaces.

Lemma 2.10. Let £ be a finite group or a compact Lie group, and U a
unitary representation of £ on an indefinite inner product space H of sig-
nature (p,q). Then H can be decomposed into a direct sum of irreducible
subspaces, which are all definite and mutually orthogonal.

Proof. We introduce on (H, (.|.)), in addition, a positive-definite scalar prod-
uct (.|.). By averaging over the group,

#gz g)u|U(g)v) if € is a finite group
(u]v)e == 9ee

|g’ / Ju|U(g)v)dg if € is a compact Lie group,

we obtain an invariant scalar product (.|.)s. Hence the representation U is
unitary with respect to both (.|.) and (.|.)e.

In a suitable basis, (.|.)¢ coincides with the Euclidean scalar product
on CPT4 whereas (.|.) takes the form

(ulvy = (u| Sv)e with S = diag(1,...,1,—1,...,—1).
—_—— ————
p times q times

Let HT C H be the positive-definite subspace of all vectors whose last ¢
components vanish. Then for every v € HT and every representation matrix
U="Uly),

p+q
Z|vz|2 (v|v)e=(Uv|Uv)g Z|UU

P p+q

ZWI2 (v]v) = (Uv|Uv) =) |Uu)]> = D |(Uo)'?

i=1 i=p+1
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Subtracting the two lines, we find that

p+q

2 ) )P =0,

i=p+1
and thus Uv € HT. We conclude that HT is an invariant subspace.

Similarly, the subspace H~ of all vectors, whose first p components vanish,
is also invariant. In this way, we have decomposed H into an orthogonal
direct sum of two invariant definite subspaces. We finally decompose these
invariant definite subspaces in the standard way into mutually orthogonal,
irreducible subspaces. g

We are now ready to prove the main result of this section. We always
endow the tensor product C! @ H (where H is an inner product space) with
the natural inner product

l

((ui) | (7)) = Y _{ui | vidm. (2.19)

i=1
Theorem 2.11. There are integers (I;)r=1,.. R,
1<l <---<Zlp,

such that F is Lie group isomorphic to the product of the corresponding
unitary groups,

FooU(l) x - x U(lg). (2.20)

The inner product space (H, (.|.)) is isomorphic to the orthogonal direct sum

R
H~HOg <€B Cr @ H(’")>, (2.21)
r=1

where H") are inner product spaces of signature (p(T),q(’")). Under the
isomorphism (2.21), the projectors P and (Ey)zenm take the form

R
P~0 & (@ le, ® P(”)>, (2.22)

r=1
R
E,~E" g (@ I, ® Eg(g“)), (2.23)
r=1

where P") and Eg(cr) are projectors on H") . None of the operators P()
vanishes. Furthermore, F acts only on the factors Cl in the sense that for
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N

every representative V- € F of a V= (Vi,...,Vr) € F,

R
Vi =@ Vie . .24

r=1

where we set I = P(H) and I") = PU)(H ")),

Choosing H®) mazimal in the sense that every subspace J C H satisfies
the condition

J definite, P(J) =0 and Ey(J)CcJ Vee M= Jc H? (2.25)

the above representation is unique.

Note that we do not exclude the case p(®) = 0 = ¢(® and thus H©) might
be zero-dimensional. The situation is different if » > 1, because in this case
we know that P does not vanish, and therefore the dimension of H()
must be at least one, p{") + ¢ > 1. We also point out that P vanishes
on HO® and thus I(® = {0}; this is why in (2.24) we could leave out the
direct summand corresponding to H©).

Proof of Theorem 2.11. The mapping A o ¢ (with ¢ and A according to (2.17)
and (2.7), respectively) is a unitary representation of F on H. According
to Lemma 2.10, this representation splits into irreducible representations
on definite, mutually orthogonal subspaces. We denote the appearing non-
trivial, non-equivalent  irreducible  representations by = Vi,...
Vk and let Vj be the trivial representation on C. We let these irreducible
representations act unitarily on the respective vector spaces Ch, I, > 1,
endowed with the standard Euclidean scalar product. Collecting the direct
summands of H corresponding to equivalent irreducible representations, we
obtain an orthogonal decomposition of the form

R
H~@cCr o HY (2.26)
r=0
with inner product spaces H™ of signature (p(T),q(T)) together with the
representation

R
Ao)(9) =EPVilg) @Lye VYgeF. (2.27)
r=0
Schur’s lemma yields that the operators P and E, take the form
R R
P~ @ ler @ PO, E, ~ @ lcr @ B, (2.28)

r=0 r=0
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By restricting to I, (2.27) gives

R

v(9) =~ P Vilg) ® 110,

r=0

and according to Lemma 2.9 this is simply the fundamental representation
of U10C<I )

Suppose that P = 0. Then replacmg V; by the trivial representation,
we get a new group homomorphism X : F < F with po A= )‘\I =\ =1,

for which the above construction applies just as well. Then H) will be
combined with H(®). In this way, we can arrange that P(") # 0 unless r = 0.

Using the representations (2.26) and (2.28), it is obvious that every trans-
formation of the form

R
Pu. @1, with U, € U(,) (2.29)
r=0

is locally unitary. Comparing with (2.24), one sees that the V,.(g) can be
chosen independently and arbitrarily in U(l,). However, one must keep in
mind that if 7" = {0}, the corresponding summand drops out of both (2.24)
and (2.29). We conclude that Uy, coincides with the product of all those
groups U(l,) for which I(") # {0}. This implies that P(®) must vanish,
because otherwise Vy = U(lp) would be a non-trivial representation. After
reordering the [, we obtain (2.20) as well as the desired representations
(2.21)-(2.24).

It is obvious that every subspace J which satisfies the conditions on the
left of (2.25) can be combined with H(®). The only arbitrariness in the
construction is the choice of the embedding A. Choosing H(®) maximal cor-
responds to choosing A equal to the identity on a non-degenerate subspace of
maximal dimension. Then the signature of each subspace E,\(F) coincides
with the signature of the smallest non-degenerate subspace containing I,
and is therefore fixed. As a consequence, two different choices of A can be
related to each other by a free gauge transformation. This proves uniqueness
of our representation. O

We denote the signature of E;(Dr) (P(™) by (p;(vr), q:(vr)) and set f(") = dim P(")
(H™). Computing dimensions and signatures, we immediately obtain the
following result.

Corollary 2.12. The parameters in Theorem 2.11 are related to the spin
dimensions (pz,qz), the number of space—time points m and the number of



106 FELIX FINSTER

particles f by

R
Y L=,
r=1

R R
p(O) + Z Iy p(r) = Z Pz, q(O) + Z ly q(r) = Z qx,
r=1 r=1

zeM xeM

R R
PO+ Ll =ps, O+ Ld) =g
r=1 r=1

3 A decomposition of U(o)

We now return to our original problem that the transformation U appearing
in the definition of the outer symmetry group (1.2) is not unique due to the
gauge freedom (2.1). In order to partially fix the gauge and to characterize
the remaining non-uniqueness, in this section we shall bring U in a form
compatible with the direct sum decomposition of Theorem 2.11. Before
entering the general constructions, we give three simple examples.

Example 3.1. As in Example 2.2, we consider two space—time points with
spin dimension (1, 1), but now for convenience in the matrix representation

0

-1.0 0 10 0 0

0 1 0} E1_<0 o)’ E2_(0 ]1)' (3.1)
0 0

We choose the one-particle fermionic projector (2.2) with u = 271/2(0,1,0,1)
and thus

o O O

(3.2)

N =
SO OO
— O = O
OO OO
— O~k O

The free gauge transformations are of the form
U = diag(e'®, e, e e!?)  with o, 3, p € R,

and thus F =U(1) x U(1) x U(1). When restricting to P(H), this trans-
formation simplifies to U = ¢ 1 and thus F ~ U(1). Theorem 2.11 gives
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the decomposition
H~H? ¢ coHWY,
where F acts on the factor C and
HO = {(a,0,¢,0): a,ce C},  HY ={(0,b,0,d):b,d € C}
are both two-dimensional definite subspaces.

Systems (3.1) and (3.2) are symmetric under permutations of the two
space—time points. Thus we choose O = {1,0} with o the transposition of
the points 1 and 2 (i.e., 0(1) = 2 and o(2) = 1). The corresponding unitary
transformations U as in Definition 1.1 are of the general form

Ul)eF, Ulo)eF. (2 %) (3.3)

The subspace H© is trivial in the sense that it is invariant under E; and E,
and that P vanishes on it. The fact that O has a representation on H(®)
boils down to the statement that the subspaces E,(H®) have constant
signature on the orbits of (0. Since this situation is very simple, we do
not need to consider H(© further. Thus, restricting attention to H M, the
transformation U becomes unique up to a phase,

- 5 (0 1
U)o = Ligwy,  U@0)zm =€”
1 0) 40

with a, 6 € R. We want to fix the phases. A first idea is to impose that

det(U(g)‘Hu)) =1 VgeO.
Unfortunately, as H(") is two-dimensional, this fixes U(g) only up to a sign.
Therefore, it is better to demand that the unitary transformations restricted
to I(M) should have determinant one, i.e.,

U(g); ) € SUIW) vgeO.
Then

vV =150, UY(e)= (g g) ;
|H®)

giving indeed a representation of the outer symmetry group on H®),
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Example 3.2. Again in the discrete space-time (3.1), we consider the
two-particle fermionic projector

(3.4)

s

I
o o o o
o o~ o
o o o o
-~ o © ©

Now the free gauge transformations are of the form
U= diag(eia,em, eiV,ei‘;) with «, 8,7,0 € R,

and thus F = U(1)*. When restricting to P(H ), the factors e!® and e drop
out, and thus F ~ U(1) x U(1). Theorem 2.11 gives the decomposition

H~HO ¢ CoHY)o (Co H®),
where F acts on the factors C and
HO = {(a,0,¢,0) :a,ce C}, HW =((0,1,0,0)), H® =((0,0,0,1)).

