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CM ELLIPTIC CURVES AND PRIMES CAPTURED BY
QUADRATIC POLYNOMIALS*

QINGZHONG JIf AND HOURONG QINT#

Abstract. Let E be an elliptic curve defined over Q with complex multiplication. For a prime
p, some formulas for ap = p+ 1 — §E(Fp) are given in terms of the binomial coefficients. We show
that the equality ap = r holds for some fixed integer r if and only if a certain quadratic polynomial
represents the prime p. In particular, for E : y? = z° + x, ap = 2 holding for an odd prime p if and
only if p is of the form n? + 1 and for E : y2 = 23 — 11z + 14, a, = 2 holding for an odd prime p
if and only if p is of the form (411)2 + 1; ap = —2 holding for an odd prime p if and only if p is of
the form (4n + 2)2 + 1. In some CM cases the Lang-Trotter conjecture and the Hardy-Littlewood
conjecture are equivalent.
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1. Introduction. Let E be an elliptic curve defined over a number field K and
let v be a prime of K, k, the residue field of K at v. We use E,, for the reductive
curve of E if E has good reduction at v. If the characteristic of k, divides |E,(k,)|,
then v is called an anomalous prime for E ([6]). Hence v is an anomalous prime if
and only if F has good reduction at v and the trace of the Frobenius automorphism
associated to E,, is congruent to 1 mod p, where p is the characteristic of k,.

Assume that E has good ordinary reduction at all primes dividing p. Let L/K be
a Zp-extension with Galois group I' = Gal(L/K) and with the sequence of subfields

K:Kocch---cKnc---cKoozL:UKn.

n=0

Mazur ([6]) constructed a I'-module H = H(y,k gy for any admissible pair (L/K, E)
and established the following exact sequence (modulo finite groups whose orders are
bounded, independent of n):

0 — B(K,)®Q,/Z, — H» — M g(K,)®»>) — 0 (n>0)

where I g (K, )(p>°) is the p-primary component of the Shafarevich-Tate group of E
over K,,.

For the anomalous primes of E, Mazur ([6]) proved that the I'-module H is
necessarily of infinite order. We refer to ([3], [6]) for extensive discussion of anomalous
primes. Denote by X (K) the set of anomalous primes v for E over a number field
K. Mazur proved the following result.

THEOREM 1.1. ([6]) (1) If E(Q) has nontrivial torsion points, then the set ) -(Q)
consists either of a single element, or none, or else is contained in the set {2,3,5}.
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(2) Given any finite set of primes P, there is an elliptic curve E defined over Q,
such that ¥ (Q) contains P.

Further, Mazur ([6]) asked the following question:
Q1: Can an elliptic curve possess an infinite number of anomalous primes?

Let D be a rational integer which is neither a square nor a cube in Q(y/—3).
There is a good discussion of this question for the curve Ep : y? = 22 + D in
the introduction of [6]. Mazur conjectured that there are infinitely many anomalous
primes for the elliptic curve Ep. More precisely, let A.P.p(N) denote the number of
primes less than N which are anomalous for the elliptic curve Ep. Mazur proposed
the following conjecture.

Mazur Conjecture ([6])

VN

(1) APD(N)NC@,

as N — oo,

for some positive constant c.

Later, Lang and Trotter ([5]) generalized this conjecture. Let E be an elliptic
curve over Q and r € Z a fixed integer. Define the prime-counting function

g r(x) = Z 1.

PSIxMAE,ap:T

If » = 0 then assume additionally that F has no complex multiplication.

Lang-Trotter Conjecture ([5])

x x
w2 (x) = Cry % + 0(%)
as x — oo, where Cg, is a specific non-negative constant. If the constant Cg, =0,
we interpret the asymptotic to mean that there are only finitely many primes p for
which a, = 7.

Note that both the Mazur conjecture and the Lang-Trotter conjecture have the
same asymptotic shape. The well-known Hardy-Littlewood Conjecture, below, pre-
dicts that the number of primes of the form az?+ bz + ¢ also has the same asymptotic
shape.

Suppose that a,b,c are integers and « is positive; that (a,b,¢) = 1; that a + b
and ¢ are not both even; and that D = b? — 4ac is not a square. Let P(n) denote the
number of primes less than n which are of the form axz? + bz + c.

Hardy-Littlewood Conjecture ([4])

P(n) ~ 6ﬂ, as n —» 00,
logn
where § = d(a,b,c) is a positive constant. In particular, there are infinitely many
primes of the form az? + bz + c.

The Hardy-Littlewood Conjecture has not been proved even for a single poly-
nomial. For example, at present, we do not know whether the polynomial z2 + 1
represents infinitely many primes. Qin[8] establishes a connection between the Mazur
conjecture and the Hardy-Littlewood conjecture.
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Let E be an elliptic curve defined over Q. As usual, for a prime p where F
has good reduction, we use a, for the trace of the Frobenius automorphism ¢,, i.e.,
ap=1+p—1E,(F,). Then ¢, satisfies the equation

(2) 2* —ayz +p=0.

The polynomial L,(E/Q,T) = 1 — a,T + pT? is called the local L-series of E at p.
By the Hasse inequality, |a,| < 2,/p.

In the complex multiplication case, the distribution of 2% € (—1,1) is described
by Deuring ([2] ), and in the non-complex multiplication case, it is described by the
Sato-Tate Conjecture which is proved by L. Clozel, M. Harris, N. Shepherd-Barron
and R. Taylor.

We find that in some CM cases the Lang-Trotter conjecture and the Hardy-
Littlewood conjecture are equivalent.

Let E be an elliptic curve defined over a number field K and let 0 # r € Z be
an integer. Denote by Eg)(K) the set of all primes v where E has good reduction
such that a,(E/K) = r (mod p), where p is the characteristic of k,. We may ask the

following question:

Q2: Let r be any nonzero integer. Is there an elliptic curve E defined over Q
such that the set Eg) (Q) is an infinite set?

