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REMARKS ON A SCALAR CURVATURE RIGIDITY THEOREM OF
BRENDLE AND MARQUES*
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Abstract. We give an improvement of a scalar curvature rigidity theorem of Brendle and
Marques regarding geodesic balls in S™. The main result is that Brendle and Marques’ theorem
holds on a geodesic ball larger than that specified in [2].
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1. Introduction. In a recent paper [2], Brendle and Marques proved the follow-
ing theorem on scalar curvature rigidity of geodesic balls in the standard n-dimensional
sphere S™.

THEOREM 1.1 (Brendle and Marques [2]). Let Q = B(§) C S™ be a closed
geodesic ball of radius § with

2
Vn+3

Let g be the standard metric on S™. Suppose g is another metric on §2 with the
properties:

e R(g9) > R(g) at each point in

e H(g) > H(g) at each point on Of)

e g and g induce the same metric on OS2
where R(g), R(g) are the scalar curvature of g, g, and H(g), H(g) are the mean
curvature of O in (2,9), (,9). If g — g is sufficiently small in the C?-norm, then
©*(g) = g for some diffeomorphism ¢ : Q@ — Q such that ¢|sq = id.

(1.1) cosd >

Theorem 1.1 is an interesting rigidity result for domains in S™ because the cor-
responding statement is false for § = Z, which follows from the counterexample to
Min-Oo’s conjecture ([6]) constructed by Brendle, Marques and Neves in [3]. For an
account of the connection of Theorem 1.1 to other rigidity phenomena involving scalar
curvature, readers are referred to the recent survey [1] by Brendle.

In this paper, we provide an improvement of Theorem 1.1 by showing that The-
orem 1.1 is still valid on geodesic balls strictly larger than those specified by (1.1).
Precisely, we prove that condition (1.1) in Theorem 1.1 can be replaced by either one

of the following weaker conditions:
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(a) cosd > (, where ¢ is the positive constant given by

dn+4)—4v2n—1

¢ =
n? +6n+ 17

(b) cosd > cosdy, where &g is the unique zero of the function

(n+3)cos?6 — 4
4sin? §

F(5) = o(6) +

~1
where a(d) = % [1 - (1 - #@) cos 5} and w(d) is the first nonzero

Neumann eigenvalue of B(8). In particular, 8o satisfies

™m—1

1.2 Go)2 <~
(12) (cosdo)” < T mn =1

We compare the conditions (a) and (b). It follows from (1.2) that dg in (b)
satisfies

50)2
(1.3) limsupm < g,

while in (a) one has

A(n+4)—4y/2n—1

. n2+4+6n+17 _
(1.4) nh—>H;<> — g = 1.
n+3

Therefore, (b) gives a better improvement of Theorem 1.1 for large n.
For relatively small n, the following table provides numerical values of ( and lower
estimates of cos dg:

TABLE 1.1
¢ and cos dg for small n

n= 3 4 5) 6 7
(=~ 0.6581 0.6130 0.5774 0.5481 0.5233
cosdp > 0.6918 0.6511 0.6154 0.5845 0.5576

where the lower bound of cos dy follows from Lemma 2.3 (iii) in Section 2. For these
listed small values of n, (a) is a better improvement of Theorem 1.1.

Acknowledgment. The first author would like to thank Hubert Bray and
Michael Eichmair for helpful discussions. The third author wants to thank Yuguang
Shi for useful discussions.

2. Rigidity of geodesic balls. Throughout this paper, we let Q = B(§) C S™
be a (closed) geodesic ball of radius § < 7, with boundary ¥ = 9B(J). We denote by
g the standard metric on S™, with volume form dvol; (resp. dogz) on Q (resp. X). We
additionally define V and Ajg to be the covariant derivative and Laplace operator of
g, and adopt the convention that the divergence, trace and norm (denoted by div(-),
tr(-) and |- |, respectively) are always computed with respect to g.
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We assume that g = g + h is a metric close to g (say |h| < 1 at each point in
Q) and that g and g induce the same metric on ¥. The outward unit normal to ¥ in
(2, 9) is denoted by 7, and X is the vector field on ¥ dual to the 1-form h(-,7)|r(x),
i.e. gv,X) = h(v,7) for any vector v tangent to ¥. Finally, for any function f and
vector v, 0, f denotes the directional derivative of f along v.

2.1. Brendle and Marques’ proof. The following weighted integral estimate
of (R(g9) — R(g)) and (H(g) — H(g)) plays a key role in the proof of Theorem 1.1 in

[2].