This system is again symmetric under permutations of the two space—time
points, O = {1,0} with o the transposition. The corresponding unitary
transformations U as in Definition 1.1 are again of the form (3.3). The sub-
space H(®) is again trivial. Restricting attention to its complement H(®+ =
HM @ H®) | there remains a U(1) x U(1)-freedom,

1 0 0 € ]1)
( )IH@L < 0 € ° ]l> |H(©)L ( )IH@L <e b 1 0 |HOL

In order to fix the phases, we impose that U should be of the form
Upgor =V (U@ Us)

with Uy € SU(I(k)) and V a permutation matrix, i.e., a 2 x 2 matrix with
the entries Virg = 03/ r(x), Where m € S is a permutation. Then U becomes

a representation of the outer symmetry group on H (L,

0 1
U gor =Ligor,  Ul0)goL = (1 0> :
|H ()L

This example explains why it is, in general, impossible to arrange that the
mappings U are invariant on the subspaces H®).
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Example 3.3. We consider, again in the discrete space-time (3.1), the
fermionic projector

—sinh? o 0 0 cosh asinh «
p_ 0 cosh? a — cosh arsinh « 0
- 0 cosh arsinh o —sinh? o 0
— cosh asinh « 0 0 cosh?

(3.5)

If & =0, we are back to Example 3.2. In the case « £ 0, the free gauge
formations are all of the form U = e'?1, 3 € R, and thus F = U(1), and also
F =U(1). As a consequence, Theorem 2.11 gives no decomposition, i.e.,

H=H®W,

Our system is again permutation-symmetric, O = {1, 0} with o the trans-
position. The corresponding unitary transformations U as in Definition 1.1
are of the form

UML) =1, Uo)=e" (i g)

with 8,y € R. In order to fix the phases, we can again prescribe the deter-
minants

det(U(g)u(l)) =1 VgeO.

However, since I™") is two-dimensional, this determines U(c) only up to
a sign,

U(l)=+1, U(o) = +i <2 g)

There seems to be no general method for removing the remaining discrete
phase freedom. But in our example, we can clearly fix the phases arbitrarily
by setting

vm=1 U= () o).

giving a rsepresentation of the outer symmetry group.

These examples illustrate the following general result.
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Proposition 3.4. In the representation of Theorem 2.11, every unitary
transformation U as in Definition 1.1 restricted to I can be represented as

R
r=1

with F € F and unitary operators U, € SU(I™). Here the operator W is a
permutation operator in the sense that there is a permutation m € Sg such
that for all u, € Cr @ I("),

R R
w (@) - Do
r=1 r=1
The permutation 7 satisfies the constraints
e =lagy,  dimI™) = dim 1707, (3.7)

and we identify I with 1) vig an (arbitrarily chosen) isomorphism. For
a given choice of these isomorphisms, the operators W are unique, whereas
the operators U, are unique up to phase transformations of the form

U, — eV U, with ¥-dimI") € 27 Z. (3.8)

Proof. For given 0 € O we let U be a unitary transformation satisfying (1.2).
Then for every F € F, the conjugated matrix FU := UFU™! satisfies the
conditions

FVP(FYy"' =UFU'PUF U = P,
FUE(FY) ' =UFU ' E,UF'U ' =UFE, 1, F'U ™!
=UE,1()U"" = E,,
showing that FV € F. We write the relation between F and FU in the form
UF=F"U. (3.9)
According to (2.24), F and FY can be represented as

R R
ﬂI:@Fr,‘@]l[(r), E?Z@F£J®1[(T) WlthFT7FTZ'J€U(l7‘)

r=1 r=1

(3.10)

We choose 7,5 € {1,...,R}. Restricting U to C'* ® I") and orthogonally
projecting its image to Cls ® 1) we get a mapping

U, :Clr @I — Cl g 1),
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If this mapping vanishes identically, it can clearly be written in the form
Usr = Mg @ Agr (3.11)
with linear maps
M,, : Clr — Cbs, Agr : I — 1), (3.12)

Our goal is to show that U, can also be represented in the form (3.11)
and (3.12) if it does not vanish identically. In this case, we define for any
non-zero vectors u(™ € I") and u(®) € I®) the following injection and pro-
jection operators,

W) Cr s Tv— v @u,
Ws(u(s)) I — Cls W — (<€z ®u(s) ]w))i_l 1

=1,..,ls»

where e; denotes the canonical basis of Cls. Since Us, is non-trivial, we can
choose u(") such that the product U, is not identically equal to zero. Thus
we can choose u¥) such that the operator

M, =msU ., : Cr — Cbs

does not vanish identically. Using the representation (3.10) together with
(3.9) and the definitions of ¢, and 7, we obtain for every F' € F,

75Uty Fp=n,UF 1, =7 FYU 1, = FY 7, U 1, ,
and thus
M. F.=FY M,, VFcF. (3.13)
Let us show that (3.13) and the fact that Mg, # 0 implies that M, is

bijective: We choose a vector u € C' which is not in the kernel of M,, and
set v = Mg, u. Then for all F' € F,

My Fru=FY v #0,

and since F,. € U(l,) is arbitrary, it follows that Mg, is injective. Moreover,
for all F' € F,

FYv = M. (F,u),

and since FV € U(l,) is arbitrary, we see that My, is surjective.
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The bijectivity of Ms, clearly implies that I, = [,. Furthermore, we can
relate F, and FU by

FY = M, F, M_,". (3.14)
Restricting both sides of (3.9) to C'* ® I(") and orthogonally projecting their
image to C @ I®), we get the relation

Usr(Fr & ]ll(r)) = (FsU b2y ]l[(S))Usr-
Using (3.14), we obtain
B(F,®@1;m) = (F,®1;4)B

with B := (M;! ® 1)) Us,. Now we can apply Schur’s lemma to conclude
that B is trivial in its first factor,

(]\4—577“1 ® B‘I(s))US’I’ = ]lcl'r ® Asr

for some linear operator A, : I(") — I(9). Multiplying both sides by (M, @
1)) proves the representations (3.11) and (3.12).

Suppose that for a given r there are two s,s" € {1,..., R} with Uy, # 0 #

Us/r. Then we obtain from (3.14) that

M ' FY My, = M FY My, VF € F.

Since FV € U(ls) can be chosen independently, this relation can hold only
if s = s’. Hence Us, vanishes except for at most one s. On the other hand,
the surjectivity of U implies that for every s there is at least one r such
that U,s # 0. We conclude that the mapping r — s is a permutation. We
introduce 7 € Si such that s = 7(r). We conclude that

Uprin = Moy ® Aggryr : Cr @ I — Cln @ 170,

and due to the unitarity of U, this mapping must be bijective and isometric.
In particular, I( and I("(") are isomorphic. Choosing an arbitrary isomor-
phism & : I — 1(™(") we can write the above mapping as

Uiy = (Mz(ryr ® Lpoy)) (Leir @ ) (1t @ Uy) (3.15)

with U, € U(I (’")). For fixed &, this representation is obviously unique up

to the phase transformations
M(ryr — € Mo, U, — e WU, withdeR.

These phase transformations can be fixed by imposing that U, € SU(I(")),

except for the discrete phase transformations (3.8). Except for these phases,
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the representation (3.15) is unique, and by restricting (3.6) to ("), one sees
that it coincides precisely with the desired representation of Uj;. O

It is useful to write the freedom to perform the phase transformations (3.8)
in a group theoretic language. We introduce the abbreviation

fr =dim I(r),

which is motivated by the fact that f. can be interpreted as the “number
of particles in the rth direct summand.” The allowed phase factors in (3.8)
form a cyclic group of order f,, which we denote as usual by

Z;, = Z/(f, ).

Multiplying the phase factors by the identity matrix, we regard Zy, as a
normal subgroup of SU(I() (it is actually the center of SU(I("))). Then U,
are uniquely determined as elements of the factor group SU(I("))/Z fre

In our next theorem, we extend U(c) from I to H.

Theorem 3.5. Let (H,(.|.),(Ey)zen, P) be a discrete fermion system with
outer symmetry group ©. Choosing H©) mazimally (2.25), there are map-
pings A\ : O — U(H(T))/ZfT such that for any o € O and any choice of
representatives U, € U(H™) of \")(), the resulting unitary operator

R
Ulo) =1y0 & W(o)- (@ I ® U(r)(o')) (3.16)
r=1

satisfies (1.2). The operators U(c) are compatible with the group opera-
tions in the sense that for any choice of U(o) and U(T), we can choose a
representative U(oT) such that U(o)U(7) = U(oT).

(r)

Proof. Let us choose a convenient basis in every subspace Hg) = Fy
(HM), x € M, re{1,...,R}. We closely follow the construction of the
special basis of H; in the Proof of Lemma 2.8. First, in every subspace

Ia(;r) = EQ(CT)P(T) (H™) we choose a non-degenerate subspace of maximal dim-

ension and in this subspace a pseudo-orthonormal basis (egx’r)). We extend
§x,r) c
H") which are conjugate to the f](x’r) in the sense that <f-(x’r) | h;x’r)> =0;j.

7

Then (egx’r), f;x’r), h;x’r)) is a basis of Ha(;r), as the following argument shows.

Suppose that v € HQ(CT) is a vector in the orthogonal complement of the span

of (el(x’r), f;x’r), hg-x’r)). Then the vector space C!* ® {v} C H is orthogonal

to I and thus in the kernel of P. Furthermore, it is invariant under the

this basis by vectors f](x’r) to a basis of Ig(f). Next we choose vectors h
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projectors E,. Using that H® is maximal (2.25), we conclude that Cl* ®
{v} ¢ H® and thus v = 0.

For any o € O we choose a U satisfying (1.2). Then U|; is of the form
(3.6). Multiplying U by a suitable free gauge transformation, we can arr-
ange that

R
U‘] = @ ]l(clr ® U, (3.17)
r=1
with U, € U(I")). Our task is to extend the operators U, to H. To this
end, we first note that
O(I{") = (UEPYH") = (Ey() PUYH") = (Bp(qy PY(H™) = 170,

showing that U maps Ig(f) to Igg)).

clearly isometric and bijective. Introducing the isomorphism x in (3.15)
Ex’r), f;z’r), hg-x’r)) to the corresponding basis
(

vectors (ega(x)’ﬂ(r)), f;a(x)’ﬂ(r)), hja(x)’w(r))), the mapping U, € U(I®) in (3.15)
is locally unitary according to Definition 2.6. Thus we can apply Lemma 2.8
to unitarily extend U, to H(. More precisely, we choose the extension

Since U is unitary, this mapping is

by mapping the basis vectors (e

on the subspaces Hg(f) according to (2.16). The resulting mapping A(") :
U(IM) = U(H™) allows us to define U(c) by

U(o) g = (Ietr @ £)(Lei @ MU;)).