In this paper we consider this question for elliptic curves over Q with complex
multiplication by an order R = Z+ f Rk of conductor f in a quadratic imaginary field
K = Q(v/D) of discriminant D. For a given CM elliptic curve E/Q, we obtain some
formulas for a, in terms of the binomial coefficients, which enable us to prove the
equality a,(E/Q) = r holds if and only if a certain quadratic polynomial represents
the prime p. In particular, for E : y*> = 2% + x, a, = 2 holds for an odd prime p if
and only if p is of the form n? 4 1. Obviously, for an odd prime p = n? 4+ 1, then n
is even, which we may characterize as being exactly divisible by 2. More precisely, we
show that for E : y?> = 2® — 112 + 14, a, = 2 holds for an odd prime p if and only if
p is of the form (4n)? + 1; a, = —2 holds for an odd prime p if and only if p is of the
form (4n +2)? + 1.

2. Twist elliptic curves. Let E be an elliptic curve defined over Q and choose
a model of E of the form:

(3) y* = f(x)

with a monic cubic polynomial f(x) € Z[x]. Then the (quadratic) twist of E by a
nonzero rational number d is

Egy: y* =& f(z/d).

For a discussion on the twist of elliptic curves defined over an arbitrary perfect field,
see [16].

The following two lemmas are useful for us to compute a,.

LEMMA 2.1. ([14] Proposition 3.21) Let E be an ordinary elliptic curve defined
over a finite field F, with q elements and let E' be a twist of E. Then

(4) LE(F,) + 4B (Fy) = 29 + 2.
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LEMMA 2.2. ([2]) Let E/Q be an elliptic curve with complex multiplication by an
imaginary quadratic field K. Let p be a prime where E has good reduction. Then

0, if p is not a norm,
a, = _ . _ .
P m+7, if p=x7 is a norm,

where the endomorphism [r] has the same effect as does the Frobenius automorphism

¢;D : (Iay) - (xp,yp) (mOd p)'

The foregoing results allow us to give a preliminary criterion to determine Zg) (K).

LEMMA 2.3. Let E be an elliptic curve defined over Q. For a square-free integer
d, let p be a prime of K = Q(v/d) where E has good ordinary reduction. Assume that

plp and p > 3. Then for a given integer r € Z, p € Eg)(K) if and only if one of the
following conditions holds:

(1) pld and p € S (Q);
(2) (4) =1 and p € B (Q);
(3) (%) =—1andal=r (modp).

Proof. (i) Assume that p|d or (g) = 1. Then Og/p = F,. Hence E(F,) =

E(Ok /p), and
perP(Q) o pe P (K).

(ii) Assume that (%) = —1. Then p is inertia in K. Hence p = pOg is a prime
and O /p = F 2.

Let v and 8 be the roots of the equation (2). Then

ap = ay(E/Q) = 1 +p—EF,) =a+ 5, p=ab.
Hence
ap = ap(E/K) = o+ p% = af) — 2p.

Therefore

pe Eg)(K) & ap =7 (mod p) < a, =7 (mod p).

2
P
ad

COROLLARY 2.4. Under assumptions in Lemma 2.3, p € Xg(K) if and only if
one of the following conditions holds:

(1) p € 2p(Q);
(2) (%) =—1 and

-1, ifp=>7;

ap:ap(E/@):{ _101‘p_17 1fp:3,5

Proof. Note that

a? =1 (mod p) & a, = £1 (mod p).
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Hence p € g(Q) if a, = 1 (mod p).
On the other hand, since |a,| < 2./,

a, = -1 (modp)@ap:{ orp_1, if p=35.

This completes the proof. O

LEMMA 2.5. Let E be an elliptic curve defined over Q of the form (3), E(q) the
twist curve of E by a square-free integer d. Let p be an odd prime where both E and
E(qy have good ordinary reduction. Then

(1) ap(E(d)) = (%)ap(E) (mod p), i.e., for any r € Z, we have p € Zg()d) Q) if
and only if one of the following conditions holds:
(i) (4) =1 and p € 2P (Q).
(i) (4) = —1 and p € 25, (Q).
(2) Assume that E has complex multiplication by K = Q(\/d). Then
ap(Ea) = ap(E)  (mod p),

i.e., for any r € Z, we have

25 (@) =), (@)

Proof. (1) (i) 1 (4) =1, then E = E(d) over F,,. Hence a,(E/Q) = r if and only
if ap(E d)/Q) 7.

(ii) If (4) = —1, then E(d) is a twist of £ over F,. By Lemma 2.1, we have

ap(E/Q) + ap(E@a)/Q) = 0.

Hence
ap(Eqy/Q) =7 (mod p) <= a,(E/Q) = —r (mod p).

(2) Both E and E(4) have complex multiplication by K = Q(v/d), hence a,(E) =
ap(Eqy) = 0 for all primes p with (%) = —1. Therefore the result Eg)((@) = Eg()d) Q)
follows from (1). O

COROLLARY 2.6. Assume that X(Q) is finite and X 5(Q(V/d)) is infinite for
some square-free integer d. Then Y, (Q) is infinite.

Proof. By the assumption and Corollary 2.4,
d
{pis an odd prime | (=) = —1 and a,(E/Q) = —1 (mod p)}
p
is infinite. Hence ¥, (Q) is infinite by Lemma 2.5. O

THEOREM 2.7. The following statements are equivalent:
(1) There is an elliptic curve E defined over Q such that the set Xg(Q) is infinite.
(2) There is an elliptic curve E defined over Q such that the set X (Q(v/d)) is

infinite for some nonzero rational number d.

Proof. Indeed, that (1) implies (2) is trivial. By Corollary 2.4 and Lemma 2.5,
(2) also implies (1). O
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3. Main results. Let E/C be an elliptic curve with complex multiplication.
Write R = End(E). Then R is an order of some imaginary quadratic field K. The
theory of complex multiplication tells us that the j-invariant j(F) is in Q if and only
if K has class number 1. It is well known that there are nine imaginary quadratic
fields with class number 1. Let Rx be the ring of integers of K. Then the orders of
K are precisely the rings Z + fRy for integers f > 0. The integer f is called the
conductor of the order. The following lemma describes all elliptic curves defined over
Q with complex multiplication up to isomorphism over Q.