THEOREM 2.1 (Brendle and Marques [2]). Let Q = B(J) and A = cosr, where r
is the g-distance to the center of B(d). Assume div(h) =0 where h = g — g. Then

/ [R(g) — n(n — D]A dvol, + / (2~ h(#,7))[H(g) — H(g)|]\ do,
Q b

= /Q [—i(lthQ +[V(trh)?) — % (IR + (tr h)Q)] A dvolg
+/ZH(g) {—ih(v,vﬁ — ﬁmﬁ} A doy
+/Z [h(v,vﬁ%p{ﬂ I\ dong/QE(h) dvolg+/EF(h) dog

where |E(h)] < C(Ih|* + |VR|?), |F(h)| < C (|h]* + |h|?|Vh]) for some constant C
depending only on n.

To see how Theorem 1.1 follows from Theorem 2.1, one first pulls back g through
a diffeomorphism ¢: 2 — Q with |y = id such that ¢*(g) — g is g-divergence free
and ||¢*(9) — gllw2r) < Nl|g— gllw2r() for some p > n and N depending only on
Q ([2, Proposition 11]). Replacing g by ¢*(g), one assumes that div(h) = 0, where
h =g —g and ||h||w2.r(q) is small. If R(g) > n(n — 1) and H(g) > H(g), Theorem
2.1 then implies

(|h|* + (trh)Q)} A dvoly

/ qu? + TP +

1 n 1

2.1 7.9 | ZH(a 2 _ 1 )

(21) +/Eh(v,v) [4H(9)A+%A] +|X]| [72(n_1)H(g)>\+28;)\ do
< Clltlloxy | (FhE + IhP) dvoly

for a constant C' independent on h. At 3, direct calculation shows

1. _ (n+3)cos?6—4
(2.2) ZH(Q))\ + O0p)\ = Fy:
n _ 1 ~ (n+1)cos?d—1
23) 1) T+ A= 2sine

If cosd > \/%—%’ then both quantities in (2.2) and (2.3) are nonnegative. Therefore,
(2.1) implies h = 0 if [|A|[c1(q) is sufficiently small.
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2.2. Improvement of Theorem 1.1: approach 1. Let A and h be given as
in Theorem 2.1. Define

W(h)/QB(|vh|2+W(trh)|2)+ (|h|2+(trh)2)]>\dvolg

1
(2.4) 2

+/Eh(v,v)2 [iH(g)A+ag)\:| + | X2 [ﬁl—[(g))\—i— %ag)\ dog.

It is clear from the above Brendle and Marques’ proof that Theorem 1.1 holds on a
geodesic ball 2 = B(9) provided one can prove

(2.5) Wh) > e/Q (A2 + [h[?) dvol,

for some positive € independent on h. To show (2.5), the difficulty lies in handling
the boundary integral

/Eh(v,v)Q BH(@)AJM%A] +X]? [ﬁH(g)AJr %a;x dory

which can be negative if cosd is small.

PROPOSITION 2.1. Let h be any C? symmetric (0,2) tensor on Q = B(§) with
div(h) = 0. Let s =sind. Given any positive function ¢ on 2, we have

s/(trh)h(ﬁ,ﬁ)dag
2
< / [2\/1 — X2|h + A(trh)? + 2i¢\/1 - A?W(m«h)ﬁ] dvoly.
Q
In particular, if hlpisy =0, then
s/ h(7,7)*doy
b))
1 —
g/ {%/1 X + A+ 5o VT R hﬂ dvol,.
Q

(2.6)

2.7)

Proof. Let w be the 1-form on ) given by
wi, = (trh)hipV A,
Using the fact VA —)6: and the assumption div(h) = 0, we have
Viwn = —A(trh)? + h(VA, V(trh)).
At ¥, w(@) = —s(trh)h(7, 7). It follows from the divergence theorem
(2.8) s/ (trh)h(v,D)dos = / [A(trh)? — h(VA, V(tr h))] dvols.
b Q
Given any positive function ¢ on €, using the fact [VA|? = 1 — A2, we have
~h(VAV(trh)) <[VA[ |R] [V(trh))|

29) <V1—\2 [%IhIQ + %|v(tr h)?|.
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Thus, (2.6) follows from (2.8) and (2.9). If h|ps) = 0, h(7,7) = trh at . Therefore,
(2.6) implies (2.7). O

THEOREM 2.2. Let 6 be a constant in (0,5). Suppose cosd > (, where ¢ is the
positive constant given by

2 .
(2.10) =4 W avm =i
~wrrentrr . iEn 25

Then the conclusion of Theorem 1.1 holds on B(9).