This formula depends on our particular choice of k. But we can modify it
so as to be valid for a general isomorphism # : 1) — I(™(") " To this end,
we simply rewrite U(o) as

U)o = (Len @ R)(Len @ A(U;))
with (o) := (&) "' o k(0) o A. (3.18)

Comparing with (3.15) and choosing U () g0 = 1), we can write U(o)
in the form (3.16) (where clearly each U, in (3.16) is identified with the
corresponding operator A(U,) in (3.18)).

Let us analyze the arbitrariness of the above construction. The opera-
tors U, € SU(I")) in (3.17) are unique up to the discrete phase transfor-
mations (3.8). Since X is linear, we find that their extensions U, € U(H ™)
in (3.16) are also unique up to discrete phases. Hence the functions ()
in the statement of the theorem are indeed well-defined mappings from O
to U(H™)/Zy,. Conversely, different representatives of A\") (o) differ only
by discrete phase transformations (3.7). According to Proposition 3.4, such
transformations do not affect (1.2).



FERMION SYSTEMS IN DISCRETE SPACE-TIME 115

Finally, we need to verify that U(c) is compatible with the group oper-
ations: Since the U, in Proposition 3.4 are unique up to the discrete phase
transformations (3.7), it is obvious that the restrictions u(c)|; are compatible

with the group operations. Furthermore, as we fixed the bases (egm’T), f](‘r’r),

h(x7T)
J
onto each other and by using the explicit formula (2.16), we conclude that

the extensions U(o) are also compatible with the group operations. O

) and extended the U, simply by mapping corresponding basis vectors

The just-constructed isomorphisms I ~ 1(7(") and Hy) ~ HS{S)) imme-

diately imply the following relations between dimensions and signatures.

Corollary 3.6. Assume that in the representation of Theorem 2.11, the
vector space H® is chosen mazimally (2.25). Then the parameters in
Theorem 2.11 and Proposition 3.4 are related to each other for all x € M
andr € {1,...,R} by

(p™), g™ = (pm) 4

)

(r) () — (7)) (7(r))
(pm ) Ay )_ (po'(m) ’qo'(x) )

It is important to observe that the unitary transformations U, in Propo-
sition 3.4 and Theorem 3.5 can be arbitrarily changed by the phase transfor-
mations (3.8). This so-called discrete phase freedom is undesirable, because
as a consequence the mapping o +— U(c) with U(o) as in (3.16) is not
uniquely defined and, in particular, is not a group representation. In special
situations (see Example 3.3 and Proposition 9.4), one can fix the phases to
obtain a representation of the outer symmetry group. However, there seems
to be no general method for fixing the phases. This difficulty can be under-
stood from the following analogy to the continuum theory: Minkowski space
is symmetric under Lorentz transformations; thus we can regard SO(1, 3) as
an outer symmetry group. In this setting, the vectors of H should correspond
to Dirac wave functions. In order to represent the outer symmetry group,
one would have to find a representation of SO(1,3) on the Dirac spinors.
However, such a representation does not exist in non-mathematical terms,
because a spatial rotation by 360° flips the sign of the spinors. The way out
is to extend the outer symmetry group by going over to the universal cover
Spin(1,3) of SO(1,3). The spin group then has a unitary representation
on H.

In the discrete setting, the situation is more involved than in the conti-
nuum, because in Proposition 3.4 and Theorem 3.5 the phase freedom
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depends on the number of direct summands R and on the number of par-
ticles f, in each direct summand. For this reason, our method is to first
decompose our discrete fermion system into smaller subsystems (Section 4).
For each of the resulting subsystems, we then treat the discrete phase free-
dom similarly as in the continuum by extending the outer symmetry group
(Section 5).

4 Simple systems and simple subsystems

In this section, we want to decompose a given discrete fermion system with
outer symmetry group O into subsystems which should be as small as pos-
sible. These smaller subsystems can easily be identified in the direct sum
decompositions of Proposition 3.4 and Theorem 3.5: On the space H® | the

fermionic projector vanishes, and therefore we call (H(©), (Eg(co))xe v, P =0)
a trivial system. Next, we consider the group of all permutation operators
W(0O) C Sg. If the group elements act as permutations on {1,..., R}, the
corresponding orbits give a partition of {1, ..., R} into disjoint subsets. It is
an important observation that the direct summands corresponding to dif-
ferent orbits are never mapped into each other in (3.16). Thus for any orbit
Q c {1,..., R}, the subsystem

H=PCc eH" (4.1)
reQ
with
E,=PilaeE!, P=FiaeP" (4.2)
reQ reqQ

is again a discrete fermion system with outer symmetry group O. Note that
the parameter [, is constant on the orbits (3.7), and thus we could simply
set | = I,.

Systems (4.1) and (4.2) can be decomposed further, because they consist
of [ identical copies of the discrete fermion system

a=pH", E=PE", P=r", (4.3)

reQ reQ reQ

which again has outer symmetry O. We refer (4.3) as a simple system. To
go one step further, we can also consider one direct summand of (4.3), i.e.,
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for any 79 € () the system

(HT) (BT genr, PUY). (4.4)
This system does not have outer symmetry O. But we can introduce
N = {0 € O with o(ro) =ro} (4.5)

as the outer symmetry group if for any o € N' we take U(0) = Uy|g(ry) :
H(o) — H(0) We call (4.4) together with the outer symmetry group (4.5)
a simple subsystem. As we shall see, using the coset structure of N' C O we
can completely reconstruct the corresponding simple system from a simple
subsystem.

We now introduce the above subsystems without referring to our original
discrete fermion system. This has the advantage that they can later be used
as “building blocks” for constructing general discrete fermion systems. We
always keep the discrete space—time points M = {1,...,m} as well as the
outer symmetry group O C S, fixed.

Definition 4.1. Let (H, (.|.), (Ez)zenm, P) be a discrete space—time. Assume
that the spin dimension is constant on the orbits of O,

We set P =0. Then the system (H,(.|.), (Ez)zem,P) is called a trivial
system.

For a trivial system, O can be realized as an outer symmetry group.
Namely, since the spin dimension is constant on the orbits of O, we can
choose pseudo-orthonormal bases of the subspaces E,(H) and identify the
corresponding basis vectors to obtain isomorphisms between E,(H) and
Ey(:)(H). Using these isomorphisms, one immediately gets the unitary
transformation U satisfying (2.1).

Definition 4.2. Let (H, (.|.), (Ey)zen, P) be a discrete space—time. Assume
that we are given a subgroup N C O together with a unitary representa-
tion U of N on H. Assume furthermore that the following conditions are
satisfied:

(i) NV is an outer symmetry group (see Definition 2.1).
(ii) The system contains no trivial subsystems, i.e.,

J C H definite, P(J)=0 and E,(J)CJ VreM = J=2.

(iii) The proper free gauge group is simply the U(1) of global phase trans-
formations,

F ={e? 1 with ¥ € R}.
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Then the structure (H, (.|.), (Ey)zem, P,N C O) is called a simple subsystem.

We denote the number of particles of a simple subsystem by fsup :=
rank(P).

Let us construct the corresponding simple system. We denote the cosets
{oN with 0 € O} by C4,...,Ck; they form a partition of the set 0. Of
each coset we choose one representative o € C. For convenience, we set
Ci =N and choose o1 = 1. Every 0 € N defines via TN — (o7)N a per-
mutation of the cosets C,...,Ck. This yields a homomorphism from O to
the symmetric group Sk, which we denote by T,

m: 0 — Sk. (4.6)

Clearly, (7(o%))(1) = k, and thus the subgroup 7(0) C Sk acts transitively
on the set {1,..., K}.

We introduce the inner product space H=CKeoH (Yvith the natural
inner product (2.19)). On H we introduce the projectors P and E, by

g =1®P) (4.7)

‘<6k>® (ex)®H’

Eor ) enyor = X Ex)l o (4.8)

where (ej) denotes the canonical basis of CX. Furthermore, we introduce
for all k,l € {1,... K} the canonical identification maps

ml7k:<ek>®HC.ﬁI—>(el>®H:ek®un—>el®u.

In order to define the unitary operators U on H, we introduce for any o € O
and k € {1,..., K} the parameter | = (7(0))(k). Then the group element
T =0, loop satisfies the condition

(m(7)(1) = (n(o7 'oow))(1) = (n(o7 ' 0)) (k) = (w(o; ))(1) = 1,

and thus 7 € . Hence we may define U(o) by
U(0)(eyen = fik o (L@ UT))een- (4.9)

Lemma 4.3. The discrete fermion system (H,(Ey.)zen, P) has the outer
symmetry group O, with the corresponding unitary operators U as given
by (4.9). The definitions (4.7)—(4.9) are, up to isomorphisms, indepen-
dent of the choice of the group elements o, € O. The number of particles
f:=rank P is given by

#0O

f= fsub#—N. (4.10)
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Proof. By taking the trace of (4.7), one sees that f =k fsup. Since the
number of cosets is clearly given by k = #0O/#N, we obtain (4.10).

We only consider the transformation of the space-time projectors E,,
because the fermionic projector transforms in exactly the same way, except
for the simplification that it does not carry a space—time index. For any
c€0 and ke {l,...,K}, we set | = (n(c))(k) and 7 =0, 'o0). Then,
setting © = Jk_ly, we have for all y € M,

U(0)Ey U(o) epen = A U(T ))(]1®E)(]1®U( ) enon
= (18 Ero)leyon = Ewon@ = Foty),

where in the last line we used that 7 € N and that A is a symmetry of the
simple subsystem represented by U.

Suppose that 6, € O is another choice of group elements with (7(d%))
(1) = k. Then

(m(7; " o1)) (1) = (n(ox) " om(ow))(1) = (w(ar) 1) (k) = 1,

and thus 7 := 6,;1% € N. Using that A is an outer symmetry group of
the simple subsystem, we find

Ex’(ek)®H = (1® E_ l(x))|<6k>®H =(1® E(Tkogk—l)(m))kek)@f[

showing that the objects defined using o} and those defined using & are
related to each other by the unitary transformation V' given by

Viewern = L@ Uk))|een-

Hence our definitions are unique up to isomorphisms. ]

Definition 4.4. We call the system (H, (.|.), (Ey)zer, P, O,U) the simple
system corresponding to the simple subsystem of Definition 4.2.