LEMMA 3.1. ([15], [16]) There are exactly thirteen isomorphism classes of elliptic
curves over Q with complex multiplication and with the j-invariant j(E) in Q. The
following table 3.1 gives the j-invariant and a representative elliptic curve E over Q
for each isomorphism class, together with the minimal discriminant Ag and conductor

NE OfE.

Discriminant conductor j-invariant Minimal Weierstrass Ap Ng
—D of K fof R of E equation of E over Q

1 0 yz Ty= 23 33 33
-3 2 2%3%5° yZ =xz° — 1bx + 22 283% | 2737

3 —21%3 .53 y? +y=ax> — 30z + 63 —3° 33

4 1 2033 y =2+ 2° 2°

2 2°3%11° y?=2° — 1lz + 14 27 2°

- 1 3353 yz t oy = 23 — 22 —9x — 1 73 72
2 355°17° yZ = x° — 595 + 5586 21273 277

—8 1 2553 y2 =x° +4x° + 2z 29 2

—11 1 —215 v H+y=a> —xzZ—T7z+ 10 11° 112
—19 1 —21533 yZ+y =a° — 38z + 90 193 192
—43 1 —2183353 y2 +y = x> — 860z + 9707 433 432
—67 1 —215335311° yZ +y = a° — 7370z + 243528 67° 672
—163 1 —218335323%29% | 4?2 4+ y = 2% — 2174420z + 1234136692 1633 1637

TABLE 3.1

It is easy to see that E : y*> +y = 2® is isomorphic to B’ : y* = 2® + 1 and the
twist of E’ by 2 will be E” : y? = 2% + 2. Mazur’s conjecture suggests a formulation
for anomalous primes of E” (See [8]). In the rest of the paper, we shall discuss the
remaining twelve elliptic curves listed in the above table. For convenience, we label
these as follows.

Ey: y* = 23 + 2 (Theorem 3.11, Corollary 3.12, Corollary 3.13),

Ey: y?> = 2% — 11z + 14 (Theorem 3.14, Corollary 3.15),

FE3: y? = 2% + 422 + 22 (Theorem 3.18, Corollary 3.19),

Ey: y? = 2% — 152 + 22 (Theorem 3.21, Corollary 3.22),

Es: y*+axy = 2 — 22 — 22 — 1 (Theorem 3.25, Corollary 3.26, Corollary 3.27),
Es : y* = 23 — 5951 + 5586 (Theorem 3.28, Corollary 3.29, Corollary 3.30),
EM ;9?49 = 2% — 30z + 63 (Theorem 3.2, Corollary 3.3),

E@ 2 4y=03—22—-72+10 (Theorem 3.4, Corollary 3.5),

E®) 2 4y =z — 38z +90 (Theorem 3.6, Corollary 3.7),

EW : 9?49 = 2% — 860z 4 9707 (Theorem 3.6, Corollary 3.7),

EG) . 9?2 49 = 2% — 7370z + 243528 (Theorem 3.6, Corollary 3.7),

E©) ;92 49 = 2% — 21744202 + 1234136692 (Theorem 3.6, Corollary 3.7).

We consider the anomalous primes for the twist of E(i)(l < i < 6), and look for all
possible values of a, of E;(1 <i < 6). Some formulas for a, in terms of the binomial
coefficients are given.
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We introduce the following notation.

g5(x) = 6722 + 67z + 17,
q6(z) = 16322 + 163z + 41,
di =27, dy = 11, d3 = 19, dy = 43, ds = 67, dg = 163.

q(z) = 2722 + 272 + 7,
q2(z) = 1122 + 112 + 3,
g3(z) = 192 4+ 192 + 5,
qa(z) = 432 + 43z + 11,
()
(

THEOREM 3.2. Let p be a prime. Then

(1) Y pw (@) =0, ie., EV has no anomalous primes.

(i) ap(EMW) = —1 if and only if p = qi(x) for some x € Z. In particular, the
polynomial 2722 + 27x 4+ 7 represents infinitely many primes if and only if there are
infinitely many primes p such that ap(E(l)) =—1.

Proof. Since E(l)(@)tors is a cyclic group of order 3 and as = a3 = a5 = 0, by
Theorem 1.1, we have ) ) (Q) = (). Hence, we see that

ap(EW) = -1 & a,(EMW)? =1 & p = q,(h) for some h € Z.

This completes the proof of Theorem 3.2. 00

COROLLARY 3.3. Let d be a square-free integer. Then a prime p is an anomalous
prime for E((;; (the twist of E) by d) if and only if (%) = —1 and p = q1(x) for some
T € Z.

THEOREM 3.4. Let p be a prime. Then

(i) 35 (Q) =0, ie., E® has no anomalous primes.

(i) ap(E@) = —1 if and only if p = qa(x) for some x € Z. In particular, the
polynomial 1122 + 11z + 3 represents infinitely many primes if and only if there are
infinitely many primes p such that a,(E®)) = —1.

Proof. Consider the following two elliptic curves:

Cli y 3 +847

Coy: y? 3-8 333:—|—14 112.

One can check that the morphism E — C1, (z,y) — (z — 3,y + 3) is an isomor-
phism and Cs is the twist of C7 by d = 6. Let p > 7. By the Hasse inequality and
(1) of Lemma 2.5, we have a,(E?®) = a,(C;) = (g)ap(Cg). On the other hand, by
Theorem 1 of [13]

0, ifp=2,6,7,810 (mod 11)

3 _ . . 2 ) sy Uy 19Oy )
E <‘T 8:33c+14-11 ) ={ ¢, otherwise, where 4p = c? + 11d? with
p c determined uniquely by (15) = (g).

z mod p

Hence we obtain that p = ga(z) = 1122 + 112 + 3 for some = € Z if and only if

0 (B®) = ay(C1) = (a(C) = =(D)e = 1.
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Note that a5(E®) = =3, a3(E®) = —1,a2(E®) = 0 and 3 = ¢2(0). This completes

the proof. O

COROLLARY 3.5. Let d be a square-free integer. Then a prime p is an anomalous
prime for E((jg (the twist of E® by d) if and only if (%) = —1 and p = ¢2(x) for some

T € 7.