Proof. Let ¢ = cosd. Note that (2.10) implies ¢? > %—H’ hence the coefficient
4

of |X|? in (2.4) is nonnegative. By Theorem 1.1, it suffices to assume ¢? < 3

Choosing ¢ = v/2 in Proposition 2.1, we have
1= = 1
W(h) > / [Z(|Vh|2 + [V (trh)|?) + 3 (|R|* + (trh)Q)} A dvol,
Q

(2.11) + %\/2(1 - c2)/ <1|h|2 + iﬁ(trh)ﬁ) dvol,

+ n—|—30 _ /)\trh )2dvolg.
41 — ¢?)

We seek conditions on ¢ such that

(n+3)c? -4 5
(212) C+w 2(1*C)>0
and
(n+3)c* —4
(2.13) 5 + w > 0.

Direct calculation shows that (2.12) (under the assumption ¢? < +3) is equivalent
to

dn+4)—4v2n -1

2.14 ?
(2.14) ¢z n? +6n+ 17
and (2.13) is equivalent to
2

2.15 2>
(2.15) ¢z
Since

4 4) —4v2n -1 2
(2.16) (n+4) 2>

n?2+6n+17 “n+1

precisely when n > 5, we conclude that (2.5) holds for some € > 0 if (2.10) is satisfied.
Theorem 2.2 is proved. O

Theorem 2.2 verifies condition (a) in the introduction for n > 5. The remaining
case n = 3,4 in condition (a) will be verified in section 2.4.
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2.3. Improvement of Theorem 1.1: approach 2. In this section, we give a
different approach to estimate the boundary integral of (tr h)? in W (h) in terms of the
interior integral in W (h). To do so, we use the linearization of the scalar curvature
(2.17). Noticing that the integral of trh over B(J) is close to zero, we apply the

Poincaré inequality through an estimate of the first nonzero Neumann eigenvalue of
B(4) in [5].

LEMMA 2.1. Let Q C S™ be a closed domain with smooth boundary Y. Let g be
the standard metric on S™ and g = g+ h be another smooth metric on € such that g,
g induce the same metric on ¥ and divh = 0. Suppose |h| is very small, say |h| < %
at every point.

(i) Given any smooth function f on Q, one has

/ ftrh)Ag(trh) + (n — 1) f(trh)? dvoly
Q
_ /Q F(trh) [R(G) — R(g)) dvoly + E(h, f)
where
B0 = Cllfllery (| (5 + 190) avoly + [ 102l

for a positive constant C' depending only on (€2, g).

(i)

/Q(tr h)dvolg = — ! </Q [R(g) — R(g)] dvol;

n—1
<2 [ 11() - (o) dag) T F(h)

where
|F(h)| < C (/ (|h|2 + |W|2) dvolg + / (|h|2 + |h||vh|)dag)
Q by

for a positive constant C' depending only on (€,3).
Proof. Since div(h) = 0 and Ric(g) = (n — 1)g, h satisfies
(2.17) —Ag(trh) — (n — 1)(trh) = DR5(h),

where DRj(+) denotes the linearization of the scalar curvature at §. By [2, Proposition
4] (also see [5, Lemma 2.1]), one knows
1

R(g) = R(3) = DRy(k) = 3DRy(*) + (0, V" (tx 1))

1= - 1 =
=5 (VR + [V (trgh)[?) + S hY h Rk
+E(h) + Vi(Ei(h)

(2.18)

where h? is the g-square of h, i.e. (h?)ix = §7'hijhp, E(h) is a function and Ej(h) is
a vector field on € satisfying

|E(h)| < C(RI[VA? + ), |Ei(h)] < ClR?[Vh]
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for a positive constant C' depending only on n. Multiplying (2.17) by f(trh) and
integrating by parts, (i) follows from (2.18).
To prove (ii), we integrate (2.17) on © to get

(2.19) f(nfl)/g(trh)dvolg :/QDRg(h)dvongr/E&y(trh) dog.

Let DHz(h) denote the linearization of the mean curvature of ¥ at g. Direct calcula-
tion (see [2, Proposition 5] or [4, (34)]) shows

(2.20) 2D H,(h) = dy(tr h) — div h(T) — divs X.