Theorem 4.5. Let (H,{.|.), (Ey)zenm, P) be a discrete fermion system with

outer symmetry group O. Then there is a trivial system (H), (E;,(;O))ZGM,

io(a)

PO)Y as well as a collection of simple systems (H (Ey”)pens, P,
Ka)azlj._,A, A > 1, together with parameters n, € N such that we have the



120 FELIX FINSTER

following isomorphisms:

A
H~HOg (@ Che ® H<a>>, (4.11)

a=1
A ~
E,~E" g (@ lone ® E;a>> , (4.12)
a=1
A ~
P~ icn. @ PO, (4.13)
a=1

Proof. We present the discrete fermion system as in Theorem 2.11 with H ()
maximal (2.25) and represent the outer symmetry as in Proposition 3.4
and Theorem 3.5. The orbits of the permutation matrices W (o) form a
partition of the set {1,...,R}. Let Q C {1,..., R} be one of these orbits.
By reordering the space—time points, we can arrange that @ = {1,..., K}
with a parameter K in the range 1 < K < R. From (3.7) and Corollary 3.6,
we know that
Pcreoa =checkeHD. (4.14)
reqQ
The action of W (o) on @ defines a transitive group homomorphism 7 : O —
Pr. We introduce the subsets C4,...,Ck by

Cr = {0 € O[(n(0))(1) = k}.

Clearly, N := C is a subgroup of O. Let us verify that C}, coincides with
the cosets of N in O: For o, € C}, the calculation

(m(e™' 1) (1) = (n(0) " om(1))(1) = (n(0) ") (k) =1
shows that o~ '7 € N/, and thus o and 7 belong to the same coset. If
conversely o and 7 are in the same coset, we know that o~ '7 € A/ and
thus (m(o)~!7(0))(1) = 1. In other words,

(r(0))(1) = (7 (7)) (1) =: K,

meaning that o, 7 € C.

Identifying the Cy with the cosets of A, the above homomorphism coin-
cides precisely with the action of O on the cosets as described by (4.6).
According to (2.22) and (2.23), the projectors P and E, act only on the last
factor in the decomposition (4.14) and can thus be regarded as operators
on H . For the resulting subsystem (H"), P, E,), N is an outer symmetry
group. The maximality condition (2.25) implies condition (ii) in Defini-
tion 4.2, whereas condition (iii) in Definition 4.2 follows from the representa-
tion of the proper free gauge group (2.24). We conclude that (H), E,., P, )
is a simple subsystem.
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Let (ﬁ . E,, ]5) be the corresponding simple system. Then the tensor
product of Ch with this system is obviously isomorphic to the restriction of
our original system to the subspace (4.14). Taking the direct sum of H 0)
with the so obtained systems corresponding to the different orbits of V' yields
our original discrete fermion system. U

Example 4.6. Let us build up the discrete fermion systems considered in
Examples 3.1-3.3. In both examples (3.2) and (3.4), we obtain the trivial
system by restricting the fermion system to the subspace

H® ={(a,0,¢,0) : a,c € C}.

In the example (3.2), the simple subsystem is constructed as follows. We
set H = C? with —(.|.) equal to the canonical scalar product on C? and
introduce the projectors

10 0 0 1/1 1
El_(o 0)’ E2_<o 1>’ P‘2<1 1)'

We again let O = {1,0} with o the transposition. We choose N'= O with
the representation

U(1) =1, U(a):<[1) (1)) (4.15)

Then there is only one coset, K = 1. Furthermore, 7 is the trivial mapping
(o) = 1. This system is a simple subsystem according to Definition 4.2.
Since K = 1, this subsystem coincides with the corresponding simple system.
Obviously, the direct sum of this system with H© is isomorphic to
systems (3.1) and (3.2).

In the example (3.4), we construct the simple subsystem by choosing
H = C with (u|v) = —uv. Furthermore, we choose

Ei=1, F»,=0, P=1.

We again let O = {1,0} with o the transposition. But now we choose
N = {1} equal to the trivial subgroup. Then its representation is also trivial,
U(1) = 1. This system satisfies all the conditions in Definition 4.2. There
are two cosets of A in @, K = 2. Hence the corresponding simple system
lives in the inner product space H = C? x H ~ C2, where —(.|.) coincides
with the canonical scalar product on C2. The resulting representation U
given by (4.9) coincides with (4.15). A short calculation using (4.7) and
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10 0 0 10
p=on) =) =01

This is a simple fermion system with outer symmetry group O consisting of
two simple subsystems. Taking the direct sum with the trivial system H©)
gives precisely the systems (3.1) and (3.4).

(4.8) yields

In Example 3.3, the discrete fermion system with P according to (3.5) is a
simple subsystem with A/ = . Thus it cannot be decomposed into smaller
components.

We finally give a useful characterization of simple systems which does not
refer to simple subsystems.

Proposition 4.7. Let (H, (.|.), (Ey)zer, P, O) be a discrete fermion system
with outer symmetry group O. This system can be realized as a simple
fermion system according to Definition 4.4 if and only if the following two
conditions are satisfied:

(a) The system contains no trivial subsystems according to condition (ii)
i Definition 4.2.

(b) The system cannot be decomposed into the direct sum of two non-trivial
fermion systems (H', EL, PY) and (H?, E2, P?),

A-H'eH, E.-BaE P=PaPr,

which both have the outer symmetry group O.

Proof. 1t is obvious from condition (i) in Definition 4.2 and our above
construction that a simple system contains no trivial subsystems. Further-
more, a simple subsystem cannot be decomposed into non-trivial subsystems
because otherwise the proper free gauge group would contain independent
phase transformations of both subsystems and thus F > U(1) x U(1), in
contradiction to condition (iii) in Definition 4.2. The corresponding sim-
ple system is, by construction, the smallest system with outer symmetry
group O which contains the simple subsystem, and therefore it cannot be
decomposed into smaller systems with these properties.

Assume conversely that a discrete fermion system (H, (.|.), (Ez)zenr, P, O)
satisfies the assumptions stated in the proposition. We again present the
discrete fermion system as in Theorem 2.11 with H®) maximal (2.25) and
represent the unitary transformations as in Proposition 3.4 and Theorem 3.5.
Then the assumption (a) implies that H(®) is trivial. Furthermore, the
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group 7(O) C Sk must act transitively on the set {1,..., R} because other-
wise the orbits of 7(OQ) would give a splitting of the fermion system into
non-trivial smaller systems with outer symmetry group O, in contradic-
tion to assumption (b). Hence there is only one orbit @ = {1,..., R},
and the construction in the Proof of Theorem 4.5 shows how the system
(H,(.|.), (Ey)een, P, ) is realized as the simple system corresponding to a
suitable simple subsystem. O

5 A representation of a group extension of N/

In this section, we shall construct a unitary representation of the outer
symmetry. The method is to remove the discrete phase freedom by extending
the outer symmetry group. For convenience, we restrict attention to our
smallest building block: the simple subsystem (see Definition 4.2). We first
specialize the result of Theorem 3.5 to a simple subsystem.

Corollary 5.1. Let (H,(.|.),(Ex)zerm, PN C O) be a simple subsystem.
Then there is an injective group homomorphism

AN — U(H)/Zfsub

such that for all o € N and any representative U € U(H) of \(o) the sym-
metry relation (1.2) holds.

Proof. We regard the simple subsystem as a discrete fermion system with
outer symmetry group N and decompose it according to Proposition 3.4
and Theorem 3.5. Since there are no trivial subsystems (see condition (ii)
in Definition 4.2), we know that H(®) = {0}. From the fact that F = U(1)
(see condition (iii) in Definition 4.2) we conclude furthermore that R =1
and that [, = 1. Hence
H~HY — p~pO g ~ED,

Moreover, the permutation operator W in (3.16) is trivial. Thus there is
a homomorphism A : N — U(H)/Z fou, Such that any representative U =
UMD of Mo) := AV (o) satisfies (1.2).

It remains to show that \ is injective. For any o,0’ € N with o # ¢’ there
is a space—time point x € M such that o(x) # o’(z). Then any representa-
tive U(c) of A(0) maps E.(H) to Ey(,)(H), whereas U(c') maps E,(H) to
Eq1(2)(H). Thus obviously U(c) # U(c’) and also A(a) # A(o”). O
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We now form the set of unitary matrices
N ={U e U(H) | U represents \(c) with o € N'}.
This is a discrete subgroup of U(H), because A is a homomorphism. This
group has a natural action on M defined by Uz = o(z) if U represents A(o).

We consider N as an abstract group, whereas the identification with the
particular U € U(H) is denoted by A. The subset

{U € H | U represents A(1)} c N

is an abelian subgroup of N, which can be identified with Ly, - This

subgroup is normal in N and clearly N [Zy.., = N. The result of this con-
struction is summarized as follows.

Theorem 5.2. There is a central extension N of N by Ly, together with

a faithful group representation NN = U(H) such that the following com-
mutative diagram is exact:

1 — Zy.. — N — NcCS»,n — 1
1A A
1 — Zj,,CcUH) — UMH) — UMH)/Zs, — 1

(where 1 is the trivial group). If.l\7 1s equipped with the natural action on
M inherited from N, the mapping X\ represents the outer symmetry in the
sense that

UPU ' =P, UE,U ' =E,4) YzeM, VoeN, (5.1)

where U = A(o).

The above situation simplifies if N possesses a subgroup J wlArlich still is
a group extension of N. In this case, we obtain by restriction of A the exact
commutative diagram
1 — Aczy, — J — N — 1
) LA P (5.2)
1 — ACUH) — UH) — UH)/A — 1
where A is a suitable subgroup of Zy_,. This has the advantage that

the group J has fewer elements than N, making it easier to construct its
representation \. In the simplest case when A is a product,

N:ZfsubXN’

we can choose J = N and A = 1. With a slight abuse of notation, in what
follows we shall in the situation (5.2) denote J by AN. Thus N always
denotes a central extension of N having a unitary representation of on H;
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the group N is either the group in Theorem 5.2 or a suitable subgroup of
this group.

Having a unitary representation of N is very useful because it allows us
to decompose a simple subsystem into irreducible components.

Proposition 5.3. Let (H,(.|.),(Ey)zem, P,N C O) be a simple subsystem
and N a central extension of N together with a unitary representation U
0f/\7 satisfying (5.1). Then there are inequivalent irreducible representations
(Ry, (Cdl)lzl,m,L 0f./\7 such that H has an orthogonal decomposition of the form

L
H~@ch el
I=1
where HY are inner product spaces of signature (p[l],q[l]). The unitary
representation of N and the fermionic projector take the form

L L
U(0>2@RZ<U)®1H[1], P:@lcdl(gp[l},
=1 =1

where PY are projectors in HY with negative-definite image.