THEOREM 3.6. Let p be a prime and E = EW. i =3,4,5,6. Then we have
(i) > Q) =0, ie., E has no anomalous primes.

(i) Fori = 3,4,5,6, ap,(E®W) = —1 if and only if p = q;(x) for some x € Z. In
particular, the polynomial g;(x) represents infinitely many primes if and only if there
are infinitely many primes p such that a,(EM) = —1.

Proof. Assume 3 < i < 6. Let C; and C/ be the elliptic curves defined as follows:

2% — 382+ 90+ 1, if i = 3,

Ot = 2% — 860z + 9707 + 1, if i =4,

YT 23 - 73700 4 243528 + L, ifi =5,

z® — 2174420z + 1234136692+ 1, if i =6,
3 —2%.192 42192, if § = 3,
o s v ) a?—2Y.5.430 4237432, if § =4,
ye=gi(r) = 23 —23.5.11-67x4+2-7-31- 672, if i =5,
23 —2%.5.23.29.163x+2-7-11-19-127-1632, if i = 6.

It is clear that the morphism E() — C;, (z,y) — (z,y+ 3) is an isomorphism and
C! is the twist of C; by d = 2. By [7], we have

gi(@)\ _ | 0, if (%) =1,
2 (T> _{ ¢, ifdp=c?+did® with (£) = (3).

z mod p

Let p > 7 be a prime. By the Hasse inequality and (1) of Lemma 2.5, we obtain that
p = qi(z) for some z € Z if and only if

p
Note that
az(E®)) = az(E®)) = 0, a5(E®) = —1 and 5 = g5(0),
ag(E(4)) — (L3(E(4)) — a5(E(4)) =0,
as(E®) = a3(E®) = a5(E®)) = 0,
QQ(E(G)) — ag(E(G)) — a5(E(6)) =0

This completes the proof. O

COROLLARY 3.7. Assume3 <i < 6. Let d be a square-free integer. Then a prime
p is an anomalous prime for E((ZI)) (the twist of E@ by d) if and only if (%) =—1 and
p = qi(x) for some x € Z.

LEMMA 3.8.  Let p be a prime. The following assertions hold:
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1) ([
only if p=

5], Exercises 2.33) E; (resp. Es) has good ordinary reduction at p if and
1 (mod 4). Factor p in Z[i] as

p=m7, with 7 =1 (mod 2+ 2i).

Then ap(E1) =7 + 7. Hence ap(E1) is even and @ is odd.

(2) E5 has good ordinary reduction at p if and only if p = 1,3 (mod 8).

(3) E4 has good ordinary reduction at p if and only if p =1 (mod 3).

(4) Es (resp. FEs) has good ordinary reduction at p if and only if p =
1,2,4 (mod 7).

Proof. Tt follows easily from the criterion of supersingular primes for elliptic curves
with complex multiplication ([2]) or Lemma 2.2. 0

The following criterion to determine the good ordinary reduction primes of E; (1 <
j < 6) is an immediate consequence of [2] and Lemma 2.2.

ProposiTiON 3.9. Let r > 0 be an integer and let p be a prime where B =
E;(1 < j <6) has good reduction. The following assertions hold:

(1) The integer a, happens to be odd only when E = E5, p = 2, where as = 1.

(2) If r = 2k > 0 is an even integer, then |ap| = r if and only if one of the
following conditions holds:

(i) E = Ey (or Ey) and the prime p is of the form k* +n? with k being odd.

(ii) E = E3 and the prime p is of the form k? + 2n?.

(iii) E = E4 and the prime p is of the form k? + 3n2.

(iv) E = E5 or Eg and the prime p is of the form k? + Tn?.

Proof. (1) Let p > 7 be a prime where the elliptic curve F has good ordinary
reduction. Note that the Frobenius automorphism ¢, satisfies the equation (2). Hence

we have:
—4h? for some h € Z if End(E) = Z[i].

2 _4

b) a2 — 42 —16h2 for some h € Z if End(E) = Z + 2Z]i].
2 — 4p = —8h? for some h € Z if End(E) = Z[v/=2].

127 — 4p = —12h? for some h € Z if End(F) = Z[/-3].
12, — 4p = —28h? for some h € Z if End(FE) = Z[V~T7].

)
(f) a2 — 4p = —7h? for some h € Z if End(E) = Z + ZH‘Q/??.

It is clear that a, is always even in each case.

For p € {2, 3, 5}, one can verify easily that a, is odd if and only if F = Es,
p=2 a2 =1.

(2) (i) Assume that £ = E;. Then End(F) = Z[i]. Let p € E(% (Q) or p €

g%) (Q). By (1) of Lemma 3.8, the equality |a,| = 2k implies that p = k* + m? for
some m € Z and k is odd. Conversely, let p = k? + m? > 7 be a prime with & > 0
being odd. Then E has good ordinary reduction at p by (1) of Lemma 3.8. Hence
4p = a2 + n? for some n € Z. By (1) of Lemma 3.8, we have that a, is even and
% is odd. Hence p = (%)? + (%)? = k* +m?. Since Z[i] is a UFD, we obtain that
lap| = 2k.

Assume that F = E5. Then End(E) = Z + 2Z]i]. Let p be a prime where Es
has good ordinary reduction and |a,| = 2k. Then p = k? + 4m? for some integer m.
Conversely, let p = k2 + 4m? > 7 be a prime. Then E has good ordinary reduction
at p by (1) of Lemma 3.8. Hence 4p = a2 + 161> for some n € Z. It follows that
p=k*+4m? = (%)% 4 4n®. Therefore |a,| = 2k.
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The proofs of (ii), (iii), (iv) are analogous. O

LEMMA 3.10. (Gauss) Let p = 4n+ 1 be a prime. Hence the prime p is of the
form p = k* + m? with k =1 (mod 4). Then

(:

1 ) is the binomial coefficient.