Since div(h) = 0, (2.20) implies

) )
By [2, Proposition 5], one has
(2.22) |H(g) — H(g) — DHy(h)| < C(Ih[* + |h[[Vh])
for a positive constant C' depending only on n. (ii) now follows from (2.18)-(2.22) and

integration by parts on . O

We will make use of the first nonzero Neumann eigenvalue of B(d), which we
denote by u(d). The next lemma on p(d) was proved in [5, Lemma 3.1].

LEMMA 2.2 ([5]). Let u(9) be the first nonzero Neumann eigenvalue of B(6) (with
respect to g). Then

(i) p(d) is a strictly decreasing function of 6 on (0, §];

(ii) for any 0 <6 < %,

(sind)"~2cosé n

f(f(sint)”*ldt (sind)?’

w(d) >n+

Using 1(68), we have the following estimate of [ (tr h)*doy.

PROPOSITION 2.2. Let Q = B(5) and p(6) be the first nonzero Neumann eigen-
value of B(9). Let g = g+ h be a smooth metric on B(§) such that g, g induce the
same metric on ¥ and div(h) = 0. Suppose |h| is small, say |h| < 3 at every point.
Let ¢ = cosd and s =sind. Then

S/E(trh)Qdog <2 [1 —c (1 - %@ﬂ /QAW(trh)F dvol,
=2 [ (A= (k) (R(g) - R(@) dvoly

+ C||h|| e U (|h|2+|Vh|2)dvolg+/ |n|? dag}
Q b

e [ | (o)~ R@) avoly +2 [ (7(0) ~ 1(@) d(’g} 2

b

for some positive constant C depending only on (2, g) and c.
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Proof. Integrating by parts, using the fact A = c at ¥ and AgA = —nA on (2, we
have

/ (trh)20:\ doy
b))
(2.23) = / (trR)2A N — (A — ¢)Ay(trh)? dvol,
Q
:/ —nA(trh)? — 2(\ — o)[(tr h) Ay (tr h) + |V (tr h)|?]dvoly.
Q
Choosing f = A — ¢ in Lemma 2.1(i), we have

/()\ —c)(trh)Ag(trh) dvol;
(2.24) @
= [~ =D =t h = (A= lerh) [Rlg) — R@)] dvoly + Eal)
where
Bl <€ ([ (0 ) avoly + [ 11Ty )
for some constant C' depending on (€2, §) and c. It follows from (2.23) and (2.24) that
/ (6 )2A dog — / [(n — 2)(trh)? — 29 (tr h)[2] A dvol,
b Q
(2.25) +2 / (¥ (e k)P — (n — 1)(6rh)?] dvol
Q
42 / (A — &)(trh) [R(g) — R(5)] dvoly — 2E5(h).
Q

Since A > ¢ on €, (2.25) implies

trh)20\ dog > — 2 V(tr h)|?Advol; + 2¢ V(trh)|?
) I Q I Q

n

(o h)ﬂ dvol,

+2 /Q (A= ¢)(trh) [R(g) — R(g)] dvoly — 2Es(h).

By the variational characterization of p(§), we have
— 1 2
(2.26) / |V (trh)|?* dvoly > u(5) < / (tr h)? dvolg> - — ( / (trh) dvolg>
Q Q Vi(g) \Ja
where V(g) = [, Ldvoly. It follows from Lemma 2.1(ii) and (2.26) that
/ [W(tr h)2 — g(tr h)ﬂ dvol,
Q

> <1 - %@) /Q ¥ (tr h)[? dvol,

~c| [ (o) - (@) avoly +2 |

b

(2.27) 2
(H(g) - H()) dag]

2
-C [/ (|h|* + [Vh[?) dvol; + / (|h|* + |h||vh|dag)]
Q b
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for a positive constant C' depending only on (£2,3). The lemma now follows from
(2.25), (2.27) and the fact A < 1.0

The following lemma is needed for the statement of Theorem 2.3.

LEmMMA 2.3. On (0, 3], define
n “n+1)
== (-gim) ]

(n+3)cos?d —4
4sin? ¢ '

and

F(5) = a(8) +

Then
(i) a(d) is strictly decreasing, lims o4 a(0) = oo and () =
(ii) F(0) is strictly decreasing, lims o4 F(0) = 0o and F(%) < 0 Hence there is
ezactly one dg € (0,%) such that F(d) = 0.
(iii) cosdg > k where k is the positive root of the equation

2n(n+3)z? + (n+ Da + (1 —7n) = 0.
In particular, (cos 8o)> n+r1
Proof. (i) follows directly from Lemma 2.2. (ii) follows from (i) and the fact
n—1 1 n-+3