Proof. The proposition follows immediately from Lemma 2.10 and Schur’s
lemma. Il

6 The pinned symmetry group

In Theorem 5.2, we constructed a finite group N acting on M together with
a unitary representation U of A/ on an inner product space (H, (.|.)). This
representation satisfies, for all o € AN/ and = € M, the condition

U(o) E,U(o) ™" = Eyp (6.1)

plus the symmetry condition for the fermionic projector UPU~! = P. In
this section, we disregard the symmetry condition for the fermionic projector
and consider unitary representations of N~ which only satisfy (6.1). Our
goal was to use the gauge freedom to bring such representations into a
simple form.

Because of the completeness of the space—time projectors, we can consider
instead of U(c) the operator products E,U(c)E, for x,y € M. We denote
the orbits of the action of A" on M by My,...,Mjy, J>1. The orbits
form a partition of M, and we can introduce an equivalence relation x ~ y
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by identifying the points on the same orbit. Rewriting (6.1) as U(o)E, =
E,,)U(o) and multiplying from the left by E,, we find that

E,U(0)Ey =0 unless z ~y. (6.2)
Therefore, it suffices to consider the case that x and y are on the same orbit.

Without loss of generality, we can assume that z,y € M;. In other words,
it remains to consider the following restriction of U,

U, with Hy := P E.(H). (6.3)
x€eM;
Furthermore, there is no loss of generality to distinguish one point of M,
because this point can be mapped to any other point of M; by applying N.
For simplicity, we assume that 1 € M;. We now form the subgroup of the
outer symmetry group which leaves this distinguished point invariant.

Deﬁr}ition 6.1. The pinned symmetry group R C N is the group of all
o €N with (1) = 1.

For every o € R, we find that U(0)E1 = E,(yU(0) = E1U(0). In other
words, U(c) maps the subspace H := F;(H) into itself. Hence
Vo) := U(a)“q is a unitary representation of R on H. (6.4)

The next proposition gives a procedure to reconstruct Uy, from a given
representation V.

Proposition 6.2. Let (H,(.|.), (Ey)zenr) be a discrete space—time. Assume
that we are given a group N acting on M such that the spin dimension
s constant on the orbits of N. Let My C M be the orbit containing the
point 1 € M. Suppose that V is a unitary representation of the corresponding
pinned symmetry group R (see Definition 6.1) on H := Ey(H). Then there
18, up to gauge transformations, a unique unitary representation U of/(/
on Hy (see (6.3)) which satisfies for all x € My the conditions (6.1) and
which, when restricted to R and JEI, coincides with V.

Proof. Since N acts transitively on M7, we can for every x € M; choose a
group element o, € N with the property that o,(1) = z. For convenience,
we choose o1 = 1. Since the spin dimension is, by assumption, constant
on the orbits of N , the spaces E,(H), x € M, are all isomorphic. Thus
for every z € M;, we can choose an isomorphism k, : H — E.(H). For
convenience, we choose k1 = 1. We define U (o) restricted to H by

U(Ua;)|g cH — E(H) - u— rg(u). (6.5)

Together with the given representation of R on H, (6.5) uniquely deter-
mines a representation of A” on H. Namely, suppose that for a given o €
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N and z € Mj, we want to construct U(o) g, () Setting y = o(z), we
rewrite o in the form o = oypo,;!. Then p is an element of R and using
that U should be a group representation

U(O-)\ET(H) = U(Uy)\[f[ V(p)|H U(O'I)FEZ(H) (66)

All the operators on the right-hand side are given. It is straightforward to
verify that the operators (6.6) form a representation of A" on H satisfying (6.1).

For the uniqueness question, we let U be any unitary representation of N
on H satisfying (6.1). Then for all x € M, the operator U(az)‘g is a unitary

operator from H to E.(H). By a local gauge transformation at x, we can
arrange that this operator coincides with «,. Thus we can achieve by a
suitable gauge transformation that U satisfies the conditions (6.5). But
then U is uniquely determined according to (6.6). O

7 Building up general systems: a constructive procedure

The constructions of the previous sections yield a systematic procedure for
constructing all discrete fermion systems for a given outer symmetry group O
and for given values of the parameters (p,q.), m and f. We denote the
maximal spin dimension by n = maxgen{ps, ¢z }-

1. Choose a subgroup N of O. Choose a parameter fg,, with 1 < fop <
f - #NHO. A
2. Consider a central extension N of N by Z Fauby?

0—2Zp, —N-—N—0.

If N has a subgroup, which is also a central extension of A/, one may

replace N by this subgroup (see Section 6).

Determine the orbits My, ... My, J > 0, of the action of A" on M.

4. Choose in every orbit one representative x; € M; and determine the
corresponding pinned symmetry groups R; (see Definition 6.1).

5. Choose a unitary representation V' of each pinned symmetry group on
a corresponding indefinite inner product space H ; of signature (pj, g;)
and pj,gj <n. The irreducible subspaces of this representation can
be chosen to be definite (see Lemma 2.10). The dimensions of the
irreducible subspaces must be at most n.

6. The construction of Proposition 6.2 gives a unitary representation U
of N on a discrete space-time (H, (.|.), (Ey)ecnr) satisfying (6.1).

@
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7. After completely reducing the obtained representation U on each of
the invariant subspaces

H;:= P E.(H),

$EM]‘

one can characterize all projectors P which satisfy the condition
UPU~! = P (see Proposition 5.3). We build up projectors P onto
negative-definite subspaces of dimension fqup.

8. Selecting those projectors P which satisfy the conditions (ii) and (iii)
in Definition 4.2, we obtain simple subsystems. Carrying out the con-
structions (4.7)—(4.9) yield corresponding simple systems (see Defini-
tion 4.4), whose number of particles is given by fsup, #O/#N.

9. According to Theorem 4.5, a general discrete fermion system is obtained
from simple systems by taking tensor products with C*¥ and by taking
direct sums. We must satisfy the conditions that the spin dimension
of the resulting system must nowhere exceed (n,n) and that the total
number of particles should be equal to f.

8 Examples: abelian outer symmetries and lattices

We now illustrate the construction steps of the previous section in a few exam-
ples. For simplicity, we consider only the case N'= A of a trivial central
extension.

Definition 8.1. A discrete fermion system (H, (.|.), (Ey)zen, P) with outer
symmetry group O is said to be homogeneous if O acts transitively on M.

Example 8.2. (Homogeneous systems with abelian outer symme-
try) Let us consider the case of a homogeneous discrete fermion system with
abelian outer symmetry group. Then O acts transitively on M, and thus for
every x € M we can choose a group element o, € O with 0,(1) = z. The
corresponding pinned symmetry group R is trivial, because for every o € R,

o(z) = (0,00, 1) (z) = (0,0)(1) = 0,(1) =2 V€ M,

and thus 0 = 1. As a consequence, for every x € M the choice of o, is
unique. In particular, the order #0O of the symmetry group equals the
number m of space-time points, and we can use the mapping x — o, to
identify M with O.

According to the basis theorem (see [4, Chapter II, Section 10]), every
finite abelian group is the direct sum of cyclic groups of prime power order.
Thus there are parameters (ln)nzl’,__7N, each being a power of a prime p,,, and
corresponding group elements g, with the properties that the (gn)n=1,.n~
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generate O and that each of the groups {g* : k € Z} is cyclic of order I,,.
Introducing the group 7 =11Z & - - - ® INyZ, we can write O as the quotient

group
O=7")T.

Identifying the points x € M with the corresponding group elements o, € O,
we can regard M as an N-dimensional lattice with side lengths I,,.

Let (H,(.].)) be an indefinite inner product space of signature (p,q).
Since R is trivial, its only representation on H is V =1. The construc-
tion of Proposition 6.2 yields that the corresponding discrete space—time
(H, (.|}, (Ez)zenm) and the representation U of the outer symmetry group O
can be given as follows:

H=CeHo, M=17"/T,
Ey ey @ur— 0zy ey @ u,
U(0) : ey @ ur— ey(y) @ u.

In other words, H consists of H-valued functions on M , and U acts on these
functions by translating the points of M by the action of the group O. It is
convenient to use the short notation

uw(z) = Byu € (ez) @ H~ H,
where in the last step we identify the vector spaces in the natural way.

In order to completely reduce U, we first note that, since O is abelian,
its irreducible representations are all one-dimensional. Thus our task is to
decompose H into one-dimensional subspaces which are invariant under the
action of U. An easy calculation shows that the subspaces spanned by the
vectors

N
u(z) = texp (z Z k‘nxn> (8.1)
n=1

with

) o 2
acH, ke {0,1”,2”

I n

,...,(zn—1)§”} (8.2)
n

are invariant under the action of U. Also, while counting dimensions one sees
that these vectors form a basis of H, and therefore the subspaces spanned
by the vectors (8.1) completely reduce U. The fermionic projectors which
satisfy the conditions UPU ! = P must be invariant on the irreducible
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subspaces, and this means that they must be of the form

P = Z Zﬁxyp E exp( Zk ), (8.3)

z,yeM ke

where K is a set of vectors k = (ky)n=1,.. v With components in the range

as in (8.2). Here P®) are projectors on negatlve definite subspaces in H
and kg, is the natural isomorphism from Ey(H) to E,(H).

Clearly, the vectors (8.1) are plane waves on the lattice M with periodic
boundary conditions, and (8.3) is the general form of a projector which is
“diagonal in momentum space.” We conclude that the construction proce-
dure of Section 7 reduces to the usual discrete Fourier transform on a finite
lattice, with the only difference that the side lengths [,, are always prime
powers.

Example 8.3. (General systems with abelian outer symmetry) Asin
the previous example, we consider an abelian group O, but which now does
not necessarily act transitively on M. We denote the orbits of the action
of O on M by My, ..., M. Welet K; be the subgroups of O which keep the
sets M fixed. Since every subgroup of an abelian group is normal, we can
form the quotient groups O; = O/K;. Then the groups O; can be regarded
as a group of permutations on the sets M;, which act transitively. Therefore,
on each of the orbits M; we can use the method of Example 8.2 to construct a
discrete “sub-space-time” (Hj, (Ey)zenm,) together with a unitary represen-
tation U; of the outer symmetry group O;. Since a representation of an outer
symmetry is trivial between different orbits (6.2), the discrete space-time is
obtained simply by taking the direct sums of the sub-space—times.