1
1 > =2k (mod p),

SR
o]
-
S
ST

where (

THEOREM 3.11. Let p be an odd prime. The following assertions hold:

(1) ap(E1) =0 if and only if p =3 (mod 4).
p—1

(2) ap(EB) = < E > (mod p) if p=1 (mod 4).
1
(3) Letp =1 (mod 4). Write p = m*+k* withk =1 (mod 4). Then a,(E;) = 2k.
Proof. The discriminant A(E;) = —25, hence E; has bad reduction at prime 2.
(1) and (2). See [16], Example 4.5.
(3) Assume the prime p = 1 (mod 4). Then there exist integers m, k with k =
1 (mod 4) such that p = m? 4+ k?. By (2) and Lemma 3.10, a,(F;) = 2k (mod p).
Hence, for any prime p > 17, we have a,(E1) = 2k since |k| < y/p. On the other hand,
for p =5 and 13, we have a computation:

H;‘

a13(Fy) = —6: 13 =(-3)2+2%k = -3),

as(E1) =2: 5=12+2%k=1).
This completes the proof of (3). O

COROLLARY 3.12. (1) Let 0 # r € Z. If there exists a prime p such that
ap(E1) =, then, for any prime q, aq(E1) # —r.

(2) For a prime p, a,(E1) = 2 if and only if p = 2% + 1 for some x € Z. In
particular, the polynomial 2% 41 represents infinitely many primes if and only if there
are infinitely many primes p such that a,(E1) = 2. Similarly, a,(E1) = —6 if and only
if p=a%+9 for some x € Z. The polynomial x> +9 represents infinitely many primes
if and only if there are infinitely many primes p such that a,(E1) = —6.

REMARK. By computing the (1 + )™ division points for n = 1,2,3,4,5 on the
elliptic curve Ep : y? = 23 — Dz, Rajwade ([9]) obtained a,(FEp) as follows:

0, ifp=3 (mod 4),
(D)4ﬁ'—|—(%)47r, ifp=1 (mod 4),

™

ap(Ep) = {

where p = 77 is the decomposition of p in Z[i], where m and 7 are normalized so that
each is congruent to 1 (mod 2+ 2¢) and where (=)4 is the biquadratic residue symbol.

Let f(z) € Z[x] be a cubic polynomial with distinct roots in Q. Then E : 3% =
f(z) is an elliptic curve defined over Q. Let p be a prime where F has good reduction.
We have

ﬂE(FP)_1+§(1+ (%))—14—1)4—2(%),
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Le., ap(E) = —SP2) (%) . Hence we have

COROLLARY 3.13. Let p be an odd prime. Then
pil #+z\ [0, if p=3 (mod4),
—~ P T 2k, if p=1 (mod 4),

where p = m? + k? with k =3 (mod 4).

THEOREM 3.14. Let p be an odd prime. The following assertions hold:

(1) ap(E2) =0 if and only_i{p =3 (mod 4).

(2) ap(Er) = (—1)pr1 ( % ) (mod p) if p=1 (mod 4).

(3) Let p=1 (mod 4) be a prime. Write p = (2n)? + k2, and fiz the sign of k by

the following congruence:
(5) = 1 (mod 4) if n is even;
“ 1 3 (mod4) if n is odd.

Then ay(E2) = 2k.

(4) Let k =1 (mod 4). Then the Hardy-Littlewood Conjecture holds for 16x? + k?
with the constant § = 6(16,0, k%) > 0 if and only if the Lang-Trotter Conjecture holds
for mg, ok (x) with the constant Cg, ok = 6 > 0.

(5) Let k = 3 (mod 4). Then the Hardy-Littlewood Conjecture holds for 16x? +
162 + 4+ k2 with the constant § = §(16,16,4+ k) > 0 if and only if the Lang- Trotter
Congecture holds for g, ok (x) with the constant Cg, 2, = 6 > 0.

Proof. Since the discriminant A(E;) = 2°, E, has bad reduction at prime 2.
(1) The assertion is a consequence of Lemma 2.2.

(2) Set
E@y - y? =23 —ux,
Eop:t y* =a’+32% + 2z,
Bz« y? =a® —32% 4 2z,
Eou: y* =2 +62% +u
Then one may check that
¢1: E(z y — B2y, (2,y) — (x — 1 ,Y), is an isomorphism;

E(2 3) is the tWISt of E(2 2) by d=
2
¢2: Eg3) — B, (z,y) — (y2 M), is an isogeny of degree 2;

x2) 2

¢3: By — E(34y, (7,y) — (x — 2,y), is an isomorphism.

Since E( 9) and E(3 3y have complex multiplication by Q(v/—1), by (2) of Lemma 2.5,
we have a,(E(2,3)) = ap(E(2,2)). Hence we obtain

ap(Ea) = ap(E2,4)) = ap(E(2,3)) = ap(E(2,2)) = ap(E(2,1))-

Note that

ap(E2) = ap(E2,1)) =

Il
—
|
—_
S~—
|'a
al
-
7N\
SRS
0] |
— =

> (mod p), if p=1 (mod 4).

H;‘
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Therefore, we complete the proof of (2).
(3) Let p =1 (mod 4). If p = (4n)? + k? with k = 1 (mod 4), then, by (2) and
Lemma 3.10, we have

o8 = () (L2, ) =2 (mod ).

1
If p= (4n + 2)? + k? with k = 3 (mod 4), then, by (2) and Lemma 3.10, we have

-1 .,
e ) = —(—=1)"% 2k = 2k (mod p).

4

ap(Eg) = (—

—
—
S—
“d
NN
o
N
SRR

In both cases, we have a,(E2) = 2k (mod p). Hence, for any prime p > 17, we have
ap(E2) = 2k since |k| < \/p. On the other hand,

a13(Ey) =6: 13 =3%4+2%k = 3),

as(Bz) = —2: 5= (=12 +22(k = —1).

This completes the proof of (3).
The assertions (4) and (5) are consequences of (3). O

COROLLARY 3.15. Let p be an odd prime. The following assertions hold.