F() =ad) + -
To prove (iii), suppose cosdy = a. Since 0 < 1 — % < 1, one has
(1 - %) cos by < a and a(dy) < Lt (lia)' Therefore,
1 1 -1 1 3
— F(60) < n—+ n n+

8n (1—a) R R B R
which implies (iii). O

THEOREM 2.3. Let Q = B(d) be a geodesic ball of radius 6 in S™. Suppose § < dy,
where g is the unique zero in (0, %) of the function

(n+3)cos?6 — 4
4sin? §

F(6) = ad) +

—1
where a(d) = {1 — (1 - #@) cos 5} ("821). Then the conclusion of Theorem 1.1
holds on €.

Proof. Let W (h) be given in (2.4). Let ¢ = cosd. Lemma 2.3(iii) shows ¢? > n—+1
Hence, the coefﬁcient of | X|? in W (h) is nonnegative. By Theorem 1.1, it suffices to
assume c? < n—+3 Apply Proposition 2.2, we have

wn > [ EWW TR + 5 (0P + <trh>2)} X dvol

(2.28) n [%} 2 {1 —c (1 oG )] / [V (trh)[2X dvoly
+ E(h,¢),
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where
Be) = | MDA o [ - agenre) - Rig)
(2.29) + C||h|c Uﬂ (|n]> +[Vh|?) dvolg+/2|h|2 dog}

+C [/Q(R(g) — R(g)) dvolg + 2/(H(g) — H(g)) dffgr} :

b3
Since § < dp, Lemma 2.3 (ii) implies

(n+3)cos?6 —4
4(1 — cos? §)

F(5) = o(8) + > F () = 0.

Hence there exists a small constant € € (0,1) such that

(0050 [ 5]

By (2.28) and (2.30), using the fact [Vh|? >

|V(trh)|%, we have

1
1 — .
(2.31) W(h) > Zec/ﬁ(|Vh|2 + |h|?) dvoly + E(h,c).

Now suppose R(g) — R(g) > 0, H(g) — H(g) > 0 and ||h||w2.r(q) is sufficiently
small. It follows from Theorem 2.1, (2.29) and (2.31) that

3 | 1R0) = RGN avoly + 5 [ [1(g) = H@IN do

(2.32) < e/ (IVh|? + |h|?) dvol,
Q
+ C||h||cn {/ (|h|2 + |Vh|2) dvol +/ |n|? dag] .
Q b

for some positive constant C independent of h. We can then proceed as in [2]: since
1MLz < C|lh|lwi2(q), one knows the terms in the last line in (2.32) is bounded
by Cl[h||c1 @ lIhl w12 (). Therefore, if [|hl[w2s(q) is sufficiently small, (2.32) implies
h must vanish identically. This completes the proof of Theorem 2.3. O

We give some lower estimates of §y which are relatively more explicit.

PROPOSITION 2.3. & in Theorem 2.3 satisfies
(i) 6o > 0o where dg is the unique zero in (0, %) of the equation

-1

n n+1 (n+3)cos?d—4
1—(1- ") coss -
{ ( 2/1(5)) . ] 8n * 4(1 — cos? ) 0

(sind)" "2 cos§

where [1(6) =n + .
foé(sint)”*ldt
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(i1) cosdyg < Kk where K is the unique zero in (0,1) of the equation

n(n+3)z* +n(n+3)z° + 2n(n +1)2° + (1 - 3n)z — Tn+1=0.
™m—1

2n? +5n—1
Proof. By Lemma 2.2 (ii), p(do) > fi(do). Hence,

(2.33) [1 - (1 - Qﬁ?&))

Note that fi(0) is strictly decreasing in (0, F]. As in the proof of Lemma 2.3(ii), we
know the function

-1
n n+1 (n+3)cos?d—4
1—(1— —=
{ ( 2;2(5))0055] Sn | A(1—cos0)

(ii) (cosdp)? <

< 0.

085 'nt1l (n+3)cos?dy — 4
0 8n 4(1 — cos? do)

is strictly decreasing and has a unique zero &y in (0, 7). Hence, (i) follows from (2.33).
The proof of (ii) is similar to that of (i) except we replace the lower bound
1(0) > fu(d) by a weaker lower bound p(dg) > s =

lf(c:s 60)2"
(iii) follows from the fact

n+1 (n+3)cos?d—4

0.
8n 4(1 — cos? 9) =

Theorem 2.3 and Proposition 2.3 (iii) verify condition (b) in the introduction.