In order to construct the fermionic projector, we first note that the irre-
ducible subspaces of H are precisely the span of the plane waves (8.1) of all
the sub-space-times. Let x be an irreducible representation of ©. We form
the subspace H, C H spanned by all those invariant subspaces on which U is
equivalent to k. According to Lemma 2.10, H, is a non-degenerate subspace
of H. The most general fermionic projector satisfying the symmetry con-
dition UPU~! = P is the operator which is invariant on the subspaces H,
corresponding to the different irreducible representations of O and is on each
of these subspaces a projector on a negative-definite subspace (see Proposi-
tion 5.3).

Example 8.4. (Two-dimensional lattice with pinned symmetry) To
give an example with a non-trivial pinned symmetry group, we next consider
a discrete space-time which, similar to Example 8.2, is a finite lattice, but
now with a larger, non-abelian symmetry group. For a given prime power
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[ > 2, we introduce the group 7 =1Z @ | Z as well as the square lattice
M =72)T.

We let S be the group of all isometries of R? which map the lattice points
72 C R? onto themselves (thus S is the group of all translations, reflections
and rotations about multiples of the angle 90°). A short consideration shows
that 7 is a normal subgroup of S. We let O be the corresponding quotient

group
0=S8§/T.

This group has a natural action on M which corresponds to translations,
reflections and rotations on a square lattice whose opposite sides are
identified.

Since O contains the translations, which act transitively on M, our sys-
tem is clearly homogeneous. Thus we can arbitrarily distinguish one point
of M; for convenience, we denote the origin in Z2/7 by 1. To construct
the corresponding pinned symmetry group, we introduce the two unitary

matrices
0 -1 1 0
a= (1 0 >, p= <0 _1>. (8.4)

These matrices describe a rotation by 90° and the reflection at the xs-axis
of R?, respectively. Since they are compatible with the lattice structure of Z?
and the action of T, they can be regarded as elements of O. Furthermore,
they leave the origin of Z? fixed, and thus a, p € R. Since by composing 90°
rotations with reflections we obtain all elements of the pinned symmetry
group, it is obvious that R is generated by « and p. Note that o and p do
not commute and thus R is non-abelian.

The next step is to construct a representation V' of R on an indefinite inner
product space (H,(.|.)). The possibilities depend on the signature (p,q)
of H. One possible choice clearly is the trivial representation

Via)=1=V(p). (8.5)
Another possibility is to choose the sign representation
Vi) =1, V(B) =—1. (8.6)

If p> 1 or g > 1, more complicated representations are possible. For exam-
ple, one can take direct sums of the one-dimensional representations (8.5)
and (8.6). In this case, the corresponding representation U of O will also
split into a direct sum of representations corresponding to the irreducible
summands of V', and therefore this case is straightforward. Moreover, one
can choose higher-dimensional irreducible representations of R. To give a
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simple example, we consider the two-dimensional irreducible representation
by the matrices in (8.4),

v = (5 ) ve=(5 %) .7)

Let us construct the corresponding representations U on H. For every
x € M, we choose the unique translation o, € O with 0,(1) = x. Carrying
out the construction of Proposition 6.2 for the trivial representation (8.5),
we obtain H = CM @ H and

Ey ey @ui—s 0y ey Qu, U(o) : ey @ u— eq(y) @ u.

In the case of the sign representation (8.6), we obtain the same discrete
space—time as for the trivial representation, with the only difference that
the resulting representation U also involves signs,

U(o) : ey @ ur— sgn(o)eqy) @ u,

where sgn(o) equals —1 if o changes the orientation and equals +1 other-
wise. In the case of the two-dimensional irreducible representation (8.7), we
obtain the same discrete space—time as for the trivial representation, but
now with A = C2 and the resulting representation U given by

U(0) : ey @ ur— ey @ V(o) (u),

where in order to define V(o) we compose o by a translation in order to
arrange that the origin is fixed. The resulting group element is in the pinned
symmetry group, and taking its representation matrix V defines us V(o).

It remains to completely reduce U. To this end, we first note that for the
subgroup of translations, U coincides precisely with the representation U in
Example 8.2. Thus the invariant subspaces of this subgroup are again the
plane waves ¢y, ; of the form

br,a(x) = wexp(i(k, z))

with & € H and (.,.) the canonical scalar product on R2. Here the momen-
tum vector k = (k1, k2) must be in the “dual lattice” K,

2 2 21 °

kek:=401" 2" . g-1nZ\ .

l l l
In order to get the invariant subspaces of the whole group O, we form the
subspaces of plane wave solutions which are mapped into each other by the
action of R,

Hy :=={¢,malp € R,u€ H} C H,

where p(k) is the action of R induced on the dual-lattice via the rela-
tion (k,x) = (p(k), p(z)). If k =0, the dimension of Hj, coincides with the
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dimension d of H (i.e., it is equal to 1 if V' is the trivial or sign representation,
and it equals 2 for the representation (8.7)). In the cases k1 =0, k2 =0
or k1 = ko (and k = (k1,k2) # 0), H is of dimension 4d. In the remain-
ing case 0 # k1 # ko # 0, the orbit of R on k consists of eight points and
thus dim Hy = 8d. On these low-dimensional subspaces, U can be com-
pletely reduced in a straightforward way; we leave the details to the reader.

9 Spontaneous breaking of the permutation symmetry

In this section, we consider discrete fermion systems whose outer symmetry
group O is the symmetric group S, of all permutations of the space-time
points. Such systems are clearly homogeneous (see Definition 8.1). This
implies that the spaces E,(H) must all be isomorphic, and thus the spin
dimension is constant in space-time,

(pz,qz) = (n,n) Va € M.

We first give a physical motivation of our main result. If a physical system is
modeled by a discrete fermion system, the parameter n is known (e.g., n = 2
for the simplest system involving Dirac spinors [3]), whereas the number m
of space—time points will be very large. The number f of particles will also
be very large, but much smaller than the number of space-time points (note
that we also count the states of the Dirac sea as being occupied by particles,
see [1,3], and as these states lie on a three-dimensional surface in four-
dimensional momentum space, their number scales typically like f ~ m3/ 4.
Hence the case of physical interest is

n<f<<m.

Our next theorem will show that in this case no discrete fermion systems
with outer symmetry group S,, exist. In other words, the permutation
symmetry of discrete space—time is necessarily destroyed by the fermionic
projector, and thus a spontaneous symmetry breaking occurs. Our result can
be understood in non-technical terms as follows: One possibility to build up
fermion systems with permutation symmetry is to take fermions which are
“spread out” over all of space—time. The orthogonality of the fermionic
states implies that the number of such states can be at most as large as the
spin dimension. Hence not all the particles can be “completely delocalized”
in this way. Another method is to “localize” the particles at individual
space-time points. But then the permutation symmetry implies that there
must be a particle at every space—time point, and the number of particles
will be as large as m, which is impossible. The next theorem makes the
above consideration precise and rules out all other ways of building in the
fermions.
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Theorem 9.1. Suppose that (H,{.|.),(Ez)zem, P) is a discrete fermion
system of spin dimension (n,n). Assume that the number of space—time
points m is sufficiently large, then

3 if n=1,
m > (9.1)
max(2n + 1, 4[logon] +6) if n>1

(where [x] = max{k € Z, k < z} is the Gaufl bracket) and that the number
of particles f lies in the range

n<f<m-—1 (9.2)

Then the discrete fermion system cannot have the outer symmetry group

0 =38,.

The remainder of the paper is devoted to the proof of this theorem.
The symmetric group has two obvious one-dimensional representations: the
trivial representation U (o) = 1 and the sign representation U (o) = sgn(o) 1.
Lemma 9.2 gives a lower bound for the dimensions of all other irreducible
representations.

Lemma 9.2. Let U be an irreducible representation of S, on C, which is
neither the trivial nor the sign representation. Then

N>k
2
Proof. The representation theory for the symmetric group is formulated
conveniently using Young diagrams (for a good introduction see, e.g. [6,
Section 2.8]). Every irreducible representation of Sy, corresponds to a Young
diagram with k positions. The Young diagram A corresponding to U has
more than one row (otherwise U would be the trivial representation) and
more than one column (otherwise U would be the sign representation). The
hook formula (see [6, Section 2.8 and Appendix C.5]) states that the dimen-
sion N of the representation is given by

B
N = |
[1(all hook lengths in \)’ (9:3)

where the hook length of any position in a Young diagram is defined as the
sum of positions to its right plus the number of positions below it plus one.

We consider the subdiagram p of all the positions consisting of the last
column having more than one position plus all the positions to its right. In
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the following example, the subdiagram p is marked by stars:

1

QO OO x| DO
*

3
S
7

We denote the number of positions of p by [ and the number of its rows
by r. Obviously, [ > r > 2. We compute the hook lengths of all positions
of p and substitute them in (9.3) as

k! 1
I(r—1)'(—7)! T[(all hook lengths not in p)’

When computing the hook length of any position which is not in u, at
most (I —r + 1) of the “stared squares” of p contribute (because at most the
stared squares in one row are counted). Furthermore, ordering the positions
of A\ p beginning from the upper-left corner as indicated in the figure, one
can arrange that the hook length of any position does not involve all the
previous positions. Hence the hook length of the first position is at most
(k=04 ({—r+1)=k—r+1, the hook length of the second position is
at most k£ — r, and so on. We conclude that

. k! 1
IO k—r+D)E—r)-(1-r+2)

kN (1-r+1) B l—r—l—l( k )
A -Dlk—r+1)! l r—1)

N =

We consider two cases. If k = [, the diagrams A\ and p coincide, and since
our Young diagram has more than one column, we know that k£ > r. This
allows us to simplify and estimate the above inequality as

NZ(k_1>2k—12k.
r—1 2

In the remaining case k > [, we can exploit that the number of positions in
each column decreases from the left to the right to conclude that k — 1 > r.
In the subcase r = 2, we obtain

-1 k
N>—Fk>_—.
- 1 -2

If conversely r > 2, we have the inequalities 1 <r —1 < kaswellasl > r
and k —1 > [. Hence
l—r+1k(k—-1) k—1

> (- 1)

N >
- l 2

SIS
N |

> O
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We next prove Theorem 9.1 under the additional assumption that the
unitary operators U in Definition 1.1 form a representation of the outer
symmetry group.

Lemma 9.3. Suppose that (H,(.|.), (Ex)zem, P) is a discrete fermion sys-
tem satisfying (9.1) and (9.2). Assume furthermore that there is a uni-
tary representation of the outer symmetry group O on H such that for
every o € O, the corresponding U (o) satisfies (1.2). Then the outer symme-
try group cannot be the symmetric group Sp,.