(1) For a prime p, ay(Es) =2 if and only if p = (4z)*> + 1 for some x € Z. In
particular, the polynomial (4x)% + 1 represents infinitely many primes if and only if
there are infinitely many primes p such that a,(Eq) = 2. Similarly, a,(Es) = —2 if
and only if p = (4x+2)2 + 1 for some x € Z. The polynomial (4x +2)? + 1 represents
infinitely many primes if and only if there are infinitely many primes p such that
ap(E2) = —2.

(2) P (w) = { 0, lfpii’ (mod 4), where the integer k 1is
determined by (5).
(3) Z%gig%ﬁl,i even (

—2k, ifp (mod 4),
-1

><,,’1 )(11)3”“)14”2“
2
/L

—1
2
(—1)%( 2 ) (mod p), if p=1 (mod 4),

s

p—1
0 (mod p), if p=3 (mod 4).
REMARK. The assertion (1) of Corollary 3.15 extends the assertion in Corollary

3.12. When 22 + 1 is an odd prime, z is necessarily even. We may ask when x is
exactly divisible by 2. The assertion (1) of Corollary 3.15 gives a criterion for this.

LEMMA 3.16. (1) ( [1], Theorem 9.2.8 ) Let p = 1 (mod 8) be a prime. Write
p= a2+ 282 with ag = —1 (mod 4). Then

S

( = )= (-1 205 (mod

8
(2) ([1], Theorem 12.9.7) Let p =3 (mod 8) be a prime. Write p = a3 + 282 with
ag = (— l)ps (mod 4). Then

(:

S

I
-

) = 205 (mod p).

'S
oo | 0o
w
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LEMMA 3.17. ( [10]) Let E : y?> = x(2® — 4Dz + 2D?), (D € Z) be an elliptic
curve. Then

_ [0, ifp=-1,-3 (mod 8),
ap(E)—{ 7+7, ifp=1,3 (mod8),

where p = 77 and 7(T) can be determined uniquely by the following congruence
_ D
(@) =(— ] A (mod4v-2)
p
with X € A, where

A={1,3,14+vV=2,3+vV=2,143V=2,3+3V=2,5+2v—2,7+2v/—2}.

THEOREM 3.18. Let p be an odd prime. The following assertions hold:
(1) ap(E3) =0 if and only if p= —1,—3 (mod 8).

p—2
> (mod p), if p=1 (mod 8),

==

p=

|
—

(2) ap E3 =
( ) (mod p), if p=3 (mod 8).
(3) Let p=1,3 (mod 8). Write p = 2n?+k?2, and fix the sign of k by the following

congruence:

S

I3
RS
w

=
Il

1, 3 (mod8), if4|n,
(©) { -1, -3

(mod 8), if 44n.
Then ap(E3) = 2k.
(4) Let k = 1,3 (mod 8). Then the Hardy-Littlewood Conjecture holds for 3222 +

k2 with the constant § = §(32,0,k%) > 0 if and only if the Lang-Trotter Conjecture
holds for mg, ok (x) with the constant Cg, ok = 0 > 0.

Proof. Since the discriminant A(E3) = 2%, E5 has bad reduction at prime 2.

The assertion (1) is a consequence of Lemma 2.2. We first prove the assertion
(3). Taking D = —1 in Lemma 3.17, we have a,(Es3) = 7w+ 7, where p = 77 and 7(7)
can be determined uniquely by the following congruence

(7)) = (%) A (mod 4v/—2)

with A € {1,3,14++v—-2,3+vV—-2,1+3V/-2,3+3vV—-2,5 4+ 22,7+ 2y/-2}.
Assume that p =1 or 3 (mod 8). Then

p=2n"+k* = (k+nvV-2)(k —nvV-2) = (—k + nv=2)(—k — nv/-2).

If 2|n, then p =1 (mod 8) and so (%) =1

If4|n then m =7 =1 or 3 (mod 4v/—2); if 2||n, then Tt =7 =54 2v/—2o0r 7+
2v/—2 (mod 4+/—2). In both cases, by our choice of k we have a,(E3) =7+ 7 = 2k.

If n is odd, then p = 3 (mod 8) and so (_?1) = —1. Hence

—r=1++v-20r3++v—-20rl1+3vV-20r3+3v—-2 (mod 4v-2)
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and correspondingly,

—T=1+4+3vV-20r3+3v—-2o0rl++v—-20r3++v—-2 (mod 4v-2).

Therefore, by our choice, k = —1, -3 (mod 8), we have a,(E3) = 7 + 7 = 2k. This
completes the proof of assertion (3).

Now we prove the assertion (2). From (1), we get that a,(E3) # 0 if and only
if p = 2n%+ k% = 1,3 (mod 8). Assume that p = 3 (mod 8). Then n is odd. If
k= —1 (mod 8), then —k =1 = (—1)*5 (mod 4). If k = —3 (mod 8), then —k =
—-1= (—1)7%3 (mod 4). In both cases, we have ag = —k = (—1)pr3 (mod 4). By the
assertion (3) and Lemma 3.16, we have

ay(E3) = 2k = —2ag = ( oz, ) (mod p).

Assume that p =1 (mod 8). Then n is even. By the choice of k and ag, one can
p+7

check that £ = (—1) s ag. Hence, by the assertion (3) and Lemma 3.16, we have

S

ap(Es) =2k = (—1)%2%3 = ( i ) (mod p).
8

The assertion (4) is a consequence of (3). O

COROLLARY 3.19. Let the notation be the same as in Theorem 3.18.

(1) For a prime p, a,(E3) = 2 if and only if p = 322* + 1 for some x € Z. In
particular, the polynomial 32x2 + 1 represents infinitely many primes if and only if
there are infinitely many primes p such that ap(E3) = 2. Similarly, a,(Es) = 6 if and
only if p = 3222 + 9 for some x € Z. The polynomial 32x* + 9 represents infinitely
many primes if and only if there are infinitely many primes p such that ap(E3) = 6.

(2) Zi;é (m) = { 0 %fp =—1,~3 (mod §), where k is defined

P -2k, if p=1,3 (mod 8),
by (6).
3k—251 b k
b S (7))

p—1
(pQ_l) (mod p), if p=1 (mod 8),

5
( 23 ) (mod p), if p=3 (mod 8),

8
0, otherwise.