2.4. A combined approach. It remains to confirm the case n = 3,4 in condi-
tion (a). To do so, we combine the two methods leading to Theorem 2.2 and Theorem
2.3.

THEOREM 2.4. Suppose 3 < n <4, Theorem 1.1 is true on B(d) if

06581, n=3
] 0.6130, n=4.

An+4)— 4201\ ?
2.34
(2.34) cosé>< T Gn 17 )

Proof. Let ¢ = cosd. (2.34) implies ¢ > 5. By (2.11), we have W (h) > Y (h)
where

Y(h) = [o+% 2(102)]/Q<%|h|2+i|V(trh)|2> dvol,

1 (n+3)c?—4 ) ¢ ey
+ [2+ 1= }/ﬂ)x(trh) dv01g+4/Q|Vh| dvolg.

As before, we always assume ¢ < niJrB. Then (2.34) implies (2.12), i.e.

(2.35) c+ % 2(1—-¢?)>0.
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To continue, we only need to assume % + % < 0. (If n > 5, this term would
automatically be nonnegative by (2.16).)

Given any constants 6,7 € (0,1), using the fact [Vh[* > 1|V (trh)?, |n|* >

%(tr h)2, X <1 and applying (2.26) as in Theorem 2.3, we have
(2.36)
Oc — 1(1-6 (n+3)c?—4| =
Y (h) > —|Vh* + - | —c+c+ ——0ee | [V(trh)|?
<>_/Q{4| e i | [V
(n+3)c*—4| |n* 1-7 (n+3)c? — 4| (trh)?
et e | - c+
2,/2(1—c2) | 2 n 2,20—¢c2) | 2
(n+3)c? —4] (trh)?
1 dvolg
+[ STy 2 VOl

> (/ |Vh|? + |h|2dvolg)
Q

1 (n+1)—0 (n+3)*—4 1—7 (n+3)c* —4
+{§ n 2(1—02)] O+ = [ 2 2(1—(:2)]

+ {1 + %} } (/Q (tr:)Q dvolg) + E(h)

—mind % T (n43)c?—4 ; N
where € = mm{ T 5 [c + QM} } > 0, () is the first nonzero Neumann eigen

value of B(d), and E(h) is an error term satisfying

|E(h)| <C { /Q (R(g) — R(g)) dvoly + 2 / (H(g) — H(3)) dogr

b

2
+C [/ (|h|2 + |vh|2) dvolg + / (|h]? + |h||vh|)dag]
Q 5

with C depending only on B(9).
We claim that 6 and 7 can be chosen so that the coefficient of

trh)?
/ (trh) dvolg
a 2
above is positive. To see this, let
1|n+1 (n+3)c*—4 1 (n+3)c®> —4
Fo(c) =z c N+ = le+ —L——
=5 | 2./2(1 — c2) @+ 2,/2(1 — @)
(n+3)c?—4
1t =
|

By (2.35) and the eigenvalue estimate 4(5) > 5z (Lemma 2.2 (ii)), one has

F.(c) > Gnp(c)
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where
1 1 2 4 1 24
o) = n+ . (n+3)c n2 1 ch(n—i—?;)c
2 n 2/2(1—¢c2) | 1—c n 24/2(1 — ¢2)
(n+3)c? -4
+{1+ 2(1—02)

When n = 3 and 4, G3(c) and G4(c) are respectively given by

Ga(e) =L 1oy 0214 ] 3 L[, 624 '+‘1+ 6c2 —4 ]
ST _36 2\/2(1—¢c%)| 1-¢c> 3 _C 2,20-¢)| | 20-e)]"
e 1| G 1 4 +1'+ 72— 4 '+‘1+ 72— 4]

c)==|-c -+ —F——= —_— .
! 214 22— 1= 4 220-)] | 20-¢))

Using Mathematica, one verifies that

(2.37) Gs(c) >0 if 0.6378 < c < 1
and
(2.38) Gi(c) >0 if 0.5933 < ¢ < 1.

In particular, this shows that G, (c) > 0 is guaranteed by (2.34) for n = 3, 4.
Therefore, there exist small positive constants 6, 7 such that the coefficient of
2
Jo (tr;) dvolg in (2.36) is positive. For these 6 and 7, we have

W(h) >Y(h) > (/Q |Vh|* + |h|2dv019) + E(h).

Arguing as in the proof of Theorem 2.3 (the part following (2.31)), we conclude that
Theorem 1.1 holds on such a B(4). O
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