Proof. Assume, on the contrary, that the fermion system has
permutation symmetry O = S,,. Then, distinguishing the point 1 € M,
the corresponding pinned symmetry group R is the group S,,—1 of per-
mutations of the other points {2,..., M}. From (9.1), we know that m >
3, and thus we can for every x € M choose an even permutation o, € O
with o,(1) = .

By assumption, U is a representation of S, on H. Let V be the corre-
sponding representation of R on H := F;(H) as given by (6.4). According
to Lemma 2.10, the irreducible subspaces of V' can be chosen to be defi-
nite. Using Lemma 9.2 together with (9.1), one sees that V' must be the
direct sum of trivial and sign representations. Since H has signature (n,n),
we can decompose it into a direct sum of the one-dimensional invariant

subspaces " "
H=PH e PH;, (9.4)
j=1 j=1

where the spaces H;r and HJ_ are positive and negative-definite,
respectively.

Proposition 6.2 allows us to reconstruct U from V. Let us consider what
we get in the two cases when V is the trivial or sign representation. For
the trivial representation, we can assume that H = C. The construction of
Proposition 6.2 yields H = CM and

E;: (ux)a:EM — (5:vy Um)xEM: U(U) : (ua:)a:EM — (ua(x))xeM- (9-5)

In other words, U is the standard representation of @ on the complex-
valued functions on M. The one-dimensional subspace spanned by the vector
(1,...,1) € CM is clearly invariant; U acts on it trivially. The orthogonal
complement of this subspace is (m — 1)-dimensional, and it is indeed irre-
ducible, corresponding to the following Young diagram:

||
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In view of (9.2), the fermionic projector must vanish identically on this
(m — 1)-dimensional irreducible subspace. We conclude that the subsystem
corresponding to our one-dimensional representation of V' contains at most
one particle.

In the case when V is the sign representation, we can again assume
that H = C. The construction of Proposition 6.2 yields the same discrete
space—time as for the trivial representation, but now, using that the permu-
tations o, are all even,

U(0) : (uz)eem — (s80(0) Uo(x))zem-

Since multiplying U (o) by the sign of o has no effect on whether a subspace
in invariant, this representation has the same irreducible subspaces as the
representation corresponding to a trivial V. Again, our subsystem contains
at most one particle.

The uniqueness statement in Proposition 6.2 yields that H is, in a suit-
able gauge, the direct sum of the scalar product spaces C™ obtained from
each direct summand in (9.4). Since the spaces corresponding to the H]+ are
positive-definite, they must not contain any particles. As we saw above, each
of the spaces corresponding to the H ; may contain at most
one particle. Hence the total number of particles is at most n, contra-
dicting (9.2). O

The remaining task is to show that under the assumptions of
Theorem 9.1, there is a representation U of the outer symmetry group.
Our strategy is to fix the discrete phase freedom completely, using special
properties of the symmetric group. Then the resulting mapping o — U(0)
will be a unitary representation of S,,. The next proposition gives us a
group representation once the operators U(7) are fixed up to a sign and are
compatible with the group operations modulo signs. We denote the trans-
position of two points x,y € M, x # y, by 7,,. We let T C S,, be the set
of all transpositions. For the commutator of two group elements g, h € S,
and two unitary operators Uy, Us € U(H), we use the standard notations

l9,h] :==ghg th7t, (U1, U] := U U U UL (9.6)

Proposition 9.4. Let U : T — U(H) be a mapping with the following prop-
erties:

(A) U(r)2=1 forallT€T.
(B) For all ,7" € T we have the implication

[7,7]=1= [U(7),U(r")] = L.
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(C) For all distinct x,y,z € M,
U(Ta,y) U(7y,2) UlTay) = £U(72,2)-
Then there is a group representation U of Sy on H with U(7) = +U(7).
Proof. Using the abbreviations U, , = U(7y) and Uy, = U(7,,), we define

ULQ by ULQ = Uj 2. The other operators are then introduced by conjugation,
ie., forall z,y € {3,...,m},

Ul,y = Usy U1, Uz, (9.7)
Ura =Uy U2 U, (9.8)
UI,:L/ = Ul,I UQ,y UI,Z U2,y Ul,x- (99)

Note that the definition of Ulg involves an arbitrariness of sign, because we
are free to replace Uio by —Ujs. However, once the sign of Ulg is fixed, the
signs in (9.7)-(9.9) are determined, because the factors U; , and Us, always
appear in pairs. A short calculation yields that U(r) = +U(7) and that
the definition (9.9) is symmetric in = and y. This implies that (A) and (B)
remain valid if U is replaced by U. A direct calculation shows that in (C)
the sign is now determined,

UpyUy,.Upy=U,. forall distinct z,y, 2 € M. (9.10)

)

A general group element g € S, can be written as a product of trans-
positions,

g=T11---7p withr, €T. (9.11)

We claim that the corresponding U(g) is uniquely defined by

Ulg) =U(m)---Ul7p). (9.12)

Indeed, if we represent g in two different ways as products of transpositions,
an elementary consideration shows that, using the rules (A), (B) and (9.10),
we can iteratively transform the corresponding products (9.12) into each
other. From (9.11) and (9.12), it immediately follows that U(g)U(h) =
U (gh), and thus U is the desired group representation of Sy,. O

Before we can apply this proposition, we need to analyze the structure
of a discrete fermion system with permutation symmetry in more detail. In
view of the decomposition of Theorem 4.5, it suffices to consider a simple
system.
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Lemma 9.5. Assume that (H,(.|.), (Ey)zem, P) is a simple system with
outer symmetry group O = S,,. Assume furthermore that

f<m and m>2n. (9.13)

Then the system can be decomposed into a direct sum of simple subsystems

K K K
_ k _ k _ k
H=pH®, E.=EP, P=Fr® (9.14)
k=1 k=1 k=1

with K <min(2,n). The unitary operator U in (1.2) can be chosen of
the form

K
U=F-W(o)- P Us(o) (9.15)
k=1

with arbitrary F € U(1)X. The mapping Uy is defined only up to a discrete
phase

U, : S, — U(H(k))/Zfsub with feu, = rank P(F) > 1.

The operator W is trivial in the case K =1, whereas in the case K =2 it
s the sign operator

WS, — S2: g+ sgn(g) (9.16)

(where £1 denote the neutral element and the transposition in S, respectively).

Proof. Applying Proposition 4.7, Theorem 2.11 and Theorem 3.5, we obtain
a decomposition of the form (9.14) and (9.15) with K € N. According to
constructions (4.7) and (4.8), the direct summands are the simple systems,
which all involve the same number of particles fqy, > 1. Furthermore, we
know that the permutation operators W form a homomorphism from S,
to Sk which acts transitively on {1,..., K}.

Let us derive the inequality K < n: We introduce for every k € {1,..., K}
the set
My, = {z € M|Te(E P*)) > 0} c M.
From the completeness of the spectral projectors, we know that ), Tr
(Eg(ck)P(k)) = Tr(P®) = fyup, and thus none of the sets Mj, is empty. We
set [ = #M; > 1. Since our system has the outer symmetry group S,,, the
set obtained from M7 by a permutation of space-time points must be one
of the other sets M. This gives rise to the lower bound

K= (7).

This is consistent with the upper bound for the total number of particles
in (9.13) only if I = m. Repeating this argument with M;j replaced by any
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other My, we conclude that
Te(EXPR)Y >0 forallze M and ke {1,...,K}.

X
. L . k) (k) ®) .. .
In particular, the spin dimension (p;’,qx ) of Ey’ satisfies the condition

qg(ck) > 1 (because if qg(ck) were zero, the operator Eék) would project on a

positive-definite subspace, and the local trace Tr(Eg(ck)P(k)) would be nega-
tive). Using the direct sum structure (9.14), we obtain the desired inequality
K <n.

By permuting the components, the operators W (o) have a natural action
on CX, which makes the mapping o — W (o) to a unitary representation
of S, on C¥. Applying Lemma 9.2 together with the inequality K <n
and the second inequality in (9.13), we conclude that this representation
decomposes into trivial and sign representations. In particular, for every
even o, the operator W (o) is the identity. As a consequence, for every odd
permutation, W (o) transposes pairs of elements of the set {1,..., K'}. From
the fact that for any odd 0,0’ € S, the product W (o)W (o') = W (o0’)
equals the identity, we deduce that W (o) is the same for all odd o. The
transitivity of W implies that either K = 1 and W is trivial, or else K = 2
and W is the sign function (9.16). O

Proof of Theorem 9.1. Assume that there is a discrete fermion system with
permutation symmetry which satisfies the conditions (9.1) and (9.2). We
decompose the system according to Theorem 4.5 into a direct sum of a
trivial system and simple systems. Our goal is to construct a unitary rep-
resentation of the outer symmetry group for each simple system. By taking
the direct sum of these representations, we then obtain a representation for
the whole discrete fermion system. This allows us to apply Lemma 9.3,
giving a contradiction.

We thus consider a simple system, which for ease in notation we again
denote by (H,(.|.), (Ez)zen, P). Representing the simple system as in Lemma
9.5, we distinguish the cases K = 1 and K = 2. Furthermore, we shall treat
the case n = 1 separately, giving rise to the following three cases.

First case: K =1 and n > 1. The operator U(7) corresponding to any
transposition 7 € 7T is unique up to a phase factor (at this point it is more
convenient not to impose the condition det U = 1, so that we have a con-
tinuous phase freedom). According to Theorem 3.5, the operators U are
compatible with the group operations up to a phase in the sense that for
all 7,7 € T, U(T)U(7") = ¥ U(77') with ¢ € R. In particular, U(7)? is a
multiple of the identity. Thus by choosing the phase of U(7) appropriately,
we can arrange that condition (A) in Proposition 9.4 is satisfied. This fixes
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the operators U(7) up to a sign. It remains to show that also conditions (B)
and (C) in Proposition 9.4 hold.

We already know that (C) holds with a more general phase factor, i.e.,
for all distinct x,y,z € M,

UryUy Uz yUs. = eiﬁ(x, y,2)1,

whereas in the Proof of Lemma 9.4 we used the notation Uy, = U(7;4). The
sign of the phase factor depends on our arbitrary choice of the signs of the
operators U (7). But up to the sign, the factor e(@:¥:2) ig well defined. From
the permutation symmetry, we conclude that it is a constant independent
of the space-time points, i.e.,

UryUy Uy yUyp , = +el?1  for all distinct x,y,z € M. (9.17)

Multiplying from the right by U, . and from the left by U, ,U, .U, ,, we
get the same relation, but with the sign of o flipped. We conclude that
eV = £1. This proves (C).