LEMMA 3.20. ([1], Theorem 6.4.3) Let p = 1 (mod 3) be a prime. Write p =
a3 + 382 with a3 = —1 (mod 3). Then

2a35—( 21) (mod p).

T
THEOREM 3.21. Let p be an odd prime. The following assertions hold.
(1) ap(E4) =0 if and only if p =2 (mod 3).
-1

(2) ap(Bs) = < :g > (mod p) if p=1 (mod 3).
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(3) Let p=1 (mod 3). Write p=k? + 3m? with k =1 (mod 3). Then a,(E,) =
2k.

(4) Let k =1 (mod 3). Then the Hardy-Littlewood conjecture holds for 3x? + k?
with the constant § = §(3,0,k?) > 0 if and only if the Lang-Trotter conjecture holds
for mg, 2k (x) with the constant Cg, 21 = d > 0.

Proof. Since the discriminant A(E4) = 2833, E4 has bad reduction at primes 2
and 3.

(1) By Lemma 2.2, a,(E4) = 0 if and only if p = 2 (mod 3).

(2) Set E : y?> = 2® + 1. We see that

6: Es— B, (2,y) —> (y 4—(;1(_1“2—)22) 7_34(51;(3:—_41332)42-7))

is an isogeny. Hence for any odd prime p,
ap(E4) = a,(F) = coefficient of P~ in (2% + 1)pr1 (mod p).

Therefore we obtain

wEy=(

(3) Assume that p = 1 (mod 3) is a prime. Write p = k? + 3m? with k = 1
(mod 3). Then, by (2) and Lemma 3.20, we have

ap(FEy) = < ii >

3
Hence, for any prime p > 17, ap(E4) = 2k. On the other hand, for p < 17, we have

I
-

| o

1) (mod p), if p=1 (mod 3).

w‘

p—1
( p21 >:2k (mod p).
6

a13(By) =2: 13=12+3-2%(k = 1),

a7(Ey) = —4: 7= (-2)?+3-1%(k = -2).

This proves (3).
(4) is a consequence of (3). O

COROLLARY 3.22. (1) Let 0 # r € Z. If there exists a prime p such that
ap(E4) =1, then, for any prime q, aq(Ey) # —r.

(2) For a prime p, a, = 2 if and only if p = 32* +1 for some x € Z. In particular,
the polynomial 3z + 1 represents infinitely many primes if and only if there are
infinitely many primes p such that a,, = 2. Similarly, a, = —4 if and only if p = 32*+4
for some x € Z. The polynomial 3x + 4 represents infinitely many primes if and only
if there are infinitely many primes p such that a, = —4.

p—1 i o
(3) Toms 1<Z<%mn( 2 )(piz)( 15yt gt
2

7

( E (mod p), if p=1 (mod 3),

0 (mod D), if p=2 (mod 3).
(4) 272} (w —151+22)
0, ifp=2 (mod 3),
2k, if p=1 (mod 3), where p = k? + 3m? with k =2 (mod 3).



722 Q. JT AND H. QIN

LEMMA 3.23. Let p be an odd prime with (%) = 1. Write p = o2 + 232 with
ar) — 1
(F) =1

(1) ([1], Theorems 9.2.6) If p=1 (mod 7), then

3(p—1)

( ey ) =2a; (mod p).

7
(2) ([1], Theorems 12.9.8) If p =2 (mod 7), then

3(p—2)

< Iy ) = —2a; (mod p).

7
(3) ([1], Theorems 12.9.9) If p=4 (mod 7), then

3(p—4)

< e ) =247 (mod p).

7
LEMMA 3.24. ([12]) Let K = Q(v/=7) and let E : y* = 23 + 21D2? + 112Dz
(x € Z) be an elliptic curve. Then

(B) = 0, if p=3,5,13 (mod 14),
WEIT 4w, ifp=1,9,11 (mod 14),

where p = 77 and 7(7) can be determined uniquely by the following congruence

(7)) = (%) A (mod vV=T7), Xe€{1,2,4}.

We now consider the elliptic curve Es : y2 + 2y = 2® — 22 — 2z — 1.

THEOREM 3.25. Let p be an odd prime. The following assertions hold.
(1) ap(E5) =0 if and only if p=3,5,6 (mod 7).

3(p—1)
( p1 ) (mod p), ifp=1 (mod 7),
Jp—2]
(2) aP(E5) = — ;012 ) (HlOd p), if p= 2 (mod 7),
3(p+33
( pts > (mod p), ifp=4 (mod 7).
e

(3) Let p=1,2,4 (mod 7). Write p = Tn? + k2. We fix the sign of k by (%) =1,

i.e.,

1 (mod7), ifp=1 (mod7),
4 (mod7), ifp=2 (modT),
2

k
k
k (mod 7), ifp=4 (mod7).

Then ap(Es) = 2k.

(4) Let k be an integer such that (%) = 1. Then the Hardy-Littlewood Conjecture
holds for Tx? + k? with the constant § = 6(7,0,k?) > 0 if and only if the Lang-Trotter
Congecture holds for mwg, o (x) with the constant Cg, a1, = 6 > 0.
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Proof. Since the discriminant A(Es) = —73, E5 has bad reduction at prime 7.

(1) By Lemma 2.2, a,(Es) = 0 if and only if p = 3,5,6 (mod 7).

(2) It is a consequence of Lemma 3.23 and (3). Hence it suffices to prove the
assertion (3).

(3) Take D = 1 in Lemma 3.24. Set £: Y2 = X3+ 21X2 + 112X. Then

¢ : Bs — B, (‘Tuy) — (4(.’[] - 2),4(1’ + 2y))
is an isomorphism defined over Q. For any odd prime p, we have

B [0, if p=3,5,13 (mod 14),
ap(Es) = ap(E) = { T+7, ifp=1,9,11 (mod 14),

where p = 77 and 7(7) can be determined by the following congruence
(7)) =1,2,4 (mod v=7).
Note that
p=1,2,4 (mod7) if and only if p=1,9,11 (mod 14).
And
p=3,5,6 (mod 7) if and only if p=3,5,13 (mod 14).
By our choices of k, we have a,(Es) =7 +7 = 2k. 0

COROLLARY 3.26. (1) Let 0 # r € Z. If there exists a prime p such that
ap(Es) = r, then, for any prime q, aq(Es) # —r.
(2) Let p be a prime. Then the following statements hold:

(i) ap(Es) = 2 if and only if p = Tz*> + 1 for some x € Z. In particular, the
polynomial Tx® + 1 represents infinitely many primes if and only if there are infinitely
many primes p such that a,(Es) = 2.