For the proof of (B) we first note that, due to the permutation symmetry,
the commutator is a constant independent of the space—time points, i.e.,
there is a constant ¥ € R such that

[U(T),U(r")] = l?1  for all 7,7 € T with [r,7] = 1.

Taking the adjoint of the commutator merely corresponds to exchanging 7

and 7. Hence the factor eV is real.

It remains to rule out the case [U(7),U(7')] = —1. We let 7; € S, 1 <
i <p:=[(m—1)/2], be the transposition of the space-time points 2i — 1
and 2¢. Then the transpositions 71, ..., 7, mutually commute. Moreover,
the corresponding operators U(7;) map H := E,,,(H) to itself. Denoting the
restrictions of these operators to H by U(7;), the relations U(7;)? = 1 and
[U(7),U(7")] = —1 give rise to the anti-commutation relations of a Clifford
algebra,

U(ri) U(ry) + U(m) U(mi) = 26i5 1 . (9.18)

Considering the corresponding c-unitary group, we know from Lemma 2.10
that the Clifford representation splits into definite invariant subspaces. The
irreducible Clifford representations are known explicitly (see, e.g. [5, Chapter I,
Section 5]); they have dimension at least 2P/2.  We conclude that
n > 2P/ = 2lm=1/4] "in contradiction to (9.1).

Second case: K = 2. As in the first case, we consider the mutually com-
muting transpositions 7,...,7,. Choosing corresponding unitary opera-
tors U(T;) satisfying (1.2), these operators map the subspace H := E,,(H)
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to itself; again we denote the restrictions to H by U (1:). According to
Theorem 3.5, U(7;) are compatible with the group operations in the sense
that U(r;) U(7j) = U(1;7j) modulo free gauge transformations in U(1) X
U(1). In particular, U(71)? € U(1) x U(1). As a consequence, using a block
matrix notation in the index k € {1, 2}, the restriction of U(71) to H can be
written as

N iB -1
U(r) = ( io?v © (‘]/ ) with «, 5 € [0, 27),
e

where V is a unitary mapping from H® to H® with H®) .= g% (H®). In
order to satisfy condition (A), we need to chose = —q; this leaves us with
one free parameter . Representing the operators U(7), ..., U (7p) similarly,
we obtain the representations

~ —iOci A—].
U(n):<eia?v ¢ OVZ ) with a; € [0, 27), (9.19)

and unitary mappings V; : HY — 7@,

We next consider for any distinct i, 5 € {1,...,p}, the commutator [U(7;),
U(7j)] as defined by (9.6),

[U(7:),U(75)] = (U(m:) U(75))*. (9.20)

Since 7; and 7; commute, this commutator must be an element of U(1) x U(1).
Restricting to H and using the representation (9.19), one sees that by choos-
ing «; appropriately, we can arrange that the commutator [U(7;), U(7;)],
and thus also the unrestricted commutator [U(7;),U(7;)], is the identity.

We choose the parameters s, ..., o, such that
U(n),U(rj)] =1 Vje{2,...,p}. (9.21)

This uniquely determines the operators U(7z),...,U(7,) up to signs. The
only remaining free parameter a is of no relevance because the phase factors

et will drop out of all the following composite expressions.

Since all free parameters have been determined up to signs, we can use
the permutation symmetry to conclude that the commutator (9.20) must
be the same for all choices of i,7 € {2,...,p} (note that here we cannot
choose i =1 or j = 1 because 7 is distinguished in (9.21)). In particular,
since taking the adjoint of (9.20) corresponds to exchanging ¢ and j, we see
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that (9.20) is Hermitian. Thus there are the four possible cases

(U(n),U(r;))? = <i]léq(1> ﬂ?{ (2)) (9.22)

with arbitrary distributions of the signs. Multiplying (9.22) from the right
by U(r;) and from the left by U(7;)U(7;)U(7;), the diagonal matrix on the
right anti-commutes with U(7;) in view of (9.19). We thus obtain pre-
cisely (9.22), but with the two diagonal entries on the right exchanged.
This rules out the two cases where the signs in (9.22) are opposite. In the
case [U(r;),U(7;)] = —1, the operators U(7y), .. ., U(7,) would satisfy (9.18),
giving rise to a Clifford algebra with p — 1 generators. Using that irre-
ducible representations of this algebra have dimension at least 2[(P—1)/2] (see
again [5]), we obtain a contradiction to (9.1).

We conclude that the operators U(7;) mutually commute. Permuting the
space—time points {3, ..., m} and repeating the above construction, one can
arrange that U(m1) commutes with all U(7) for which [r,7] = 0. By sub-
sequently commuting the points 1 and 2 with other space-time points and
again repeating the above construction, we can arrange that (B) holds. We
point out that the above construction has fixed the operators U(7), 7 € T,
up to signs and up to the irrelevant phase parameter . The construc-
tion does not destroy the permutation symmetry in the sense that if we
had started instead of 71 with any other transposition, the resulting opera-
tors U(7) would differ only by signs, and the parameter «; may be different.

It remains to prove (C). Using the permutation symmetry, we conclude
that, similar to (9.17), there are parameters ¥1,9 € R such that for all
distinct z,y,2z € M,

eiﬂl 1.0 0
UpyUyo Upy Uy, = + HO : 9.23
Y VY2 VXY Y X,z ( 0 61192 ]]_H(Q) ( )

Multiplying from the right by U, . and from the left by U, ,U, .U, ,, we
can anti-commute the diagonal matrix on the right with U, .. We thus
obtain the same relation, but with the replacements 9 <> —t)3. Hence
%1 = —19. Moreover, we choose distinct points a,b € M which are all dif-
ferent from x,y, z and assume without loss of generality that m is different
from all these points. Then we know from (B) that U, ; commutes with all
the factors in (9.23), and thus

Uaps Upy Uy Uz y Uy 2] = 1. (9.24)

Furthermore, H is invariant under all the operators under consideration.
Evaluating the commutator (9.24) on the subspace H, we see from (9.23)
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and (9.19) that 91 = J2. We conclude that el"t = 1 = el?2_and thus condi-
tion (C) is satisfied.

Third case: K =1=n. We remark that if m > 6, we could proceed
exactly as in the first case. The point of the following argument is that it
applies also if the number of space-time points lies in the range 4 < m < 6.
Conditions (A) and (C) can be proved as in the first case. Also, for the
proof of (B) we obtain exactly as in the first case that

It remains to rule out the case of the minus sign. Thus assume that [U(7),
U(r")] = =1 for all commuting 7,7’ € 7. The operator Uj s is invariant
on the subspaces FE3(H) and E4(H). Since U1272 =1, the spectrum of the
operator Uy a|g, () is a subset of {1, —1} and, due to permutation symmetry,
it coincides up to a sign with the spectrum of Uj o Eq(H)- Furthermore,
considering {1,U; 2} as a representation of Sz, we know from Lemma 2.10
that these operators can be diagonalized with definite eigenvectors. Since
the spin dimension is (1, 1), one eigenvector is positive-definite and the other
negative-definite.

Let us show that the spectrum of Uj 9| Es(H) cannot consist of one point.
If this were the case, this operator would be a multiple of the identity, and
it would be equal to either +Ui 2|, 7y or —Ui2|g,(sr)- In the first case, the
restriction of Uj 2 to Es3(H) & E4(H) would be a multiple of the identity, and
would thus necessarily commute with Us 4, a contradiction. In the second
case, the symmetry condition U9 PU1o = P would imply that E3PE4 = 0.
The permutation symmetry would imply that £, PE, = 0 for all x # y, and
so P would be invariant on all the subspaces E,P, © € M. Each of these
subspaces would contain at least one particle, in contradiction to the upper
bound in (9.2).

We just showed that the operator Ui 2|g,(x), and similarly Ui a|g, ),
has the two eigenvalues +1 and —1. We denote the corresponding ortho-
gonal eigenvectors by v§4, where we use the convention that the vectors v

and v, are positive- and negative-definite, respectively. We next rule out
the case that the vectors U§L and v correspond to the same eigenvalue: The
operator Us4 anti-commutes with U2, and furthermore it maps Es3(H)
into E4(H) and vice versa. This means that Us4 maps the eigenspaces
of E3(H) to the eigenspaces of E4(H) corresponding to opposite eigenvalues.
In particular, the positive-definite vector 1)3+ is mapped to the negative-
definite vector v, , in contradiction to the unitarity of Us 4.
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Using (A) and (C) together with Proposition 9.4, we can arrange possibly
by flipping signs that the operators {Uy 2, U2 3} generate a representation of
Sson Ey(H). Completely reducing this representation into definite invariant
subspaces, one sees that these invariant subspaces are spanned precisely by
’UZ and v4_ In other words, the two operators Uy 2 and Uz 3 have joint eigen-
vectors v4 Using the permutation symmetry, we can, at any point x € M,
choose two vectors v, and v, the first being positive-definite and the second
negative-definite. T he operators Uz, map these vectors at the correspond-
ing points into multiples each other, where positive- and negative-definite
vectors are mapped to positive- and negative-definite vectors, respectively.

Using the symmetry condition Uj 2PU; 2 = P together with our above
observation that vz and v; lie in the same eigenspace of Uj 2, we conclude
that the vector E4Pv;f is a multiple of 'UI, whereas E3Pv;1|r is a multiple
of vy. More generally, using the permutation symmetry, we get

E,Pvf =Xvf and E,Pv] =cv,, v#4
E;))Pvg,f:/\v;,F and Echv;:dv;, x#3

with coefficients A, c,d € C. Here we used the permutation symmetry to
arrange that the coefficients ¢ and d are independent of z. Using (1.1) and
the fact that P is a projector, it follows that

0= (v | Pvy) = (Pvg | Pvf) = Z v, | vy)
2#£3,4

We conclude that ¢ =0 or d = 0. If, e.g., ¢ = 0, it follows that Pv}lIr = )\vj,
and the permutation symmetry yields that even Pv} = Av] for all z € M.
If X\ # 0, the vectors v} would all lie in the image of P, in contradiction
o (9.2). We conclude that A vanishes and thus Puv} =0 for all z € M.
Repeating the argument of this paragraph with all indices + and — reversed,
we obtain similarly that Pv; =0 for all x € M. Hence P vanishes identi-
cally, in contradiction to (9.2). O
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