(ii) ap(Fs) =4 if and only if p = T2 + 4 for some x € Z. In particular, the
polynomial Tx? + 4 represents infinitely many primes if and only if there are infinitely
many primes p such that ap(E5) = 4.

(iii) ap(Es) = 8 if and only if p = Tz* + 16 for some x € Z. In particular, the
polynomial Tx> 416 represents infinitely many primes if and only if there are infinitely
many primes p such that a,(Es) = 8.

COROLLARY 3.27. Let p be an odd prime. Then

p—1 m3_%$2_2m—1) |0, if p=3,5,6 (mod 7), ‘ ]
(1) >0 (7,, =1 =2k, ifp=1,2,4 (mod 7), where k is deter

mined by (3) of Theorem 3.25.
N 1 p—1 k
(2) Yopr cperp 2207071825 7k< i >< p—;—k)

3(p—=1)
1 ) (mod p), ifp=1 (mod 7),

p—2)

'S
=N

3

) (mod p), if p=2 (mod 7),

w
S
bS]
T

w
<

S
+=~
w

Il
I
I~~~ |
o |2
\I‘I\I
no

> (mod p), if p=4 (mod 7),

\]‘

0 (mod p), otherwise.
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Finally, we consider the elliptic curve Eg : y? = 23 — 5952 + 5586.

THEOREM 3.28. Let p be an odd prime. The following assertions hold.
(1) ap(Es) =0 if and only if p=3,5,6 (mod 7).

(5) (4T ) tmodp. tp=1 moa ),

>—'—\I

S~

(2) ap(Es) = — (71) < ?i > (mod p), if p=2 (mod 7),
71 ( 2;%3 ) (mod p), if p=4 (mod 7).

(3) Let p=1,2,4 (mo . Write p = Tn? + k2, and fiz the sign of k by (%) =
(*71) Then ap(Eﬁ) 2%.

(4) Let k be an integer such that (£) = (%1) . Then the Hardy-Littlewood Con-

jecture holds for 7Tx* + k? with the constant 6 = 6(7,0,k?) > 0 if and only if the
Lang-Trotter Conjecture holds for wg, 2r(x) with the constant Cg, 2, = § > 0.

Proof. Since the discriminant A(Eg) = 21273, Eg has bad reduction at primes 2
and 7.

Set
Ee,1) - y? = 23 + 4222 — T,
E,2) : y? = 3 — 8422 4 1792z,
E(6,3) : y2 = 3 — 21$ + 1121}
E4 - y? =23 + 2122 + 112z.

Then one can check that

1:FEs — Ei1y, (x,y) — (z — 14,y), is an isomorphism;
¢ 6.1); (7,Y 14,y), is : P
¢2: By — Ee), (2,y) — (& —MLZI)), is an isogeny of degree 2;

x2? T

¢3: Ega) — Ee,3), (2,y) — (x/4,y/8), is an isomorphism;
E(6,3) is a twist of E(6,4) by —1.

Hence, for any odd prime p, we have

—1
ap(Es) = ap(E,1)) = ap(Es,2)) = ap(Es,3)) = (?) ap(E6,4)-

It follows from the proof of Theorem 3.25 that Es is isomorphic to Eg4) over Q,
hence a,(E(g,4)) = ap(Es5). Therefore the result follows. O

COROLLARY 3.29. (1) Let 0 # r € Z. If there exists a prime p such that
ap(Eg) =1, then, for all prime q, aq(Es) # —-
(2) Let p be a prime. The following statements hold:

(i) ap(Es) = 2 if and only if p = 2822 + 1 for some x € Z. In particular, the
polynomial 282241 represents infinitely many primes if and only if there are infinitely
many primes p such that a,(Eg) = 2.

(ii) ap(Eg) = 12 if and only if p = 7(22+1)?+36 for some x € Z. In particular,
the polynomial 7(2x + 1)? + 36 represents infinitely many primes if and only if there
are infinitely many primes p such that a,(Eg) = 12.

(iii) a,(Es) = 18 if and only if p = 282% + 81 for some x € Z. In particular,
the polynomial 28x2 + 81 represents infinitely many primes if and only if there are
infinitely many primes p such that a,(Eg) = 18.
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(iv) ap(Eg) = —4 if and only if p = 7(22+1)?+4 for some x € Z. In particular,
the polynomial 7(2x + 1) + 4 represents infinitely many primes if and only if there
are infinitely many primes p such that a,(Es) = —4.

(v) ap(Es) = 22 if and only if p = 2822 + 121 for some x € Z. In particular,
the polynomial 28x% + 121 represents infinitely many primes if and only if there are
infinitely many primes p such that a,(Eg) = 22.

(vi) ap(Es) = —8 if and only if p = 7(2z + 1)* + 16 for some x € Z. In
particular, the polynomial 7(2z + 1)? + 16 represents infinitely many primes if and
only if there are infinitely many primes p such that ap(Eg) = —8.

COROLLARY 3.30. Let p be an odd prime. Then

(1) s (1375959“5586) _ 0, if p=3,5,6 (mod 7),
=0 P —2k, ifp=1,2,4 (mod 7),

mined by (3) of Theorem 3.28.
(2) Z i<l i even ( ) ( P*Zlfi ) (_595) 37;7(2:071) 5586177 2
<i<Pe, p—1=t

where k is deter-

1
(71) < 3t > (mod p), ifp=1 (mod7),
) -(3) ( ?;Tz ) (mod p), if p=2 (mod 7),
(=) ( 5’5 ) (mod p), if p=4 (mod 7),

(mod p), otherwise.
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